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It’s a cold day in Antarctica. In fact, it’s always a cold day in Antarctica. 
Earth’s southernmost continent, Antarctica experiences the coldest, driest, 
and windiest conditions known. The coldest temperature ever recorded, 
over one hundred degrees below zero on the Celsius scale, was recorded by 
remote satellite. It is no surprise then, that no native human population can 
survive the harsh conditions. Only explorers and scientists brave the 
environment for any length of time. 


Measuring and recording the characteristics of weather conditions in 
Antarctica requires a use of different kinds of numbers. Calculating with 
them and using them to make predictions requires an understanding of 
relationships among numbers. In this chapter, we will review sets of 
numbers and properties of operations used to manipulate numbers. This 
understanding will serve as prerequisite knowledge throughout our study of 
algebra and trigonometry. 


Real Numbers: Algebra Essentials 
In this section students will: 


e Classify a real number as a natural, whole, integer, rational, or irrational number. 

Perform calculations using order of operations. 

e Use the following properties of real numbers: commutative, associative, distributive, inverse, and identity. 
Evaluate algebraic expressions. 

e Simplify algebraic expressions. 


It is often said that mathematics is the language of science. If this is true, then an essential part of the language of 
mathematics is numbers. The earliest use of numbers occurred 100 centuries ago in the Middle East to count, or 
enumerate items. Farmers, cattlemen, and tradesmen used tokens, stones, or markers to signify a single quantity— 
a sheaf of grain, a head of livestock, or a fixed length of cloth, for example. Doing so made commerce possible, 
leading to improved communications and the spread of civilization. 


Three to four thousand years ago, Egyptians introduced fractions. They first used them to show reciprocals. Later, 
they used them to represent the amount when a quantity was divided into equal parts. 


But what if there were no cattle to trade or an entire crop of grain was lost in a flood? How could someone indicate 
the existence of nothing? From earliest times, people had thought of a “base state” while counting and used various 
symbols to represent this null condition. However, it was not until about the fifth century A.D. in India that zero 
was added to the number system and used as a numeral in calculations. 


Clearly, there was also a need for numbers to represent loss or debt. In India, in the seventh century A.D., negative 
numbers were used as solutions to mathematical equations and commercial debts. The opposites of the counting 
numbers expanded the number system even further. 


Because of the evolution of the number system, we can now perform complex calculations using these and other 
categories of real numbers. In this section, we will explore sets of numbers, calculations with different kinds of 
numbers, and the use of numbers in expressions. 


Classifying a Real Number 


The numbers we use for counting, or enumerating items, are the natural numbers: 1, 2, 3, 4, 5, and so on. We 
describe them in set notation as {1, 2, 3, ...} where the ellipsis (...) indicates that the numbers continue to infinity. 
The natural numbers are, of course, also called the counting numbers. Any time we enumerate the members of a 
team, count the coins in a collection, or tally the trees in a grove, we are using the set of natural numbers. The set 
of whole numbers is the set of natural numbers plus zero: {0, 1, 2,3,...}. 


The set of integers adds the opposites of the natural numbers to the set of whole numbers: 

{..., -3, —2, —1, 0,1, 2,3, ...}. It is useful to note that the set of integers is made up of three distinct subsets: 
negative integers, zero, and positive integers. In this sense, the positive integers are just the natural numbers. 
Another way to think about it is that the natural numbers are a subset of the integers. 

Equation: 


negative integers ZeTO positive integers 
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The set of rational numbers is written as {= m and n are integers and n # O}. Notice from the definition 
that rational numbers are fractions (or quotients) containing integers in both the numerator and the denominator, 
and the denominator is never 0. We can also see that every natural number, whole number, and integer is a rational 
number with a denominator of 1. 


Because they are fractions, any rational number can also be expressed in decimal form. Any rational number can 
be represented as either: 


1. a terminating decimal: 2 = 1.875, or 
2. a repeating decimal: + = 0.36363636... = 0.36 


We use a line drawn over the repeating block of numbers instead of writing the group multiple times. 


Example: 
Exercise: 


Problem: 
Writing Integers as Rational Numbers 


Write each of the following as a rational number. 


a, 
b. 0 
c. -8 


Solution: 


Write a fraction with the integer in the numerator and 1 in the denominator. 


7 
d. i = a 
b. 0 = T : 
=§=——> 
Note: 
Exercise: 


Problem: Write each of the following as a rational number. 


no op 
AYR 


Solution: 


yeas 


1 
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Example: 
Exercise: 


Problem: 
Identifying Rational Numbers 


Write each of the following rational numbers as either a terminating or repeating decimal. 


5 
hime 
15 
b. 
13 
25 
Solution: 


Write each fraction as a decimal by dividing the numerator by the denominator. 


a. =s = —0.714285, a repeating decimal 


b. _ = 3(or 3.0), a terminating decimal 
=e = 0.52, a terminating decimal 
Note: 
Exercise: 


Problem: Write each of the following rational numbers as either a terminating or repeating decimal. 


— RID 
leslie: 


Solution: 


a. 4 (or 4.0), terminating; 
b. 0.615384, repeating; 
c. -0.85, terminating 


Irrational Numbers 


At some point in the ancient past, someone discovered that not all numbers are rational numbers. A builder, for 
instance, may have found that the diagonal of a square with unit sides was not 2 or even 2,but was something else. 
Or a garment maker might have observed that the ratio of the circumference to the diameter of a roll of cloth was a 
little bit more than 3, but still not a rational number. Such numbers are said to be irrational because they cannot be 
written as fractions. These numbers make up the set of irrational numbers. Irrational numbers cannot be 


expressed as a fraction of two integers. It is impossible to describe this set of numbers by a single rule except to 
say that a number is irrational if it is not rational. So we write this as shown. 
Equation: 


{hh is not a rational number} 


Example: 


Exercise: 
Problem: 
Differentiating Rational and Irrational Numbers 


Determine whether each of the following numbers is rational or irrational. If it is rational, determine whether 
it is a terminating or repeating decimal. 


e. 0.3033033303333... 


Solution: 


a. V 25: This can be simplified as V25 = 5. Therefore, / 25 is rational. 


b. a : Because it is a fraction, ** is a rational number. Next, simplify and divide. 


Equation: 


So, = is rational and a repeating decimal. 


c. V11: This cannot be simplified any further. Therefore, v 11 is an irrational number. 
d. a : Because it is a fraction, a is a rational number. Simplify and divide. 


Equation: 


So, oa is rational and a terminating decimal. 

e. 0.3033033303333 ... is not a terminating decimal. Also note that there is no repeating pattern because 
the group of 3s increases each time. Therefore it is neither a terminating nor a repeating decimal and, 
hence, not a rational number. It is an irrational number. 


Note: 
Exercise: 


Problem: 


Determine whether each of the following numbers is rational or irrational. If it is rational, determine whether 
it is a terminating or repeating decimal. 


atk 


a. a 
b. V81 


c. 4.27027002700027... 
d, 24 
2318 


e, /39 


Solution: 


. rational and repeating; 

. rational and terminating; 
. irrational; 

. rational and repeating; 

. irrational 


(ay (24 fe) [ey fe 


Real Numbers 


Given any number n, we know that n is either rational or irrational. It cannot be both. The sets of rational and 
irrational numbers together make up the set of real numbers. As we saw with integers, the real numbers can be 
divided into three subsets: negative real numbers, zero, and positive real numbers. Each subset includes fractions, 
decimals, and irrational numbers according to their algebraic sign (+ or —). Zero is considered neither positive nor 
negative. 


The real numbers can be visualized on a horizontal number line with an arbitrary point chosen as 0, with negative 
numbers to the left of 0 and positive numbers to the right of 0. A fixed unit distance is then used to mark off each 
integer (or other basic value) on either side of 0. Any real number corresponds to a unique position on the number 
line. The converse is also true: Each location on the number line corresponds to exactly one real number. This is 
known as a one-to-one correspondence. We refer to this as the real number line as shown in [link]. 


a nd SS enc! 
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The real number line 


Example: 
Exercise: 


Problem: 
Classifying Real Numbers 


Classify each number as either positive or negative and as either rational or irrational. Does the number lie to 
the left or the right of 0 on the number line? 


a —42 
Diy Sa 
c. —/289 
d. —67 


e. 0.615384615384... 


Solution: 


a. - 2 is negative and rational. It lies to the left of 0 on the number line. 
b. V5 is positive and irrational. It lies to the right of 0. 


c. —/ 289 = ay, 17 = —17is negative and rational. It lies to the left of 0. 
d. —67 is negative and irrational. It lies to the left of 0. 
e. 0.615384615384 ... is a repeating decimal so it is rational and positive. It lies to the right of 0. 


Note: 
Exercise: 


Problem: 


Classify each number as either positive or negative and as either rational or irrational. Does the number lie to 
the left or the right of 0 on the number line? 


a V 73 

ip, Si 45 Gléol 
4 

@, =f 

Fas 


2 
e. 6.210735 


Solution: 


a. positive, irrational; right 
b. negative, rational; left 
c. positive, rational; right 
d. negative, irrational; left 
e. positive, rational; right 


Sets of Numbers as Subsets 


Beginning with the natural numbers, we have expanded each set to form a larger set, meaning that there is a subset 
relationship between the sets of numbers we have encountered so far. These relationships become more obvious 
when seen as a diagram, such as [link]. 


Q’, z, V2, ete. 


Sets of numbers 
N: the set of natural numbers 
W: the set of whole numbers 
I: the set of integers 
Q: the set of rational numbers 
Q’: the set of irrational numbers 


Note: 
Sets of Numbers 
The set of natural numbers includes the numbers used for counting: {1, 2, 3, ...}. 
The set of whole numbers is the set of natural numbers plus zero: {0, 1, 2,3, ...}. 
The set of integers adds the negative natural numbers to the set of whole numbers: 
foes; = 3, =2, — 1, 0,4, 2,35.) 
The set of rational numbers includes fractions written as { m m and n are integers and n # Oo}. 
The set of irrational numbers is the set of numbers that are not rational, are nonrepeating, and are 
nonterminating: {h|h is not a rational number}. 


Example: 
Exercise: 


Problem: 
Differentiating the Sets of Numbers 


Classify each number as being a natural number (N), whole number (W), integer (J), rational number (Q), 
and/or irrational number (Q’). 


d. —6 
2, GAZA PIOU 5 5. 


Solution: 


c.V73 Xx 
d. -6 xX xX 


e. 3.2121121112... Xx 


Note: 
Exercise: 


Problem: 


Classify each number as being a natural number (N), whole number (W), integer (J), rational number (Q), 
and/or irrational number (Q’). 


35 


a. ~—7 


b. 0 
c. V169 
d. V 24 
e. 4.763763763... 
Solution: 
N W I Q Q' 
ee. i x 
b. 0 X xX xX 
c. V169 x xX x x 
d.V 24 4 
e. 4.763763763... xX 


Performing Calculations Using the Order of Operations 


When we multiply a number by itself, we square it or raise it to a power of 2. For example, 47 = 4 - 4 = 16. We 
can raise any number to any power. In general, the exponential notation a” means that the number or variable a is 
used as a factor n times. 

Equation: 


n factors 
a” =a-a-a:...:a 


In this notation, a” is read as the nth power of a, where a is called the base and nis called the exponent. A term in 
exponential notation may be part of a mathematical expression, which is a combination of numbers and operations. 
For example, 24 + 6- + — 4? is a mathematical expression. 


To evaluate a mathematical expression, we perform the various operations. However, we do not perform them in 
any random order. We use the order of operations. This is a sequence of rules for evaluating such expressions. 


Recall that in mathematics we use parentheses (), brackets [ ], and braces { } to group numbers and expressions so 
that anything appearing within the symbols is treated as a unit. Additionally, fraction bars, radicals, and absolute 
value bars are treated as grouping symbols. When evaluating a mathematical expression, begin by simplifying 
expressions within grouping symbols. 


The next step is to address any exponents or radicals. Afterward, perform multiplication and division from left to 
right and finally addition and subtraction from left to right. 


Let’s take a look at the expression provided. 
Equation: 


2 
24+6-—-—4° 
3 
There are no grouping symbols, so we move on to exponents or radicals. The number 4 is raised to a power of 2, 


so simplify 4? as 16. 
Equation: 


24+6-3-4 
24+6-2—16 


Next, perform multiplication or division, left to right. 
Equation: 


24+6-+—16 
24+4-—16 


Lastly, perform addition or subtraction, left to right. 
Equation: 


24+4—-—16 
28 — 16 
12 


Therefore, 24 + 6- 2 = 42 = 19; 


For some complicated expressions, several passes through the order of operations will be needed. For instance, 
there may be a radical expression inside parentheses that must be simplified before the parentheses are evaluated. 
Following the order of operations ensures that anyone simplifying the same mathematical expression will get the 
same result. 


Note: 

Order of Operations 

Operations in mathematical expressions must be evaluated in a systematic order, which can be simplified using 
the acronym PEMDAS: 

P(arentheses) 

E(xponents) 

M(ultiplication) and D(ivision) 

A(ddition) and S(ubtraction) 


Note: 
Given a mathematical expression, simplify it using the order of operations. 


Simplify any expressions within grouping symbols. 

Simplify any expressions containing exponents or radicals. 
Perform any multiplication and division in order, from left to right. 
Perform any addition and subtraction in order, from left to right. 


Example: 
Exercise: 


Problem: 
Using the Order of Operations 


Use the order of operations to evaluate each of the following expressions. 


argc 2) = 416 +2) 

b, S=4 — V11—2 

c. 6 —|5 — 8|+3(4-1) 
BD) 


e.7(5-3)—2[(6-3)—47] +1 


Solution: 
a. 
(3-2)? 4(6+2) = (6)° —4(8) Simplify parentheses. 
36 — 4(8) Simplify exponent. 
= 3 oy Simplify multiplication. 


4 Simplify subtraction. 


-—— ho — a J/9 Simplify grouping symbols (radical). 
= A = 3 Simplify radical. 
= 2=4 3 Simplify exponent. 
= = —3 Simplify subtraction in numerator. 
= $=8 Simplify division. 
= Simplify subtraction. 


Note that in the first step, the radical is treated as a grouping symbol, like parentheses. Also, in the third 
step, the fraction bar is considered a grouping symbol so the numerator is considered to be grouped. 


6—|5—8|+3(4-1) = 6- |-3]+4 3(3) Simplify inside grouping symbols. 
= 6-34 3(3) Simplify absolute value. 
= 6—3-9 Simplify multiplication. 
= $49 Simplify subtraction. 
= IZ Simplify addition. 
d. 
“a = wa Simplify exponent. 
= oe Simplify products. 
= $ Simplify differences. 
= & Simplify quotient. 


In this example, the fraction bar separates the numerator and denominator, which we simplify separately 
until the last step. 


e. 
7(5-3)—2[(6—3)—47] +1 = 7(15) —2[(3)-47] +1 Simplify inside parentheses. 
= 7(15)'=2(3— 16) +2 Simplify exponent. 
= 7(15) —2(-13)+1 Subtract. 
= 105+ 26+1 Multiply. 
= ky Add. 
Note: 
Exercise: 


Problem: Use the order of operations to evaluate each of the following expressions. 
a V5? — 42 4+ 7(5 — 4)? 
758-4 
c 18—4.3 +0.4V15 + 10 
d. 5 [5-37-77] + 4-9? 
e. (3 8) 4] (3 — 8) 


Solution: 


Using Properties of Real Numbers 


For some activities we perform, the order of certain operations does not matter, but the order of other operations 
does. For example, it does not make a difference if we put on the right shoe before the left or vice-versa. However, 
it does matter whether we put on shoes or socks first. The same thing is true for operations in mathematics. 


Commutative Properties 


The commutative property of addition states that numbers may be added in any order without affecting the sum. 
Equation: 


a+b=b+a 


We can better see this relationship when using real numbers. 
Equation: 


(-2)+7=5 and 7+(-2)=5 


Similarly, the commutative property of multiplication states that numbers may be multiplied in any order 
without affecting the product. 
Equation: 


Again, consider an example with real numbers. 
Equation: 


(-11)-(-4)=44 and (-4)-(-11)=44 


It is important to note that neither subtraction nor division is commutative. For example, 17 — 5 is not the same as 
5 — 17. Similarly, 20 +5 #5 + 20. 


Associative Properties 


The associative property of multiplication tells us that it does not matter how we group numbers when 
multiplying. We can move the grouping symbols to make the calculation easier, and the product remains the same. 
Equation: 


a (bc) = (ab)c 


Consider this example. 
Equation: 


(3-4)-5=60 and 3-(4-5)=60 


The associative property of addition tells us that numbers may be grouped differently without affecting the sum. 
Equation: 
a+(ob+ce)=(a+b)+c 
This property can be especially helpful when dealing with negative integers. Consider this example. 
Equation: 


[15+ (—9)])+23=29 and 15+((—9) + 23] = 29 


Are subtraction and division associative? Review these examples. 


Equation: 
? ? 
8—(3-—15) = (8-—3)-15 64+(8+4) = (64+8)+4 
? 
8—(-12) = 5-15 64-2 = 8+4 
20 ~ —10 32 4 2 


As we Can see, neither subtraction nor division is associative. 


Distributive Property 


The distributive property states that the product of a factor times a sum is the sum of the factor times each term 
in the sum. 
Equation: 


a:(b+c)=a-b+a-c 


This property combines both addition and multiplication (and is the only property to do so). Let us consider an 
example. 


4- [12 + (-7)] =4-12+4-(-7) 
= 48 + (-28) 
= 20 


Note that 4 is outside the grouping symbols, so we distribute the 4 by multiplying it by 12, multiplying it by —7, 
and adding the products. 


To be more precise when describing this property, we say that multiplication distributes over addition. The reverse 
is not true, as we can see in this example. 


Equation: 
6+(3-5) = (64+3)-(6+5) 
6+(15) = (9)-(11) 
21 4 99 


A special case of the distributive property occurs when a sum of terms is subtracted. 
Equation: 


a—b=a+(-b) 


For example, consider the difference 12 — (5 + 3). We can rewrite the difference of the two terms 12 and (5 + 3) 
by turning the subtraction expression into addition of the opposite. So instead of subtracting (5 + 3),we add the 
opposite. 

Equation: 


Dal 1y(5'43) 


Now, distribute —1 and simplify the result. 
Equation: 


12-643). S°12 +1) 63:3) 
= 9 At) eee 3) 
= 12+4(-8) 


This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we 
introduce algebraic terms. To subtract a sum of terms, change the sign of each term and add the results. With this 
in mind, we can rewrite the last example. 

Equation: 


125.3) = 15 3) 
12 + (—8) 
4 


II 


II 


Identity Properties 


The identity property of addition states that there is a unique number, called the additive identity (0) that, when 
added to a number, results in the original number. 
Equation: 


a+0=a 
The identity property of multiplication states that there is a unique number, called the multiplicative identity (1) 


that, when multiplied by a number, results in the original number. 
Equation: 


a-l=a 


For example, we have (—6) + 0 = —6and 23-1 = 23. There are no exceptions for these properties; they work 
for every real number, including 0 and 1. 


Inverse Properties 


The inverse property of addition states that, for every real number a, there is a unique number, called the additive 
inverse (or opposite), denoted-a, that, when added to the original number, results in the additive identity, 0. 
Equation: 


a+(-a) =0 


For example, if a = —8,the additive inverse is 8, since (—8) + 8 = 0. 


The inverse property of multiplication holds for all real numbers except 0 because the reciprocal of 0 is not 
defined. The property states that, for every real number a, there is a unique number, called the multiplicative 
inverse (or reciprocal), denoted =. that, when multiplied by the original number, results in the multiplicative 
identity, 1. 


Equation: 

1 

a-—=1 

a 
For example, ifa = — 3 the reciprocal, denoted + is — 3 because 
Equation: 

1 2 3 
= 4 —1 
faa) a) 

Note: 


Properties of Real Numbers 
The following properties hold for real numbers a, b, and c. 


Addition Multiplication 
Commutative yn ea va ee ee 
Property 
acta iye a+(b+c)=(a+b)+c a (bc) = (ab)c 
Property 
Distributive (Gea) acest ae 
Property 
There exists a unique real number There exists a unique real number called 
called the additive identity, 0, such that, the multiplicative identity, 1, such that, for 
Identity for any real number a any real number a 
Property Equation: Equation: 
a+0=a a-l=a 


Inverse Every real number a has an additive Every nonzero real number a has a 


Property inverse, or opposite, denoted —a, such multiplicative inverse, or reciprocal, 
that denoted +,such that 
Equation: Equation: 


a+(-a) =0 a(t) =1 


Example: 
Exercise: 


Problem: 
Using Properties of Real Numbers 


Use the properties of real numbers to rewrite and simplify each expression. State which properties apply. 


a 3-64+3-4 

b. (5 +8) + (-8) 

c 6—(15+9 

Af. io 

CN aed cee 

e. 100- [0.75 + (—2.38)| 
Solution: 

a. 

3-6+3-4 = 3-(6+4) Distributive property. 
= soll Simplify. 

30 Simplify. 
b. 

(548) +(—8) = 5+ [8 + (-8)] Associative property of addition. 
= 9-40 Inverse property of addition. 
= § Identity property of addition. 

@ 
6—(15+9) = 6+([(—15) + (-9)] Distributive property. 
= 6+(—24) Simplify. 
= =i Simplify. 
d. 

: (4 : r) = 4 : (4 : +) Commutative property of multiplication. 
= (4 . ) . 4 Associative property of multiplication. 
= 1- + Inverse property of multiplication. 
= + Identity property of multiplication. 

e. 
100 - [0.75 + (—2.38)] = 100-0.75 + 100 - (—2.38) Distributive property. 


= 75+ (—238) Simplify. 
S163 Simplify. 


Note: 
Exercise: 


Problem: 


Use the properties of real numbers to rewrite and simplify each expression. State which properties apply. 


(— >) [11- (-33) 


.5-(6.2+0.4) 


@y {24 io) ter i 
— 
- S| Go 
| 
aa 
7 
— 
Ol 
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Solution: 


a. 11, commutative property of multiplication, associative property of multiplication, inverse property of 
multiplication, identity property of multiplication; 

b. 33, distributive property; 

c. 26, distributive property; 

d. $ commutative property of addition, associative property of addition, inverse property of addition, 
identity property of addition; 

e. 0, distributive property, inverse property of addition, identity property of addition 


Evaluating Algebraic Expressions 


So far, the mathematical expressions we have seen have involved real numbers only. In mathematics, we may see 


expressions such as x + 5, 4mr3 or V2mn2. In the expression x + 5,5 is called a constant because it does not 
vary and x is called a variable because it does. (In naming the variable, ignore any exponents or radicals 
containing the variable.) An algebraic expression is a collection of constants and variables joined together by the 


algebraic operations of addition, subtraction, multiplication, and division. 


We have already seen some real number examples of exponential notation, a shorthand method of writing products 
of the same factor. When variables are used, the constants and variables are treated the same way. 
Equation: 
(—3)° = (-8)-(-8)-(-8)-(-3)-(-8) = ee eae 
(2-7)° = (2-7)-(2-7)-(2-7) (yz)? = (yz) - (yz) - (yz) 


In each case, the exponent tells us how many factors of the base to use, whether the base consists of constants or 
variables. 


Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value 
of the algebraic expression changes. To evaluate an algebraic expression means to determine the value of the 
expression for a given value of each variable in the expression. Replace each variable in the expression with the 
given value, then simplify the resulting expression using the order of operations. If the algebraic expression 
contains more than one variable, replace each variable with its assigned value and simplify the expression as 
before. 


Example: 


Exercise: 


Problem: 
Describing Algebraic Expressions 


List the constants and variables for each algebraic expression. 


4h Nears) 


4 
b. Pas 


c. V2m3n? 


3 


Solution: 


Constants Variables 


© 
x 
+ 
uw 
uw 
ba 


4 3 4 
b. gar 3.7 r 
c. V2m3n?2 2 m,n 
Note: 
Exercise: 


Problem: List the constants and variables for each algebraic expression. 


a. Iar(r +h) 
b. 2(L + W) 
c 4y3 ty 
Solution: 
Constants Variables 
a.2ar (r+ h) 2,7 r,h 
b. 2(L + W) 2 L, W 


c. 4y? Ty 4 y 


Example: 
Exercise: 


Problem: 
Evaluating an Algebraic Expression at Different Values 


Evaluate the expression 2x — 7 for each value for x. 


Solution: 


a. Substitute 0 for x. 
Equation: 


22-7 = 2(0)-7 


I 
oO 
| 
x 


b. Substitute 1 for x. 
Equation: 


7 = 27 


c. Substitute + for 2. 
Equation: 


2e=7 = 2(2)=7 


— 1 —_ 
= —6 
d. Substitute —4 for x. 
Equation: 
22-7 = 2(-4)-7 

= —8-—7 
= —15 

Note: 

Exercise: 


Problem:Evaluate the expression 11 — 3y for each value for y. 


Example: 
Exercise: 


Problem: 
Evaluating Algebraic Expressions 


Evaluate each expression for the given values. 


, ob Siorge = —& 
b. 544 fort = 10 

@ $ar3 orp =e 
d.a+ab-+ bfora = 11,b= —8 
e. 


V2m3n? form = 2,n = 3 


Solution: 


a. Substitute —5 for x. 
Equation: 


e+5 = (-5)4+5 


— am) 
b. Substitute 10 fort. 
Equation: 
t a, (10) 
ne (0) = 
= i 
20-1 
— i 
~ 
c. Substitute 5 for r. 
Equation: 
$m = 4n(5)° 
4 
500 


d. Substitute 11 for a and —8 for b. 


Equation: 


a+ab+b = (11) + (11)(—8) + (-8) 
= 11-88-8 
—85 
e. Substitute 2 for m and 3 forn. 
Equation: 
Ve a DON 
= +/2(8)(9) 
= 4/144 
12 
Note: 
Exercise: 


Problem:Evaluate each expression for the given values. 


a. Kor) — 
b. 7 — 2tfort = —2 
G sar" ory? = Lil 
d. (p2q)° fon ——— 2 — 3 
e 4(m—n)—5(n—m) form = n= + 
Solution: 
a. 4; 
1 1h 
CG i T; 
d. 1728; 
e 3 
Formulas 


An equation is a mathematical statement indicating that two expressions are equal. The expressions can be 
numerical or algebraic. The equation is not inherently true or false, but only a proposition. The values that make 
the equation true, the solutions, are found using the properties of real numbers and other results. For example, the 
equation 2z + 1 = 7has the unique solution of 3 because when we substitute 3 for x in the equation, we obtain the 
true statement 2 (3) + 1 = 7. 


A formula is an equation expressing a relationship between constant and variable quantities. Very often, the 
equation is a means of finding the value of one quantity (often a single variable) in terms of another or other 
quantities. One of the most common examples is the formula for finding the area A of a circle in terms of the 


radius r of the circle: A = mr”. For any value of r,the area A can be found by evaluating the expression tr’. 


Example: 
Exercise: 


Problem: 
Using a Formula 


A right circular cylinder with radius r and height h has the surface area S (in square units) given by the 
formula S = 2mr(r +h). See [link]. Find the surface area of a cylinder with radius 6 in. and height 9 in. 
Leave the answer in terms of 7. 


Right circular cylinder 


Solution: 


Evaluate the expression 27r (r + h) forr = 6andh = 9. 
Equation: 


S = 2ar(r+h) 
= 2n(6)[(6) + (9)] 
= 2n(6)(15) 
= 1807 


The surface area is 1807 square inches. 


Note: 
Exercise: 


Problem: 
A photograph with length L and width W is placed in a matte of width 8 centimeters (cm). The area of the 


matte (in square centimeters, or cm?) is found to be A = (L + 16) (W +16) — L- W. See [link]. Find the 
area of a matte for a photograph with length 32 cm and width 24 cm. 


Solution: 


1,152 cm? 


Simplifying Algebraic Expressions 


Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To 
do so, we use the properties of real numbers. We can use the same properties in formulas because they contain 
algebraic expressions. 


Example: 
Exercise: 


Problem: 
Simplifying Algebraic Expressions 


Simplify each algebraic expression. 


a. 


3u — 2y-- @ — 3y — 7 


b.2r—5(3—r)4+4 


c. (4¢ — 8) — (24 +28) 
d.2mn —5m+ 3mn+n 


Solution: 


a. 
SH) = FNP a) = Sy — Tf 


b 


256 =) 


= 34+2—-—2y-—3y-7 
= 4r—5y-7 


2r—15+5r+4 
2r+5r—15+4 
Tr—11 


Commutative property of additi 
Simplify. 


Distributive property. 
Commutative property of additic 
Simplify. 


c. 
BO Se ee = ee ee 
( 4 3 4 3 


4t— 2t— 45-25 


= io 13 
= at = ee, 
d. 
2mn—5m+3mn+n = 2mn+3mn-5m+n 
= 5mn—-—5m+n 
Note: 
Exercise: 


Problem:Simplify each algebraic expression. 


a. aoe 2) 
b. 2-2-3241 


c. 4p(q—1)+q¢(1—p) 


Distributive property. 
Commutative property of addition. 
Simplify. 


Commutative property of additio 
Simplify. 


d. 9r — (s + 2r) + (6—s) 
Solution: 
a. —2y—2z or —2(y+ z); 
bee 
neo 
c. 3pq—4p + q; 
d. 7r—2s+6 
Example: 
Exercise: 
Problem: 


Simplifying a Formula 


A rectangle with length Z and width W has a perimeter P given by P = L+ W + L + W. Simplify this 


expression. 


Solution: 
Equation: 


he Set he he 


Note: 


WwW 
WwW 


Commutative property of addition 
Simplify 
Distributive property 


Exercise: 


Problem: 


If the amount P is deposited into an account paying simple interest r for time t,the total value of the deposit 
Ais given by A = P + Prt. Simplify the expression. (This formula will be explored in more detail later in 
the course.) 


Solution: 


A= P(1+rt) 


Note: 
Access these online resources for additional instruction and practice with real numbers. 


e Simplify an Expression. 
e Evaluate an Expression 1. 
e Evaluate an Expression 2. 


Key Concepts 


e Rational numbers may be written as fractions or terminating or repeating decimals. See [Link] and [link]. 

e Determine whether a number is rational or irrational by writing it as a decimal. See [link]. 

e The rational numbers and irrational numbers make up the set of real numbers. See [link]. A number can be 
classified as natural, whole, integer, rational, or irrational. See [link]. 

e The order of operations is used to evaluate expressions. See [link]. 

e The real numbers under the operations of addition and multiplication obey basic rules, known as the 
properties of real numbers. These are the commutative properties, the associative properties, the distributive 
property, the identity properties, and the inverse properties. See [Link]. 

e Algebraic expressions are composed of constants and variables that are combined using addition, subtraction, 
multiplication, and division. See [link]. They take on a numerical value when evaluated by replacing variables 
with constants. See [link], [link], and [link] 

e Formulas are equations in which one quantity is represented in terms of other quantities. They may be 
simplified or evaluated as any mathematical expression. See [link] and [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


Is V2 an example of a rational terminating, rational repeating, or irrational number? Tell why it fits that 
category. 


Solution: 


irrational number. The square root of two does not terminate, and it does not repeat a pattern. It cannot be 
written as a quotient of two integers, so it is irrational. 


Exercise: 


Problem: 


What is the order of operations? What acronym is used to describe the order of operations, and what does it 
stand for? 


Exercise: 


Problem: 


What do the Associative Properties allow us to do when following the order of operations? Explain your 
answer. 


Solution: 
The Associative Properties state that the sum or product of multiple numbers can be grouped differently 


without affecting the result. This is because the same operation is performed (either addition or subtraction), 
so the terms can be re-ordered. 


Numeric 


For the following exercises, simplify the given expression. 
Exercise: 


Problem:10 +2 x (5-3) 


Exercise: 
Problem:6 ~ 2 — (81 _ a) 


Solution: 


—6 


Exercise: 


Problem:18 + (6 — 8)° 
Exercise: 
a E 
Problem:—2 x [16 + (8-4) 


Solution: 


—2 


Exercise: 


Problem:4 — 6 +2 x 7 


Exercise: 
Problem:3 (5 — 8) 


Solution: 


—9 


Exercise: 


Problem:4 + 6 — 10 + 2 


Exercise: 
Problem:12 ~ (36 + 9) +6 


Solution: 


9 


Exercise: 


Problem:(4 + 5)” + 3 


Exercise: 


Problem:3 — 12 x 2+ 19 


Solution: 


-2 


Exercise: 


Problem:2 + 8 x 7+4 


Exercise: 


Problem:5 + (6 + 4) — 11 


Solution: 


4 


Exercise: 


Problem:9 — 18 ~ 3 


Exercise: 


Problem:14 x 3=+7—6 
Solution: 


0 


Exercise: 


Problem:9 — (3+ 11) x 2 


Exercise: 


Problem:6 + 2 x 2—1 


Solution: 


9 


Exercise: 


Problem:64 + (8+ 4 x 2) 


Exercise: 


Problem:9 + 4 (2”) 


Solution: 
25 


Exercise: 


Problem:(12 +3 x 3)? 
Exercise: 

Problem:25 ~ 52 — 7 

Solution: 


—6 


Exercise: 


Problem:(15 — 7) x (3 —7) 
Exercise: 


Problem:2 x 4—9(-—1) 


Solution: 
17 


Exercise: 


Problem:4? — 25 x = 
Exercise: 

Problem:12 (3 — 1) + 6 

Solution: 


4 


Algebraic 


For the following exercises, solve for the variable. 
Exercise: 


Problem:8 (x + 3) = 64 
Exercise: 
Problem:4y + 8 = 2y 


Solution: 
—4 


Exercise: 


Problem:(11a + 3) — 18a = —4 
Exercise: 
Problem:4z — 2z(1+ 4) = 36 


Solution: 
—6 


Exercise: 


Problem:4y(7 — 2)” = —200 
Exercise: 
Problem:—(2«)” + 1 = —3 


Solution: 


+1 


Exercise: 


Problem:8 (2 + 4) — 15b = b 


Exercise: 


Problem:2 (11c — 4) = 36 
Solution: 


2 


Exercise: 


Problem:4 (3 — 1)z = 4 


Exercise: 
Problem: = (8w — 4?) =0 


Solution: 


2 


For the following exercises, simplify the expression. 
Exercise: 


Problem:4z + x (13 — 7) 
Exercise: 

Problem:2y — (4)’y — 11 

Solution: 


—14y—11 


Exercise: 


Problem: 5; (64) — 12a + 6 
Exercise: 
Problem:8b — 4b (3) + 1 


Solution: 
—4b+1 


Exercise: 


Problem:5/ + 31 x (9 — 6) 
Exercise: 
Problem:7z— 3+ z x 6? 


Solution: 
43z—3 


Exercise: 


Problem:4 x 3+ 18% =+9-— 12 


Exercise: 


Problem:9 (y + 8) — 27 


Solution: 


9y + 45 


Exercise: 


Problem: (3t 4) 2 


Exercise: 


Problem:6 + 12b—3 x 6b 


Solution: 


—6b+6 


Exercise: 


Problem:18y — 2 (1 + 7y) 


Exercise: 


Problem: (4) : x 272 


Solution: 


16z 
3 


Exercise: 


Problem:8 (3 — m) + 1(-—8) 


Exercise: 


Problem:9z + 4a (2 + 3) — 4(2a + 32) 
Solution: 
9x 


Exercise: 


Problem:5° — 4 (3x) 


Real-World Applications 


For the following exercises, consider this scenario: Fred earns $40 mowing lawns. He spends $10 on mp3s, puts 
half of what is left in a savings account, and gets another $5 for washing his neighbor’s car. 
Exercise: 


Problem: 


Write the expression that represents the number of dollars Fred keeps (and does not put in his savings 
account). Remember the order of operations. 


Solution: 


+ (40 — 10) +5 


Exercise: 
Problem: How much money does Fred keep? 


For the following exercises, solve the given problem. 
Exercise: 


Problem: 


According to the U.S. Mint, the diameter of a quarter is 0.955 inches. The circumference of the quarter would 
be the diameter multiplied by z. Is the circumference of a quarter a whole number, a rational number, or an 
irrational number? 


Solution: 


irrational number 
Exercise: 


Problem: 


Jessica and her roommate, Adriana, have decided to share a change jar for joint expenses. Jessica put her 
loose change in the jar first, and then Adriana put her change in the jar. We know that it does not matter in 
which order the change was added to the jar. What property of addition describes this fact? 


For the following exercises, consider this scenario: There is a mound of g pounds of gravel in a quarry. Throughout 
the day, 400 pounds of gravel is added to the mound. Two orders of 600 pounds are sold and the gravel is removed 
from the mound. At the end of the day, the mound has 1,200 pounds of gravel. 

Exercise: 


Problem: Write the equation that describes the situation. 
Solution: 
g + 400 — 2 (600) = 1200 

Exercise: 


Problem:Solve for g. 


For the following exercise, solve the given problem. 
Exercise: 


Problem: 

Ramon runs the marketing department at his company. His department gets a budget every year, and every 
year, he must spend the entire budget without going over. If he spends less than the budget, then his 
department gets a smaller budget the following year. At the beginning of this year, Ramon got $2.5 million 
for the annual marketing budget. He must spend the budget such that 2,500,000 — z = 0. What property of 
addition tells us what the value of x must be? 


Solution: 


inverse property of addition 


Technology 


For the following exercises, use a graphing calculator to solve for x. Round the answers to the nearest hundredth. 
Exercise: 


Problem:0.5(12.3)” — 48a = + 


Exercise: 


Problem: (0.25 — 0.75)°a — 7.2 = 9.9 


Solution: 


68.4 


Extensions 


Exercise: 


Problem:If a whole number is not a natural number, what must the number be? 
Exercise: 
Problem: 


Determine whether the statement is true or false: The multiplicative inverse of a rational number is also 
rational. 


Solution: 


true 
Exercise: 
Problem: 
Determine whether the statement is true or false: The product of a rational and irrational number is always 
irrational. 


Exercise: 


Problem:Determine whether the simplified expression is rational or irrational: »/—18 — 4 (5) (—1). 


Solution: 
irrational 


Exercise: 


Problem: Determine whether the simplified expression is rational or irrational: J —16+4(5)+5. 


Exercise: 


Problem:The division of two whole numbers will always result in what type of number? 
Solution: 


rational 


Exercise: 


Problem: What property of real numbers would simplify the following expression: 4 + 7(a — 1)? 


Glossary 


algebraic expression 
constants and variables combined using addition, subtraction, multiplication, and division 


associative property of addition 
the sum of three numbers may be grouped differently without affecting the result; in symbols, 
a+(b+c)=(a+b)+c 


associative property of multiplication 
the product of three numbers may be grouped differently without affecting the result; in symbols, 
a-(b-c)=(a-b)-c 


base 
in exponential notation, the expression that is being multiplied 


commutative property of addition 
two numbers may be added in either order without affecting the result; in symbols,a +b=b+a 


commutative property of multiplication 
two numbers may be multiplied in any order without affecting the result; in symbols, a - b = b- a 


constant 
a quantity that does not change value 


distributive property 
the product of a factor times a sum is the sum of the factor times each term in the sum; in symbols, 
a-(b+c)=a-b+a-c 


equation 
a mathematical statement indicating that two expressions are equal 


exponent 
in exponential notation, the raised number or variable that indicates how many times the base is being 
multiplied 


exponential notation 
a shorthand method of writing products of the same factor 


formula 
an equation expressing a relationship between constant and variable quantities 


identity property of addition 
there is a unique number, called the additive identity, 0, which, when added to a number, results in the original 
number; in symbols, a + 0 = a 


identity property of multiplication 
there is a unique number, called the multiplicative identity, 1, which, when multiplied by a number, results in 
the original number; in symbols,a-1 =a 


integers 
the set consisting of the natural numbers, their opposites, and 0:{..., —3, —2, —1,0,1,2,3,...} 


inverse property of addition 
for every real number a,there is a unique number, called the additive inverse (or opposite), denoted — a, 
which, when added to the original number, results in the additive identity, 0; in symbols, a + (—a) = 0 


inverse property of multiplication 


for every non-zero real number a,there is a unique number, called the multiplicative inverse (or reciprocal), 
denoted + which, when multiplied by the original number, results in the multiplicative identity, 1; in symbols, 


a-+=1 
a 
irrational numbers 
the set of all numbers that are not rational; they cannot be written as either a terminating or repeating decimal; 
they cannot be expressed as a fraction of two integers 


natural numbers 
the set of counting numbers: {1, 2,3 ,...} 


order of operations 
a set of rules governing how mathematical expressions are to be evaluated, assigning priorities to operations 


rational numbers 
the set of all numbers of the form ** ,where m and nare integers andn 4 0. Any rational number may be 


written as a fraction or a terminating or repeating decimal. 


real number line 
a horizontal line used to represent the real numbers. An arbitrary fixed point is chosen to represent 0; positive 
numbers lie to the right of 0 and negative numbers to the left. 


real numbers 
the sets of rational numbers and irrational numbers taken together 


variable 
a quantity that may change value 


whole numbers 
the set consisting of 0 plus the natural numbers: {0,1, 2,3 ,...} 


The Rectangular Coordinate Systems and Graphs 
In this section you will: 


e Plot ordered pairs in a Cartesian coordinate system. 
e Graph equations by plotting points. 

e Graph equations with a graphing utility. 

e Find z-intercepts and y-intercepts. 

e Use the distance formula. 

e Use the midpoint formula. 


y 
Schiller Avenue 


— Mannheim 
Bertau Road 


Avenue 


McLean Street 


Tracie set out from Elmhurst, IL, to go to Franklin Park. On the way, she 
made a few stops to do errands. Each stop is indicated by a red dot in [Link]. 
Laying a rectangular coordinate grid over the map, we can see that each 
stop aligns with an intersection of grid lines. In this section, we will learn 
how to use grid lines to describe locations and changes in locations. 


Plotting Ordered Pairs in the Cartesian Coordinate System 


An old story describes how seventeenth-century philosopher/mathematician 
René Descartes invented the system that has become the foundation of 
algebra while sick in bed. According to the story, Descartes was staring at a 
fly crawling on the ceiling when he realized that he could describe the fly’s 
location in relation to the perpendicular lines formed by the adjacent walls 
of his room. He viewed the perpendicular lines as horizontal and vertical 
axes. Further, by dividing each axis into equal unit lengths, Descartes saw 
that it was possible to locate any object in a two-dimensional plane using 
just two numbers—the displacement from the horizontal axis and the 
displacement from the vertical axis. 


While there is evidence that ideas similar to Descartes’ grid system existed 
centuries earlier, it was Descartes who introduced the components that 
comprise the Cartesian coordinate system, a grid system having 
perpendicular axes. Descartes named the horizontal axis the x-axis and the 
vertical axis the y-axis. 


The Cartesian coordinate system, also called the rectangular coordinate 
system, is based on a two-dimensional plane consisting of the x-axis and the 
y-axis. Perpendicular to each other, the axes divide the plane into four 
sections. Each section is called a quadrant; the quadrants are numbered 
counterclockwise as shown in [link] 


y-axis 


Quadrant I! Quadrant | 


Quadrant III Quadrant IV 


The center of the plane is the point at which the two axes cross. It is known 
as the origin, or point(0, 0).From the origin, each axis is further divided 
into equal units: increasing, positive numbers to the right on the x-axis and 
up the y-axis; decreasing, negative numbers to the left on the x-axis and 
down the y-axis. The axes extend to positive and negative infinity as shown 
by the arrowheads in [link]. 


Each point in the plane is identified by its x-coordinate, or horizontal 
displacement from the origin, and its y-coordinate, or vertical displacement 
from the origin. Together, we write them as an ordered pair indicating the 
combined distance from the origin in the form (x, y). An ordered pair is 
also known as a coordinate pair because it consists of x- and y-coordinates. 
For example, we can represent the point (3, —1) in the plane by moving 
three units to the right of the origin in the horizontal direction, and one unit 
down in the vertical direction. See [link]. 


When dividing the axes into equally spaced increments, note that the x-axis 
may be considered separately from the y-axis. In other words, while the x- 
axis may be divided and labeled according to consecutive integers, the y- 
axis may be divided and labeled by increments of 2, or 10, or 100. In fact, 
the axes may represent other units, such as years against the balance in a 
Savings account, or quantity against cost, and so on. Consider the 
rectangular coordinate system primarily as a method for showing the 
relationship between two quantities. 


Note: 
Cartesian Coordinate System 
A two-dimensional plane where the 


e x-axis is the horizontal axis 
e y-axis is the vertical axis 


A point in the plane is defined as an ordered pair, (x, y),such that x is 
determined by its horizontal distance from the origin and y is determined 
by its vertical distance from the origin. 


Example: 
Exercise: 


Problem: 
Plotting Points in a Rectangular Coordinate System 


Plot the points (—2, 4),(3,3),and (0, —3) in the plane. 
Solution: 


To plot the point (—2, 4),begin at the origin. The x-coordinate is —2, 
so move two units to the left. The y-coordinate is 4, so then move four 
units up in the positive y direction. 


To plot the point (3, 3),begin again at the origin. The x-coordinate is 
3, so move three units to the right. The y-coordinate is also 3, so move 
three units up in the positive y direction. 


To plot the point (0, —3),begin again at the origin. The x-coordinate 
is 0. This tells us not to move in either direction along the x-axis. The 
y-coordinate is —3, so move three units down in the negative y 
direction. See the graph in [Link]. 


Analysis 


Note that when either coordinate is zero, the point must be on an axis. If 
the x-coordinate is zero, the point is on the y-axis. If the y-coordinate is 
zero, the point is on the x-axis. 


Graphing Equations by Plotting Points 


We can plot a set of points to represent an equation. When such an equation 
contains both an x variable and a y variable, it is called an equation in two 
variables. Its graph is called a graph in two variables. Any graph on a 
two-dimensional plane is a graph in two variables. 


Suppose we want to graph the equation y = 2x” — 1. We can begin by 
substituting a value for x into the equation and determining the resulting 


value of y. Each pair of x- and y-values is an ordered pair that can be 
plotted. [link] lists values of x from —3 to 3 and the resulting values for y. 


2 | y=2r—-1 (x,y) 
3  y=2(-3)-1=-7 (—3, —7) 
2 y=2(-2)-1=-5 (9.5) 
-1  y=2(-1)-1=-3 (21-3) 
0 y=2(0)-1=-1 (0, —-1) 
1 y=2(1)-1=1 (1,1) 
2  y=2(2)-1=3 (2, 3) 
3 y=2(3)-1=5 (3, 5) 


We can plot the points in the table. The points for this particular equation 
form a line, so we can connect them. See [link]. This is not true for all 
equations. 


P te wo fF aA Dd N Ow 


| 


“8 6 5 4 3 2 


Note that the x-values chosen are arbitrary, regardless of the type of 
equation we are graphing. Of course, some situations may require particular 
values of x to be plotted in order to see a particular result. Otherwise, it is 
logical to choose values that can be calculated easily, and it is always a 
good idea to choose values that are both negative and positive. There is no 
rule dictating how many points to plot, although we need at least two to 
graph a line. Keep in mind, however, that the more points we plot, the more 
accurately we can sketch the graph. 


Note: 


Given an equation, graph by plotting points. 


1. Make a table with one column labeled x, a second column labeled 
with the equation, and a third column listing the resulting ordered 
pairs. 

2. Enter x-values down the first column using positive and negative 
values. Selecting the x-values in numerical order will make the 
graphing simpler. 

3. Select x-values that will yield y-values with little effort, preferably 
ones that can be calculated mentally. 

4. Plot the ordered pairs. 

5. Connect the points if they form a line. 


Example: 
Exercise: 


Problem: 
Graphing an Equation in Two Variables by Plotting Points 


Graph the equation y = —z + 2 by plotting points. 
Solution: 


First, we construct a table similar to [link]. Choose x values and 
calculate y. 


eZ y=-e+2 (x,y) 


—5  y=-(-5)+2=7 (3.7) 


2S (8) (S555) 


-1 | y=-(-1)+2=3 (—1,3) 
) pe-@42=% (0, 2) 
1} y=-(1)+2=1 (1,1) 
i mes @)49= =i (3, -1) 
5 | y=—(5)+2=-3 (5, —3) 


Now, plot the points. Connect them if they form a line. See [link] 


Note: 


Exercise: 


Problem: 


Construct a table and graph the equation by plotting points: 
mg 
y= xut+ 2. 


Solution: 
x y= +x +2 (x, y) 
-2 y=4(-2)+2=1 Did 
-1 y=$(-l)+2=2 (—1, 2 
0 y= 7(0)+2=2 (0, 2) 
lL pes) 2es (1,5) 


Graphing Equations with a Graphing Utility 


Most graphing calculators require similar techniques to graph an equation. 
The equations sometimes have to be manipulated so they are written in the 
style y =____. The TI-84 Plus, and many other calculator makes and 
models, have a mode function, which allows the window (the screen for 
viewing the graph) to be altered so the pertinent parts of a graph can be 
seen. 


For example, the equation y = 2x — 20 has been entered in the TI-84 Plus 
shown in [link]a. In [link]b, the resulting graph is shown. Notice that we 
cannot see on the screen where the graph crosses the axes. The standard 
window screen on the TI-84 Plus shows —10 < z < 10,and 

—10 < y < 10. See [link]c. 


WINDOW 
Xmin=—10 
Xmax=10 
Xscl=1 


Plot1 Plot2 Plot3 
\Y1B2X-—20 


Ymin=—10 
Ymax=10 
Yscl=1 
Xres=1 


(a) (b) (c) 


a. Enter the equation. b. This is the graph in the original window. c. 
These are the original settings. 


By changing the window to show more of the positive x-axis and more of 
the negative y-axis, we have a much better view of the graph and the x- and 
y-intercepts. See [link]a and [link]b. 


a ra 
Xmin=—5 

Xmax=15 

Xscl=1 


Ymin=—30 
Ymax=10 
Yscl=1 
Xres=1 


(a) (b) 


a. This screen shows the new window settings. b. We 
can clearly view the intercepts in the new window. 


Example: 
Exercise: 


Problem: 
Using a Graphing Utility to Graph an Equation 


Use a graphing utility to graph the equation: y = — = aE = 
Solution: 
Enter the equation in the y= function of the calculator. Set the window 


settings so that both the x- and y- intercepts are showing in the 
window. See [link]. 


Finding x-intercepts and y-intercepts 


The intercepts of a graph are points at which the graph crosses the axes. 
The x-intercept is the point at which the graph crosses the x-axis. At this 
point, the y-coordinate is zero. The y-intercept is the point at which the 
graph crosses the y-axis. At this point, the x-coordinate is zero. 


To determine the x-intercept, we set y equal to zero and solve for x. 
Similarly, to determine the y-intercept, we set x equal to zero and solve for 
y. For example, lets find the intercepts of the equation y = 3x — 1. 


To find the x-intercept, set y = 0. 


Equation: 
y=3xr—-1 
0=3z-1 
(ees He 
1 
3 xv 
( ; : 0) x—intercept 


To find the y-intercept, set z = 0. 


Equation: 
y=3xr—-1 
y = 3(0) -1 
y=-l1 
(0, —1) y—intercept 


We can confirm that our results make sense by observing a graph of the 
equation as in [link]. Notice that the graph crosses the axes where we 
predicted it would. 


Note: 
Given an equation, find the intercepts. 


e Find the x-intercept by setting y = O and solving for z. 
e Find the y-intercept by setting x = O and solving for y. 


Example: 
Exercise: 


Problem: 
Finding the Intercepts of the Given Equation 


Find the intercepts of the equation y = —3a — 4. Then sketch the 
graph using only the intercepts. 


Solution: 


Set y = Oto find the x-intercept. 


Equation: 
yY=—3r —4 
Q0=—3z7—4 
Le 
A 
(— 2 , 0 x—intercept 


Set x = Oto find the y-intercept. 


Equation: 
y= 30 — 4 
fe — 3 (Oia 4 
Yom’ 
(0, —4) y—intercept 


Plot both points, and draw a line passing through them as in [link]. 


Note: 
Exercise: 


Problem: 


Find the intercepts of the equation and sketch the graph: 
{— Sz te: 


Solution: 


x-intercept is (4, 0);y-intercept is (0, 3). 


Using the Distance Formula 


Derived from the Pythagorean Theorem, the distance formula is used to 
find the distance between two points in the plane. The Pythagorean 
Theorem, a? + b? = c?,is based on a right triangle where a and b are the 
lengths of the legs adjacent to the right angle, and c is the length of the 
hypotenuse. See [link]. 


The relationship of sides |a2 — 21| and |y2 — y;| to side d is the same as 
that of sides a and b to side c. We use the absolute value symbol to indicate 
that the length is a positive number because the absolute value of any 
number is positive. (For example, |—3| = 3.) The symbols |a2 — x | and 
|y2 — yz| indicate that the lengths of the sides of the triangle are positive. 
To find the length c, take the square root of both sides of the Pythagorean 
Theorem. 
Equation: 


C= +P ocH= Vat Be 


It follows that the distance formula is given as 
Equation: 


d® = (x2 — 21)° + (ye—y1)? > d = \/ (a2 — 211)° + (ye — 1)? 


We do not have to use the absolute value symbols in this definition because 
any number squared is positive. 


Note: 

The Distance Formula 

Given endpoints (21, y1) and (2g, y2),the distance between two points is 
given by 

Equation: 


d = \/ (#2 — #1)? + (y2 — 91) 


Example: 
Exercise: 


Problem: 
Finding the Distance between Two Points 


Find the distance between the points (—3, —1) and (2, 3). 
Solution: 


Let us first look at the graph of the two points. Connect the points to 
form a right triangle as in [link]. 


Then, calculate the length of d using the distance formula. 


Equation: 


Note: 
Exercise: 


Problem:Find the distance between two points: (1,4) and (11, 9). 


Solution: 


J125 = 5/5 


Example: 
Exercise: 


Problem: 
Finding the Distance between Two Locations 


Let’s return to the situation introduced at the beginning of this section. 


Tracie set out from Elmhurst, IL, to go to Franklin Park. On the way, 
she made a few stops to do errands. Each stop is indicated by a red dot 


in [link]. Find the total distance that Tracie traveled. Compare this 
with the distance between her starting and final positions. 


Solution: 


The first thing we should do is identify ordered pairs to describe each 
position. If we set the starting position at the origin, we can identify 
each of the other points by counting units east (right) and north (up) 
on the grid. For example, the first stop is 1 block east and 1 block 
north, so it is at (1,1). The next stop is 5 blocks to the east, so it is at 

(5,1). After that, she traveled 3 blocks east and 2 blocks north to 

(8,3). Lastly, she traveled 4 blocks north to (8, 7). We can label 
these points on the grid as in [link]. 

y 


Schiller Avenue 


Bertau 
Avenue 


McLean Street 


Next, we can calculate the distance. Note that each grid unit 
represents 1,000 feet. 


e From her starting location to her first stop at (1, 1),Tracie might 
have driven north 1,000 feet and then east 1,000 feet, or vice 
versa. Either way, she drove 2,000 feet to her first stop. 


¢ Her second stop is at (5,1). So from (1,1) to (5, 1),Tracie 
drove east 4,000 feet. 
¢ Her third stop is at (8,3). There are a number of routes from 
(5,1) to (8,3). Whatever route Tracie decided to use, the 
distance is the same, as there are no angular streets between the 
two points. Let’s say she drove east 3,000 feet and then north 
2,000 feet for a total of 5,000 feet. 
e Tracie’s final stop is at (8, 7). This is a straight drive north from 
(8,3) for a total of 4,000 feet. 


Next, we will add the distances listed in [link]. 


From/To Number of Feet Driven 
(0,0) to (1,1) 2,000 
(1, 1) to(5, 1) 4,000 
(5,1) to (8,3) 5,000 
(8,3) to (8, 7) 4,000 


Total 15,000 


The total distance Tracie drove is 15,000 feet, or 2.84 miles. This is 
not, however, the actual distance between her starting and ending 
positions. To find this distance, we can use the distance formula 
between the points (0, 0) and (8, 7). 

Equation: 


At 1,000 feet per grid unit, the distance between Elmhurst, IL, to 
Franklin Park is 10,630.14 feet, or 2.01 miles. The distance formula 
results in a shorter calculation because it is based on the hypotenuse 
of a right triangle, a straight diagonal from the origin to the point 

(8,7). Perhaps you have heard the saying “as the crow flies,” which 
means the shortest distance between two points because a crow can 
fly in a straight line even though a person on the ground has to travel 
a longer distance on existing roadways. 


Using the Midpoint Formula 


When the endpoints of a line segment are known, we can find the point 

midway between them. This point is known as the midpoint and the formula 

is known as the midpoint formula. Given the endpoints of a line segment, 
(x1, yi) and (29, y2),the midpoint formula states how to find the 

coordinates of the midpoint M. 

Equation: 


M= mit %2 Wt 
2 2 


A graphical view of a midpoint is shown in [link]. Notice that the line 
segments on either side of the midpoint are congruent. 


(X1, Y1) 


Example: 
Exercise: 


Problem: 
Finding the Midpoint of the Line Segment 


Find the midpoint of the line segment with the endpoints (7, —2) and 
(9,5). 


Solution: 


Use the formula to find the midpoint of the line segment. 
Equation: 


SE = CAss 


Note: 
Exercise: 


Problem: 


Find the midpoint of the line segment with endpoints (—2, —1) and 
ao: 6) : 


Solution: 


(—5, 5) 


Example: 
Exercise: 


Problem: 
Finding the Center of a Circle 


The diameter of a circle has endpoints (—1, —4) and (5, —4). Find 
the center of the circle. 


Solution: 


The center of a circle is the center, or midpoint, of its diameter. Thus, 
the midpoint formula will yield the center point. 
Equation: 


(A428 yitye2 
2 2 


ei ee)i=6-o)<1-4 


Note: 
Access these online resources for additional instruction and practice with 
the Cartesian coordinate system. 


e Plotting points on the coordinate plane 


Key Concepts 


We can locate, or plot, points in the Cartesian coordinate system using 
ordered pairs, which are defined as displacement from the x-axis and 
displacement from the y-axis. See [link]. 

An equation can be graphed in the plane by creating a table of values 
and plotting points. See [link]. 

Using a graphing calculator or a computer program makes graphing 
equations faster and more accurate. Equations usually have to be 
entered in the form y= . See [link]. 

Finding the x- and y-intercepts can define the graph of a line. These are 
the points where the graph crosses the axes. See [link]. 

The distance formula is derived from the Pythagorean Theorem and is 
used to find the length of a line segment. See [link] and [link]. 

The midpoint formula provides a method of finding the coordinates of 
the midpoint dividing the sum of the x-coordinates and the sum of the 
y-coordinates of the endpoints by 2. See [link] and [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


Is it possible for a point plotted in the Cartesian coordinate system to 
not lie in one of the four quadrants? Explain. 


Solution: 


Answers may vary. Yes. It is possible for a point to be on the x-axis or 
on the y-axis and therefore is considered to NOT be in one of the 
quadrants. 


Exercise: 
Problem: 
Describe the process for finding the x-intercept and the y-intercept of a 
graph algebraically. 

Exercise: 


Problem: 
Describe in your own words what the y-intercept of a graph is. 
Solution: 


The y-intercept is the point where the graph crosses the y-axis. 
Exercise: 


Problem: 


When using the distance formula d = 4/ (a2 — a1) + (yo — y1), 


explain the correct order of operations that are to be performed to 
obtain the correct answer. 


Algebraic 
For each of the following exercises, find the x-intercept and the y-intercept 


without graphing. Write the coordinates of each intercept. 
Exercise: 


Problem:y = —3z + 6 


Solution: 


The x-intercept is (2, 0) and the y-intercept is (0, 6). 


Exercise: 


Problem:4y = 2x — 1 


Exercise: 


Problem:3xz — 2y = 6 
Solution: 


The x-intercept is (2, 0) and the y-intercept is (0, —3). 


Exercise: 


Problem:4z — 3 = 2y 


Exercise: 


Problem:3z + 8y = 9 
Solution: 
The x-intercept is (3, 0) and the y-intercept is (0, 2). 


Exercise: 


Problem:2x — 2 = fy +3 


For each of the following exercises, solve the equation for y in terms of x. 
Exercise: 


Problem:4z + 2y = 8 
Solution: 


y=4-2¢ 


Exercise: 


Problem:3z — 2y = 6 


Exercise: 


Problem:2z = 5 — 3y 


Solution: 


_ 5-22 
: ere 


Exercise: 


Problem:x — 2y = 7 


Exercise: 


Problem:5y + 4 = 10z 


Solution: 


a 4 


Exercise: 
Problem:5z + 2y = 0 


For each of the following exercises, find the distance between the two 
points. Simplify your answers, and write the exact answer in simplest 
radical form for irrational answers. 

Exercise: 


Problem: (—4, 1) and (3, —4) 


Solution: 


d=74 


Exercise: 


Problem: (2, —5) and (7, 4) 


Exercise: 
Problem: (5, 0) and (5, 6) 
Solution: 
d= /36 =6 


Exercise: 


Problem: (—4, 3) and (10, 3) 
Exercise: 


Problem: 


Find the distance between the two points given using your calculator, 
and round your answer to the nearest hundredth. 


(19, 12) and (41, 71) 
Solution: 


d =~ 62.97 


For each of the following exercises, find the coordinates of the midpoint of 
the line segment that joins the two given points. 
Exercise: 

Problem: (—5, —6) and (4, 2) 


Exercise: 


Problem: (—1, 1) and (7, —4) 
Solution: 


(3, =") 


Exercise: 


Problem: (—5, —3) and (—2, —8) 
Exercise: 

Problem: (0, 7) and (4, —9) 

Solution: 


(2, =1) 


Exercise: 


Problem: (—43, 17) and (23, —34) 


Graphical 


For each of the following exercises, identify the information requested. 
Exercise: 


Problem: What are the coordinates of the origin? 


Solution: 


(0, 0) 


Exercise: 


Problem:If a point is located on the y-axis, what is the x-coordinate? 


Exercise: 


Problem:If a point is located on the x-axis, what is the y-coordinate? 
Solution: 
y=0 
For each of the following exercises, plot the three points on the given 
coordinate plane. State whether the three points you plotted appear to be 


collinear (on the same line). 
Exercise: 


Problem: (4, 1) (—2, —3) (5, 0) 


Exercise: 


Problem: (—1, 2)(0, 4)(2, 1) 


Solution: 


not collinear 


Exercise: 


Problem: (—3, 0) (—3, 4) (—3, —3) 


Exercise: 


Problem: Name the coordinates of the points graphed. 


Solution: 


(—3,2), (1,3), (4,0) 
Exercise: 
Problem: 
Name the quadrant in which the following points would be located. If 
the point is on an axis, name the axis. 
. (—3, —4) 
(—5,0 
.(1,-4 
- ( 
. ( 


yy NS 


7 
i. 


oOo &. oo oS 
~~" —>\~~’” 


For each of the following exercises, construct a table and graph the equation 
by plotting at least three points. 
Exercise: 


Problem:y = te ie 


Solution: 
zr y 
28 1 
0 2 
3 3 


Exercise: 


Problem:y = —3z +1 


Exercise: 


Problem:2y = x + 3 


Solution: 


—3 0 
0 1.5 
3 3 


Numeric 


For each of the following exercises, find and plot the x- and y-intercepts, 
and graph the straight line based on those two points. 


Exercise: 


Problem:4z — 3y = 12 


Exercise: 
Problem:z — 2y = 8 


Solution: 


Exercise: 


Problem:y — 5 = 5z 


Exercise: 


Problem:3y = —2z + 6 


Solution: 


Exercise: 


Problem:y = —> 


For each of the following exercises, use the graph in the figure below. 


Exercise: 


Problem: 


Find the distance between the two endpoints using the distance 
formula. Round to three decimal places. 


Solution: 


d = 8.246 
Exercise: 


Problem: 


Find the coordinates of the midpoint of the line segment connecting 
the two points. 


Exercise: 


Problem:Find the distance that (—3, 4) is from the origin. 


Solution: 


a= 5 
Exercise: 


Problem: 


Find the distance that (5, 2) is from the origin. Round to three decimal 
places. 


Exercise: 


Problem: Which point is closer to the origin? 


Solution: 


(—3, 4) 


Technology 


For the following exercises, use your graphing calculator to input the linear 
graphs in the Y= graph menu. 


After graphing it, use the 24 CALC button and 1:value button, hit enter. At 
the lower part of the screen you will see “x=” and a blinking cursor. You 
may enter any number for x and it will display the y value for any x value 
you input. Use this and plug in x = 0, thus finding the y-intercept, for each 
of the following graphs. 

Exercise: 


Problem: Y; = —2z +5 


Exercise: 


Problem: Y; = a8 


Solution: 


r= 0 y= =2 


Exercise: 


Problem: Y, = ze 


For the following exercises, use your graphing calculator to input the linear 
graphs in the Y= graph menu. 


After graphing it, use the 2" CALC button and 2:zero button, hit ENTER. 
At the lower part of the screen you will see “left bound?” and a blinking 
cursor on the graph of the line. Move this cursor to the left of the x- 
intercept, hit ENTER. Now it says “right bound?” Move the cursor to the 
right of the x-intercept, hit ENTER. Now it says “guess?” Move your 
cursor to the left somewhere in between the left and right bound near the x- 
intercept. Hit ENTER. At the bottom of your screen it will display the 
coordinates of the x-intercept or the “zero” to the y-value. Use this to find 
the x-intercept. 


Note: With linear/straight line functions the zero is not really a “guess,” but 
it is necessary to enter a “guess” so it will search and find the exact x- 
intercept between your right and left boundaries. With other types of 
functions (more than one x-intercept), they may be irrational numbers so 
“guess” is more appropriate to give it the correct limits to find a very close 
approximation between the left and right boundaries. 

Exercise: 


Problem: Y; = —8x + 6 


Solution: 


L= OS 0 


Exercise: 


Problem: Y, = 4x — 7 


Exercise: 


Problem: Y; = sate Round your answer to the nearest thousandth. 


Solution: 


x=-1.667 y=0 


Extensions 


Exercise: 
Problem: 
A man drove 10 mi directly east from his home, made a left turn at an 
intersection, and then traveled 5 mi north to his place of work. If a 


road was made directly from his home to his place of work, what 
would its distance be to the nearest tenth of a mile? 


Exercise: 


Problem: 


If the road was made in the previous exercise, how much shorter 
would the man’s one-way trip be every day? 


Solution: 


15—11.2 = 3.8mi shorter 


Exercise: 


Problem: 


Given these four points: 
A (1,3), B(—3,5),C (4,7), and D (5, —4),find the coordinates of 
the midpoint of line segments AB and CD. 


Exercise: 


Problem: 


After finding the two midpoints in the previous exercise, find the 
distance between the two midpoints to the nearest thousandth. 


Solution: 


6.042 
Exercise: 


Problem: 


Given the graph of the rectangle shown and the coordinates of its 
vertices, prove that the diagonals of the rectangle are of equal length. 


Exercise: 


Problem: 


In the previous exercise, find the coordinates of the midpoint for each 
diagonal. 


Solution: 


Midpoint of each diagonal is the same point (2, 2). Note this is a 
characteristic of rectangles, but not other quadrilaterals. 


Real-World Applications 


Exercise: 
Problem: 
The coordinates on a map for San Francisco are (53, 17) and those for 


Sacramento are (123, 78). Note that coordinates represent miles. Find 
the distance between the cities to the nearest mile. 


Exercise: 
Problem: 
If San Jose’s coordinates are (76, —12),where the coordinates 


represent miles, find the distance between San Jose and San Francisco 
to the nearest mile. 


Solution: 


37 mi 


Exercise: 


Problem: 


A small craft in Lake Ontario sends out a distress signal. The 
coordinates of the boat in trouble were (49, 64). One rescue boat is at 
the coordinates (60, 82) and a second Coast Guard craft is at 
coordinates (58,47). Assuming both rescue craft travel at the same 
rate, which one would get to the distressed boat the fastest? 


Exercise: 


Problem: 

A man on the top of a building wants to have a guy wire extend to a 
point on the ground 20 ft from the building. To the nearest foot, how 
long will the wire have to be if the building is 50 ft tall? 


(20, 50) 


50 


(0,0) 20 


Solution: 


54 ft 


Exercise: 


Problem: 


If we rent a truck and pay a $75/day fee plus $.20 for every mile we 
travel, write a linear equation that would express the total cost y,using 
x to represent the number of miles we travel. Graph this function on 
your graphing calculator and find the total cost for one day if we travel 
70 mi. 


Glossary 


Cartesian coordinate system 
a grid system designed with perpendicular axes invented by René 
Descartes 


distance formula 
a formula that can be used to find the length of a line segment if the 
endpoints are known 


equation in two variables 
a mathematical statement, typically written in x and y, in which two 
expressions are equal 


graph in two variables 
the graph of an equation in two variables, which is always shown in 
two variables in the two-dimensional plane 


intercepts 
the points at which the graph of an equation crosses the x-axis and the 
y-axis 


midpoint formula 
a formula to find the point that divides a line segment into two parts of 
equal length 


ordered pair 
a pair of numbers indicating horizontal displacement and vertical 
displacement from the origin; also known as a coordinate pair, (x, y) 


origin 
the point where the two axes cross in the center of the plane, described 
by the ordered pair (0, 0) 


quadrant 
one quarter of the coordinate plane, created when the axes divide the 
plane into four sections 


X-axis 
the common name of the horizontal axis on a coordinate plane; a 
number line increasing from left to right 


x-coordinate 
the first coordinate of an ordered pair, representing the horizontal 
displacement and direction from the origin 


x-intercept 
the point where a graph intersects the x-axis; an ordered pair with a y- 
coordinate of zero 


y-axis 
the common name of the vertical axis on a coordinate plane; a number 
line increasing from bottom to top 


y-coordinate 
the second coordinate of an ordered pair, representing the vertical 
displacement and direction from the origin 


y-intercept 
a point where a graph intercepts the y-axis; an ordered pair with an x- 
coordinate of zero 


Linear Equations in One Variable 
In this section you will: 


e Solve equations in one variable algebraically. 

e Solve a rational equation. 

e Find a linear equation. 

e Given the equations of two lines, determine whether their graphs are parallel or perpendicular. 
e Write the equation of a line parallel or perpendicular to a given line. 


Caroline is a full-time college student planning a spring break vacation. To earn enough money for the trip, she 
has taken a part-time job at the local bank that pays $15.00/hr, and she opened a savings account with an initial 
deposit of $400 on January 15. She arranged for direct deposit of her payroll checks. If spring break begins 
March 20 and the trip will cost approximately $2,500, how many hours will she have to work to earn enough 
to pay for her vacation? If she can only work 4 hours per day, how many days per week will she have to work? 
How many weeks will it take? In this section, we will investigate problems like this and others, which generate 
graphs like the line in [link]. 


Savings Account Balance 


x 
0 20 40 60 80 100 120 140 160 180 200 
Hours Worked 


Solving Linear Equations in One Variable 


A linear equation is an equation of a straight line, written in one variable. The only power of the variable is 1. 
Linear equations in one variable may take the form az + b = Oand are solved using basic algebraic 
operations. 


We begin by classifying linear equations in one variable as one of three types: identity, conditional, or 
inconsistent. An identity equation is true for all values of the variable. Here is an example of an identity 
equation. 

Equation: 


38a =2r4+2 


The solution set consists of all values that make the equation true. For this equation, the solution set is all real 
numbers because any real number substituted for x will make the equation true. 


A conditional equation is true for only some values of the variable. For example, if we are to solve the 
equation 52 + 2 = 3a — 6,we have the following: 
Equation: 


5br+2 = 32-6 


The solution set consists of one number: {—4}. It is the only solution and, therefore, we have solved a 
conditional equation. 


An inconsistent equation results in a false statement. For example, if we are to solve 5a — 15 = 5 (a — 4),we 
have the following: 
Equation: 


5a —15 = 5a — 20 
5x —-15—5¢2 = 5x—-20—52 Subtract 5x from both sides. 
—-15 £4 —20 False statement 


Indeed, —15 # —20. There is no solution because this is an inconsistent equation. 


Solving linear equations in one variable involves the fundamental properties of equality and basic algebraic 
operations. A brief review of those operations follows. 


Note: 

Linear Equation in One Variable 

A linear equation in one variable can be written in the form 
Equation: 


axr+b=0 


where a and b are real numbers, a # 0. 


Note: 

Given a linear equation in one variable, use algebra to solve it. 

The following steps are used to manipulate an equation and isolate the unknown variable, so that the last line 
reads = jif x is the unknown. There is no set order, as the steps used depend on what is given: 


1. We may add, subtract, multiply, or divide an equation by a number or an expression as long as we do the 
same thing to both sides of the equal sign. Note that we cannot divide by zero. 

2. Apply the distributive property as needed: a (b + c) = ab +4 ac. 

3. Isolate the variable on one side of the equation. 

4. When the variable is multiplied by a coefficient in the final stage, multiply both sides of the equation by 
the reciprocal of the coefficient. 


Example: 
Exercise: 


Problem: 
Solving an Equation in One Variable 


Solve the following equation: 2x + 7 = 19. 
Solution: 


This equation can be written in the form az + b = Oby subtracting 19 from both sides. However, we may 
proceed to solve the equation in its original form by performing algebraic operations. 
Equation: 


22+7 = 19 
ee = 12) Subtract 7 from both sides. 
oe = & Multiply both sides by + or divide by 2. 


The solution is 6. 


Note: 
Exercise: 


Problem:Solve the linear equation in one variable: 2x + 1 = —9. 
Solution: 


o = 5 


Example: 
Exercise: 


Problem: 
Solving an Equation Algebraically When the Variable Appears on Both Sides 


Solve the following equation: 4 («—3) + 12 = 15-5 (x + 6). 
Solution: 


Apply standard algebraic properties. 
Equation: 


4(e —3) +12 = 15—5(x+6) 


4g —12+12 = 15—5z—30 Apply the distributive property. 
4r = —-15—52 Combine like terms. 
ee = 115) Place x-terms on one side and simplify. 
L£= - 2 Multiply both sides by an the reciprocal of 9. 
t= -$ 


Analysis 


This problem requires the distributive property to be applied twice, and then the properties of algebra are used 


to reach the final line, x = — 3. 


Note: 
Exercise: 


Problem:Solve the equation in one variable: —2 (3a —1)+a2=14-—da. 


Solution: 


= 3! 


Solving a Rational Equation 


In this section, we look at rational equations that, after some manipulation, result in a linear equation. If an 
equation contains at least one rational expression, it is a considered a rational equation. 


2 


Recall that a rational number is the ratio of two numbers, such as 3 


or a A rational expression is the ratio, or 
quotient, of two polynomials. Here are three examples. 
Equation: 
e+1 1 4 
or 
w—4’> 2-3’ #?+a-2 


Rational equations have a variable in the denominator in at least one of the terms. Our goal is to perform 
algebraic operations so that the variables appear in the numerator. In fact, we will eliminate all denominators 
by multiplying both sides of the equation by the least common denominator (LCD). 


Finding the LCD is identifying an expression that contains the highest power of all of the factors in all of the 
denominators. We do this because when the equation is multiplied by the LCD, the common factors in the 
LCD and in each denominator will equal one and will cancel out. 


Example: 
Exercise: 


Problem: 
Solving a Rational Equation 


Solve the rational equation: — — 2 = 22, 
2x 3a 3 


Solution: 


We have three denominators; 2x, 3z,and 3. The LCD must contain 2z, 3z,and 3. An LCD of 6z contains 
all three denominators. In other words, each denominator can be divided evenly into the LCD. Next, 
multiply both sides of the equation by the LCD 6z. 

Equation: 


na” 
—_~ 
f=) 
8 
yp Se 


wo w|8 a8 
~ SS Ap 


(AGS) Gai) = Gs Use the distributive property. 
(BE ) =) — (64) ) = 2) (6x) Cancel out the common factors. 
3(7) — 2(5) = 22(22) Multiply remaining factors by each numerator. 
21-10 = 442 
11 = 44a 
— 
bas 


A common mistake made when solving rational equations involves finding the LCD when one of the 
denominators is a binomial—two terms added or subtracted—such as (a + 1). Always consider a binomial as 
an individual factor—the terms cannot be separated. For example, suppose a problem has three terms and the 
denominators are x, — 1,and 3x — 3. First, factor all denominators. We then have x,(a — 1),and 3(x — 1) as 
the denominators. (Note the parentheses placed around the second denominator.) Only the last two 
denominators have a common factor of (2 — 1). The z in the first denominator is separate from the z in the 

(a — 1) denominators. An effective way to remember this is to write factored and binomial denominators in 
parentheses, and consider each parentheses as a separate unit or a separate factor. The LCD in this instance is 
found by multiplying together the z,one factor of (x — 1),and the 3. Thus, the LCD is the following: 
Equation: 


x(x —1)3 = 32 (a — 1) 
So, both sides of the equation would be multiplied by 3a (a — 1). Leave the LCD in factored form, as this 
makes it easier to see how each denominator in the problem cancels out. 


Another example is a problem with two denominators, such as z and x” + 2x. Once the second denominator is 
factored as x? + 2a = x (a + 2),there is a common factor of x in both denominators and the LCD is 


x(x 2). 
Sometimes we have a rational equation in the form of a proportion; that is, when one fraction equals another 


fraction and there are no other terms in the equation. 
Equation: 


We can use another method of solving the equation without finding the LCD: cross-multiplication. We 
multiply terms by crossing over the equal sign. 


a c ay gC 
If bad then bd 
Multiply a (d) and b (c),which results inad = be. 


Any solution that makes a denominator in the original expression equal zero must be excluded from the 
possibilities. 


Note: 

Rational Equations 

A rational equation contains at least one rational expression where the variable appears in at least one of the 
denominators. 


Note: 
Given a rational equation, solve it. 


1. Factor all denominators in the equation. 

2. Find and exclude values that set each denominator equal to zero. 

3. Find the LCD. 

4. Multiply the whole equation by the LCD. If the LCD is correct, there will be no denominators left. 

5. Solve the remaining equation. 

6. Make sure to check solutions back in the original equations to avoid a solution producing zero in a 
denominator. 


Example: 
Exercise: 


Problem: 
Solving a Rational Equation without Factoring 


Solve the following rational equation: 
Equation: 


Solution: 


We have three denominators: z,2,and 2%. No factoring is required. The product of the first two 
denominators is equal to the third denominator, so, the LCD is 2x. Only one value is excluded from a 
solution set, 0. Next, multiply the whole equation (both sides of the equal sign) by 2z. 

Equation: 


2a(>— 2) = (a) 22 
Peet (2) — La (=) = (ele Distribute 22. 
212) = aa Denominators cancel out. 
—32£ = 7 
—3z = 3 
eo = =ll 


r {—1} 


The proposed solution is —1, which is not an excluded value, so the solution set contains one number, 
—1,or {—1} written in set notation. 


Note: 
Exercise: 


Problem: Solve the rational equation: =- = 


Solution: 


a 93 


Example: 
Exercise: 


Problem: 


2 
3a 


Solving a Rational Equation by Factoring the Denominator 


Solve the following rational equation: + = + 
oc 10 


Solution: 


First find the common denominator. The three denominators in factored form are x, 10 = 2 - 5,and 
4x = 2-2-2. The smallest expression that is divisible by each one of the denominators is 20z. Only 


x = Ois an excluded value. Multiply the whole equation by 20z. 


Equation: 


35 


The solution is a 


Note: 
Exercise: 


Problem:Solve the rational equation: 


Solution: 


99 = Il 


Example: 
Exercise: 


Problem: 


202 (>) = (ao — a) 202 
A) = Do 15 
oy = We 
cee 
erie ae 
22 | Ae AL 


Solving Rational Equations with a Binomial in the Denominator 


Solve the following rational equations and state the excluded values: 


Toy 
a. z—-6 #86 
HES ws 2s} 1 
b. a-3 = x-3 2 
We ah D il 
oy — po F 
Solution: 


a. The denominators x and z — 6 have nothing in common. Therefore, the LCD is the product 
x (x — 6). However, for this problem, we can cross-multiply. 


Equation: 
hes fe, A 
z—6 z 
3n = 5(a —6) Distribute. 
ome = bye — ail) 
=25 = =30) 
Co) 


The solution is 15. The excluded values are 6 and 0. 


b. The LCD is 2 (a — 3). Multiply both sides of the equation by 2 (x — 3). 
Equation: 


2 ae — el ee 
ave == ils 

Cae cae! 
ie) 205 


The solution is a The excluded value is 3. 


c. The least common denominator is 2 (a — 2). Multiply both sides of the equation by x (x — 2). 
Equation: 


2(x — 2) (=*2) 
2x = 10-(a#-2) 


| 
—~ 
8 
| Jon 
wo 

| 
do|h 
— 
bo 
ss, 
8 

| 
bo 
— 


2c — 1 
Sa — ale 
= Al 


The solution is 4. The excluded value is 2. 


Note: 
Exercise: 


. eet ee 
Problem:Solve Teoh ae cee State the excluded values. 


Solution: 


p= a Excluded values arex = —= anda = — 


wl 


Example: 
Exercise: 


Problem: 
Solving a Rational Equation with Factored Denominators and Stating Excluded Values 


Solve the rational equation after factoring the denominators: 


2 i ae hs 
= = ao State the excluded 


x x 


values. 
Solution: 


We must factor the denominator z2—1. We recognize this as the difference of squares, and factor it as 

(a — 1) (a+ 1). Thus, the LCD that contains each denominator is (2 — 1) (x + 1). Multiply the 
whole equation by the LCD, cancel out the denominators, and solve the remaining equation. 
Equation: 


(e-1)(@ +1) (Sp -y) = (ety) (-V +H 
2(2—1)-1(x+1) = 2 


Mes 2B =i = By Distribute the negative sign. 
=$=2 = 
ao = 


The solution is —3. The excluded values are 1 and —1. 


Note: 
Exercise: 
Problem:Solve the rational equation: a A =+ A 
ar—2 a+1 a*—x—2 
Solution: 
Beal 
cae 


Finding a Linear Equation 


Perhaps the most familiar form of a linear equation is the slope-intercept form, written as y = ma + b,where 
m = slope and b = y-intercept. Let us begin with the slope. 


The Slope of a Line 


The slope of a line refers to the ratio of the vertical change in y over the horizontal change in x between any 
two points on a line. It indicates the direction in which a line slants as well as its steepness. Slope is sometimes 
described as rise over run. 
Equation: 

_ y-y 


L2— Lj 


If the slope is positive, the line slants to the right. If the slope is negative, the line slants to the left. As the slope 
increases, the line becomes steeper. Some examples are shown in [link]. The lines indicate the following 


slopes:m = —3,m = 2,andm = $ 


Note: 
The Slope of a Line 
The slope of a line, m, represents the change in y over the change in x. Given two points, (x1, y,) and (9, yo), 
the following formula determines the slope of a line containing these points: 
Equation: 
_ w-y 


2 — X1 


Example: 
Exercise: 


Problem: 
Finding the Slope of a Line Given Two Points 


Find the slope of a line that passes through the points (2, —1) and (—5, 3). 


Solution: 


We substitute the y-values and the x-values into the formula. 
Equation: 


The slope is — z. 


Analysis 


It does not matter which point is called (2, y) or (x2, y2). As long as we are consistent with the order of the 
y terms and the order of the x terms in the numerator and denominator, the calculation will yield the same 


result. 


Note: 
Exercise: 


Problem:Find the slope of the line that passes through the points (—2, 6) and (1, 4). 


Solution: 


ages 
Lhe 


Example: 
Exercise: 


Problem: 
Identifying the Slope and y-intercept of a Line Given an Equation 


Identify the slope and y-intercept, given the equation y = — 3a —A, 

Solution: 

As the line is iny = ma + bform, the given line has a slope of m = — a The y-intercept is b = —4. 
Analysis 


The y-intercept is the point at which the line crosses the y-axis. On the y-axis, = 0. We can always identify 
the y-intercept when the line is in slope-intercept form, as it will always equal b. Or, just substitute x = 0 and 


solve for y. 


The Point-Slope Formula 


Given the slope and one point on a line, we can find the equation of the line using the point-slope formula. 
Equation: 


y— Y= m(x — 21) 


This is an important formula, as it will be used in other areas of college algebra and often in calculus to find 
the equation of a tangent line. We need only one point and the slope of the line to use the formula. After 
substituting the slope and the coordinates of one point into the formula, we simplify it and write it in slope- 
intercept form. 


Note: 

The Point-Slope Formula 

Given one point and the slope, the point-slope formula will lead to the equation of a line: 
Equation: 


TSO Se 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line Given the Slope and One Point 


Write the equation of the line with slope m = —3 and passing through the point (4, 8). Write the final 
equation in slope-intercept form. 


Solution: 


Using the point-slope formula, substitute —3 for m and the point (4, 8) for (21, y1). 
Equation: 


y-y = m(x—-2;) 


y—-8 = —3(r —-4) 
y—8 = —3x+12 
y —3z + 20 


Analysis 


Note that any point on the line can be used to find the equation. If done correctly, the same final equation will 
be obtained. 


Note: 


Exercise: 


Problem: 
Given m = 4,find the equation of the line in slope-intercept form passing through the point (2, 5). 
Solution: 


y = 42-3 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line Passing Through Two Given Points 


Find the equation of the line passing through the points (3, 4) and (0, —3). Write the final equation in 
slope-intercept form. 


Solution: 


First, we calculate the slope using the slope formula and two points. 
Equation: 


—3—4 
=3 
Ea 
3 


Next, we use the point-slope formula with the slope of +,and either point. Let’s pick the point (3, 4) for 
(1, y1)- 


Equation: 
y-4 = F(x-3) 
a 5 tas 7 
(4 Sat Distribute the 3. 
— ta — 3 


In slope-intercept form, the equation is written as y = ta = 3h 


Analysis 


To prove that either point can be used, let us use the second point (0, —3) and see if we get the same equation. 
Equation: 


y-(-3) = F(@-0) 
y+3 = ta 
y = t2-3 


We see that the same line will be obtained using either point. This makes sense because we used both points to 
calculate the slope. 


Standard Form of a Line 


Another way that we can represent the equation of a line is in standard form. Standard form is given as 
Equation: 


Ar+ By=C 


where A,B,and Care integers. The x- and y-terms are on one side of the equal sign and the constant term is on 
the other side. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line and Writing It in Standard Form 


Find the equation of the line with m = —6 and passing through the point (4, —2) . Write the equation in 
standard form. 


Solution: 


We begin using the point-slope formula. 
Equation: 


I 


~6 (« — 1) 


2) 4 


y+2 = —6e+3 


From here, we multiply through by 2, as no fractions are permitted in standard form, and then move both 
variables to the left aside of the equal sign and move the constants to the right. 
Equation: 
2(y+2) = (-6x+ 2)2 
24y+4 = —-122%+4+3 
12721 


This equation is now written in standard form. 


Note: 
Exercise: 


Problem: 


Find the equation of the line in standard form with slope m = —+ and passing through the point (Uy 5) : 


Solution: 


@ oP 3) = Lv 


Vertical and Horizontal Lines 


The equations of vertical and horizontal lines do not require any of the preceding formulas, although we can 
use the formulas to prove that the equations are correct. The equation of a vertical line is given as 
Equation: 


where c is a constant. The slope of a vertical line is undefined, and regardless of the y-value of any point on the 
line, the x-coordinate of the point will be c. 


Suppose that we want to find the equation of a line containing the following points: 
(—3, —5), (—3, 1), (—3, 3),and (—3, 5). First, we will find the slope. 
Equation: 


5-3 2 


3 (25. “0 


Zero in the denominator means that the slope is undefined and, therefore, we cannot use the point-slope 
formula. However, we can plot the points. Notice that all of the x-coordinates are the same and we find a 
vertical line through z = —3. See [link]. 


The equation of a horizontal line is given as 
Equation: 


y=c 


where c is a constant. The slope of a horizontal line is zero, and for any x-value of a point on the line, the y- 
coordinate will be c. 


Suppose we want to find the equation of a line that contains the following set of points: 

(—2, —2), (0, —2), (3, —2),and (5, —2).We can use the point-slope formula. First, we find the slope using 
any two points on the line. 
Equation: 


Use any point for (21, y;) in the formula, or use the y-intercept. 
Equation: 


y—(—2) = O0(#-3) 
0 
y= -2 


< 

+ 
i) 
I 


The graph is a horizontal line through y = —2. Notice that all of the y-coordinates are the same. See [link]. 


The line x = —3 is a vertical line. The line y = —2 isa 
horizontal line. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line Passing Through the Given Points 


Find the equation of the line passing through the given points: (1, —3) and (1, 4). 
Solution: 


The x-coordinate of both points is 1. Therefore, we have a vertical line, x = 1. 


Note: 
Exercise: 


Problem:Find the equation of the line passing through (—5, 2) and (2, 2). 


Solution: 


Horizontal line: y = 2 


Determining Whether Graphs of Lines are Parallel or Perpendicular 


Parallel lines have the same slope and different y-intercepts. Lines that are parallel to each other will never 
intersect. For example, [link] shows the graphs of various lines with the same slope, m = 2. 


Parallel lines 


All of the lines shown in the graph are parallel because they have the same slope and different y-intercepts. 


Lines that are perpendicular intersect to form a 90°-angle. The slope of one line is the negative reciprocal of 
the other. We can show that two lines are perpendicular if the product of the two slopes is 
—1:m1-m,2 = —1. For example, [link] shows the graph of two perpendicular lines. One line has a slope of 


3; the other line has a slope of — +. 


Equation: 


MmMi:™m. = —1 


3-(-$) = -1 


Perpendicular lines 


Example: 
Exercise: 


Problem: 
Graphing Two Equations, and Determining Whether the Lines are Parallel, Perpendicular, or 
Neither 


Graph the equations of the given lines, and state whether they are parallel, perpendicular, or neither: 
sy = —4z + 3and3z — 4y = 8. 


Solution: 


The first thing we want to do is rewrite the equations so that both equations are in slope-intercept form. 


First equation: 


Equation: 
38y = —4¢44+3 

y= = 42 +1 
Second equation: 
Equation: 

32 —4y = 8 
—4y = —3x+8 
y= 3% —2 


See the graph of both lines in [link] 


From the graph, we can see that the lines appear perpendicular, but we must compare the slopes. 
Equation: 


Mm = —4 
My = a 
mim = (-4)(4)=-4 


The slopes are negative reciprocals of each other, confirming that the lines are perpendicular. 


Note: 
Exercise: 


Problem: 


Graph the two lines and determine whether they are parallel, perpendicular, or neither: 2y — x = 10 and 
2y =a +4. 


Solution: 


Parallel lines: equations are written in slope-intercept form. 


Writing the Equations of Lines Parallel or Perpendicular to a Given Line 


As we have learned, determining whether two lines are parallel or perpendicular is a matter of finding the 
slopes. To write the equation of a line parallel or perpendicular to another line, we follow the same principles 
as we do for finding the equation of any line. After finding the slope, use the point-slope formula to write the 
equation of the new line. 


Note: 
Given an equation for a line, write the equation of a line parallel or perpendicular to it. 


1. Find the slope of the given line. The easiest way to do this is to write the equation in slope-intercept 
form. 

2. Use the slope and the given point with the point-slope formula. 

3. Simplify the line to slope-intercept form and compare the equation to the given line. 


Example: 
Exercise: 


Problem: 
Writing the Equation of a Line Parallel to a Given Line Passing Through a Given Point 


Write the equation of line parallel to a5a2 + 3y = 1and passing through the point (3, 5). 
Solution: 


First, we will write the equation in slope-intercept form to find the slope. 
Equation: 
5a +3y = 1 
3y 
y= —3t ae 3 


I 

| 
Ol 
8 
aa 
e 


The slope ism = — 3. The y-intercept is $ but that really does not enter into our problem, as the only 
thing we need for two lines to be parallel is the same slope. The one exception is that if the y-intercepts 
are the same, then the two lines are the same line. The next step is to use this slope and the given point 
with the point-slope formula. 

Equation: 


Note: 
Exercise: 


Problem:Find the equation of the line parallel to 52 = 7 + yand passing through the point (—1, —2). 


Solution: 


Of = He =p a 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line Perpendicular to a Given Line Passing Through a Given Point 


Find the equation of the line perpendicular to 52 — 3y + 4 = 0 and passing through the point (—4, 1). 
Solution: 


The first step is to write the equation in slope-intercept form. 
Equation: 


5a —3y+4 = 0 
—3y = —d5r—4 
y= a4 4 


We see that the slope ism = 3, This means that the slope of the line perpendicular to the given line is 


the negative reciprocal, or — 2 Next, we use the point-slope formula with this new slope and the given 
point. 
Equation: 
es) 
y-l = -ga-% 
ys ye Be 
3 7 
= Ge ey 
Note: 


Access these online resources for additional instruction and practice with linear equations. 


Solving rational equations 

Equation of a line given two points 

Finding the equation of a line perpendicular to another line through a given point 
Finding the equation of a line parallel to another line through a given point 


Key Concepts 


We can solve linear equations in one variable in the form ax + b = Ousing standard algebraic properties. 
See [link] and [link]. 

A rational expression is a quotient of two polynomials. We use the LCD to clear the fractions from an 
equation. See [link] and [link]. 

All solutions to a rational equation should be verified within the original equation to avoid an undefined 
term, or zero in the denominator. See [link] and [link] and [link]. 

Given two points, we can find the slope of a line using the slope formula. See [link]. 

We can identify the slope and y-intercept of an equation in slope-intercept form. See [link]. 

We can find the equation of a line given the slope and a point. See [link]. 

We can also find the equation of a line given two points. Find the slope and use the point-slope formula. 
See [link]. 

The standard form of a line has no fractions. See [link]. 

Horizontal lines have a slope of zero and are defined as y = c,where c is a constant. 

Vertical lines have an undefined slope (zero in the denominator), and are defined as x = c,where cis a 
constant. See [link]. 

Parallel lines have the same slope and different y-intercepts. See [link] and [link]. 

Perpendicular lines have slopes that are negative reciprocals of each other unless one is horizontal and the 
other is vertical. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: What does it mean when we say that two lines are parallel? 
Solution: 


It means they have the same slope. 
Exercise: 
Problem: 
What is the relationship between the slopes of perpendicular lines (assuming neither is horizontal nor 
vertical)? 
Exercise: 
Problem: 


How do we recognize when an equation, for example y = 4x + 3,will be a straight line (linear) when 
graphed? 


Solution: 
The exponent of the z variable is 1. It is called a first-degree equation. 


Exercise: 


Problem:What does it mean when we say that a linear equation is inconsistent? 


Exercise: 


Problem:When solving the following equation: 


2 4 
a—5 el 


explain why we must exclude z = 5 andz = —1as possible solutions from the solution set. 
Solution: 


If we insert either value into the equation, they make an expression in the equation undefined (zero in the 
denominator). 


Algebraic 


For the following exercises, solve the equation for x. 
Exercise: 


Problem:7z + 2 = 3x — 9 


Exercise: 


Problem:42 — 3 = 5 


Solution: 


c=2 


Exercise: 


Problem:3(z + 2) — 12 = 5(4 +1) 


Exercise: 
Problem:12 — 5(x + 3) = 2a —5 


Solution: 


— 2 
t= 7 


Exercise: 


-lL_1,—4 
Problem: 5 gl =5 


Exercise: 
2 3 _ 2x43 
Problem: 3 i=? 
Solution: 
x=6 
Exercise: 
22 i _ 31 
Problem: z2 +5 =% 


Exercise: 
Problem:3(2z — 1) +a =52r+3 


Solution: 


xr=83 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
z=-—14 
For the following exercises, solve each rational equation for z. State all x-values that are excluded from the 


solution set. 
Exercise: 


Problem: 3 


od ho de 
3 6 


Exercise: 


xr+2 
+4 


. — 
Problem:2 — 7a = 


Solution: 


zA# —4;24 = —3 


Exercise: 


Problem: = — 


Exercise: 


-_3 — _3 
Problem: = + 2 = => 


Solution: 


x # 1;when we solve this we get x = 1,which is excluded, therefore NO solution 


Exercise: 


5 | 1 —6 


Problem: 7 


x 


Exercise: 
Problem: + =s+ = 
Solution: 


«#0; =—2 


For the following exercises, find the equation of the line using the point-slope formula. Write all the final 
equations using the slope-intercept form. 
Exercise: 


Problem:(0, 3) with a slope of = 


Exercise: 


: 4 
Problem:(1, 2) with a slope of — = 
Solution: 


4 14 
les abe 


Exercise: 


Problem:x-intercept is 1, and (—2, 6) 


Exercise: 
Problem:y-intercept is 2, and (4, —1) 
Solution: 


y=—t2+2 


Exercise: 


Problem: (—3, 10) and (5, —6) 


Exercise: 
Problem:(1,3) and (5,5) 
Solution: 
ya gets 

Exercise: 


Problem:parallel to y = 2x + 5 and passes through the point (4, 3) 


Exercise: 


Problem:perpendicular to 3y = 2 — 4 and passes through the point (—2, 1). 
Solution: 


y= —3x—5 


For the following exercises, find the equation of the line using the given information. 
Exercise: 


Problem: (—2, 0) and (—2, 5) 


Exercise: 


Problem:(1, 7) and (3, 7) 
Solution: 


y=7 


Exercise: 


Problem:The slope is undefined and it passes through the point (2, 3). 


Exercise: 


Problem:The slope equals zero and it passes through the point (1, —4). 


Solution: 


yo =4 


Exercise: 


Problem:The slope is ¢ and it passes through the point (1,4). 
Exercise: 

Problem: (—1, 3) and (4, —5) 

Solution: 


8a+5y=7 


Graphical 


For the following exercises, graph the pair of equations on the same axes, and state whether they are parallel, 
perpendicular, or neither. 
Exercise: 


Problem:y = 22 + 7 


y= —$2 —A 
Exercise: 
Probl es 
roblem: 
ecm «ee ee 


Solution: 


Parallel 


Exercise: 
y= 3241 
Problem: + 
y= 3r+2 
Exercise: 
=4 
Problem: 248 


Solution: 


x 
6 8 10 


Perpendicular 


Numeric 


For the following exercises, find the slope of the line that passes through the given points. 
Exercise: 


Problem: (5, 4) and (7, 9) 


Exercise: 


Problem: (—3, 2) and (4, —7) 


Solution: 


ei 


m=— 


Exercise: 


Problem: (—5, 4) and (2, 4) 


Exercise: 
Problem: (—1, —2) and (3, 4) 


Solution: 


m= 


bdy| vo 


Exercise: 
Problem: (3, —2)and (3, —2) 


For the following exercises, find the slope of the lines that pass through each pair of points and determine 
whether the lines are parallel or perpendicular. 


Exercise: 
(—1,3) and (5,1) 
Problem: 
POE 5 a aid (0,0) 
Solution: 
my, = —t, mz = 3; Perpendicular. 
Exercise: 


(2,5) and (5,9) 


Problem: 
ROM 4 2-1 aad: (3) 


Technology 
For the following exercises, express the equations in slope intercept form (rounding each number to the 
thousandths place). Enter this into a graphing calculator as Y1, then adjust the ymin and ymax values for your 


window to include where the y-intercept occurs. State your ymin and ymax values. 
Exercise: 


Problem:0.537z — 2.19y = 100 
Solution: 
y = 0.2452 — 45.662. Answers may vary. Ymin = —50, Ymax = —40 


Exercise: 


Problem:4,500z — 200y = 9,528 


Exercise: 


Problem: 200 3u = 70 


Solution: 


y = —2.333x + 6.667. Answers may vary. Ymin = —10, Ymax = 10 


Extensions 


Exercise: 
Problem: 
Starting with the point-slope formula y — y; = m(zx — 21),solve this expression for x in terms of 
1, Y, y1,andm. 
Exercise: 
Problem: 
Starting with the standard form of an equation Az + By = C,solve this expression for y in terms of 
A, B,C, and. Then put the expression in slope-intercept form. 
Solution: 


Sy ree: 
= eRe he 


Exercise: 


Problem: 


Use the above derived formula to put the following standard equation in slope intercept form: 
Tx — dy = 25. 


Exercise: 


Problem: 


Given that the following coordinates are the vertices of a rectangle, prove that this truly is a rectangle by 
showing the slopes of the sides that meet are perpendicular. 


(—1, 1), (2, 0), (3, 3),and (0, 4) 


Solution: 

The slope for (—1, 1) to (0, 4) is 3. 
The slope for (—1, 1) to (2,0) is =. 
The slope for (2, 0) to (3, 3) is 3. 
The slope for (0, 4) to (3,3) is =". 


Yes they are perpendicular. 


Exercise: 


Problem:Find the slopes of the diagonals in the previous exercise. Are they perpendicular? 


Real-World Applications 


Exercise: 
Problem: 
The slope for a wheelchair ramp for a home has to be +: If the vertical distance from the ground to the 


door bottom is 2.5 ft, find the distance the ramp has to extend from the home in order to comply with the 
needed slope. 


X feet 


Solution: 


30 ft 
Exercise: 


Problem: 


If the profit equation for a small business selling x number of item one and ynumber of item two is 
p = 3a + 4y,find the y value when p = $453 and x = 75. 


For the following exercises, use this scenario: The cost of renting a car is $45/wk plus $0.25/mi traveled during 
that week. An equation to represent the cost would be y = 45 + .25z,where z is the number of miles traveled. 
Exercise: 


Problem: What is your cost if you travel 50 mi? 


Solution: 
$57.50 


Exercise: 


Problem:1If your cost were $63.75,how many miles were you charged for traveling? 
Exercise: 


Problem: 


Suppose you have a maximum of $100 to spend for the car rental. What would be the maximum number 
of miles you could travel? 


Solution: 


220 mi 


Glossary 


conditional equation 
an equation that is true for some values of the variable 


identity equation 
an equation that is true for all values of the variable 


inconsistent equation 
an equation producing a false result 


linear equation 
an algebraic equation in which each term is either a constant or the product of a constant and the first 
power of a variable 


solution set 
the set of all solutions to an equation 


slope 
the change in y-values over the change in x-values 


rational equation 
an equation consisting of a fraction of polynomials 


Models and Applications 
In this section you will: 


e Set up a linear equation to solve a real-world application. 
e Use a formula to solve a real-world application. 


Credit: Kevin Dooley 


Josh is hoping to get an A in his college algebra class. He has scores of 75, 
82, 95, 91, and 94 on his first five tests. Only the final exam remains, and 
the maximum of points that can be earned is 100. Is it possible for Josh to 
end the course with an A? A simple linear equation will give Josh his 
answer. 


Many real-world applications can be modeled by linear equations. For 
example, a cell phone package may include a monthly service fee plus a 
charge per minute of talk-time; it costs a widget manufacturer a certain 
amount to produce x widgets per month plus monthly operating charges; a 


car rental company charges a daily fee plus an amount per mile driven. 
These are examples of applications we come across every day that are 
modeled by linear equations. In this section, we will set up and use linear 
equations to solve such problems. 


Setting up a Linear Equation to Solve a Real-World 
Application 


To set up or model a linear equation to fit a real-world application, we must 
first determine the known quantities and define the unknown quantity as a 
variable. Then, we begin to interpret the words as mathematical expressions 
using mathematical symbols. Let us use the car rental example above. In 
this case, a known cost, such as $0.10/mi, is multiplied by an unknown 
quantity, the number of miles driven. Therefore, we can write 0.10z. This 
expression represents a variable cost because it changes according to the 
number of miles driven. 


If a quantity is independent of a variable, we usually just add or subtract it, 
according to the problem. As these amounts do not change, we call them 
fixed costs. Consider a car rental agency that charges $0.10/mi plus a daily 
fee of $50. We can use these quantities to model an equation that can be 
used to find the daily car rental cost C’. 

Equation: 


C= 0.10z + 50 
When dealing with real-world applications, there are certain expressions 


that we can translate directly into math. [link] lists some common verbal 
expressions and their equivalent mathematical expressions. 


Verbal 

One number exceeds another by a 

Twice a number 

One number is a more than another number 


One number is a less than twice another 
number 


The product of a number and a, decreased by 
b 


The quotient of a number and the number 
plus a is three times the number 


The product of three times a number and the 
number decreased by b is c 


Note: 


Translation to 
Math Operations 


v,e+a 


22 


Given a real-world problem, model a linear equation to fit it. 


1. Identify known quantities. 


2. Assign a variable to represent the unknown quantity. 
3. If there is more than one unknown quantity, find a way to write the 


second unknown in terms of the first. 


4. Write an equation interpreting the words as mathematical operations. 
5. Solve the equation. Be sure the solution can be explained in words, 


including the units of measure. 


Example: 
Exercise: 


Problem: 
Modeling a Linear Equation to Solve an Unknown Number 
Problem 


Find a linear equation to solve for the following unknown quantities: 
One number exceeds another number by 17 and their sum is 31. Find 
the two numbers. 


Solution: 


Let x equal the first number. Then, as the second number exceeds the 
first by 17, we can write the second number as z + 17. The sum of the 
two numbers is 31. We usually interpret the word is as an equal sign. 
Equation: 


1p el eae eats | 


2x+17 = 31 Simplify and solve. 
22x 14 


oe ee ee eh 


The two numbers are 7 and 24. 


Note: 
Exercise: 


Problem: 


Find a linear equation to solve for the following unknown quantities: 
One number is three more than twice another number. If the sum of 
the two numbers is 36,find the numbers. 


Solution: 


11 and 25 


Example: 
Exercise: 


Problem: 
Setting Up a Linear Equation to Solve a Real-World Application 


There are two cell phone companies that offer different packages. 
Company A charges a monthly service fee of $34 plus $.05/min talk- 


time. Company B charges a monthly service fee of $40 plus $.04/min 
talk-time. 


a. Write a linear equation that models the packages offered by both 
companies. 

b. If the average number of minutes used each month is 1,160, 
which company offers the better plan? 

c. If the average number of minutes used each month is 420, which 
company offers the better plan? 

d. How many minutes of talk-time would yield equal monthly 
Statements from both companies? 


Solution: 


a. The model for Company A can be written as A = 0.05x + 34. 
This includes the variable cost of 0.05z plus the monthly service 
charge of $34. Company B’s package charges a higher monthly 


fee of $40, but a lower variable cost of 0.042. Company B’s 
model can be written as B = 0.04x + $40. 


. If the average number of minutes used each month is 1,160, we 
have the following: 
Equation: 
Company A = 0.05(1, 160) + 34 
= 96 fad 
92 


Company B = 0.04(1,160) + 40 
= 46.4+ 40 
86.4 


So, Company B offers the lower monthly cost of $86.40 as 
compared with the $92 monthly cost offered by Company A 
when the average number of minutes used each month is 1,160. 


. If the average number of minutes used each month is 420, we 
have the following: 
Equation: 
Company A = 0.05(420) + 34 
21+ 34 
= 99 


Company B = 0.04(420) + 40 
16.8 + 40 
= 90:0 


If the average number of minutes used each month is 420, then 
Company A offers a lower monthly cost of $55 compared to 


Company B’s monthly cost of $56.80. 


. To answer the question of how many talk-time minutes would 
yield the same bill from both companies, we should think about 
the problem in terms of (z, y) coordinates: At what point are 
both the x-value and the y-value equal? We can find this point by 
setting the equations equal to each other and solving for x. 
Equation: 


0.054 +34 = 0.04z + 40 
O07 — 6 
a == NO) 


Check the x-value in each equation. 
Equation: 


0.05(600) +34 = 64 
0.04(600) +40 = 64 


Therefore, a monthly average of 600 talk-time minutes renders 
the plans equal. See [link] 


B = 0.04x + 40 


Cost 


A\= 0.05x + 34 


x 
0 100 200 300 400 500 600 700 800 900 1000 1100 1200 
Minutes 


Note: 
Exercise: 


Problem: 


Find a linear equation to model this real-world application: It costs 
ABC electronics company $2.50 per unit to produce a part used in a 
popular brand of desktop computers. The company has monthly 
operating expenses of $350 for utilities and $3,300 for salaries. What 
are the company’s monthly expenses? 


Solution: 


C = 2.52 + 3,650 


Using a Formula to Solve a Real-World Application 


Many applications are solved using known formulas. The problem is stated, 
a formula is identified, the known quantities are substituted into the 
formula, the equation is solved for the unknown, and the problem’s question 
is answered. Typically, these problems involve two equations representing 
two trips, two investments, two areas, and so on. Examples of formulas 
include the area of a rectangular region, A = LW; the perimeter of a 
rectangle, P = 2L + 2W;and the volume of a rectangular solid, 

V = LWH. When there are two unknowns, we find a way to write one in 
terms of the other because we can solve for only one variable at a time. 


Example: 
Exercise: 


Problem: 
Solving an Application Using a Formula 


It takes Andrew 30 min to drive to work in the morning. He drives 
home using the same route, but it takes 10 min longer, and he 
averages 10 mi/h less than in the morning. How far does Andrew 
drive to work? 


Solution: 


This is a distance problem, so we can use the formulad = rt,where 
distance equals rate multiplied by time. Note that when rate is given 
in mi/h, time must be expressed in hours. Consistent units of 
measurement are key to obtaining a correct solution. 


First, we identify the known and unknown quantities. Andrew’s 
morning drive to work takes 30 min, or J hat rater. His drive home 
takes 40 min, or 4 h, and his speed averages 10 mi/h less than the 
morning drive. Both trips cover distance d. A table, such as [link], is 
often helpful for keeping track of information in these types of 
problems. 


To Work d T 


To Home d Te) 4 


Write two equations, one for each trip. 
Equation: 


Ca r (+) To work 
d = (r—10) (32) To home 


As both equations equal the same distance, we set them equal to each 
other and solve for r. 


Equation: 
r() = (-10)(3) 
ya = = 
p= 8 
p= 2 (-6) 
r = 40 


We have solved for the rate of speed to work, 40 mph. Substituting 40 
into the rate on the return trip yields 30 mi/h. Now we can answer the 
question. Substitute the rate back into either equation and solve for d. 

Equation: 


d = 40(4) 
= 20 


The distance between home and work is 20 mi. 
Analysis 
Note that we could have cleared the fractions in the equation by 


multiplying both sides of the equation by the LCD to solve for r. 
Equation: 


2) = (r-10) (3) 
6x r(s) = 6 x (r—10) (3) 
3 


r = A(r—10) 
3r = Ar—40 
—r = —A40 

r = 40 


Note: 
Exercise: 


Problem: 
On Saturday morning, it took Jennifer 3.6 h to drive to her mother’s 
house for the weekend. On Sunday evening, due to heavy traffic, it 


took Jennifer 4 h to return home. Her speed was 5 mi/h slower on 
Sunday than on Saturday. What was her speed on Sunday? 


Solution: 


45 mi/h 


Example: 
Exercise: 


Problem: 


Solving a Perimeter Problem 


The perimeter of a rectangular outdoor patio is 54 ft. The length is 3 ft 
greater than the width. What are the dimensions of the patio? 


Solution: 


The perimeter formula is standard: P = 2L + 2W. We have two 
unknown quantities, length and width. However, we can write the 
length in terms of the width as L = W + 3. Substitute the perimeter 
value and the expression for length into the formula. It is often helpful 
to make a sketch and label the sides as in [link]. 


L=W+3 


Now we can solve for the width and then calculate the length. 
Equation: 

PY 2h wv 

54 = 2(W+3)4+2W 

54 = 2W+6+2W 


54 = 4W+6 

48 = 4W 

12> = WwW 
(12+3) = L 

i — 


The dimensions are Ll = 15 ft andW = 12 ft. 


Note: 
Exercise: 


Problem: 


Find the dimensions of a rectangle given that the perimeter is 110 cm 
and the length is 1 cm more than twice the width. 


Solution: 


L= 3am, W = 18 cm 


Example: 
Exercise: 


Problem: 
Solving an Area Problem 


The perimeter of a tablet of graph paper is 48 in. The length is 6 in. 
more than the width. Find the area of the graph paper. 


Solution: 


The standard formula for area is A = LW;however, we will solve the 
problem using the perimeter formula. The reason we use the perimeter 
formula is because we know enough information about the perimeter 
that the formula will allow us to solve for one of the unknowns. As 
both perimeter and area use length and width as dimensions, they are 
often used together to solve a problem such as this one. 


We know that the length is 6 in. more than the width, so we can write 
length as L = W + 6. Substitute the value of the perimeter and the 
expression for length into the perimeter formula and find the length. 
Equation: 


P = 2L+2wW 
48 = 2(W+6)+2W 
48 = 2W+12+2W 
48 = 4W+12 


36 = 4W 
9 = WwW 
(9+6) = L 
1 = L 


Now, we find the area given the dimensions of 2 = 15in. andW = 9 
in. 


Equation: 
A = LW 
A = 15(9) 
= 135 in.? 


The area is 135 in.. 


Note: 
Exercise: 


Problem: 


A game room has a perimeter of 70 ft. The length is five more than 
twice the width. How many ft? of new carpeting should be ordered? 


Solution: 


250 ft? 


Example: 
Exercise: 


Problem: 
Solving a Volume Problem 


Find the dimensions of a shipping box given that the length is twice 
the width, the height is 8 inches, and the volume is 1,600 im 


Solution: 


The formula for the volume of a box is given as V = LW H,the 
product of length, width, and height. We are given that L = 2W,and 
HT = 8. The volume is 1,600 cubic inches. 
Equation: 
V = LWH 
1,600 = (2W)W(8) 
1,600 = 16W? 
100 = W? 
100 = W 


The dimensions are L = 20in.,W = 10in., and H = 8in. 
Analysis 
Note that the square root of W? would result in a positive and a negative 


value. However, because we are describing width, we can use only the 
positive result. 


Note: 
Access these online resources for additional instruction and practice with 
models and applications of linear equations. 


e Problem solving using linear equations 


e Problem solving using equations 

e Finding the dimensions of area given the perimeter 

e Find the distance between the cities using the distance = rate * time 
formula 


Key Concepts 


e A linear equation can be used to solve for an unknown in a number 
problem. See [link]. 

e Applications can be written as mathematical problems by identifying 
known quantities and assigning a variable to unknown quantities. See 
[link]. 

e There are many known formulas that can be used to solve applications. 
Distance problems, for example, are solved using the d = rt formula. 
See [link]. 

e Many geometry problems are solved using the perimeter formula 
P=2L + 2W,the area formula A = LW,or the volume formula 
V = LWH. See [link], [link], and [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


To set up a model linear equation to fit real-world applications, what 
should always be the first step? 


Solution: 


Answers may vary. Possible answers: We should define in words what 
our variable is representing. We should declare the variable. A 


heading. 
Exercise: 


Problem: 


Use your own words to describe this equation where n is a number: 
5(n+ 3) = 2n 
Exercise: 


Problem: 


If the total amount of money you had to invest was $2,000 and you 
deposit z amount in one investment, how can you represent the 
remaining amount? 


Solution: 


2,000 —z 
Exercise: 


Problem: 


If aman sawed a 10-ft board into two sections and one section was n ft 
long, how long would the other section be in terms of n? 


Exercise: 


Problem: 


If Bill was traveling v mi/h, how would you represent Daemon’s speed 
if he was traveling 10 mi/h faster? 


Solution: 


v+10 


Real-World Applications 


For the following exercises, use the information to find a linear algebraic 
equation model to use to answer the question being asked. 
Exercise: 


Problem: 
Mark and Don are planning to sell each of their marble collections at a 
garage sale. If Don has 1 more than 3 times the number of marbles 


Mark has, how many does each boy have to sell if the total number of 
marbles is 113? 


Exercise: 
Problem: 
Beth and Ann are joking that their combined ages equal Sam’s age. If 


Beth is twice Ann’s age and Sam is 69 yr old, what are Beth and Ann’s 
ages? 


Solution: 


Ann: 23;Beth: 46 
Exercise: 


Problem: 


Ben originally filled out 8 more applications than Henry. Then each 
boy filled out 3 additional applications, bringing the total to 28. How 
many applications did each boy originally fill out? 


For the following exercises, use this scenario: Two different telephone 
carriers offer the following plans that a person is considering. Company A 
has a monthly fee of $20 and charges of $.05/min for calls. Company B has 
a monthly fee of $5 and charges $.10/min for calls. 

Exercise: 


Problem: 


Find the model of the total cost of Company A’s plan, using m for the 
minutes. 


Solution: 


20 + 0.05m 
Exercise: 
Problem: 
Find the model of the total cost of Company B’s plan, using m for the 
minutes. 
Exercise: 
Problem: 


Find out how many minutes of calling would make the two plans 
equal. 


Solution: 


300 min 
Exercise: 


Problem: 


If the person makes a monthly average of 200 min of calls, which plan 
should for the person choose? 


For the following exercises, use this scenario: A wireless carrier offers the 
following plans that a person is considering. The Family Plan: $90 monthly 
fee, unlimited talk and text on up to 8 lines, and data charges of $40 for 
each device for up to 2 GB of data per device. The Mobile Share Plan: $120 
monthly fee for up to 10 devices, unlimited talk and text for all the lines, 
and data charges of $35 for each device up to a shared total of 10 GB of 


data. Use P for the number of devices that need data plans as part of their 
cost. 
Exercise: 


Problem:Find the model of the total cost of the Family Plan. 


Solution: 


90 + 40.P 


Exercise: 


Problem:Find the model of the total cost of the Mobile Share Plan. 
Exercise: 
Problem: 


Assuming they stay under their data limit, find the number of devices 
that would make the two plans equal in cost. 


Solution: 


6 devices 
Exercise: 


Problem: 


If a family has 3 smart phones, which plan should they choose? 


For exercises 17 and 18, use this scenario: A retired woman has $50,000 to 
invest but needs to make $6,000 a year from the interest to meet certain 
living expenses. One bond investment pays 15% annual interest. The rest of 
it she wants to put in a CD that pays 7%. 

Exercise: 


Problem: 


If we let z be the amount the woman invests in the 15% bond, how 
much will she be able to invest in the CD? 


Solution: 


50, 000 — x 
Exercise: 
Problem: 
Set up and solve the equation for how much the woman should invest 
in each option to sustain a $6,000 annual return. 
Exercise: 
Problem: 


Two planes fly in opposite directions. One travels 450 mi/h and the 
other 550 mi/h. How long will it take before they are 4,000 mi apart? 


Solution: 


4h 
Exercise: 
Problem: 
Ben starts walking along a path at 4 mi/h. One and a half hours after 


Ben leaves, his sister Amanda begins jogging along the same path at 6 
mi/h. How long will it be before Amanda catches up to Ben? 


Exercise: 


Problem: 


Fiora starts riding her bike at 20 mi/h. After a while, she slows down 
to 12 mi/h, and maintains that speed for the rest of the trip. The whole 
trip of 70 mi takes her 4.5 h. For what distance did she travel at 20 
mi/h? 


Solution: 


She traveled for 2 h at 20 mi/h, or 40 miles. 
Exercise: 
Problem: 
A chemistry teacher needs to mix a 30% salt solution with a 70% salt 


solution to make 20 qt of a 40% salt solution. How many quarts of 
each solution should the teacher mix to get the desired result? 


Exercise: 
Problem: 
Paul has $20,000 to invest. His intent is to earn 11% interest on his 
investment. He can invest part of his money at 8% interest and part at 


12% interest. How much does Paul need to invest in each option to 
make get a total 11% return on his $20,000? 


Solution: 


$5,000 at 8% and $15,000 at 12% 


For the following exercises, use this scenario: A truck rental agency offers 
two kinds of plans. Plan A charges $75/wk plus $.10/mi driven. Plan B 
charges $100/wk plus $.05/mi driven. 

Exercise: 


Problem: 


Write the model equation for the cost of renting a truck with plan A. 


Exercise: 


Problem: 


Write the model equation for the cost of renting a truck with plan B. 


Solution: 


b> 1004-050 
Exercise: 
Problem: 
Find the number of miles that would generate the same cost for both 
plans. 
Exercise: 


Problem: 


If Tim knows he has to travel 300 mi, which plan should he choose? 


Solution: 


Plan A 


For the following exercises, use the formula given to solve for the required 
value. 
Exercise: 


Problem: 
A = P(1 +t) is used to find the principal amount P deposited, 


earning r% interest, for t years. Use this to find what principal amount 
P David invested at a 3% rate for 20 yr if A = $8,000. 


Exercise: 


Problem: 


The formula F = ma relates force (F’), velocity (v), mass (m), and 
resistance (R). Find Rwhenm = 45,v = 7,and F’ = 245. 


Solution: 


19 
Exercise: 
Problem: 
F = ma indicates that force (F) equals mass (m) times acceleration 


(a). Find the acceleration of a mass of 50 kg if a force of 12 N is 
exerted on it. 


Exercise: 
Problem: 


A 3 eet ‘ : 
sum = =; is the formula for an infinite series sum. If the sum is 5, 


find r. 
Solution: 


r==0r0.8 


For the following exercises, solve for the given variable in the formula. 
After obtaining a new version of the formula, you will use it to solve a 
question. 
Exercise: 


Problem:Solve for W: P = 20 + 2W 


Exercise: 


Problem: 


Use the formula from the previous question to find the width, W,of a 
rectangle whose length is 15 and whose perimeter is 58. 


Solution: 
_ P-2L 58—2(15) 

Ww a 2 = 14 

Exercise: 
P gle Ae css cle 

Problem:Solve for f: > +7 = + 
Exercise: 

Problem: 


Use the formula from the previous question to find f when 
p= 8and gq = 13. 


Solution: 
f= ee 
~~ ptq  8+13 ~~ 21 
Exercise: 


Problem: Solve form in the slope-intercept formula: y = ma + b 
Exercise: 


Problem: 


Use the formula from the previous question to find m when the 
coordinates of the point are (4,7) andb = 12. 


Solution: 


a. 


Exercise: 
Problem: 


The area of a trapezoid is given by A = +h (b) + ba). Use the 


formula to find the area of a trapezoid with 
h = 6, b; = 14, and bp = 8. 


Exercise: 


Problem:Solve for h: A = sh (by + be) 


Solution: 


=. 2A 
h= by+b2 


Exercise: 
Problem: 
Use the formula from the previous question to find the height of a 
trapezoid with A = 150, b; = 19, and by = 11. 
Exercise: 
Problem: 
Find the dimensions of an American football field. The length is 200 ft 


more than the width, and the perimeter is 1,040 ft. Find the length and 
width. Use the perimeter formula P = 20 + 2W. 


Solution: 


length = 360 ft; width = 160 ft 
Exercise: 


Problem: 


Distance equals rate times time, d = rt. Find the distance Tom travels 
if he is moving at a rate of 55 mi/h for 3.5 h. 


Exercise: 


Problem: 


Using the formula in the previous exercise, find the distance that Susan 
travels if she is moving at a rate of 60 mi/h for 6.75 h. 


Solution: 


405 mi 
Exercise: 


Problem: 


What is the total distance that two people travel in 3 h if one of them is 
riding a bike at 15 mi/h and the other is walking at 3 mi/h? 


Exercise: 


Problem: 


If the area model for a triangle is A = 5 bh,find the area of a triangle 
with a height of 16 in. and a base of 11 in. 


Solution: 
A = 88 in.” 


Exercise: 


Problem: Solve for h: A = + bh 
Exercise: 


Problem: 


Use the formula from the previous question to find the height to the 
nearest tenth of a triangle with a base of 15 and an area of 215. 


Solution: 


28.7 
Exercise: 
Problem: 
The volume formula for a cylinder is V = mr?h. Using the symbol + 


in your answer, find the volume of a cylinder with a radius, r,of 4 cm 
and a height of 14 cm. 


Exercise: 


Problem:Solve for h: V = mr*h 


Solution: 


pa 
Exercise: 

Problem: 

Use the formula from the previous question to find the height of a 

cylinder with a radius of 8 and a volume of 167 


Exercise: 
Problem:Solve for r: V = rr2h 
Solution: 
_ fy 
T= J 
Exercise: 


Problem: 


Use the formula from the previous question to find the radius of a 
cylinder with a height of 36 and a volume of 3247. 


Exercise: 


Problem: 


The formula for the circumference of a circle is C' = 27r. Find the 
circumference of a circle with a diameter of 12 in. (diameter = 2r). Use 
the symbol 7 in your final answer. 


Solution: 


C=12n 
Exercise: 


Problem: 


Solve the formula from the previous question for 7. Notice why 7 is 
sometimes defined as the ratio of the circumference to its diameter. 


Glossary 


area 
in square units, the area formula used in this section is used to find the 
area of any two-dimensional rectangular region: A = LW 


perimeter 
in linear units, the perimeter formula is used to find the linear 
measurement, or outside length and width, around a two-dimensional 
regular object; for a rectangle: P = 22 + 2W 


volume 
in cubic units, the volume measurement includes length, width, and 
depth: V = LWA 


Introduction 
class="introduction" 


Enigma 
machines like 
this one, once 

owned by 
Italian dictator 
Benito 
Mussolini, were 
used by 
government and 
military 
officials for 
enciphering and 
deciphering top- 
secret 
communication 
s during World 
War II. (credit: 
Dave Addey, 
Flickr) 


By 1943, it was obvious to the Nazi regime that defeat was imminent unless 
it could build a weapon with unlimited destructive power, one that had 
never been seen before in the history of the world. In September, Adolf 
Hitler ordered German scientists to begin building an atomic bomb. Rumors 
and whispers began to spread from across the ocean. Refugees and 
diplomats told of the experiments happening in Norway. However, Franklin 
D. Roosevelt wasn’t sold, and even doubted British Prime Minister Winston 
Churchill’s warning. Roosevelt wanted undeniable proof. Fortunately, he 
soon received the proof he wanted when a group of mathematicians cracked 
the “Enigma” code, proving beyond a doubt that Hitler was building an 
atomic bomb. The next day, Roosevelt gave the order that the United States 
begin work on the same. 


The Enigma is perhaps the most famous cryptographic device ever known. 
It stands as an example of the pivotal role cryptography has played in 
society. Now, technology has moved cryptanalysis to the digital world. 


Many ciphers are designed using invertible matrices as the method of 
message transference, as finding the inverse of a matrix is generally part of 
the process of decoding. In addition to knowing the matrix and its inverse, 
the receiver must also know the key that, when used with the matrix 
inverse, will allow the message to be read. 


In this chapter, we will investigate matrices and their inverses, and various 
ways to use matrices to solve systems of equations. First, however, we will 
study systems of equations on their own: linear and nonlinear, and then 
partial fractions. We will not be breaking any secret codes here, but we will 
lay the foundation for future courses. 


Systems of Linear Equations: Two Variables 
In this section, you will: 


¢ Solve systems of equations by graphing. 

¢ Solve systems of equations by substitution. 

¢ Solve systems of equations by addition. 

e Identify inconsistent systems of equations containing two variables. 

e Express the solution of a system of dependent equations containing 
two variables. 


(credit: Thomas Sgrenes) 


A skateboard manufacturer introduces a new line of boards. The 
manufacturer tracks its costs, which is the amount it spends to produce the 
boards, and its revenue, which is the amount it earns through sales of its 
boards. How can the company determine if it is making a profit with its new 
line? How many skateboards must be produced and sold before a profit is 
possible? In this section, we will consider linear equations with two 
variables to answer these and similar questions. 


Introduction to Systems of Equations 


In order to investigate situations such as that of the skateboard 
manufacturer, we need to recognize that we are dealing with more than one 
variable and likely more than one equation. A system of linear equations 
consists of two or more linear equations made up of two or more variables 
such that all equations in the system are considered simultaneously. To find 
the unique solution to a system of linear equations, we must find a 
numerical value for each variable in the system that will satisfy all 
equations in the system at the same time. Some linear systems may not have 
a solution and others may have an infinite number of solutions. In order for 
a linear system to have a unique solution, there must be at least as many 
equations as there are variables. Even so, this does not guarantee a unique 
solution. 


In this section, we will look at systems of linear equations in two variables, 
which consist of two equations that contain two different variables. For 
example, consider the following system of linear equations in two variables. 
Equation: 


2z+y= 15 
sey = 5 


The solution to a system of linear equations in two variables is any ordered 
pair that satisfies each equation independently. In this example, the ordered 
pair (4, 7) is the solution to the system of linear equations. We can verify 
the solution by substituting the values into each equation to see if the 
ordered pair satisfies both equations. Shortly we will investigate methods of 
finding such a solution if it exists. 

Equation: 


2(4)+(7)=15 True 
3(4) —(7)=5 True 


In addition to considering the number of equations and variables, we can 
categorize systems of linear equations by the number of solutions. A 
consistent system of equations has at least one solution. A consistent 


system is considered to be an independent system if it has a single 
solution, such as the example we just explored. The two lines have different 
slopes and intersect at one point in the plane. A consistent system is 
considered to be a dependent system if the equations have the same slope 
and the same y-intercepts. In other words, the lines coincide so the 
equations represent the same line. Every point on the line represents a 
coordinate pair that satisfies the system. Thus, there are an infinite number 
of solutions. 


Another type of system of linear equations is an inconsistent system, 
which is one in which the equations represent two parallel lines. The lines 
have the same slope and different y-intercepts. There are no points common 
to both lines; hence, there is no solution to the system. 


Note: 

Types of Linear Systems 

There are three types of systems of linear equations in two variables, and 
three types of solutions. 


e An independent system has exactly one solution pair (x, y). The 
point where the two lines intersect is the only solution. 

e An inconsistent system has no solution. Notice that the two lines are 
parallel and will never intersect. 

e A dependent system has infinitely many solutions. The lines are 
coincident. They are the same line, so every coordinate pair on the 
line is a solution to both equations. 


[link] compares graphical representations of each type of system. 


Independent System Inconsistent System Dependent System 


Note: 


Given a system of linear equations and an ordered pair, determine 
whether the ordered pair is a solution. 


1. Substitute the ordered pair into each equation in the system. 
2. Determine whether true statements result from the substitution in both 
equations; if so, the ordered pair is a solution. 


Example: 
Exercise: 


Problem: 


Determining Whether an Ordered Pair Is a Solution to a System 
of Equations 


Determine whether the ordered pair (5, 1) is a solution to the given 
system of equations. 
Equation: 


£4 3y—6 
fidp — 3) 


Solution: 


Substitute the ordered pair (5, 1) into both equations. 


Equation: 
(5) + 3(1) =8 
s= True 
2(5) — 9 = (1) 
11 True 


The ordered pair (5, 1) satisfies both equations, so it is the solution to 
the system. 


Analysis 


We can see the solution clearly by plotting the graph of each equation. 
Since the solution is an ordered pair that satisfies both equations, it is a 
point on both of the lines and thus the point of intersection of the two lines. 
See [link]. 


Note: 
Exercise: 


Problem: 


Determine whether the ordered pair (8, 5) is a solution to the 
following system. 
Equation: 


5a—4Ay = 20 
20 + 1 = 3y 


Solution: 


Not a solution. 


Solving Systems of Equations by Graphing 


There are multiple methods of solving systems of linear equations. For a 
system of linear equations in two variables, we can determine both the type 
of system and the solution by graphing the system of equations on the same 
set of axes. 


Example: 
Exercise: 


Problem: 
Solving a System of Equations in Two Variables by Graphing 


Solve the following system of equations by graphing. Identify the 
type of system. 
Equation: 


2 
foie) iota 


Solution: 


Solve the first equation for y. 
Equation: 


2 
Y= —25—5 


Solve the second equation for y. 
Equation: 


pel 
N= Te oe A 


Graph both equations on the same set of axes as in [link]. 


The lines appear to intersect at the point (—3,—2). We can check to 
make sure that this is the solution to the system by substituting the 
ordered pair into both equations. 

Equation: 


—8—-8 True 
(-3) - (-2)=-1 
—1=-—1 True 


The solution to the system is the ordered pair (—3,—2),so the system 
is independent. 


Note: 
Exercise: 


Problem: Solve the following system of equations by graphing. 


Equation: 
20 = OY — 2) 
—4z + 5y = 35 
Solution: 


The solution to the system is the ordered pair (—5, 3). 


0 


69-8 -7 -6 -5 -4 -3 -2 1s 


Note: 


Can graphing be used if the system is inconsistent or dependent? 
Yes, in both cases we can still graph the system to determine the type of 
system and solution. If the two lines are parallel, the system has no 


solution and is inconsistent. If the two lines are identical, the system has 
infinite solutions and is a dependent system. 


Solving Systems of Equations by Substitution 


Solving a linear system in two variables by graphing works well when the 
solution consists of integer values, but if our solution contains decimals or 
fractions, it is not the most precise method. We will consider two more 
methods of solving a system of linear equations that are more precise than 
graphing. One such method is solving a system of equations by the 
substitution method, in which we solve one of the equations for one 
variable and then substitute the result into the second equation to solve for 
the second variable. Recall that we can solve for only one variable at a time, 
which is the reason the substitution method is both valuable and practical. 


Note: 
Given a system of two equations in two variables, solve using the 
substitution method. 


1. Solve one of the two equations for one of the variables in terms of the 
other. 

2. Substitute the expression for this variable into the second equation, 
then solve for the remaining variable. 

3. Substitute that solution into either of the original equations to find the 
value of the first variable. If possible, write the solution as an ordered 
pair. 

4. Check the solution in both equations. 


Example: 
Exercise: 


Problem: 


Solving a System of Equations in Two Variables by Substitution 


Solve the following system of equations by substitution. 
Equation: 

a a 

20 — SU 


Solution: 


First, we will solve the first equation for y. 
Equation: 
—“£+y=—5 
C= lao 


Now we can substitute the expression x—5 for y in the second 
equation. 
Equation: 
2h Ok 
2x —5(a@—5)=1 
20 = Od. 20 = 
— 32 => —24 
i) 


Now, we substitute z = 8 into the first equation and solve for y. 
Equation: 


=(8) t= —3 
y=3 


Our solution is (8, 3). 


Check the solution by substituting (8, 3) into both equations. 
Equation: 


= fea = 8 

— (8) + (3) = —5 True 
20 — ot oh 

2(8) — 5(3) = 1 True 


Note: 
Exercise: 


Problem: Solve the following system of equations by substitution. 
Equation: 


Co 
4 = 32r—2y 
Solution: 
az —5) 
Note: 


Can the substitution method be used to solve any linear system in two 
variables? 

Yes, but the method works best if one of the equations contains a coefficient 
of 1 or —1 so that we do not have to deal with fractions. 


Solving Systems of Equations in Two Variables by the Addition 
Method 


A third method of solving systems of linear equations is the addition 
method. In this method, we add two terms with the same variable, but 
opposite coefficients, so that the sum is zero. Of course, not all systems are 
set up with the two terms of one variable having opposite coefficients. 
Often we must adjust one or both of the equations by multiplication so that 
one variable will be eliminated by addition. 


Note: 
Given a system of equations, solve using the addition method. 


1. Write both equations with x- and y-variables on the left side of the 
equal sign and constants on the right. 

2. Write one equation above the other, lining up corresponding variables. 
If one of the variables in the top equation has the opposite coefficient 
of the same variable in the bottom equation, add the equations 
together, eliminating one variable. If not, use multiplication by a 
nonzero number so that one of the variables in the top equation has 
the opposite coefficient of the same variable in the bottom equation, 
then add the equations to eliminate the variable. 

3. Solve the resulting equation for the remaining variable. 

4. Substitute that value into one of the original equations and solve for 
the second variable. 

5. Check the solution by substituting the values into the other equation. 


Example: 
Exercise: 


Problem: 
Solving a System by the Addition Method 


Solve the given system of equations by addition. 
Equation: 


Cages le eal 
—r£+y=3 


Solution: 


Both equations are already set equal to a constant. Notice that the 
coefficient of x in the second equation, —1, is the opposite of the 
coefficient of x in the first equation, 1. We can add the two equations 
to eliminate x without needing to multiply by a constant. 

Equation: 


Coe ae 
—to 
aU 2 


Now that we have eliminated x, we can solve the resulting equation 
for y. 
Equation: 


Then, we substitute this value for y into one of the original equations 
and solve for x. 
Equation: 


The solution to this system is (- 7 2). 


Check the solution in the first equation. 


Equation: 
Dee cf sel 
ie 2 ee 
leg) Pals) = 
vee ee 
31 3 
ae cee 
= 
—l1=-1 True 
Analysis 


We gain an important perspective on systems of equations by looking at 
the graphical representation. See [link] to find that the equations intersect 
at the solution. We do not need to ask whether there may be a second 
solution because observing the graph confirms that the system has exactly 
one solution. 


Example: 
Exercise: 


Problem: 
Using the Addition Method When Multiplication of One Equation 
Is Required 


Solve the given system of equations by the addition method. 
Equation: 


Of Oy — ll 


2—2y=11 


Solution: 


Adding these equations as presented will not eliminate a variable. 
However, we see that the first equation has 3z in it and the second 
equation has x. So if we multiply the second equation by —3, the x- 
terms will add to zero. 

Equation: 


x—2y = 11 
—3(a—2y) = —3(11) Multiply both sides by —3. 
—or + OY — —da Use the distributive property. 


Now, let’s add them. 


Equation: 
3x2 + 5y = —11 
ot at oo 
lly = —44 
Vee 
For the last step, we substitute y = —4 into one of the original 
equations and solve for z. 
Equation: 
of + Oy = —L 
3x2 + 5(—4) = -11 
oo 20 il 
ye) 
3 


Our solution is the ordered pair (3, —4). See [link]. Check the 
solution in the original second equation. 
Equation: 
x—2y=11 
(3) — 2(-4) = 3+ 8 
1G ea a True 


Note: 
Exercise: 


Problem: Solve the system of equations by addition. 
Equation: 


20 — 1 — 2 
az + y = —20 
Solution: 
(6, —2) 
Example: 


Exercise: 


Problem: 
Using the Addition Method When Multiplication of Both 
Equations Is Required 


Solve the given system of equations in two variables by addition. 
Equation: 


22 3 — —16 
ox—10y = 30 


Solution: 


One equation has 2z and the other has 5x. The least common multiple 
is 10z so we will have to multiply both equations by a constant in 
order to eliminate one variable. Let’s eliminate x by multiplying the 
first equation by—5 and the second equation by 2. 

Equation: 


— 5(2z% + 3y) = —5(—16) 


— 10x — 15y = 80 
2(5x — 10y) = 2(30) 
10x — 20y = 60 


Then, we add the two equations together. 
Equation: 


—10x—15y = 80 
10x—20y = 60 
—35y = 140 
y= -4 


Substitute y = —4 into the original first equation. 


Equation: 


2x + 3(—4) = —16 


2x —12 = —16 
2x = —4 
L——=2 


The solution is (—2, —4). Check it in the other equation. 
Equation: 


5a—10y = 30 
5(—2)—10(—4) = 30 
—~10 + 40 = 30 

30 = 30 


See [link]. 


Example: 
Exercise: 


Problem: 
Using the Addition Method in Systems of Equations Containing 
Fractions 


Solve the given system of equations in two variables by addition. 
Equation: 


ws owls 
Be ce 
| 

= 


Solution: 


First clear each equation of fractions by multiplying both sides of the 
equation by the least common denominator. 


Equation: 
6(F + $) = 68) 
20 US 
4(3 - #) =40) 
22 —y=4 


Now multiply the second equation by —1 so that we can eliminate the 
x-variable. 
Equation: 


-1(22 — y) = -1(4) 
—2x+y=—-A4 


Add the two equations to eliminate the x-variable and solve the 
resulting equation. 
Equation: 


20 a — 16 


Pp ae i 
2y = 14 
Yat 


Substitute y = 7 into the first equation. 
Equation: 


2x + (7) =18 
2 
2-4 

aS He 


The solution is = The Check it in the other equation. 


Equation: 
eae 
D Za 
11 
ace ene 
D 4 1 
11 ee 
year ee 
4 
Z=l 
Note: 
Exercise: 


Problem: Solve the system of equations by addition. 


Equation: 


26 oy =o 
3x2 + 5y = 10 


Solution: 


(ge =4) 


Identifying Inconsistent Systems of Equations Containing Two 
Variables 


Now that we have several methods for solving systems of equations, we can 
use the methods to identify inconsistent systems. Recall that an inconsistent 
system consists of parallel lines that have the same slope but different y- 
intercepts. They will never intersect. When searching for a solution to an 
inconsistent system, we will come up with a false statement, such as 
eat 


Example: 
Exercise: 


Problem: 
Solving an Inconsistent System of Equations 


Solve the following system of equations. 
Equation: 
rT —9—2y 
Caacy— lS 


Solution: 


We can approach this problem in two ways. Because one equation is 
already solved for x, the most obvious step is to use substitution. 
Equation: 


go 2 — lo 

(9 — 2y) + 2y = 13 
9+ 0y= 13 
Aten 


Clearly, this statement is a contradiction because 9 13. Therefore, 
the system has no solution. 


The second approach would be to first manipulate the equations so 
that they are both in slope-intercept form. We manipulate the first 
equation as follows. 


Equation: 
Loo 
2y= —-z2+9 
y= —2 ai 2 


We then convert the second equation expressed to slope-intercept 
form. 


Equation: 
Cet — lo 
Vif ieee 
y= —Fe+ 2 


Comparing the equations, we see that they have the same slope but 
different y-intercepts. Therefore, the lines are parallel and do not 
intersect. 

Equation: 


Analysis 


Writing the equations in slope-intercept form confirms that the system is 
inconsistent because all lines will intersect eventually unless they are 
parallel. Parallel lines will never intersect; thus, the two lines have no 


points in common. The graphs of the equations in this example are shown 
in [link]. 


Note: 
Exercise: 


Problem: Solve the following system of equations in two variables. 
Equation: 


202 — 2 
2027 — 0 


Solution: 


No solution. It is an inconsistent system. 


Expressing the Solution of a System of Dependent Equations 
Containing Two Variables 


Recall that a dependent system of equations in two variables is a system in 
which the two equations represent the same line. Dependent systems have 
an infinite number of solutions because all of the points on one line are also 
on the other line. After using substitution or addition, the resulting equation 
will be an identity, such as 0 = 0. 


Example: 
Exercise: 


Problem: 
Finding a Solution to a Dependent System of Linear Equations 


Find a solution to the system of equations using the addition method. 
Equation: 


Ce ou —2 
3x2 + 9y = 6 


Solution: 


With the addition method, we want to eliminate one of the variables 
by adding the equations. In this case, let’s focus on eliminating z. If 
we multiply both sides of the first equation by —3, then we will be 
able to eliminate the z-variable. 

Equation: 


Coy — 2 
(—3)(@ + 3y) = (—3)(2) 


—3z — 9y = —6 
Now add the equations. 
Equation: 
—o — Jy = —_0 
jor 4. 0 — 6 
U1) 


We can see that there will be an infinite number of solutions that 
satisfy both equations. 


Analysis 


If we rewrote both equations in the slope-intercept form, we might know 
what the solution would look like before adding. Let’s look at what 
happens when we convert the system to slope-intercept form. 

Equation: 


Loy — 2 
SSS ay a 
y= gets 

of + oy — 6 
oj — oO 
y= get 
ya det 


See [link]. Notice the results are the same. The general solution to the 
system is (a = su ae =). 


Note: 
Exercise: 


Problem: Solve the following system of equations in two variables. 
Equation: 


Ua ot — 5 
=a) ee == ILS 


Solution: 


The system is dependent so there are infinite solutions of the form 
(22a 5). 


Using Systems of Equations to Investigate Profits 


Using what we have learned about systems of equations, we can return to 
the skateboard manufacturing problem at the beginning of the section. The 
skateboard manufacturer’s revenue function is the function used to 
calculate the amount of money that comes into the business. It can be 
represented by the equation R = xp, where x =quantity and p =price. The 
revenue function is shown in orange in [link]. 


The cost function is the function used to calculate the costs of doing 
business. It includes fixed costs, such as rent and salaries, and variable 
costs, such as utilities. The cost function is shown in blue in [link]. The z- 
axis represents quantity in hundreds of units. The y-axis represents either 
cost or revenue in hundreds of dollars. 


Profit 


Break-even 


Revenue 


Money (in hundreds of dollars) 
ies) 
Oo 


0 5 10 15 20 
Quantity (in hundreds of units) 


The point at which the two lines intersect is called the break-even point. 

We can see from the graph that if 700 units are produced, the cost is $3,300 
and the revenue is also $3,300. In other words, the company breaks even if 
they produce and sell 700 units. They neither make money nor lose money. 


The shaded region to the right of the break-even point represents quantities 
for which the company makes a profit. The shaded region to the left 
represents quantities for which the company suffers a loss. The profit 
function is the revenue function minus the cost function, written as 

P(x) = R(x) — C(a). Clearly, knowing the quantity for which the cost 
equals the revenue is of great importance to businesses. 


Example: 
Exercise: 


Problem: 
Finding the Break-Even Point and the Profit Function Using 
Substitution 


Given the cost function C(x) = 0.85x + 35,000 and the revenue 
function R(x) = 1.552,find the break-even point and the profit 
function. 


Solution: 


Write the system of equations using y to replace function notation. 
Equation: 


y = 0.852 + 35,000 
y = 1.552 


Substitute the expression 0.85z + 35,000 from the first equation into 
the second equation and solve for x. 
Equation: 


0.852 + 35,000 = 1.552 
35,000 = 0.7 
50,000 = x 


Then, we substitute x = 50,000 into either the cost function or the 
revenue function. 
Equation: 


1.55 (50,000) = 77,500 


The break-even point is (50,000, 77,500). 


The profit function is found using the formula P(x) = R(x) — C(2). 
Equation: 


P(x) = 1.552 — (0.85x + 35,000) 
= 0.7x — 35, 000 


The profit function is P(x) = 0.72z—35,000. 
Analysis 
The cost to produce 50,000 units is $77,500, and the revenue from the sales 


of 50,000 units is also $77,500. To make a profit, the business must 
produce and sell more than 50,000 units. See [link]. 
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We see from the graph in [link] that the profit function has a negative value 
until z = 50,000, when the graph crosses the x-axis. Then, the graph 
emerges into positive y-values and continues on this path as the profit 
function is a straight line. This illustrates that the break-even point for 
businesses occurs when the profit function is 0. The area to the left of the 


break-even point represents operating at a loss. 


Profit 
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Example: 

Exercise: 

Problem: 


Writing and Solving a System of Equations in Two Variables 


The cost of a ticket to the circus is $25.00 for children and $50.00 for 
adults. On a certain day, attendance at the circus is 2,000 and the total 
gate revenue is $70,000. How many children and how many adults 
bought tickets? 


Solution: 


Let c = the number of children and a = the number of adults in 
attendance. 


The total number of people is 2,000. We can use this to write an 
equation for the number of people at the circus that day. 
Equation: 


c+a= 2,000 


The revenue from all children can be found by multiplying $25.00 by 
the number of children, 25c. The revenue from all adults can be found 
by multiplying $50.00 by the number of adults, 50a. The total 
revenue is$70,000. We can use this to write an equation for the 
revenue. 

Equation: 


25c + 50a = 70,000 


We now have a system of linear equations in two variables. 
Equation: 
c+a= 2,000 
25c + 50a = 70,000 


In the first equation, the coefficient of both variables is 1. We can 
quickly solve the first equation for either cora. We will solve for a. 
Equation: 


c+a= 2,000 
a = 2,000 —c 


Substitute the expression 2,000 — cin the second equation for a and 
solve for c. 
Equation: 


25c + 50(2,000 — c) = 70,000 

25c + 100,000 — 50c = 70,000 
— 25c = —30,000 

c = 1,200 


Substitute c = 1,200 into the first equation to solve for a. 
Equation: 
1,200 + a = 2,000 
a = 800 


We find that 1,200 children and 800 adults bought tickets to the circus 
that day. 


Note: 
Exercise: 


Problem: 


Meal tickets at the circus cost $4.00 for children and $12.00 for 
adults. If 1,650 meal tickets were bought for a total of $14,200, how 
many children and how many adults bought meal tickets? 


Solution: 


700 children, 950 adults 


Note: 
Access these online resources for additional instruction and practice with 
systems of linear equations. 


¢ Solving Systems of Equations Using Substitution 
e Solving Systems of Equations Using Elimination 


Key Concepts 


e A system of linear equations consists of two or more equations made 
up of two or more variables such that all equations in the system are 
considered simultaneously. 

e The solution to a system of linear equations in two variables is any 
ordered pair that satisfies each equation independently. See [link]. 

e Systems of equations are classified as independent with one solution, 
dependent with an infinite number of solutions, or inconsistent with no 
solution. 

¢ One method of solving a system of linear equations in two variables is 
by graphing. In this method, we graph the equations on the same set of 
axes. See [link]. 

e Another method of solving a system of linear equations is by 
substitution. In this method, we solve for one variable in one equation 
and substitute the result into the second equation. See [link]. 

e A third method of solving a system of linear equations is by addition, 
in which we can eliminate a variable by adding opposite coefficients of 
corresponding variables. See [link]. 

e It is often necessary to multiply one or both equations by a constant to 
facilitate elimination of a variable when adding the two equations 
together. See [link], [link], and [link]. 

e Either method of solving a system of equations results in a false 
statement for inconsistent systems because they are made up of 
parallel lines that never intersect. See [link]. 

e The solution to a system of dependent equations will always be true 
because both equations describe the same line. See [link]. 

e Systems of equations can be used to solve real-world problems that 
involve more than one variable, such as those relating to revenue, cost, 
and profit. See [link] and [link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 


Can a system of linear equations have exactly two solutions? Explain 
why or why not. 


Solution: 


No, you can either have zero, one, or infinitely many. Examine graphs. 
Exercise: 

Problem: 

If you are performing a break-even analysis for a business and their 


cost and revenue equations are dependent, explain what this means for 
the company’s profit margins. 


Exercise: 
Problem: 


If you are solving a break-even analysis and get a negative break-even 
point, explain what this signifies for the company? 


Solution: 


This means there is no realistic break-even point. By the time the 
company produces one unit they are already making profit. 


Exercise: 


Problem: 


If you are solving a break-even analysis and there is no break-even 
point, explain what this means for the company. How should they 
ensure there is a break-even point? 


Exercise: 


Problem: 


Given a system of equations, explain at least two different methods of 
solving that system. 


Solution: 


You can solve by substitution (isolating z or y ), graphically, or by 
addition. 


Algebraic 


For the following exercises, determine whether the given ordered pair is a 
solution to the system of equations. 
Exercise: 


be —y=4 
Problem: ” and (4, 0) 
2 6y = 2 


Exercise: 


ee | 
Problem: ey : 


and(—6, 1) 
—2¢ + 4y= 10 


Solution: 


Yes 


Exercise: 


3 (eal 
Problem: ae and (2, 3) 
2x2 + 4y = 0 
Exercise: 
—2 oT 
Problem: ~~ he and(—1, 1) 
20+ Sy = 7 
Solution: 
Yes 
Exercise: 
8y = 43 
Problem: bg and (3, 5) 
gn 2y = 1 


For the following exercises, solve each system by substitution. 
Exercise: 


ay = 5 
Problem: pe 
22+ 3y=4 
Solution: 
(=a, 2) 
Exercise: 
—2y = 18 
Problem: aid 


5a +10y = —10 


Exercise: 


A 2y = —10 
Problem: eri 
oe + 9y = 0 


Solution: 


(=2; 1) 


Exercise: 


20:47 > —3.8 
9¢=5y = 1.3 


Problem: 


Exercise: 


Problem: 
at 2 ey pech aye 
—s2 — by = 1.8 
Solution: 
3 
(30) 
Exercise: 


e=0.2y=1 
—10%-+- 2y— 5 


Problem: 
Exercise: 


ox +oy=9 
30z + 50y = —90 


Problem: 


Solution: 


No solutions exist. 


Exercise: 


Problem: —3z + y = 2 


122—4y => +8 
Exercise: 
1 1 
soba y= 16 
Problem: : ; 
Solution: 
7a: 199 
Gara, 
Exercise: 


For the following exercises, solve each system by addition. 
Exercise: 


Problem:—2z + 5y = —42 
Tz + 2y = 30 


Solution: 


(6, 26) 


Exercise: 


62—5y = —34 
22+ 6y=4 


Problem: 
Exercise: 


92 Yy = =2.6 
—4zr—6y = 1.4 


Problem: 


Solution: 


e a, 


Exercise: 


Probl tx—2y =o 
ST. aaa Os 


Exercise: 


Problem: —x + 2y = —1 
52—10y = 6 
Solution: 


No solutions exist. 


Exercise: 


tz + 6y = 2 
Problem: 
Te Op spy 22 28 


Exercise: 


22+ 4y=0 
Problem: 
be hype AS 
8 2 120 
Solution: 
1 2 
(— 5? 3 ) 
Exercise: 
3 9 9 
Problem: 
2 BY 3 
Exercise: 


Problem:—0.2z + 0.4y = 0.6 
2-2y = —3 
Solution: 


(x, =") 


Exercise: 


Problem:—0.1z + 0.2y = 0.6 
5¢—1O0y = 1 


For the following exercises, solve each system by any method 
Exercise: 


5x2 + 9y = 16 
et2y=4 


Problem: 


Solution: 


(—4, 4) 
Exercise: 
Probl 62—8y = —0.6 
abe aiaaieeae i yy 
Exercise: 
Probl ox—2y = 2.25 
ro cant eae Sg 
Solution: 
1: “4 
Ge. 
Exercise: 
Problem: x — ay = —2 
—6z + 2y= 2 
Exercise: 


Problem:72—4y = 4 
2x2 + 4y = ~ 


Solution: 


(5,0) 


Exercise: 


3 6y — 11 
Problem: wei 


‘2a + 4y = 9 
Exercise: 
7 1 
s“2—-=y=2 
Problem: a ni 
ee = TY — -—3 
Solution: 
(x, 2(72—6)) 
Exercise: 
1 1 if 
Problem: ; ; : j 
DET Ra Se 
Exercise: 


220+ L3y= —0.1 
Problem: 
4.22 :-- 4.2y= 2:1 


Solution: 
5 A 
(Fi) 
Exercise: 
mE 2y = 2 
Problem: erred 
0.352—0.3y = 0 


Graphical 


For the following exercises, graph the system of equations and state 
whether the system is consistent, inconsistent, or dependent and whether the 
system has one solution, no solution, or infinite solutions. 


Exercise: 
32 —y — 0.6 
Problem: are 
z—2y=1.3 
Solution: 


Consistent with one solution 


Exercise: 


Problem:—z + 2y = 4 


22—4y = 1 
Exercise: 
2y = 
Problem: alg) aaa 
2x2 + 6y = 12 
Solution: 


Consistent with one solution 


Exercise: 
32—5y = 
Problem: mel ome 
e=2Zy=3 
Exercise: 
32-—2y —5 
Problem: mans 


—~9xr + 6y = —15 


Solution: 


Dependent with infinitely many solutions 


Technology 


For the following exercises, use the intersect function on a graphing device 
to solve each system. Round all answers to the nearest hundredth. 
Exercise: 


1 2y = 0. 
Problem: Ca eee 
=O032 +059 = 1 


Exercise: 


Problem:—0.01z + 0.12y = 0.62 
0.152 + 0.20y = 0.52 


Solution: 
(—3.08, 4.91) 
Exercise: 
: c= -A 
Problem: eacmemt 
0.252—0.9y = 0.46 
Exercise: 
ral 27y — 0.39 
Problem: pletion ety 


—0.34z + 0.56y = 1.8 


Solution: 


(—1.52, 2.29) 


Exercise: 


Problem:—0.71z + 0.92y = 0.13 
0.832 + 0.05y = 2.1 


Extensions 


For the following exercises, solve each system in terms of A, B,C’, D, E, 
and F' where A- Fare nonzero numbers. Note that A # Band AE # BD. 
Exercise: 


Solution: 


( A+B A-B ) 


i aa 
Exercise: 
Ay=1 
Probleii: ed 
e+ By =1 
Exercise: 
A =) 
Problem: ey 
Be+ty=1 
Solution: 


(a2 ace) 


Exercise: 


A Bays 
Problem: aout a 
Cb y Sl 
Exercise: 
A = 
Problem: aed aes 
Dz+Ey=F 
Solution: 


( CE-—BF AF-CD ) 
BD-AE? BD-AE 


Real-World Applications 
For the following exercises, solve for the desired quantity. 
Exercise: 

Problem: 

A stuffed animal business has a total cost of production 


C = 122 + 30 anda revenue function R = 202. Find the break-even 
point. 


Exercise: 


Problem: 


A fast-food restaurant has a cost of production C(x) = 11a + 120 and 
a revenue function R(x) = 5x2. When does the company start to turn a 
profit? 


Solution: 


They never turn a profit. 


Exercise: 
Problem: 
A cell phone factory has a cost of production C(x) = 150x + 10, 000 
and a revenue function R(a) = 200x. What is the break-even point? 
Exercise: 
Problem: 
A musician charges C'(x) = 64a + 20,000, where z is the total 
number of attendees at the concert. The venue charges $80 per ticket. 


After how many people buy tickets does the venue break even, and 
what is the value of the total tickets sold at that point? 


Solution: 


(1, 250, 100, 000) 
Exercise: 
Problem: 
A guitar factory has a cost of production C(x) = 75x + 50,000. If the 
company needs to break even after 150 units sold, at what price should 


they sell each guitar? Round up to the nearest dollar, and write the 
revenue function. 


For the following exercises, use a system of linear equations with two 
variables and two equations to solve. 
Exercise: 


Problem:Find two numbers whose sum is 28 and difference is 13. 
Solution: 


The numbers are 7.5 and 20.5. 


Exercise: 


Problem: 
A number is 9 more than another number. Twice the sum of the two 
numbers is 10. Find the two numbers. 
Exercise: 
Problem: 
The startup cost for a restaurant is $120,000, and each meal costs $10 


for the restaurant to make. If each meal is then sold for $15, after how 
many meals does the restaurant break even? 


Solution: 


24,000 
Exercise: 
Problem: 
A moving company charges a flat rate of $150, and an additional $5 
for each box. If a taxi service would charge $20 for each box, how 


many boxes would you need for it to be cheaper to use the moving 
company, and what would be the total cost? 


Exercise: 
Problem: 
A total of 1,595 first- and second-year college students gathered at a 
pep rally. The number of freshmen exceeded the number of 


sophomores by 15. How many freshmen and sophomores were in 
attendance? 


Solution: 


790 sophomores, 805 freshman 


Exercise: 


Problem: 


276 students enrolled in a freshman-level chemistry class. By the end 
of the semester, 5 times the number of students passed as failed. Find 
the number of students who passed, and the number of students who 
failed. 


Exercise: 
Problem: 
There were 130 faculty at a conference. If there were 18 more women 


than men attending, how many of each gender attended the 
conference? 


Solution: 


56 men, 74 women 

Exercise: 
Problem: 
A jeep and BMW enter a highway running east-west at the same exit 
heading in opposite directions. The jeep entered the highway 30 
minutes before the BMW did, and traveled 7 mph slower than the 
BMW. After 2 hours from the time the BMW entered the highway, the 


cars were 306.5 miles apart. Find the speed of each car, assuming they 
were driven on cruise control. 


Exercise: 
Problem: 
If a scientist mixed 10% saline solution with 60% saline solution to get 
25 gallons of 40% saline solution, how many gallons of 10% and 60% 
solutions were mixed? 


Solution: 


10 gallons of 10% solution, 15 gallons of 60% solution 


Exercise: 
Problem: 
An investor earned triple the profits of what she earned last year. If she 


made $500,000.48 total for both years, how much did she earn in 
profits each year? 


Exercise: 
Problem: 
An investor who dabbles in real estate invested 1.1 million dollars into 
two land investments. On the first investment, Swan Peak, her return 
was a 110% increase on the money she invested. On the second 
investment, Riverside Community, she earned 50% over what she 


invested. If she earned $1 million in profits, how much did she invest 
in each of the land deals? 


Solution: 


Swan Peak: $750,000, Riverside: $350,000 
Exercise: 
Problem: 
If an investor invests a total of $25,000 into two bonds, one that pays 


3% simple interest, and the other that pays 2 zt % interest, and the 
investor earns $737.50 annual interest, how much was invested in each 
account? 

Exercise: 


Problem: 


If an investor invests $23,000 into two bonds, one that pays 4% in 
simple interest, and the other paying 2% simple interest, and the 
investor earns $710.00 annual interest, how much was invested in each 
account? 


Solution: 


$12,500 in the first account, $10,500 in the second account. 
Exercise: 
Problem: 
CDs cost $5.96 more than DVDs at All Bets Are Off Electronics. How 


much would 6 CDs and 2 DVDs cost if 5 CDs and 2 DVDs cost 
$127.73? 


Exercise: 
Problem: 
A store clerk sold 60 pairs of sneakers. The high-tops sold for $98.99 


and the low-tops sold for $129.99. If the receipts for the two types of 
sales totaled $6,404.40, how many of each type of sneaker were sold? 


Solution: 


High-tops: 45, Low-tops: 15 
Exercise: 
Problem: 
A concert manager counted 350 ticket receipts the day after a concert. 
The price for a student ticket was $12.50, and the price for an adult 


ticket was $16.00. The register confirms that $5,075 was taken in. 
How many student tickets and adult tickets were sold? 


Exercise: 
Problem: 
Admission into an amusement park for 4 children and 2 adults is 
$116.90. For 6 children and 3 adults, the admission is $175.35. 


Assuming a different price for children and adults, what is the price of 
the child’s ticket and the price of the adult ticket? 


Solution: 


Infinitely many solutions. We need more information. 


Glossary 


addition method 
an algebraic technique used to solve systems of linear equations in 
which the equations are added in a way that eliminates one variable, 
allowing the resulting equation to be solved for the remaining variable; 
substitution is then used to solve for the first variable 


break-even point 
the point at which a cost function intersects a revenue function; where 
profit is zero 


consistent system 
a system for which there is a single solution to all equations in the 
system and it is an independent system, or if there are an infinite 
number of solutions and it is a dependent system 


cost function 
the function used to calculate the costs of doing business; it usually has 
two parts, fixed costs and variable costs 


dependent system 
a system of linear equations in which the two equations represent the 
same line; there are an infinite number of solutions to a dependent 
system 


inconsistent system 
a system of linear equations with no common solution because they 
represent parallel lines, which have no point or line in common 


independent system 
a system of linear equations with exactly one solution pair (2, y) 


profit function 
the profit function is written as P(x) = R(x) — C(ax),revenue minus 
cost 


revenue function 
the function that is used to calculate revenue, simply written as 
R= «xp,where x = quantity and p = price 


substitution method 
an algebraic technique used to solve systems of linear equations in 
which one of the two equations is solved for one variable and then 
substituted into the second equation to solve for the second variable 


system of linear equations 
a set of two or more equations in two or more variables that must be 
considered simultaneously. 


Systems of Linear Equations: Three Variables 
In this section, you will: 


e Solve systems of three equations in three variables. 
e Identify inconsistent systems of equations containing three variables. 
e Express the solution of a system of dependent equations containing three variables. 


(credit: “Elembis,” Wikimedia Commons) 


John received an inheritance of $12,000 that he divided into three parts and invested in three ways: in a 
money-market fund paying 3% annual interest; in municipal bonds paying 4% annual interest; and in 
mutual funds paying 7% annual interest. John invested $4,000 more in municipal funds than in 
municipal bonds. He earned $670 in interest the first year. How much did John invest in each type of 
fund? 


Understanding the correct approach to setting up problems such as this one makes finding a solution a 
matter of following a pattern. We will solve this and similar problems involving three equations and 
three variables in this section. Doing so uses similar techniques as those used to solve systems of two 
equations in two variables. However, finding solutions to systems of three equations requires a bit more 
organization and a touch of visual gymnastics. 


Solving Systems of Three Equations in Three Variables 


In order to solve systems of equations in three variables, known as three-by-three systems, the primary 
tool we will be using is called Gaussian elimination, named after the prolific German mathematician 
Karl Friedrich Gauss. While there is no definitive order in which operations are to be performed, there 
are specific guidelines as to what type of moves can be made. We may number the equations to keep 
track of the steps we apply. The goal is to eliminate one variable at a time to achieve upper triangular 
form, the ideal form for a three-by-three system because it allows for straightforward back-substitution 
to find a solution (2, y, z), which we call an ordered triple. A system in upper triangular form looks like 
the following: 

Equation: 


Az+ By+Cz=D 
Ey+ Fz=G 
Hz=k 


The third equation can be solved for z, and then we back-substitute to find y and x. To write the system 
in upper triangular form, we can perform the following operations: 


1. Interchange the order of any two equations. 
2. Multiply both sides of an equation by a nonzero constant. 
3. Add a nonzero multiple of one equation to another equation. 


The solution set to a three-by-three system is an ordered triple {(z, y, z)}. Graphically, the ordered 
triple defines the point that is the intersection of three planes in space. You can visualize such an 
intersection by imagining any corner in a rectangular room. A corner is defined by three planes: two 
adjoining walls and the floor (or ceiling). Any point where two walls and the floor meet represents the 
intersection of three planes. 


Note: 
Number of Possible Solutions 
[link] and [link] illustrate possible solution scenarios for three-by-three systems. 


e Systems that have a single solution are those which, after elimination, result in a solution set 
consisting of an ordered triple {(z, y, z)}. Graphically, the ordered triple defines a point that is 
the intersection of three planes in space. 

e Systems that have an infinite number of solutions are those which, after elimination, result in an 
expression that is always true, such as 0 = 0. Graphically, an infinite number of solutions 
represents a line or coincident plane that serves as the intersection of three planes in space. 

e Systems that have no solution are those that, after elimination, result in a statement that is a 
contradiction, such as 3 = 0. Graphically, a system with no solution is represented by three planes 
with no point in common. 


(a) (b) 


(a)Three planes intersect at a single point, representing 
a three-by-three system with a single solution. (b) 
Three planes intersect in a line, representing a three-by- 
three system with infinite solutions. 


(a) (b) (c) 


All three figures represent three-by-three systems with 
no solution. (a) The three planes intersect with each 
other, but not at a common point. (b) Two of the planes 
are parallel and intersect with the third plane, but not 
with each other. (c) All three planes are parallel, so 
there is no point of intersection. 


Example: 
Exercise: 


Problem: 
Determining Whether an Ordered Triple Is a Solution to a System 


Determine whether the ordered triple (3, —2, 1) is a solution to the system. 


Equation: 
Goby g=2 
6x2 — 4y+ 5z= 31 
bye sb Aye Deg = Ils) 
Solution: 


We will check each equation by substituting in the values of the ordered triple for x, y, and z. 


6z2—4y + 5z = 31 


bye se ye eg — IN 


= 
Be ee 6(3)—4(—2) + 5(1) = 31 5(3) + 2(—2) +2(1) = 13 
7 18+8+5=31 15-442=18 

True 
True True 


The ordered triple (3, —2, 1) is indeed a solution to the system. 


Note: 
Given a linear system of three equations, solve for three unknowns. 


1. Pick any pair of equations and solve for one variable. 

2. Pick another pair of equations and solve for the same variable. 

3. You have created a system of two equations in two unknowns. Solve the resulting two-by-two 
system. 

4. Back-substitute known variables into any one of the original equations and solve for the missing 
variable. 


Example: 
Exercise: 


Problem: 
Solving a System of Three Equations in Three Variables by Elimination 


Find a solution to the following system: 


Equation: 
z—2y+3z=9 (1) 
—xz+3y—-z=-6 (2) 
2e—5y+5z=17 (3) 
Solution: 


There will always be several choices as to where to begin, but the most obvious first step here is to 
eliminate x by adding equations (1) and (2). 
Equation: 
£—2y-32=9 (1) 
—2+3y—z2—=—6 (2) 
Yc as—3 (3) 


The second step is multiplying equation (1) by —2 and adding the result to equation (3). These two 
steps will eliminate the variable z. 
Equation: 


—2x + 4y—6z=-—18 (1) multiplied by — 2 
2e—5y+5z=17 (3) 
—y—z=—1 (5) 


In equations (4) and (5), we have created a new two-by-two system. We can solve for z by adding 
the two equations. 
Equation: 


yt2z=3 (A) 
—y—z=-1 (5) 
2=2. (6) 


Choosing one equation from each new system, we obtain the upper triangular form: 
Equation: 
z—2y+3z=9 (1) 
yt2z=3 (4) 
2 — 26) 


Next, we back-substitute z = 2 into equation (4) and solve for y. 


Equation: 
y+ 2(2)=3 
fo 3 
a 


Finally, we can back-substitute z = 2 and y = —1 into equation (1). This will yield the solution for 
w: 
Equation: 
x—2(—1) + 3(2) =9 
r+2+6=9 
@ = il 


The solution is the ordered triple (1, —1, 2). See [link]. 
(1, —1, 2) 


x=1 


Example: 
Exercise: 


Problem: 
Solving a Real-World Problem Using a System of Three Equations in Three Variables 


In the problem posed at the beginning of the section, John invested his inheritance of $12,000 in 
three different funds: part in a money-market fund paying 3% interest annually; part in municipal 
bonds paying 4% annually; and the rest in mutual funds paying 7% annually. John invested $4,000 
more in mutual funds than he invested in municipal bonds. The total interest earned in one year 
was $670. How much did he invest in each type of fund? 


Solution: 


To solve this problem, we use all of the information given and set up three equations. First, we 
assign a variable to each of the three investment amounts: 
Equation: 

x = amount invested in money-market fund 

y = amount invested in municipal bonds 


Zz = amount invested in mutual funds 


The first equation indicates that the sum of the three principal amounts is $12,000. 
Equation: 


z+y+z= 12,000 


We form the second equation according to the information that John invested $4,000 more in 
mutual funds than he invested in municipal bonds. 
Equation: 


z=y+4,000 


The third equation shows that the total amount of interest earned from each fund equals $670. 
Equation: 


0.032 + 0.04y + 0.07z = 670 


Then, we write the three equations as a system. 
Equation: 


z+y+2z= 12,000 
—y+z= 4,000 
0.032 + 0.04y + 0.07z = 670 


To make the calculations simpler, we can multiply the third equation by 100. Thus, 
Equation: 


z+ ytz=412,000 (1) 
~y+z=4,000 (2) 
3x + dy + 7z = 67,000 (3) 


Step 1. Interchange equation (2) and equation (3) so that the two equations with three variables 
will line up. 
Equation: 


r+ y+ z= 12,000 


3a + 4y + 7z = 67,000 
—~y + z=4,000 


Step 2. Multiply equation (1) by —3 and add to equation (2). Write the result as row 2. 
Equation: 


z+y+z = 12,000 


y + 4z = 31,000 
—y+z = 4,000 


Step 3. Add equation (2) to equation (3) and write the result as equation (3). 
Equation: 
zx+y+ z= 12,000 
y + 4z = 31,000 
5z = 35,000 


Step 4. Solve for z in equation (3). Back-substitute that value in equation (2) and solve for y. Then, 
back-substitute the values for z and y into equation (1) and solve for z. 
Equation: 


5z = 35,000 
z = 7,000 


y + 4(7,000) = 31,000 
y = 3,000 


z + 3,000 + 7,000 = 12,000 
2 = 2,000 


John invested $2,000 in a money-market fund, $3,000 in municipal bonds, and $7,000 in mutual 
funds. 


Note: 
Exercise: 


Problem: Solve the system of equations in three variables. 


Equation: 
2 
32—3y —zZ=5 
e—2y + 3z=6 

Solution: 

is a8 


Identifying Inconsistent Systems of Equations Containing Three Variables 


Just as with systems of equations in two variables, we may come across an inconsistent system of 
equations in three variables, which means that it does not have a solution that satisfies all three 
equations. The equations could represent three parallel planes, two parallel planes and one intersecting 
plane, or three planes that intersect the other two but not at the same location. The process of elimination 
will result in a false statement, such as 3 = 7 or some other contradiction. 


Example: 
Exercise: 


Problem: 
Solving an Inconsistent System of Three Equations in Three Variables 


Solve the following system. 


Equation: 
z—3y+z=4 (1) 
—x2+2y—5z=3 (2) 
5a—13y+13z=8 (3) 
Solution: 


Looking at the coefficients of z, we can see that we can eliminate x by adding equation (1) to 
equation (2). 
Equation: 
z—3y+z=4 (1) 
—x+2y—5z=3 (2) 
—y-4z=7 (4) 


Next, we multiply equation (1) by —5 and add it to equation (3). 
Equation: 
—be + lby— 52 = —20 (1) multiplied by —5 
dx — 13y + 13z = 8 (3) 
2y +82 = —12 (5) 


Then, we multiply equation (4) by 2 and add it to equation (5). 
Equation: 
—2y—8z=14 (4) multiplied by 2 
2y + 8z = —12 (5) 


v=2 


The final equation 0 = 2 is a contradiction, so we conclude that the system of equations in 
inconsistent and, therefore, has no solution. 


Analysis 


In this system, each plane intersects the other two, but not at the same location. Therefore, the system is 
inconsistent. 


Note: 
Exercise: 


Problem: Solve the system of three equations in three variables. 


Equation: 
etytz=2 
=o = Il 
20 -- y+ oz = 0 
Solution: 


No solution. 


Expressing the Solution of a System of Dependent Equations Containing Three 
Variables 


We know from working with systems of equations in two variables that a dependent system of equations 
has an infinite number of solutions. The same is true for dependent systems of equations in three 
variables. An infinite number of solutions can result from several situations. The three planes could be 


the same, so that a solution to one equation will be the solution to the other two equations. All three 
equations could be different but they intersect on a line, which has infinite solutions. Or two of the 
equations could be the same and intersect the third on a line. 


Example: 
Exercise: 


Problem: 
Finding the Solution to a Dependent System of Equations 


Find the solution to the given system of three equations in three variables. 


Equation: 
22 +y—3z=0 (1) 
Ax + 2y-6z=0 (2) 
z—y+z=0 (3) 
Solution: 


First, we can multiply equation (1) by —2 and add it to equation (2). 
Equation: 
—4x—2y+6z=0 equation (1) multiplied by —2 
Ax + 2y—6z = 0 (2) 
0=0 


We do not need to proceed any further. The result we get is an identity, 0 = 0,which tells us that 
this system has an infinite number of solutions. There are other ways to begin to solve this system, 
such as multiplying equation (3) by —2,and adding it to equation (1). We then perform the same 
steps as above and find the same result, 0 = 0. 


When a system is dependent, we can find general expressions for the solutions. Adding equations 
(1) and (3), we have 
Equation: 


of 32 — 0) 
zr—y+z=0 
32—2z=0 


We then solve the resulting equation for z. 
Equation: 


We back-substitute the expression for z into one of the equations and solve for y. 
Equation: 


22 +y—3(22) =0 


y= 3u— 22 
y= xe 


So the general solution is (x, 3a, 22). In this solution, x can be any real number. The values of 
y and z are dependent on the value selected for z. 


Analysis 


As shown in [link], two of the planes are the same and they intersect the third plane on a line. The 
solution set is infinite, as all points along the intersection line will satisfy all three equations. 
x-y+z=0 


-4x — 2y + 6Zz=0 
4x + 2y-— 6z=0 


Note: 


Does the generic solution to a dependent system always have to be written in terms of x? 


No, you can write the generic solution in terms of any of the variables, but it is common to write it in 
terms of x and if needed x and y. 


Note: 
Exercise: 


Problem: Solve the following system. 
Equation: 


et+y+z=7 
ae — 2H = ZS a 
2+ 6y-+ bz = 24 


Solution: 


Infinite number of solutions of the form (a, 4z—11, —5a + 18). 


Note: 
Access these online resources for additional instruction and practice with systems of equations in three 
variables. 


e Ex 1: System of Three Equations with Three Unknowns Using Elimination 
e Ex. 2: System of Three Equations with Three Unknowns Using Elimination 


Key Concepts 


¢ A solution set is an ordered triple {(z, y, z)} that represents the intersection of three planes in 
space. See 
Uink]. 

e A system of three equations in three variables can be solved by using a series of steps that forces a 
variable to be eliminated. The steps include interchanging the order of equations, multiplying both 
sides of an equation by a nonzero constant, and adding a nonzero multiple of one equation to 
another equation. See [link]. 

e Systems of three equations in three variables are useful for solving many different types of real- 
world problems. See [link]. 

e A system of equations in three variables is inconsistent if no solution exists. After performing 
elimination operations, the result is a contradiction. See [link]. 

e Systems of equations in three variables that are inconsistent could result from three parallel planes, 
two parallel planes and one intersecting plane, or three planes that intersect the other two but not at 
the same location. 

e A system of equations in three variables is dependent if it has an infinite number of solutions. After 
performing elimination operations, the result is an identity. See [link]. 

e Systems of equations in three variables that are dependent could result from three identical planes, 
three planes intersecting at a line, or two identical planes that intersect the third on a line. 


Section Exercises 


Verbal 


Exercise: 


Problem: 
Can a linear system of three equations have exactly two solutions? Explain why or why not 
Solution: 


No, there can be only one, zero, or infinitely many solutions. 


Exercise: 
Problem: 
If a given ordered triple solves the system of equations, is that solution unique? If so, explain why. 
If not, give an example where it is not unique. 
Exercise: 
Problem: 


If a given ordered triple does not solve the system of equations, is there no solution? If so, explain 
why. If not, give an example. 


Solution: 


Not necessarily. There could be zero, one, or infinitely many solutions. For example, (0, 0,0) is not 
a solution to the system below, but that does not mean that it has no solution. 
2x2 + 3y—6z=1 
—4r—6y + 12z = —2 
z+ 2y+5z=10 


Exercise: 


Problem: Using the method of addition, is there only one way to solve the system? 
Exercise: 
Problem: 


Can you explain whether there can be only one method to solve a linear system of equations? If 
yes, give an example of such a system of equations. If not, explain why not. 


Solution: 


Every system of equations can be solved graphically, by substitution, and by addition. However, 
systems of three equations become very complex to solve graphically so other methods are usually 
preferable. 


Algebraic 


For the following exercises, determine whether the ordered triple given is the solution to the system of 
equations. 
Exercise: 


22—6y + 6z = —12 
Problem: z+ 4y+5z = -—1 and(0,1,-—1) 
e+2y+3z=—-1 


Exercise: 


62 — y+ 32 ='6 
Problem: 3x + 5y + 2z = 0 and(3, —3, —5) 


zt+ty=0 
Solution: 
No 
Exercise: 
62—Ty+ z= 2 
Problem: —x — y + 3z = 4 and (4, 2, —6) 
24ez+y-—z=1 
Exercise: 
z—y=0 
Problem: 2«c—z=5 and(4,4,—1) 
Pays = a1 
Solution: 
Yes 
Exercise: 
Ey +22=3 


Problem: 5x2 + 8y—3z=4 and(4,1,—7) 
z+ 3y—5z= —5 


For the following exercises, solve each system by substitution. 
Exercise: 


3@—4y + 2z = —15 
Problem: 22+ 4y+ z= 16 
2x2 + 3y+5z = 20 


Solution: 


(—1, 4, 2) 


Exercise: 


ba—2y + 3z = 20 
Problem: 22—4y—3z = —9 
x + 6y—8z = 21 


Exercise: 


ba + 2y+4z=9 
Problem: —3z + 2y + z = 10 
4rz—3y+5z= —-3 


Solution: 


(S 85 312 191 ) 
107 ? 107” 107 


Exercise: 


4x—3y + 5z= 31 
Problem: —x + 2y + 4z = 20 
x + 5y—2z = —29 


Exercise: 


ba—2y+ 3z=4 
Problem: —4z + 6y—7z = —-1 
32+ 2y—z=4 


Solution: 


(1, 5,0) 
Exercise: 
4z + 6y+9z=0 


Problem: —5z + 2y—6z = 3 
7xz—A4y + 3z = —3 


For the following exercises, solve each system by Gaussian elimination. 
Exercise: 


22 —y+3z=17 
Problem: —5z + 4y—2z = —46 
24y+5z=—-T7 


Solution: 


(4, —6, 1) 
Exercise: 
sz—6y + 3z = 50 


Problem: —-x2+4y=10 
2x —z=10 


Exercise: 


2x + 3y—6z = 1 
Problem: —4z—6y + 12z = —2 
2+ 2y-+ 52 = 10 


Solution: 


(x, 37 (65-162), “y7") 


Exercise: 


4x + 6y—2z = 8 
Problem: 6z + 9y—3z = 12 
242—3y+z=—-A4 


Exercise: 
2x2 + 3y—4z = 5 
Problem: —3z + 2y+ z= 11 
—2+5y+32=4 
Solution: 
45 17 
(-G 45-2) 
Exercise: 


10z + 2y—14z = 8 
Problem: —x—2y—4z = —1 
12x—6y + 6z = —12 


Exercise: 


et+y+z=14 
Problem: 24y+3z=-14 
—16y—24z = —112 


Solution: 
No solutions exist 


Exercise: 


dsa—3y + 4z = -1 
Problem: —4z + 2y—3z = 0 
x+5y+7z=—-11 


Exercise: 


e+y+z=0 
Problem: 2x2 —y+3z=0 
z—z=0 


Solution: 
(0, 0, 0) 


Exercise: 


3x2 + 2y—5z=6 
Problem: 5z—4y + 3z = —12 
4z + 5y—2z= 15 


Exercise: 
e+ty+z=0 
Problem: 2x — y+ 3z = 0 
r—-z=1 
Solution: 
4 1 3 
Ge a oes 7) 
Exercise: 
1 1 
i 
Problem: 24 . 
4r+2z2=3 
a+ ay=3 
Exercise: 


6x2—5y + 6z = 38 
Problem: ae = sy 5 eo =] 
Ax By z=-—TA 


Solution: 
(7, 20, 16) 
Exercise: 
1 Wists AD os 2 118 
ge Ee Se — 0 
Pee 2 Teva 
Problem: 72 -— <y- ¥z 50 
1 3 | en 
gr | 2% =| 


Exercise: 


1 1 in 233 
Be De ae 
Problem: | i 1 
—zt— qy- yz 2 
1 3 ee) 
42 — 4Y— 94-39 
Solution: 
(—6, 2,1) 
Exercise: 
1 1 ee 
pe Ge ge 
Problem: ris — ay + 22 = —2 
i py ce ey 
ge + 5Y— gz 
Exercise: 
4 7 Teo 
go ge ge 
Problem: —42 — 2y++4z=-8 
5 4 3 
2 7 ee 
se yt gez=—5 
Solution: 
(5,12, 15) 
Exercise: 
1 1 LS =o 4 
qo = ge ges 8 
Problem: , 7 1 23 
gn GU ee eg 
1 5 ene 
go — Byt Gz=0 
Exercise: 
1 5 Bile. 
te -Gytsz= 5 
Problem: 5 Bot, 4s BE 
ZF — BUT 7% Pp 
1 1 1, 5 
gy ee ye 
Solution: 
(—5, —5, —5) 


Exercise: 


y 

: 1 1 
Problem: mee 
x y 


Exercise: 


0.la—0.2y + 0.3z = 2 
Problem: 0.52—0.ly + 0.4z = 8 
0.7z—0.2y + 0.3z = 8 


Solution: 


(10, 10, 10) 


Exercise: 


0.2% + 0.ly—0.3z = 0.2 
Problem: 0.82 + 0.4y—1.2z = 0.1 
1.62 +- 0.8y—2.42 = 0.2 


Exercise: 


1l.1lz+0.7y—3.1z = —1.79 
Problem: 2.1z + 0.5y—1.6z = —0.13 
0.52 + 0.4y—0.5z = —0.07 


Solution: 


114 
(S305) 
Exercise: 
0.52—0.5y + 0.5z = 10 


Problem: 0.27z—0.2y + 0.2z = 4 
0.la—O.ly+0.1z= 2 


Exercise: 


O.la + 0.2y + 0.3z = 0.37 
Problem: 0.12—0.2y—0.3z = —0.27 
0.52—0.1y—0.3z = —0.03 


Solution: 


(355) 


Exercise: 


0.52—0.5y—0.3z = 0.13 
Problem: 0.42z—0.ly—0.3z = 0.11 
0.2%—0.8y—0.9z = —0.32 


Exercise: 


0.52 + 0.2y—0.3z = 1 
Problem: 0.47—0.6y + 0.7z = 0.8 
0.32z—0.1ly—0.9z = 0.6 


Solution: 


(2, 0, 0) 


Exercise: 


0.32 + 0.3y + 0.52 = 0.6 
Problem: 0.4z + 0.4y + 0.4z = 1.8 
0.42% + 0.2y+0.1z= 1.6 


Exercise: 


0.82 + 0.8y + 0.8z = 2.4 
Problem: 0.3z—0.5y + 0.2z = 0 
0.lz + 0.2y+0.3z = 0.6 


Solution: 


(E151) 


Extensions 


For the following exercises, solve the system for z, y, and z. 
Exercise: 


ety+z=3 
Problem: “= + +> + 44 =0 
xr—2 yt+4 z-3 _ 2 

go og se 


Exercise: 


z+1_ 1 
5a—3y 7 = 35 
Problem: 67 + ve +2z=-3 


eS _dy+z=4 


Solution: 


( 128 23 28 ) 


557? 557? BST 
Exercise: 
rt4 y-1 | wt _ 1 
7 GTS oo 
. e—2 , ytl z+8 __ 
Problem: 7s sas 2 = 9 
x+6 yt+2 z+4 __ 
3 a i 
Exercise: 
z-3 | yt2 z-3 __ 
6 2 3 =2 
. x+2 y-5 zt+4 __ 
Problem: i ao el 
“i 3 
is oy z4 1=9 
Solution: 
(6, —1, 0) 
Exercise: 
x—1 y+3 zt+2 __ 
Foo gs eg 
Problem: 4x + 3y—2z=11 


0.022 + 0.015y—0.01z = 0.065 


Real-World Applications 


Exercise: 
Problem: 


Three even numbers sum up to 108. The smaller is half the larger and the middle number is 4 the 
larger. What are the three numbers? 


Solution: 
24, 36, 48 
Exercise: 


Problem: 


Three numbers sum up to 147. The smallest number is half the middle number, which is half the 
largest number. What are the three numbers? 


Exercise: 


Problem: 


At a family reunion, there were only blood relatives, consisting of children, parents, and 
grandparents, in attendance. There were 400 people total. There were twice as many parents as 
grandparents, and 50 more children than parents. How many children, parents, and grandparents 
were in attendance? 


Solution: 


70 grandparents, 140 parents, 190 children 
Exercise: 
Problem: 
An animal shelter has a total of 350 animals comprised of cats, dogs, and rabbits. If the number of 


rabbits is 5 less than one-half the number of cats, and there are 20 more cats than dogs, how many 
of each animal are at the shelter? 


Exercise: 
Problem: 
Your roommate, Sarah, offered to buy groceries for you and your other roommate. The total bill 
was $82. She forgot to save the individual receipts but remembered that your groceries were $0.05 


cheaper than half of her groceries, and that your other roommate’s groceries were $2.10 more than 
your groceries. How much was each of your share of the groceries? 


Solution: 


Your share was $19.95, Sarah’s share was $40, and your other roommate’s share was $22.05. 
Exercise: 


Problem: 


Your roommate, John, offered to buy household supplies for you and your other roommate. You 
live near the border of three states, each of which has a different sales tax. The total amount of 
money spent was $100.75. Your supplies were bought with 5% tax, John’s with 8% tax, and your 
third roommate’s with 9% sales tax. The total amount of money spent without taxes is $93.50. If 
your supplies before tax were $1 more than half of what your third roommate’s supplies were 
before tax, how much did each of you spend? Give your answer both with and without taxes. 


Exercise: 
Problem: 
Three coworkers work for the same employer. Their jobs are warehouse manager, office manager, 
and truck driver. The sum of the annual salaries of the warehouse manager and office manager is 
$82,000. The office manager makes $4,000 more than the truck driver annually. The annual salaries 


of the warehouse manager and the truck driver total $78,000. What is the annual salary of each of 
the co-workers? 


Solution: 


There are infinitely many solutions; we need more information 


Exercise: 
Problem: 
At a carnival, $2,914.25 in receipts were taken at the end of the day. The cost of a child’s ticket was 
$20.50, an adult ticket was $29.75, and a senior citizen ticket was $15.25. There were twice as 


many senior citizens as adults in attendance, and 20 more children than senior citizens. How many 
children, adult, and senior citizen tickets were sold? 


Exercise: 
Problem: 
A local band sells out for their concert. They sell all 1,175 tickets for a total purse of $28,112.50. 


The tickets were priced at $20 for student tickets, $22.50 for children, and $29 for adult tickets. If 
the band sold twice as many adult as children tickets, how many of each type was sold? 


Solution: 


500 students, 225 children, and 450 adults 
Exercise: 
Problem: 
In a bag, a child has 325 coins worth $19.50. There were three types of coins: pennies, nickels, and 


dimes. If the bag contained the same number of nickels as dimes, how many of each type of coin 
was in the bag? 


Exercise: 
Problem: 
Last year, at Haven’s Pond Car Dealership, for a particular model of BMW, Jeep, and Toyota, one 
could purchase all three cars for a total of $140,000. This year, due to inflation, the same cars 
would cost $151,830. The cost of the BMW increased by 8%, the Jeep by 5%, and the Toyota by 


12%. If the price of last year’s Jeep was $7,000 less than the price of last year’s BMW, what was 
the price of each of the three cars last year? 


Solution: 


The BMW was $49,636, the Jeep was $42,636, and the Toyota was $47,727. 
Exercise: 


Problem: 


A recent college graduate took advantage of his business education and invested in three 
investments immediately after graduating. He invested $80,500 into three accounts, one that paid 
4% simple interest, one that paid 35% simple interest, and one that paid 2 + % simple interest. He 
earned $2,670 interest at the end of one year. If the amount of the money invested in the second 
account was four times the amount invested in the third account, how much was invested in each 
account? 


Exercise: 


Problem: 


You inherit one million dollars. You invest it all in three accounts for one year. The first account 
pays 3% compounded annually, the second account pays 4% compounded annually, and the third 
account pays 2% compounded annually. After one year, you earn $34,000 in interest. If you invest 
four times the money into the account that pays 3% compared to 2%, how much did you invest in 
each account? 


Solution: 


$400,000 in the account that pays 3% interest, $500,000 in the account that pays 4% interest, and 
$100,000 in the account that pays 2% interest. 


Exercise: 


Problem: 


You inherit one hundred thousand dollars. You invest it all in three accounts for one year. The first 
account pays 4% compounded annually, the second account pays 3% compounded annually, and 
the third account pays 2% compounded annually. After one year, you earn $3,650 in interest. If you 
invest five times the money in the account that pays 4% compared to 3%, how much did you invest 
in each account? 


Exercise: 


Problem: 


The top three countries in oil consumption in a certain year are as follows: the United States, Japan, 
and China. In millions of barrels per day, the three top countries consumed 39.8% of the world’s 
consumed oil. The United States consumed 0.7% more than four times China’s consumption. The 
United States consumed 5% more than triple Japan’s consumption. What percent of the world oil 
consumption did the United States, Japan, and China consume?| footnote] 

“Oil reserves, production and consumption in 2001,” accessed April 6, 2014, 
http://scaruffi.com/politics/oil.html. 


Solution: 


The United States consumed 26.3%, Japan 7.1%, and China 6.4% of the world’s oil. 
Exercise: 


Problem: 


The top three countries in oil production in the same year are Saudi Arabia, the United States, and 
Russia. In millions of barrels per day, the top three countries produced 31.4% of the world’s 
produced oil. Saudi Arabia and the United States combined for 22.1% of the world’s production, 
and Saudi Arabia produced 2% more oil than Russia. What percent of the world oil production did 
Saudi Arabia, the United States, and Russia produce?| footnote] 

“Oil reserves, production and consumption in 2001,” accessed April 6, 2014, 
http://scaruffi.com/politics/oil.html. 


Exercise: 


Problem: 


The top three sources of oil imports for the United States in the same year were Saudi Arabia, 
Mexico, and Canada. The three top countries accounted for 47% of oil imports. The United States 
imported 1.8% more from Saudi Arabia than they did from Mexico, and 1.7% more from Saudi 
Arabia than they did from Canada. What percent of the United States oil imports were from these 
three countries ?[footnote] 

“Oil reserves, production and consumption in 2001,” accessed April 6, 2014, 
http://scaruffi.com/politics/oil.html. 


Solution: 


Saudi Arabia imported 16.8%, Canada imported 15.1%, and Mexico 15.0% 
Exercise: 


Problem: 


The top three oil producers in the United States in a certain year are the Gulf of Mexico, Texas, and 
Alaska. The three regions were responsible for 64% of the United States oil production. The Gulf 
of Mexico and Texas combined for 47% of oil production. Texas produced 3% more than Alaska. 
What percent of United States oil production came from these regions?| footnote] 

“USA: The coming global oil crisis,” accessed April 6, 2014, http://www.oilcrisis.com/us/. 


Exercise: 


Problem: 


At one time, in the United States, 398 species of animals were on the endangered species list. The 
top groups were mammals, birds, and fish, which comprised 55% of the endangered species. Birds 
accounted for 0.7% more than fish, and fish accounted for 1.5% more than mammals. What percent 
of the endangered species came from mammals, birds, and fish? 


Solution: 


Birds were 19.3%, fish were 18.6%, and mammals were 17.1% of endangered species 
Exercise: 


Problem: 


Meat consumption in the United States can be broken into three categories: red meat, poultry, and 
fish. If fish makes up 4% less than one-quarter of poultry consumption, and red meat consumption 
is 18.2% higher than poultry consumption, what are the percentages of meat consumption? 
[footnote] 

“The United States Meat Industry at a Glance,” accessed April 6, 2014, 
http://www.meatami.com/ht/d/sp/i/47465/pid/47465. 


Glossary 


solution set 
the set of all ordered pairs or triples that satisfy all equations in a system of equations 


Solving Systems with Gaussian Elimination 
In this section, you will: 


e Write the augmented matrix of a system of equations. 

e Write the system of equations from an augmented matrix. 
e Perform row operations on a matrix. 

e Solve a system of linear equations using matrices. 


German mathematician Carl Friedrich Gauss (1777— 
1855). 


Carl Friedrich Gauss lived during the late 18th century and early 19th century, but he is still considered one of the 
most prolific mathematicians in history. His contributions to the science of mathematics and physics span fields 
such as algebra, number theory, analysis, differential geometry, astronomy, and optics, among others. His 
discoveries regarding matrix theory changed the way mathematicians have worked for the last two centuries. 


We first encountered Gaussian elimination in Systems of Linear Equations: Two Variables. In this section, we will 
revisit this technique for solving systems, this time using matrices. 


Writing the Augmented Matrix of a System of Equations 


A matrix can serve as a device for representing and solving a system of equations. To express a system in matrix 
form, we extract the coefficients of the variables and the constants, and these become the entries of the matrix. We 
use a vertical line to separate the coefficient entries from the constants, essentially replacing the equal signs. When 
a system is written in this form, we call it an augmented matrix. 


For example, consider the following 2 x 2system of equations. 


Equation: 
32 +4y=7 
Ax—2y=5 
We can write this system as an augmented matrix: 
Equation: 
3.64 #7 
4 -2 5 


We can also write a matrix containing just the coefficients. This is called the coefficient matrix. 


Equation: 
3.4 
4 -2 


A three-by-three system of equations such as 


Equation: 
32 —y—z=0 
zrt+y=5 
22—3z = 2 
has a coefficient matrix 
Equation: 
3 -l1 -l 
1 1 0 
2 0 -3 
and is represented by the augmented matrix 
Equation: 
3 -l1 -1 0 
1 1 0 5 
2 0 -3 2 


Notice that the matrix is written so that the variables line up in their own columns: x-terms go in the first column, 
y-terms in the second column, and z-terms in the third column. It is very important that each equation is written in 
standard form az + by + cz = dso that the variables line up. When there is a missing variable term in an 
equation, the coefficient is 0. 


Note: 
Given a system of equations, write an augmented matrix. 


1. Write the coefficients of the x-terms as the numbers down the first column. 


2. Write the coefficients of the y-terms as the numbers down the second column. 
3. If there are z-terms, write the coefficients as the numbers down the third column. 
4. Draw a vertical line and write the constants to the right of the line. 


Example: 
Exercise: 


Problem: 
Writing the Augmented Matrix for a System of Equations 


Write the augmented matrix for the given system of equations. 


Equation: 
Wb aE A = — 8 
7 = Oa 2g = (6) 
z—3y+3z=4 
Solution: 


The augmented matrix displays the coefficients of the variables, and an additional column for the constants. 
Equation: 


tl Y= @ 
A= 4% G 
1-3 3 


Note: 
Exercise: 


Problem: Write the augmented matrix of the given system of equations. 


Equation: 
47 —3y — 11 
32+ 2y=4 
Solution: 
4 —3 11 
a a 


Writing a System of Equations from an Augmented Matrix 


We can use augmented matrices to help us solve systems of equations because they simplify operations when the 
systems are not encumbered by the variables. However, it is important to understand how to move back and forth 


between formats in order to make finding solutions smoother and more intuitive. Here, we will use the information 
in an augmented matrix to write the system of equations in standard form. 


Example: 
Exercise: 


Problem: 
Writing a System of Equations from an Augmented Matrix Form 


Find the system of equations from the augmented matrix. 


Equation: 
1 —3 —5 —2 
2 —5 —4 5 
—=3 5 4 6 
Solution: 


When the columns represent the variables x, y, and z, 


Equation: 
i = =f 2 i= 3) = 4 = 2 
2 —5 —4 5 = 222—5y—4z2=5 
=3 5 4 6 —3x + dy+ 4z=6 
Note: 
Exercise: 


Problem: Write the system of equations from the augmented matrix. 


Equation: 
1 -1 1 
2-1 3 1 
0 2 1 =9 
Solution: 


eo = VY a 2=s 
ae = OY a See ll 
Gs 2S ay 


Performing Row Operations on a Matrix 


Now that we can write systems of equations in augmented matrix form, we will examine the various row 
operations that can be performed on a matrix, such as addition, multiplication by a constant, and interchanging 
rows. 


Performing row operations on a matrix is the method we use for solving a system of equations. In order to solve 
the system of equations, we want to convert the matrix to row-echelon form, in which there are ones down the 
main diagonal from the upper left corner to the lower right corner, and zeros in every position below the main 
diagonal as shown. 

Equation: 


Row-echelon form 
1a b 
01d 
001 


We use row operations corresponding to equation operations to obtain a new matrix that is row-equivalent in a 
simpler form. Here are the guidelines to obtaining row-echelon form. 


1. In any nonzero row, the first nonzero number is a 1. It is called a leading 1. 

2. Any all-zero rows are placed at the bottom on the matrix. 

3. Any leading 1 is below and to the right of a previous leading 1. 

4. Any column containing a leading 1 has zeros in all other positions in the column. 


To solve a system of equations we can perform the following row operations to convert the coefficient matrix to 
row-echelon form and do back-substitution to find the solution. 


1. Interchange rows. (Notation: R; «+ R,) 
2. Multiply a row by a constant. (Notation: cR,) 
3. Add the product of a row multiplied by a constant to another row. (Notation: R; + cR;) 


Each of the row operations corresponds to the operations we have already learned to solve systems of equations in 
three variables. With these operations, there are some key moves that will quickly achieve the goal of writing a 
matrix in row-echelon form. To obtain a matrix in row-echelon form for finding solutions, we use Gaussian 
elimination, a method that uses row operations to obtain a 1 as the first entry so that row 1 can be used to convert 
the remaining rows. 


Note: 

Gaussian Elimination 

The Gaussian elimination method refers to a strategy used to obtain the row-echelon form of a matrix. The goal 
is to write matrix A with the number 1 as the entry down the main diagonal and have all zeros below. 

Equation: 


Q@11 Q12 13 ae ere 1 dip dis 

After Gaussian elimination 
A= a2 22 433 Al= © 1 693 
a31 432 a33 0 0 1 


The first step of the Gaussian strategy includes obtaining a 1 as the first entry, so that row 1 may be used to alter 
the rows below. 


Note: 
Given an augmented matrix, perform row operations to achieve row-echelon form. 


1. The first equation should have a leading coefficient of 1. Interchange rows or multiply by a constant, if 
necessary. 
2. Use row operations to obtain zeros down the first column below the first entry of 1. 


3. Use row operations to obtain a 1 in row 2, column 2. 

4. Use row operations to obtain zeros down column 2, below the entry of 1. 

5. Use row operations to obtain a 1 in row 3, column 3. 

6. Continue this process for all rows until there is a 1 in every entry down the main diagonal and there are only 
zeros below. 

7. If any rows contain all zeros, place them at the bottom. 


Example: 
Exercise: 


Problem: 
Solving a2 x 2 System by Gaussian Elimination 


Solve the given system by Gaussian elimination. 


Equation: 
2x2 + 3y =6 
z-y= + 
Solution: 
First, we write this as an augmented matrix. 
Equation: 
F 3 i 
1-1 ¢ 


We want a 1 in row 1, column 1. This can be accomplished by interchanging row 1 and row 2. 
Equation: 


1 -1 = 
yo Ry | 
2 6 


We now have a 1 as the first entry in row 1, column 1. Now let’s obtain a 0 in row 2, column 1. This can be 
accomplished by multiplying row 1 by —2,and then adding the result to row 2. 
Equation: 


eal = 
-2R, + a= Pa |) 1 


We only have one more step, to multiply row 2 by $: 
Equation: 


1 1 
Ry, = R2.-> 
5 2 E 


oe 
i en 
—— 


Use back-substitution. The second row of the matrix represents y = 1. Back-substitute y = 1 into the first 
equation. 


Equation: 


The solution is the point(3, 1). 


Note: 
Exercise: 


Problem:Solve the given system by Gaussian elimination. 
Equation: 


Ax + 3y = 11 
x—3y = —-1 


Solution: 


(2, 1) 


Example: 
Exercise: 


Problem: 
Using Gaussian Elimination to Solve a System of Equations 


Use Gaussian elimination to solve the given2 x 2 system of equations. 
Equation: 


22 + y= 1 
4x + 2y=6 
Solution: 
Write the system as an augmented matrix. 
Equation: 
Pao ak coal 
42 6 


Obtain a 1 in row 1, column 1. This can be accomplished by multiplying the first row by >. 
Equation: 


1 
shi= hi | 


Next, we want a 0 in row 2, column 1. Multiply row 1 by —4 and add row 1 to row 2. 
Equation: 

1 1 

-4Ri + R= Fa | 2 

0 0 


The second row represents the equation 0 = 4. Therefore, the system is inconsistent and has no solution. 


Example: 
Exercise: 


Problem: 
Solving a Dependent System 


Solve the system of equations. 

Equation: 
3x + 4y = 12 
6x + 8y = 24 


Solution: 


Perform row operations on the augmented matrix to try and achieve row-echelon form. 
Equation: 


Equation: 


0 O 0 
—1R,+R,=R > 
9 fee 1 1 6 8 
6 8 24 
Ry <> Ry = | | 
0 
The matrix ends up with all zeros in the last row: Oy = 0. Thus, there are an infinite number of solutions and 


the system is classified as dependent. To find the generic solution, return to one of the original equations and 
solve for y. 


Equation: 
32 + 4y = 12 
Ay = 12—32 
y—3— ae 


So the solution to this system is ee Sy +2). 


Example: 
Exercise: 


Problem: 
Performing Row Operations on a 3x3 Augmented Matrix to Obtain Row-Echelon Form 


Perform row operations on the given matrix to obtain row-echelon form. 


Equation: 
i =a 4b 3 
a = 6 
—3 3 4 6 
Solution: 


The first row already has a 1 in row 1, column 1. The next step is to multiply row 1 by —2 and add it to row 
2. Then replace row 2 with the result. 
Equation: 


—2R,+ Rp = Ro > 0 1 —2 0 


Next, obtain a zero in row 3, column 1. 
Equation: 


3R, + R3 = R3 > 0 1 —2 0 


Next, obtain a zero in row 3, column 2. 


Equation: 


6Ro+ R3 = R3—-> O 1 —2 0 


The last step is to obtain a 1 in row 3, column 3. 


Equation: 
1 1 -3 4 3 
Toe = 0 lL —2 = 
15 
0 0 1 Spe 
Note: 
Exercise: 


Problem: Write the system of equations in row-echelon form. 


Equation: 


xz—2y+3z=9 
—zr+3y=—-4 
2x —5y+5z=17 


Solution: 

7 
1-§ $4 
d a fh & 
d @ il 


Solving a System of Linear Equations Using Matrices 


We have seen how to write a system of equations with an augmented matrix, and then how to use row operations 
and back-substitution to obtain row-echelon form. Now, we will take row-echelon form a step farther to solve a 3 


by 3 system of linear equations. The general idea is to eliminate all but one variable using row operations and then 
back-substitute to solve for the other variables. 


Example: 
Exercise: 


Problem: 
Solving a System of Linear Equations Using Matrices 


Solve the system of linear equations using matrices. 


Equation: 
eg = WO 4 Zg= 8 
7g = BY) B= 2) 
3m — 2y —9z— 9 
Solution: 


First, we write the augmented matrix. 
Equation: 


BA » =k =% 
3s =2Z = 9 


Next, we perform row operations to obtain row-echelon form. 
Equation: 


1 =1 1 8 1 
—2R, + Ry = Ry > 0 5 —3 —18 —3R, oP R3 = R3 > 0 
3 =2 —9 9 0 


The easiest way to obtain a 1 in row 2 of column 1 is to interchange Rg and R3. 
Equation: 


1 —1 1 8 
Interchange Rgand R3 > 0 1 =-12 —15 
0 5 —-3 —-18 
Then 
Equation: 
1 =Il 1 8 1 
—5R.+R3=R3;—> 0 ib See ag —+R;=R;> 0 
0 0 57 57 0 
The last matrix represents the equivalent system. 
Equation: 
x-yt+z=8 
O= We = —115} 
2= Il 


Using back-substitution, we obtain the solution as (4, —3, 1). 


Example: 


Exercise: 


Problem: 
Solving a Dependent System of Linear Equations Using Matrices 


Solve the following system of linear equations using matrices. 


Equation: 
=H—29 4+ 2 = Il 
20 Yi — 2 
y—2z =0 
Solution: 


Write the augmented matrix. 
Equation: 


First, multiply row 1 by —1 to get a 1 in row 1, column 1. Then, perform row operations to obtain row- 
echelon form. 


Equation: 
lw =jl th 
—RkRi> 23 0 2 
O20 
Equation: 
bk A ll 1 
Roo R3 > 0 1 —2 0 
aA 8 0 2 
Equation: 
1 2 Il 
—2R,+R3=R3—> 0 1 —2 0 
O =i 2 0 
Equation: 


Ro+R3=R3—-> 0 1 —2 1 
0 0 0 


The last matrix represents the following system. 
Equation: 


z+ 2y—z— 1 
y—2z=0 
0=0 


We see by the identity 0 = 0 that this is a dependent system with an infinite number of solutions. We then 
find the generic solution. By solving the second equation for y and substituting it into the first equation we 
can solve for zin terms of z. 

Equation: 


e+ 2(22)—z2=1 
r+ 3z=1 


l= 


z= 3 


Now we substitute the expression for z into the second equation to solve for yin terms of z. 
Equation: 


y—2z=0 
g= a 
y—2(257) =0 
y= 2 Je 
é : . Mati lw 
The generic solution is (x, Seg ie 
Note: 
Exercise: 
Problem: Solve the system using matrices. 
Equation: 
z+4y—z=4 
22+ dy+ 8z=15 
© 3y—3z — 1 
Solution: 
(Gl, i, I) 
Note: 


Can any system of linear equations be solved by Gaussian elimination? 
Yes, a system of linear equations of any size can be solved by Gaussian elimination. 


Note: 
Given a system of equations, solve with matrices using a calculator. 


1. Save the augmented matrix as a matrix variable [A], [|B], [C], .... 
2. Use the ref( function in the calculator, calling up each matrix variable as needed. 


Example: 
Exercise: 


Problem: 
Solving Systems of Equations with Matrices Using a Calculator 


Solve the system of equations. 
Equation: 


da + 3y+9z=—-1 
22 + 3y — 2 — —2 
—z—4y+5z=1 


Solution: 


Write the augmented matrix for the system of equations. 
Equation: 


Ik th yal 


On the matrix page of the calculator, enter the augmented matrix above as the matrix variable [A]. 
Equation: 


Use the ref( function in the calculator, calling up the matrix variable [A]. 


Equation: 
ref([A]) 
Evaluate. 
Equation: 
3 a dL , 3 . 9 = il 
1 5 5 5 SIN he a ene ee 
13 4 epee 
1 3 ie Mee Se rea ae 
24 24 
0 1 ~i87 z= — 797 
Using back-substitution, the solution is (8+, -—#2,-24). 


Example: 
Exercise: 


Problem: 
Applying 2 x 2 Matrices to Finance 


Carolyn invests a total of $12,000 in two municipal bonds, one paying 10.5% interest and the other paying 
12% interest. The annual interest earned on the two investments last year was $1,335. How much was 
invested at each rate? 


Solution: 


We have a system of two equations in two variables. Let z = the amount invested at 10.5% interest, and 
y = the amount invested at 12% interest. 
Equation: 
z+ y= 12,000 
0.1052 + 0.12y = 1,335 


As a matrix, we have 
Equation: 


1 1 12,000 
0.105 0.12 1,335 


Multiply row 1 by —0.105 and add the result to row 2. 


Equation: 
1 1 12,000 
0 0.015 75 
Then, 
Equation: 
0.015y = 75 
y = 5,000 


So 12,000—5,000 = 7,000. 


Thus, $5,000 was invested at 12% interest and $7,000 at 10.5% interest. 


Example: 
Exercise: 


Problem: 
Applying 3 x 3 Matrices to Finance 


Ava invests a total of $10,000 in three accounts, one paying 5% interest, another paying 8% interest, and the 
third paying 9% interest. The annual interest earned on the three investments last year was $770. The amount 
invested at 9% was twice the amount invested at 5%. How much was invested at each rate? 


Solution: 


We have a system of three equations in three variables. Let x be the amount invested at 5% interest, let ybe 
the amount invested at 8% interest, and let z be the amount invested at 9% interest. Thus, 
Equation: 


z+y+z= 10,000 


0.052 + 0.08y + 0.09z = 770 
2x—z=0 


As a matrix, we have 


Equation: 
1 1 1 10,000 


0.05 0.08 0.09 770 
2 Q = 0 


Now, we perform Gaussian elimination to achieve row-echelon form. 


Equation: 
1 1 10,000 
—0.05R;+R,=R,> 0 0.03 0.04 270 
2 0 =; 0 
1 1 1 10,000 
Se neg 4 270 
0 2 3 20,000 
0 1 1 10,000 
sare =R,-> 0 1 + 9,000 
0 -2 -3 —20,000 
1 1 1 10,000 
2R.+R3=R3;> 0 1 + 9,000 
0 0 -z 2,000 


The third row tells us — +z = —2,000; thus z = 6,000. 
The second row tells us y + $2 = 9,000. Substituting z = 6,000,we get 


Equation: 
y + +(6,000) = 9,000 
y + 8,000 = 9,000 
y = 1,000 


The first row tells usz + y+ z = 10, 000. Substituting y = 1, 000 and z = 6, 000, we get 


Equation: 
x + 1,000 + 6, 000 = 10,000 
x = 3,000 


The answer is $3,000 invested at 5% interest, $1,000 invested at 8%, and $6,000 invested at 9% interest 


Note: 
Exercise: 


Problem: 


A small shoe company took out a loan of $1,500,000 to expand their inventory. Part of the money was 
borrowed at 7%, part was borrowed at 8%, and part was borrowed at 10%. The amount borrowed at 10% was 
four times the amount borrowed at 7%, and the annual interest on all three loans was $130,500. Use matrices 
to find the amount borrowed at each rate. 


Solution: 


$150,000 at 7%, $750,000 at 8%, $600,000 at 10% 


Note: 
Access these online resources for additional instruction and practice with solving systems of linear equations 
using Gaussian elimination. 


¢ Solve a System of Two Equations Using an Augmented Matrix 
e Solve a System of Three Equations Using an Augmented Matrix 
e Augmented Matrices on the Calculator 


Key Concepts 


e An augmented matrix is one that contains the coefficients and constants of a system of equations. See [link]. 

e A matrix augmented with the constant column can be represented as the original system of equations. See 
Uink]. 

e Row operations include multiplying a row by a constant, adding one row to another row, and interchanging 
rows. 

e We can use Gaussian elimination to solve a system of equations. See [link], [link], and [link]. 

¢ Row operations are performed on matrices to obtain row-echelon form. See [link]. 

¢ To solve a system of equations, write it in augmented matrix form. Perform row operations to obtain row- 
echelon form. Back-substitute to find the solutions. See [link] and [link]. 

e A calculator can be used to solve systems of equations using matrices. See [link]. 

e Many real-world problems can be solved using augmented matrices. See [link] and [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


Can any system of linear equations be written as an augmented matrix? Explain why or why not. Explain how 
to write that augmented matrix. 


Solution: 


Yes. For each row, the coefficients of the variables are written across the corresponding row, and a vertical bar 
is placed; then the constants are placed to the right of the vertical bar. 


Exercise: 


Problem: 


Can any matrix be written as a system of linear equations? Explain why or why not. Explain how to write that 
system of equations. 


Exercise: 


Problem: 


Is there only one correct method of using row operations on a matrix? Try to explain two different row 


9 3 O 
operations possible to solve the augmented matrix 9 | : 


Solution: 


No, there are numerous correct methods of using row operations on a matrix. Two possible ways are the 
following: (1) Interchange rows 1 and 2. Then Ry = Ry—9Rj. (2) Rp = R,—9Ry. Then divide row 1 by 9. 


Exercise: 


Problem: 


Can a matrix whose entry is 0 on the diagonal be solved? Explain why or why not. What would you do to 
remedy the situation? 


Exercise: 
Problem:Can a matrix that has 0 entries for an entire row have one solution? Explain why or why not. 
Solution: 


No. A matrix with 0 entries for an entire row would have either zero or infinitely many solutions. 


Algebraic 


For the following exercises, write the augmented matrix for the linear system. 
Exercise: 


8x2—37y = 8 


Problem: 
ee De 5: y= 3 


Exercise: 


Pivblenie 2 
To Pe ie gee 


Solution: 


0 16 4 
9 -Il 2 


Exercise: 


3a + 2y+ 10z = 3 
Problem:—6z + 2y + 5z= 13 


4r+z=18 
Exercise: 
Problem: ar a Bee 
122+ 3y=4 
32 +4y+9z=—-7 
Solution: 


1 5 8 16 


12 3 0 4 
3 4 9 —7 
Exercise: 


6z + 12y+ 16z= 4 
Problem: 19z—5y + 3z = —9 
z+ 2y= —8 


For the following exercises, write the linear system from the augmented matrix. 
Exercise: 


Problem: Ee 2 4 


—18 26 
Solution: 
—2x2+ 5y=5 
62—18y = 26 
Exercise: 
3.é«A 10 
Problem: 
Fr 17 A 
Exercise: 
3 2 0 3 
Problem: —1 —-9 4 —-1 
8 5 7 8 
Solution: 
3x + 2y = 13 
—a—9y+ 4z = 53 
8x + 5y+ 7z = 80 


Exercise: 


Problem: —1 7 5 38 


0 0 3 10 
Exercise: 
4 —2 12 
Problem: 0 1 58 2 
7 -3 —-5 
Solution: 


Ax + 5y—2z = 12 
y+ 58z= 2 
82 + Ty—3z2 = —5 


For the following exercises, solve the system by Gaussian elimination. 
Exercise: 


ce ed EY 3 
roblem:) 9 9 


Exercise: 


10 1 
Problem: 1 


Solution: 


No solutions 
Exercise: 
1 
Problem: 
4 


Exercise: 


—1 
Problem: 
roblem:| 1: 6 


Solution: 


(=1, —2) 


Exercise: 


Problem: iene : 
0 2 


Exercise: 


2x — 3y = —9 
5a + 4y = 58 


Problem: 


Solution: 


(6, 7) 


Exercise: 


x+2y=-—-4 


Problem:° 
32 +4y = -17 


Exercise: 


22 + 38y = 12 
4e¢+y=14 


Problem: 


Solution: 


(3, 2) 


Exercise: 


—4a—3y = —2 
Problem: 
3z2—5y = —13 


Exercise: 


ba + By = 3 


Problem: 
re Oe + by = 5 


Solution: 


($3) 


Exercise: 


Problem: ike ice 
—62r—8y = —24 


Exercise: 


60x + 45y = 12 


Problem: 
20z—15y = —4 


Solution: 
(x, 4 (5a + 1) 
Exercise: 


z+ 10y = 43 


problenis 
15a + 20y = 65 


Exercise: 


22 —y=2 
Problem: 
32+ 2y=17 
Solution: 
(3, 4) 
Exercise: 


Problem:—1.06z2—2.25y = 5.51 
—5.032—1.08y = 5.40 


Exercise: 
3 3 
“¢g—2y=4 
Problem: ‘ : 
ye ae | ee 
Solution: 
196 5 
(35149) 
Exercise: 
1 2 
-x—4y=-1 
Problem: * oe 
Exercise: 
100 31 
Problem: 0 1 1 45 
001 87 
Solution: 
(31, —42, 87) 
Exercise: 
1 0 50 
Problem: 1 1 0 20 
011 #£—-90 
Exercise: 
123 4 
Problem: 0 5 6 7 
008: 9 
Solution: 


(40> 30>) 


Exercise: 


—0.1 0.3 —0.1 
Problem: —0.4 0.2 0.1 


0.2 
0.8 


06 01 O07 —0.8 


Exercise: 


—2¢ + 38y —2z= 3 
Problem: 42+ 2y—z=9 
4x — 8y + 2z = —6 


Solution: 


(2 15 28) 


137 13? 13 


Exercise: 


z+y—4z=-A4 
Problem: 5x — 3y — 2z = 0 
2x + 6y+ 7z = 30 


Exercise: 
22+ 3y+2z=1 


Problem: —4z2 — 6y — 4z = —2 
10z + 15y+10z=5 


Solution: 


(x,y, 3 (1-20—3y)) 
Exercise: 
z+2y-—z=1 


Problem:—z — 2y+ 2z = —2 
32+ 6y—3z=5 


Exercise: 
z+ 2y-—z=1 
Problem:—x—2y + 2z = —2 
3x + 6by—3z = 3 
Solution: 
(0,-#,-1) 
Exercise: 
zt+y=2 


Problem: x+z=1 
—y—-z=-83 


Exercise: 


zx+y+z=100 
Problem: «+ 2z= 125 


—y+2z= 25 
Solution: 
(125, —25, 0) 
Exercise: 
1 oe 
4 ge 9 
ak 1,4 
Problem: —x + >y = = 
1 Lig, 2s 423 
5Y— 37> 9 
Exercise: 
A fel 1, _ _ 53 
ger gUT Te =~ 44 
gates. eg te TM eee 
Problem: >2- 5y+72z=3 
Teg TA ie do 98. 
401 SUT 32> 45 
Solution: 
(8, 1, —2) 
Exercise: 
1 1 Pits. 2 29 
ge 34 T 77=—% 
yu 1 1, 431 
Problem: =2+ 7y— 72= 379 
1 1 1, 49 
get OUT 0% - 
Extensions 


For the following exercises, use Gaussian elimination to solve the system. 
Exercise: 


Problem: zr+y+z=6 


Solution: 


(1, 2,3) 


Exercise: 


x—1 


yt+l | 


4 


4 T 


Problem: aoe 4. wit —z=A4 


Exercise: 


a+y— 42 =1 


3 y- 
5 2z=-1 
Problem: 2+5 . ¥t5 4 215 _g 
2 Qn aD 
et+y+z=1 
Solution: 
31 3x 
(z, 28 119g (—7@ 3)) 
Exercise: 
xz—3 yt+3 
10 7 2z2=3 
Problem: —- te tz=3 
= +4 
4 - 1 37 — 3 
Exercise: 
a—3 y-1 _ 
3 2z=-1 
Problem: 2+5 4 yt5 | 265 _ 7 
2 Dee ts Oe 
zrtytz=1 


Solution: 


No solutions exist. 


Real-World Applications 


For the following exercises, set up the augmented matrix that describes the situation, and solve for the desired 


solution. 
Exercise: 


Problem: 


Every day, a cupcake store sells 5,000 cupcakes in chocolate and vanilla flavors. If the chocolate flavor is 3 
times as popular as the vanilla flavor, how many of each cupcake sell per day? 


Exercise: 


Problem: 


At a competing cupcake store, $4,520 worth of cupcakes are sold daily. The chocolate cupcakes cost $2.25 
and the red velvet cupcakes cost $1.75. If the total number of cupcakes sold per day is 2,200, how many of 


each flavor are sold each day? 


Solution: 


860 red velvet, 1,340 chocolate 
Exercise: 

Problem: 

You invested $10,000 into two accounts: one that has simple 3% interest, the other with 2.5% interest. If your 

total interest payment after one year was $283.50, how much was in each account after the year passed? 
Exercise: 

Problem: 

You invested $2,300 into account 1, and $2,700 into account 2. If the total amount of interest after one year is 


$254, and account 2 has 1.5 times the interest rate of account 1, what are the interest rates? Assume simple 
interest rates. 


Solution: 


4% for account 1, 6% for account 2 
Exercise: 
Problem: 
Bikes’R’Us manufactures bikes, which sell for $250. It costs the manufacturer $180 per bike, plus a startup 
fee of $3,500. After how many bikes sold will the manufacturer break even? 
Exercise: 
Problem: 
A major appliance store is considering purchasing vacuums from a small manufacturer. The store would be 
able to purchase the vacuums for $86 each, with a delivery fee of $9,200, regardless of how many vacuums 


are sold. If the store needs to start seeing a profit after 230 units are sold, how much should they charge for 
the vacuums? 


Solution: 


$126 
Exercise: 
Problem: 
The three most popular ice cream flavors are chocolate, strawberry, and vanilla, comprising 83% of the 
flavors sold at an ice cream shop. If vanilla sells 1% more than twice strawberry, and chocolate sells 11% 


more than vanilla, how much of the total ice cream consumption are the vanilla, chocolate, and strawberry 
flavors? 


Exercise: 
Problem: 
At an ice cream shop, three flavors are increasing in demand. Last year, banana, pumpkin, and rocky road ice 
cream made up 12% of total ice cream sales. This year, the same three ice creams made up 16.9% of ice 
cream sales. The rocky road sales doubled, the banana sales increased by 50%, and the pumpkin sales 


increased by 20%. If the rocky road ice cream had one less percent of sales than the banana ice cream, find 
out the percentage of ice cream sales each individual ice cream made last year. 


Solution: 


Banana was 3%, pumpkin was 7%, and rocky road was 2% 


Exercise: 
Problem: 
A bag of mixed nuts contains cashews, pistachios, and almonds. There are 1,000 total nuts in the bag, and 


there are 100 less almonds than pistachios. The cashews weigh 3 g, pistachios weigh 4 g, and almonds weigh 
5 g. If the bag weighs 3.7 kg, find out how many of each type of nut is in the bag. 


Exercise: 
Problem: 
A bag of mixed nuts contains cashews, pistachios, and almonds. Originally there were 900 nuts in the bag. 
30% of the almonds, 20% of the cashews, and 10% of the pistachios were eaten, and now there are 770 nuts 


left in the bag. Originally, there were 100 more cashews than almonds. Figure out how many of each type of 
nut was in the bag to begin with. 


Solution: 


100 almonds, 200 cashews, 600 pistachios 


Glossary 


augmented matrix 
a coefficient matrix adjoined with the constant column separated by a vertical line within the matrix brackets 


coefficient matrix 
a matrix that contains only the coefficients from a system of equations 


Gaussian elimination 
using elementary row operations to obtain a matrix in row-echelon form 


main diagonal 
entries from the upper left corner diagonally to the lower right corner of a square matrix 


row-echelon form 
after performing row operations, the matrix form that contains ones down the main diagonal and zeros at 
every space below the diagonal 


row-equivalent 
two matrices A and B are row-equivalent if one can be obtained from the other by performing basic row 
operations 


row operations 
adding one row to another row, multiplying a row by a constant, interchanging rows, and so on, with the goal 
of achieving row-echelon form 


Introduction 
class="introduction' 


Architects 
use 
polynomial 
s to design 
curved 
shapes such 
as this 
suspension 
bridge, the 
Silver 
Jubilee 
bridge in 
Halton, 
England. 


We have seen that the graphs of linear equations are straight lines. Graphs 
of other types of equations, called polynomial equations, are curves, like the 
outline of this suspension bridge. Architects use polynomials to design the 
shape of a bridge like this and to draw the blueprints for it. Engineers use 
polynomials to calculate the stress on the bridge’s supports to ensure they 


are strong enough for the intended load. In this chapter, you will explore 
operations with and properties of polynomials. 


Exponents and Scientific Notation 
In this section students will: 


e Use the product rule of exponents. 

se the quotient rule of exponents. 

se the power rule of exponents. 

se the zero exponent rule of exponents. 
se the negative rule of exponents. 

e Find the power of a product and a quotient. 
e Simplify exponential expressions. 

e Use scientific notation. 


U 
U 
U 
U 


Mathematicians, scientists, and economists commonly encounter very large and very small numbers. But it may 
not be obvious how common such figures are in everyday life. For instance, a pixel is the smallest unit of light that 
can be perceived and recorded by a digital camera. A particular camera might record an image that is 2,048 pixels 
by 1,536 pixels, which is a very high resolution picture. It can also perceive a color depth (gradations in colors) of 
up to 48 bits per frame, and can shoot the equivalent of 24 frames per second. The maximum possible number of 
bits of information used to film a one-hour (3,600-second) digital film is then an extremely large number. 


Using a calculator, we enter 2,048 x 1,536 x 48 x 24 x 3,600 and press ENTER. The calculator displays 
1.304596316E13. What does this mean? The “E13” portion of the result represents the exponent 13 of ten, so there 
are a maximum of approximately 1.3 x 10'* bits of data in that one-hour film. In this section, we review rules of 
exponents first and then apply them to calculations involving very large or small numbers. 


Using the Product Rule of Exponents 


Consider the product x? - z*. Both terms have the same base, x, but they are raised to different exponents. Expand 
each expression, and then rewrite the resulting expression. 


Equation: 
3.4 _ 3 factors 4 factors 
_ 7 factors 
I! So CA A A SA SR 
The result is thatz? - 24 = 234 = 27, 


Notice that the exponent of the product is the sum of the exponents of the terms. In other words, when multiplying 
exponential expressions with the same base, we write the result with the common base and add the exponents. This 
is the product rule of exponents. 

Equation: 


Now consider an example with real numbers. 
Equation: 


93 : 94 = 93+4 = 97 
We can always check that this is true by simplifying each exponential expression. We find that 2° is 8, 2*is 16, and 


2” is 128. The product 8 - 16 equals 128, so the relationship is true. We can use the product rule of exponents to 
simplify expressions that are a product of two numbers or expressions with the same base but different exponents. 


Note: 

The Product Rule of Exponents 

For any real number a and natural numbers m and n,the product rule of exponents states that 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Product Rule 


Write each of the following products with a single base. Do not simplify further. 


Solution: 


Use the product rule to simplify each expression. 
Ui pe Nee 
Be 8 et) eee) aloe) 
Cor 


-7-@ 


At first, it may appear that we cannot simplify a product of three factors. However, using the associative 
property of multiplication, begin by simplifying the first two. 
Equation: 


Notice we get the same result by adding the three exponents in one step. 
Equation: 


Note: 
Exercise: 


Problem: Write each of the following products with a single base. Do not simplify further. 


a. k® . k9 


ct? . 46. 48 


Solution: 
a. ki 


» (Fy 


Cc t14 


Using the Quotient Rule of Exponents 


The quotient rule of exponents allows us to simplify an expression that divides two numbers with the same base 
but different exponents. In a similar way to the product rule, we can simplify an expression such as Gp where 


9 
m > n. Consider the example - Perform the division by canceling common factors. 


Equation: 
Yo _ yyyyyyyyy 
Pp yyyyy 
— LEE YIVY 
YEH 
_— yyyy 
1 


Notice that the exponent of the quotient is the difference between the exponents of the divisor and dividend. 
Equation: 


In other words, when dividing exponential expressions with the same base, we write the result with the common 
base and subtract the exponents. 
Equation: 


For the time being, we must be aware of the conditionm > n. Otherwise, the difference m — n could be zero or 
negative. Those possibilities will be explored shortly. Also, instead of qualifying variables as nonzero each time, 
we will simplify matters and assume from here on that all variables represent nonzero real numbers. 


Note: 
The Quotient Rule of Exponents 


For any real number a and natural numbers m and n,such thatm > n,the quotient rule of exponents states that 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Quotient Rule 


Write each of the following products with a single base. Do not simplify further. 


Solution: 


Use the quotient rule to simplify each expression. 


BS PBI 


o 

a 
| 
al 


Note: 
Exercise: 


Problem: Write each of the following products with a single base. Do not simplify further. 


a. eg 


Using the Power Rule of Exponents 


Suppose an exponential expression is raised to some power. Can we simplify the result? Yes. To do this, we use the 
power rule of exponents. Consider the expression (x?) * The expression inside the parentheses is multiplied twice 
because it has an exponent of 2. Then the result is multiplied three times because the entire expression has an 
exponent of 3. 


Equation: 
3 _ 3 factors 
(2°) = (a) - (22) - («?) 


3 factors 


2 factors 2 factors 2 factors 
oN -—s~ “—_ 
4 nae : 4 nae * 4 nae 


6 


= @& 


: 3 ae 
The exponent of the answer is the product of the exponents: (2?)" = x? = 2°. In other words, when raising an 


exponential expression to a power, we write the result with the common base and the product of the exponents. 
Equation: 


Be careful to distinguish between uses of the product rule and the power rule. When using the product rule, 
different terms with the same bases are raised to exponents. In this case, you add the exponents. When using the 
power rule, a term in exponential notation is raised to a power. In this case, you multiply the exponents. 
Equation: 


Product Rule Power Rule 
53.54 = 53+4 = 57 but (53)* _ 534 = 512 
gg? = gt? = at but (x5)? - gP2 = iE 
(3a)’ - (3a)!° = (3a)"*° = (3a)!” but —((3a)")° = (Ga) Say” 


Note: 

The Power Rule of Exponents 

For any real number a and positive integers m and n,the power rule of exponents states that 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Power Rule 


Write each of the following products with a single base. Do not simplify further. 


Solution: 

Use the power rule to simplify each expression. 
a (2)"= Le 
b. ((2# ys) = (2t)®? = (24) 
5 ((- ae Sie ae 11 Sen 


Note: 
Exercise: 


Problem: Write each of the following products with a single base. Do not simplify further. 


a. ((3u)°) 


Solution: 


a. (3y)™ 
b. $35 
c. (—g)"° 


Using the Zero Exponent Rule of Exponents 


Return to the quotient rule. We made the condition thatm > nso that the difference m — n would never be zero or 
negative. What would happen if m = n?In this case, we would use the zero exponent rule of exponents to simplify 
the expression to 1. To see how this is done, let us begin with an example. 

Equation: 


If we were to simplify the original expression using the quotient rule, we would have 
Equation: 


If we equate the two answers, the result is ¢° = 1. This is true for any nonzero real number, or any variable 
representing a real number. 


Equation: 


a®=1 


The sole exception is the expression 0°. This appears later in more advanced courses, but for now, we will consider 
the value to be undefined. 


Note: 
The Zero Exponent Rule of Exponents 
For any nonzero real number a,the zero exponent rule of exponents states that 


Equation: 


a®=1 


Example: 
Exercise: 


Problem: 
Using the Zero Exponent Rule 


Simplify each expression using the zero exponent rule of exponents. 


Solution: 


Use the zero exponent and other rules to simplify each expression. 


a. 
Cas 8 
ea C 
as rau 
b. 
—32° ce 
< 3° = 
= 33 7 
= -3.,7° 
= |i 


Use the product rule in the denominator. 


(74). HT 
ea 
= - = + Simplify. 
= (jk) ses Use the quotient rule. 
= (jk) Simplify. 
= Il 
d. 
eS = 5(rs’) axe Use the quotient rule. 
= 5 (rs) e Simplify. 
— 5-1 Use the zero exponent rule. 
5 Simplify. 
Note: 
Exercise: 


Problem:Simplify each expression using the zero exponent rule of exponents. 


Solution: 


Bo op 
RR jn 


Using the Negative Rule of Exponents 


Another useful result occurs if we relax the condition that m > nin the quotient rule even further. For example, 
can we simplify Ee? When m < n—that is, where the difference m — nis negative—we can use the negative rule 
of exponents to simplify the expression to its reciprocal. 


. . . . . 3 
Divide one exponential expression by another with a larger exponent. Use our example, ae. 


Equation: 


rh 
Ww heheh-h-h 


If we were to simplify the original expression using the quotient rule, we would have 
Equation: 


Re 3-5 
— h-2 


1 


Putting the answers together, we have h~? = 5E* 


representing a nonzero real number. 


This is true for any nonzero real number, or any variable 


A factor with a negative exponent becomes the same factor with a positive exponent if it is moved across the 
fraction bar—from numerator to denominator or vice versa. 

Equation: 

1 


—n 


at = and a” = 


a 


We have shown that the exponential expression a” is defined when n is a natural number, 0, or the negative of a 
natural number. That means that a” is defined for any integern. Also, the product and quotient rules and all of the 
rules we will look at soon hold for any integer n. 


Note: 

The Negative Rule of Exponents 

For any nonzero real number a and natural number n,the negative rule of exponents states that 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Negative Exponent Rule 


Write each of the following quotients with a single base. Do not simplify further. Write answers with positive 
exponents. 


Solution: 


Note: 
Exercise: 


Problem: 


Write each of the following quotients with a single base. Do not simplify further. Write answers with positive 
exponents. 


Example: 
Exercise: 


Problem: 
Using the Product and Quotient Rules 


Write each of the following products with a single base. Do not simplify further. Write answers with positive 
exponents. 


Note: 
Exercise: 


Problem: 


Write each of the following products with a single base. Do not simplify further. Write answers with positive 
exponents. 


a foil . 6 
251? 
b. or) 


Solution: 


Finding the Power of a Product 


To simplify the power of a product of two exponential expressions, we can use the power of a product rule of 
exponents, which breaks up the power of a product of factors into the product of the powers of the factors. For 
instance, consider (pq)’. We begin by using the associative and commutative properties of multiplication to 
regroup the factors. 

Equation: 


3 factors 
(pq) - (pq) - (pq) 
P-ad'P'a'p'q 
3 factors 3 factors 
P-P-P°d'a'q 


(pq)’ 


3. 3 


In other words, (pq)? = p* - q’. 


Note: 

The Power of a Product Rule of Exponents 

For any real numbers a and band any integer n,the power of a product rule of exponents states that 
Equation: 


(ab)” = ab” 


Example: 
Exercise: 


Problem: 
Using the Power of a Product Rule 


Simplify each of the following products as much as possible using the power of a product rule. Write 
answers with positive exponents. 


Solution: 


Use the product and quotient rules and the new definitions to simplify each expression. 


a. (ab? _ (a)*- (0?)° =o ay 
b. (2)? = (2)"* - (#)® = 21415 — 32, 768t1® 
c (-2w? = (2 ee (w’)° = —-8-w*? = —8w? 
<egi Cee aenee pate or Be 
* (-72)4 —7)8(z)! ——-2,40124 
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x (e-2f2)" a (e~?)’. (f2)' = e727. f27 = e Mp4 — os 


Note: 
Exercise: 


Problem: 


Simplify each of the following products as much as possible using the power of a product rule. Write 
answers with positive exponents. 


Finding the Power of a Quotient 


To simplify the power of a quotient of two expressions, we can use the power of a quotient rule, which states that 
the power of a quotient of factors is the quotient of the powers of the factors. For example, let’s look at the 


following example. 
Equation: 


Let’s rewrite the original problem differently and look at the result. 
Equation: 


en = ie) 


It appears from the last two steps that we can use the power of a product rule as a power of a quotient rule. 


Equation: 


ery = (4) 


Note: 
The Power of a Quotient Rule of Exponents 
For any real numbers a and band any integer n,the power of a quotient rule of exponents states that 


Equation: 


Example: 
Exercise: 


Problem: 
Using the Power of a Quotient Rule 


Simplify each of the following quotients as much as possible using the power of a quotient rule. Write 
answers with positive exponents. 


Solution: 
A 08 4) 4 4 
a. = ) Fa a 
p\>_ @ _ prs 6 
b (=) — (q3)° = ge q8 
ey Gn eal -1 1 
42 (e)?" 42:27 p54 p54 
Ne! 3)4 “3. 3 
ane fe = OL Pe 
a (k)'= (4) =2 =f =4 
Fy oN i ye GP _. 1 A 1 1 
iS (m ve ) a (sar) (m?n?)> —— (m2)*(n2)° ide ite mon® 
Note: 
Exercise: 
Problem: 


Simplify each of the following quotients as much as possible using the power of a quotient rule. Write 
answers with positive exponents. 


oe 


io) (ate ie) 
LE HES 
.) ns} 
| 
Or > 
Q. 38 
ee 
Re co 
iS 


ao 9 Sf p 
gS 
Nou 


Simplifying Exponential Expressions 


Recall that to simplify an expression means to rewrite it by combing terms or exponents; in other words, to write 
the expression more simply with fewer terms. The rules for exponents may be combined to simplify expressions. 


Example: 
Exercise: 


Problem: 
Simplifying Exponential Expressions 


Simplify each expression and write the answer with positive exponents only. 


a. (6m?n-1)* 
(aie ea ygeoeaan Era 


d. (20°) (5a728?) 
2 -4 
e. (2?v2) (<?v2) 
(3w?)” 
i, (wy 
Solution: 
a. 
(6m?n-1)? Ol (m?)°(n-1)? The power of a product rule 
=e fie The power rule 
=) 216m ne" Simplify. 
= 216 The negative exponent rule 
b. 
Ue gdke Wy tac ly gril mere Wa The product rule 
Sire Simplify. 
a or ae The negative exponent rule 
(ak 
1, \2 (u-tv)? 5 
( aa ) = @p The power of a quotient rule 
= we The power of a product rule 
Se eae eae The quotient rule 
— ri Simplify. 
= ¥ The negative exponent rule 
d. 
(—2a°b-*) (5a~ 7b”) tne ae a ape Commutative and associative laws of mu 
tasers bas The product rule 
—10ab Simplify. 
e. 


(<?v2) ; («*v2) Sane (<?v2) sig The product rule 


= (<?v2) : Simplify. 


= il The zero exponent rule 


The power of a product rule 


= oe The power rule 
10 . . 
= ae, Simplify. 
= Zw The quotient rule and reduce fraction 
= at Simplify. 


Note: 
Exercise: 


Problem:Simplify each expression and write the answer with positive exponents only. 


Using Scientific Notation 


Recall at the beginning of the section that we found the number 1.3 x 101° when describing bits of information in 
digital images. Other extreme numbers include the width of a human hair, which is about 0.00005 m, and the 
radius of an electron, which is about 0.00000000000047 m. How can we effectively work read, compare, and 
calculate with numbers such as these? 


A shorthand method of writing very small and very large numbers is called scientific notation, in which we 
express numbers in terms of exponents of 10. To write a number in scientific notation, move the decimal point to 
the right of the first digit in the number. Write the digits as a decimal number between 1 and 10. Count the number 
of places n that you moved the decimal point. Multiply the decimal number by 10 raised to a power of n. If you 
moved the decimal left as in a very large number, n is positive. If you moved the decimal right as in a small large 
number, n is negative. 


For example, consider the number 2,780,418. Move the decimal left until it is to the right of the first nonzero digit, 
which is 2. 


6 places left 
2,780,418 —» 2.780418 


We obtain 2.780418 by moving the decimal point 6 places to the left. Therefore, the exponent of 10 is 6, and it is 
positive because we moved the decimal point to the left. This is what we should expect for a large number. 
Equation: 


2.780418 x 10° 


Working with small numbers is similar. Take, for example, the radius of an electron, 0.00000000000047 m. 
Perform the same series of steps as above, except move the decimal point to the right. 


13 places right 
0.00000000000047 —» 00000000000004.7 


Be careful not to include the leading 0 in your count. We move the decimal point 13 places to the right, so the 
exponent of 10 is 13. The exponent is negative because we moved the decimal point to the right. This is what we 
should expect for a small number. 

Equation: 


4.7 x 10° 


Note: 

Scientific Notation 

A number is written in scientific notation if it is written in the forma x 10”,where 1 < |a| < 10 andnis an 
integer. 


Example: 
Exercise: 


Problem: 
Converting Standard Notation to Scientific Notation 


Write each number in scientific notation. 


a. Distance to Andromeda Galaxy from Earth: 24,000,000,000,000,000,000,000 m 
b. Diameter of Andromeda Galaxy: 1,300,000,000,000,000,000,000 m 

c. Number of stars in Andromeda Galaxy: 1,000,000,000,000 

d. Diameter of electron: 0.00000000000094 m 

e. Probability of being struck by lightning in any single year: 0.00000143 


Solution: 


a. 
24,000,000,000,000,000,000,000 m 


24,000,000,000,000,000,000,000 m 
+22 places 


DAT AeA re 
b. 
1,300,000,000,000,000,000,000 m 


1,300,000,000,000,000,000,000 m 
+21 places 


1.3 x 107m 
(ex 
1,000,000,000,000 


1,000,000,000,000 
+12 places 


i S< 110) 

d. 
0.00000000000094 m 
0.00000000000094 m 


— 13 places 


94x 108m 
e. 

0.00000143 

0.00000143 


—6 places 


AS anime 


Analysis 


Observe that, if the given number is greater than 1, as in examples a—c, the exponent of 10 is positive; and if the 
number is less than 1, as in examples d—e, the exponent is negative. 


Note: 
Exercise: 


Problem: Write each number in scientific notation. 


a. U.S. national debt per taxpayer (April 2014): $152,000 

b. World population (April 2014): 7,158,000,000 

c. World gross national income (April 2014): $85,500,000,000,000 

d. Time for light to travel 1 m: 0.00000000334 s 

e. Probability of winning lottery (match 6 of 49 possible numbers): 0.0000000715 


Solution: 


a. $1.52 x 10° 
b. 7.158 x 10° 
c. $8.55 x 108 
d. 3.34 x 107° 


2, 7115 x 10" 


Converting from Scientific to Standard Notation 


To convert a number in scientific notation to standard notation, simply reverse the process. Move the decimal n 
places to the right ifn is positive orn places to the left ifm is negative and add zeros as needed. Remember, if n is 
positive, the value of the number is greater than 1, and if nis negative, the value of the number is less than one. 


Example: 
Exercise: 


Problem: 
Converting Scientific Notation to Standard Notation 


Convert each number in scientific notation to standard notation. 


a 3547 x 10" 
Dae Le 
ero 107" 
d—S.05- 10s 


Solution: 


a. 
3.547 x 10*4 


3.54700000000000 


—14 places 


354,700,000,000,000 


= 3¢ i! 
—2.000000 


—6 places 


—2,000,000 


7 Ol < 10. ! 
0000007.91 
7 places 


0.000000791 


B05 x iO 
—000000000008.05 


—12 places 


—0.00000000000805 


Note: 


Exercise: 


Problem:Convert each number in scientific notation to standard notation. 


7.0350 10° 
peas holo. 
c= 30% 10-2 
ss pealttin 


Solution: 


a. 703, 000 

b. —816, 000, 000, 000 

c. —0.000 000 000 000 39 
d. 0.000008 


Using Scientific Notation in Applications 


Scientific notation, used with the rules of exponents, makes calculating with large or small numbers much easier 
than doing so using standard notation. For example, suppose we are asked to calculate the number of atoms in 1 L 
of water. Each water molecule contains 3 atoms (2 hydrogen and 1 oxygen). The average drop of water contains 
around 1.32 x 10! molecules of water and 1 L of water holds about 1.22 x 10‘ average drops. Therefore, there 
are approximately 3 - (1.32 x 107") . (1.22 x 10*) = 4.83 x 10° atoms in 1 L of water. We simply multiply 
the decimal terms and add the exponents. Imagine having to perform the calculation without using scientific 
notation! 


When performing calculations with scientific notation, be sure to write the answer in proper scientific notation. For 
example, consider the product (7 x 10°) . (5 x 10°) = 35 x 10'°. The answer is not in proper scientific 
notation because 35 is greater than 10. Consider 35 as3.5 x 10. That adds a ten to the exponent of the answer. 
Equation: 


(35) x 10°° = (3.5 x 10) x 10°°=3.5 x (10 x 10°°) =3.5 x 10" 


Example: 
Exercise: 


Problem: 
Using Scientific Notation 


Perform the operations and write the answer in scientific notation. 


p(Sl4s <x. 10- "(6.5% 10) 


eg = Oe i ea | 
EE EOS 
nN 
~I 
x 
— 
oO 
oO 
— 
Tg 
ee 
j=) 
ms 
x 
— 
oO 
an 
w 
— 


Solution: 


(814x104) (6.5°< 10.2) 


(4 x 10°) + (—1.52 x 10°) 


(2;7-x10"))(6.04-< 10") 


(1.2: « 10°) = (9.6 x 10°) 


(3.33 x 10*) (—1.05 x 10°) (5.62 x 10°) = 


Note: 
Exercise: 


Problem: Perform the operations and write the answer in scientific notation. 


(S14 x36.5) (Osx 110-2) 


= (52.91) (10°) 
= yo eG: 


(<tr) (45) 
(—2.63) (10~“) 
—2.63 x 10~ 


2 


Salto OA (tO <cT0 9) 


= (16.308) (10'*) 
= 1.6308 x 10 


= (33) (3) 
= (0:125)(107) 
1.25 x 10? 


m= (—19.65) (10°°) 
—1.965 x 101” 


10"’) 


a. (—7.5 x 10%) (1.13 x 107?) 

b. (1.24 x 10") + (1.55 x 10"*) 

oy Siero ca Ua Ose cru Lea 

d. (9.933 x 10°*) + (—2.31 x 

e. (—6.04 x 10°) (7.3 x 10?) (—2.81 x 107) 
Solution: 

a. —8.475 x 10° 

b.8 5 0-* 

c. 2.976 x 10* 

d, —4.3 x 10° 


e. © 1.24 x 10! 


[3.33 x (—1.05) x 


Commutative and associatir 
properties of multiplication 
Product rule of exponents 


Scientific notation 


Commutative and associativ 
properties of multiplication 
Quotient rule of exponents 


Scientific notation 


Commutative and associatiy 
properties of multiplication 
Product rule of exponents 


Scientific notation 


Commutative and associative 
properties of multiplication 
Quotient rule of exponents 


Scientific notation 


5.62|| (10° x 10" x10?) 


Example: 
Exercise: 


Problem: 
Applying Scientific Notation to Solve Problems 


In April 2014, the population of the United States was about 308,000,000 people. The national debt was 
about $17,547,000,000,000. Write each number in scientific notation, rounding figures to two decimal 
places, and find the amount of the debt per U.S. citizen. Write the answer in both scientific and standard 
notations. 


Solution: 
The population was 308,000,000 = 3.08 x 10°. 
The national debt was $17,547,000,000,000 ~ $1.75 x 101°. 


To find the amount of debt per citizen, divide the national debt by the number of citizens. 
Equation: 


(1.75 x 10") + (3.08 x 108) = (4%). (a) 


3.08 10° 
= 0.57 x 10° 
= 57 << 10° 


The debt per citizen at the time was about $5.7 x 104,or $57,000. 


Note: 
Exercise: 


Problem: 

An average human body contains around 30,000,000,000,000 red blood cells. Each cell measures 
approximately 0.000008 m long. Write each number in scientific notation and find the total length if the cells 
were laid end-to-end. Write the answer in both scientific and standard notations. 


Solution: 


Number of cells: 3 x 10'°;length of acell:8 x 10~°m; total length: 2.4 x 10° m or 240, 000, 000 m. 


Note: 
Access these online resources for additional instruction and practice with exponents and scientific notation. 


Exponential Notation 
Properties of Exponents 
Zero Exponent 


Quotient Rule for Exponents 
Scientific Notation 
Converting to Decimal Notation 
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2) 
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Key Equations 


Rules of Exponents 
For nonzero real numbers a and b and integers m andn 


Product rule aaa 
Quotient rule a =an 
Power rule a) =e" 
Zero exponent rule a®=1 
Negative rule at=+ 
Power of a product rule (a-b)" = a”-b" 
Power of a quotient rule (4)"=¢£ 

Key Concepts 


e Products of exponential expressions with the same base can be simplified by adding exponents. See [link]. 

¢ Quotients of exponential expressions with the same base can be simplified by subtracting exponents. See 
[link]. 

e Powers of exponential expressions with the same base can be simplified by multiplying exponents. See [link]. 

e An expression with exponent zero is defined as 1. See [link]. 

e An expression with a negative exponent is defined as a reciprocal. See [link] and [link]. 

e The power of a product of factors is the same as the product of the powers of the same factors. See [link]. 

e The power of a quotient of factors is the same as the quotient of the powers of the same factors. See [link]. 

e The rules for exponential expressions can be combined to simplify more complicated expressions. See [link]. 

¢ Scientific notation uses powers of 10 to simplify very large or very small numbers. See [link] and [link]. 

¢ Scientific notation may be used to simplify calculations with very large or very small numbers. See [link] and 
[link]. 


Section Exercises 


Verbal 


Exercise: 


Problem:Is 2° the same as 37? Explain. 
Solution: 


No, the two expressions are not the same. An exponent tells how many times you multiply the base. So 2? is 
the same as2 x 2 x 2,which is 8. 37 is the same as 3 x 3,which is 9. 


Exercise: 


Problem:When can you add two exponents? 


Exercise: 


Problem: What is the purpose of scientific notation? 


Solution: 
It is a method of writing very small and very large numbers. 


Exercise: 


Problem: Explain what a negative exponent does. 


Numeric 


For the following exercises, simplify the given expression. Write answers with positive exponents. 
Exercise: 


Problem: 92 


Solution: 


81 


Exercise: 


Problem:15 7 


Exercise: 


Problem:3? x 3° 


Solution: 


243 


Exercise: 


Problem:44 ~ 4 


Exercise: 


Problem: (2?) es 


Solution: 


= 
16 


Exercise: 


Problem:(5 — 8)” 


Exercise: 


Problem:11° ~ 114 


Solution: 


a 
11 


Exercise: 


Problem:6° < 6~7 


Exercise: 


Problem: (8°) : 


Solution: 
1 
Exercise: 


Problem:5 2 = 5? 


For the following exercises, write each expression with a single base. Do not simplify further. Write answers with 
positive exponents. 
Exercise: 


Problem:42 x 4° + 4~4 
Solution: 
4? 

Exercise: 


62 


Problem: a 


Exercise: 


Problem: (12? x 12)" 


Solution: 


1240 


Exercise: 


Problem:10° = (10'°) a 


Exercise: 


Problem:7-° x 7~? 


Solution: 


1 
p 


Exercise: 
Problem: (3° - 3) : 


For the following exercises, express the decimal in scientific notation. 
Exercise: 


Problem:0.0000314 


Solution: 


J14 0 


Exercise: 
Problem: 148,000,000 


For the following exercises, convert each number in scientific notation to standard notation. 
Exercise: 


Problem:1.6 x 101° 


Solution: 


16,000,000,000 


Exercise: 


Problem:9.8 x 10~° 


Algebraic 


For the following exercises, simplify the given expression. Write answers with positive exponents. 
Exercise: 


Problem: 


Solution: 


at 


Exercise: 


Problem: 4. 


Exercise: 
Problem: (b%c*) a 


Solution: 


p68 


Exercise: 


_3\75 
Problem: (= ) 


Exercise: 


Problem:ab? ~ d~? 
Solution: 


ab*d3 


Exercise: 


Problem: (w°s*) = 


Exercise: 


4 
Problem: “- 
n 


Solution: 


m4 


Exercise: 


Problem:y~*(y?) ° 


Exercise: 


Problem: 


pi? 
peq-3 
Solution: 


p® 


Exercise: 


Problem:(/ x w)* 


Exercise: 
Problem: (y)° + git 


Solution: 


yt 


gid 


Exercise: 


Problem: (+ ) 2 


Exercise: 


Problem:52m ~ 5°m 
Solution: 


25 


Exercise: 


Problem: ——~ 


Exercise: 


Problem: 


Solution: 


72a? 


Exercise: 


Problem: (ma®) . = 


Exercise: 


Problem: (b-°c) ; 


Solution: 


3 
we 


Exercise: 


Problem: (zy'* ~ y°) : 


Exercise: 


Problem: (92°) *y 


Solution: 


¥ 
8126 


Real-World Applications 


Exercise: 
Problem: 
To reach escape velocity, a rocket must travel at the rate of 2.2 x 10° ft/min. Rewrite the rate in standard 
notation. 


Exercise: 


Problem: 


A dime is the thinnest coin in U.S. currency. A dime’s thickness measures 1.35 x 10~?m. Rewrite the 
number in standard notation. 


Solution: 


0.00135 m 
Exercise: 


Problem: 


The average distance between Earth and the Sun is 92,960,000 mi. Rewrite the distance using scientific 
notation. 


Exercise: 


Problem: A terabyte is made of approximately 1,099,500,000,000 bytes. Rewrite in scientific notation. 
Solution: 


1.0995 x 10!” 
Exercise: 


Problem: 


The Gross Domestic Product (GDP) for the United States in the first quarter of 2014 was $1.71496 x 10”. 
Rewrite the GDP in standard notation. 


Exercise: 


Problem:One picometer is approximately 3.397 x 10~1in. Rewrite this length using standard notation. 


Solution: 


0.00000000003397 in. 
Exercise: 


Problem: 


The value of the services sector of the U.S. economy in the first quarter of 2012 was $10,633.6 billion. 
Rewrite this amount in scientific notation. 


Technology 


For the following exercises, use a graphing calculator to simplify. Round the answers to the nearest hundredth. 
Exercise: 


2 
Problem: ( ae ) 
Solution: 


12,230,590,464 m6 


Exercise: 


Problem:17° ~ 152z? 


Extensions 


For the following exercises, simplify the given expression. Write answers with positive exponents. 
Exercise: 


-2 2 
Problem: ( x ) ( « ) 
Solution: 


ait 
1296 


Exercise: 


Problem: (6?—24)” + (z) a 


Exercise: 
*‘ m?n3 aan 
Problem: 5 + “au 
Solution: 
ne 
adc 
Exercise: 


x5y3 10 
Problem: ( ae a) 
oy 


Exercise: 


_3\ 2 
Problem: (S) 


Solution: 


a®boc8 
Exercise: 


Problem: 


Avogadro’s constant is used to calculate the number of particles in a mole. A mole is a basic unit in chemistry 
to measure the amount of a substance. The constant is 6.0221413 x 107°. Write Avogadro’s constant in 
standard notation. 


Exercise: 


Problem: 
Planck’s constant is an important unit of measure in quantum physics. It describes the relationship between 
energy and frequency. The constant is written as 6.62606957 x 10~°4. Write Planck’s constant in standard 


notation. 


Solution: 


0.000000000000000000000000000000000662606957 


Glossary 


scientific notation 
a shorthand notation for writing very large or very small numbers in the forma x 10” wherel < |a| < 10 
and n is an integer 


Radicals and Rational Exponents 
In this section students will: 


e Evaluate square roots. 

¢ Use the product rule to simplify square roots. 
¢ Use the quotient rule to simplify square roots. 
e Add and subtract square roots. 

e Rationalize denominators. 

e Use rational roots. 


A hardware store sells 16-ft ladders and 24-ft ladders. A window is located 12 feet above the 
ground. A ladder needs to be purchased that will reach the window from a point on the ground 5 
feet from the building. To find out the length of ladder needed, we can draw a right triangle as 
shown in [link], and use the Pythagorean Theorem. 


12 feet 
Cc 
5 feet 
Equation: 
a+b = 
5412? = ¢ 
169 = ¢ 


Now, we need to find out the length that, when squared, is 169, to determine which ladder to 
choose. In other words, we need to find a square root. In this section, we will investigate 
methods of finding solutions to problems such as this one. 


Evaluating Square Roots 


When the square root of a number is squared, the result is the original number. Since 4? = 16,the 
square root of 16 is 4. The square root function is the inverse of the squaring function just as 
subtraction is the inverse of addition. To undo squaring, we take the square root. 


In general terms, if a is a positive real number, then the square root of a is a number that, when 
multiplied by itself, gives a. The square root could be positive or negative because multiplying 
two negative numbers gives a positive number. The principal square root is the nonnegative 


number that when multiplied by itself equals a. The square root obtained using a calculator is the 
principal square root. 


The principal square root of a is written as \/a. The symbol is called a radical, the term under 
the symbol is called the radicand, and the entire expression is called a radical expression. 


Radical 


(255 Radicand 


Radical expression 


Note: 

Principal Square Root 

The principal square root of a is the nonnegative number that, when multiplied by itself, 
equals a. It is written as a radical expression, with a symbol called a radical over the term 
called the radicand: ,/a. 


Note: 

Does 25 = +5? 

No. Although both 5” and (=5); are 25,the radical symbol implies only a nonnegative root, the 
principal square root. The principal square root of 25 is /25 = 5. 


Example: 
Exercise: 


Problem: 
Evaluating Square Roots 


Evaluate each expression. 


a. V100 
b. VV16 

c. \/25 + 144 
d. /49 — /81 


Solution: 


a. V 100 = 10 because 10? = 100 
b. iG = /4 = 2because 42 = 16 and 2? = 4 
c. V 25 + 144 = /169 = 13 because 13? = 169 


d. /49 — /81 = 7 — 9 = —2because 7? = 49 and 9? = 81 


Note: 
For 25 + 144,can we find the square roots before adding? 


No. 25 + 144 = 5 + 12 = 17. This is not equivalent to \/25 + 144 = 13. The order of 
operations requires us to add the terms in the radicand before finding the square root. 


Note: 
Exercise: 


Problem: Evaluate each expression. 


Bb, a) Paz) 

b. VV/81 

c. V7 25 —9 

d. V36+vV121 


Solution: 


Using the Product Rule to Simplify Square Roots 


To simplify a square root, we rewrite it such that there are no perfect squares in the radicand. 
There are several properties of square roots that allow us to simplify complicated radical 
expressions. The first rule we will look at is the product rule for simplifying square roots, which 
allows us to separate the square root of a product of two numbers into the product of two 
separate rational expressions. For instance, we can rewrite 15 as V3 - V5. We can also use the 
product rule to express the product of multiple radical expressions as a single radical expression. 


Note: 
The Product Rule for Simplifying Square Roots 


If aand bare nonnegative, the square root of the product abis equal to the product of the square 
roots of aand b. 
Equation: 


Vab= Va: vb 


Note: 
Given a square root radical expression, use the product rule to simplify it. 


1. Factor any perfect squares from the radicand. 
2. Write the radical expression as a product of radical expressions. 
3. Simplify. 


Example: 
Exercise: 


Problem: 
Using the Product Rule to Simplify Square Roots 


Simplify the radical expression. 


a. V 300 
b. V162a5b4 


Solution: 

a. 

vy 10023 Factor perfect square from radicand. 
100- V3 Write radical expression as product of radical expressions. 

10V3 Simplify. 

b. 
V81a4b! - 2a Factor perfect square from radicand. 
Vv 81a‘b* - V2a Write radical expression as product of radical expressions. 
9a7b?/ 2a Simplify. 


Note: 


Exercise: 


Problem: Simplify \/50x2y3z. 
Solution: 


5 |x| |y|4/ 2yz. Notice the absolute value signs around x and y? That’s because their value 
must be positive! 


Note: 


Given the product of multiple radical expressions, use the product rule to combine them 
into one radical expression. 


1. Express the product of multiple radical expressions as a single radical expression. 
2. Simplify. 


Example: 
Exercise: 


Problem: 
Using the Product Rule to Simplify the Product of Multiple Square Roots 


Simplify the radical expression. 


NiO yoey 
Solution: 


le Express the product as a single radical expression. 
/ 36 Simplify. 
6 


Note: 
Exercise: 


Problem:Simplify /50z - V2z assuming x > 0. 
Solution: 


10 |z| 


Using the Quotient Rule to Simplify Square Roots 


Just as we can rewrite the square root of a product as a product of square roots, so too can we 
rewrite the square root of a quotient as a quotient of square roots, using the quotient rule for 
simplifying square roots. It can be helpful to separate the numerator and denominator of a 


fraction under a radical so that we can take their square roots separately. We can rewrite f 3 as 
v5 


VE" 


Note: 
The Quotient Rule for Simplifying Square Roots 
The square root of the quotient + is equal to the quotient of the square roots of a and 6, where 


b+0. 


Equation: 


Note: 
Given a radical expression, use the quotient rule to simplify it. 


1. Write the radical expression as the quotient of two radical expressions. 
2. Simplify the numerator and denominator. 


Example: 
Exercise: 


Problem: 
Using the Quotient Rule to Simplify Square Roots 


Simplify the radical expression. 


ou 
36 


Solution: 


ae Write as quotient of two radical expressions. 
_ Simplify denominator. 

Note: 

Exercise: 


Problem: Simplify f ae 


Solution: 


ae . We do not need the absolute value signs for y” because that term will always be 


nonnegative. 


Example: 
Exercise: 


Problem: 
Using the Quotient Rule to Simplify an Expression with Two Square Roots 


Simplify the radical expression. 


/ 234r1y 
VV 262"y 
Solution: 
oe Combine numerator and denominator into one radical expression. 
9x4 Simplify fraction. 
32” Simplify square root. 
Note: 
Exercise: 
Problem: Simplify = 


Solution: 


b*./3ab 


Adding and Subtracting Square Roots 


We can add or subtract radical expressions only when they have the same radicand and when 
they have the same radical type such as square roots. For example, the sum of V2 and 3V2 is 
4/2. However, it is often possible to simplify radical expressions, and that may change the 
radicand. The radical expression 18 can be written with a2 in the radicand, as 3\/2 ,SO 


J2+V18 = V24 372 =4v2. 


Note: 
Given a radical expression requiring addition or subtraction of square roots, solve. 


1. Simplify each radical expression. 
2. Add or subtract expressions with equal radicands. 


Example: 
Exercise: 


Problem: 
Adding Square Roots 


Add 5v/12 + 2V/3. 
Solution: 
We can rewrite 5V12 as 5V4- 3. According the product rule, this becomes 5vV/4/3. The 


square root of V4 is 2, so the expression becomes 5 (2)/3,which is 10/3. Now the terms 
have the same radicand so we can add. 


10/3 + 2/3 = 12V3 


Note: 
Exercise: 


Problem: Add V5 ab 6/20. 


Solution: 


13/5 


Example: 
Exercise: 


Problem: 
Subtracting Square Roots 


Subtract 20V72a3b4c — 14\/8a3b!c. 


Solution: 


Rewrite each term so they have equal radicands. 


Equation: 
20V72a%!e = 20V9V4V2Vav ar) (8)? Ve 
= 20(3)(2)|alb?V2ac 
= 120|a|b?-V2ac 
Equation: 


14V 8a%b*c 14V2V4 avery] (eve 
14(2)|a|b?V/2ac 


28|a|b?v/2ac 


Now the terms have the same radicand so we can subtract. 
Equation: 


120|a|b?V2ac = 28|a|b’v 2ac = 92|a|b’V 2ac 


Note: 
Exercise: 


Problem: Subtract 3\/ 80z — Ay/452. 


Solution: 


0 


Rationalizing Denominators 


When an expression involving square root radicals is written in simplest form, it will not contain 
a radical in the denominator. We can remove radicals from the denominators of fractions using a 
process called rationalizing the denominator. 


We know that multiplying by 1 does not change the value of an expression. We use this property 
of multiplication to change expressions that contain radicals in the denominator. To remove 
radicals from the denominators of fractions, multiply by the form of 1 that will eliminate the 
radical. 


For a denominator containing a single term, multiply by the radical in the denominator over 
itself. In other words, if the denominator is b./c,multiply by Me 


For a denominator containing the sum or difference of a rational and an irrational term, multiply 
the numerator and denominator by the conjugate of the denominator, which is found by changing 
the sign of the radical portion of the denominator. If the denominator is a + b4/c,then the 
conjugate isa — b/c. 


Note: 


Given an expression with a single square root radical term in the denominator, rationalize 
the denominator. 


a. Multiply the numerator and denominator by the radical in the denominator. 
b. Simplify. 


Example: 
Exercise: 


Problem: 
Rationalizing a Denominator Containing a Single Term 


Write 2% in simplest form. 
3/10 


Solution: 


The radical in the denominator is V/10. So multiply the fraction by V0 Then simplify. 


V10 
Equation: 
v3, v0 
3V10 =v10 
2y/30 
30 
30 
15 
Note: 
Exercise: 


Problem: Write ae in simplest form. 


Solution: 


6V6 


Note: 
Given an expression with a radical term and a constant in the denominator, rationalize the 
denominator. 


1. Find the conjugate of the denominator. 

2. Multiply the numerator and denominator by the conjugate. 
3. Use the distributive property. 

4. Simplify. 


Example: 
Exercise: 


Problem: 
Rationalizing a Denominator Containing Two Terms 


Write —4— in simplest form. 
1+v5 


Solution: 


Begin by finding the conjugate of the denominator by writing the denominator and 


changing the sign. So the conjugate of 1 + /5is1— /5. Then multiply the fraction by 
1-vy5 


aS 
Equation: 
4. 1-5 
14+V¥5 1-5 
eave Use the distributive property. 
V/5-1 Simplify. 
Note: 
Exercise: 


: 6 rie Muck. See 
Problem: Write ave simplest form. 


Solution: 


1473 


Using Rational Roots 


Although square roots are the most common rational roots, we can also find cube roots, 4th 
roots, 5th roots, and more. Just as the square root function is the inverse of the squaring function, 
these roots are the inverse of their respective power functions. These functions can be useful 
when we need to determine the number that, when raised to a certain power, gives a certain 
number. 


Understanding nth Roots 


Suppose we know that a® = 8. We want to find what number raised to the 3rd power is equal to 
8. Since 2° = 8,we say that 2 is the cube root of 8. 


The nth root of a is a number that, when raised to the nth power, gives a. For example, —3 is the 
5th root of —243 because (=3)° = —243. Ifa@is a real number with at least one nth root, then the 


principal nth root of a is the number with the same sign as a that, when raised to the nth power, 
equals a. 


The principal nth root of a is written as %/a,where n is a positive integer greater than or equal to 
2. In the radical expression, 7 is called the index of the radical. 


Note: 
Principal nth Root 
If ais a real number with at least one nth root, then the principal nth root of a,written as ¥/a,is 


the number with the same sign as a that, when raised to the nth power, equals a. The index of 
the radical is n. 


Example: 
Exercise: 


Problem: 
Simplifying nth Roots 
Simplify each of the following: 


a.a/—32 
b. 74- ¥/1, 024 


3/ 828 
C195 


d. 8v/3 — W/48 
Solution: 


a. \/ —32 = —2 because (oe = —32 
b. First, express the product as a single radical expression. a 4,096 = 8 because 


8* — 4,096 
= 8x6 . . . Gi 
Vis Write as quotient of two radical expressions. 
2 . . 
= y Simplify. 
d 81/3 — 21/3 Simplify to get equal radicands. 
“63 Add. 
Note: 
Exercise: 


Problem: Simplify. 


a. V —216 
‘ 3/80 
H5 

c. 6x/9, 000 + 7/576 


Solution: 


a. —6 
b. 6 
c. 88%/9 


Using Rational Exponents 


Radical expressions can also be written without using the radical symbol. We can use rational 
(fractional) exponents. The index must be a positive integer. If the index n is even, then a cannot 
be negative. 

Equation: 


We can also have rational exponents with numerators other than 1. In these cases, the exponent 
must be a fraction in lowest terms. We raise the base to a power and take an nth root. The 
numerator tells us the power and the denominator tells us the root. 

Equation: 


All of the properties of exponents that we learned for integer exponents also hold for rational 
exponents. 


Note: 

Rational Exponents 

Rational exponents are another way to express principal nth roots. The general form for 
converting between a radical expression with a radical symbol and one with a rational exponent 
is 

Equation: 


Note: 
Given an expression with a rational exponent, write the expression as a radical. 


1. Determine the power by looking at the numerator of the exponent. 
2. Determine the root by looking at the denominator of the exponent. 


3. Using the base as the radicand, raise the radicand to the power and use the root as the 
index. 


Example: 
Exercise: 


Problem: 
Writing Rational Exponents as Radicals 


Write 3437 as a radical. Simplify. 


Solution: 


The 2 tells us the power and the 3 tells us the root. 
NG ana 
3433 = (7343) = v/349? 


We know that +343 = 7 because 7? = 343. Because the cube root is easy to find, it is 
easiest to find the cube root before squaring for this problem. In general, it is easier to find 
the root first and then raise it to a power. 


2 
3433 = (v 343) == Ag 


Note: 
Exercise: 


Problem: Write 9? as a radical. Simplify. 


Solution: 


(va) — 3° — 243 


Example: 
Exercise: 


Problem: 
Writing Radicals as Rational Exponents 


: 4 : : 
Write Vga using a rational exponent. 


Solution: 


The power is 2 and the root is 7, so the rational exponent will be =. We get —*-. Using 
Gir 
=P 
properties of exponents, we get — =AgT 
a 


Wa 


Note: 
Exercise: 


Problem: Write z/ (5y)° using a rational exponent. 


Solution: 


vio 


x(5y) 


Example: 
Exercise: 


Problem: 
Simplifying Rational Exponents 


Simplify: 


a. 5 (22°) (32*) 


ae 


a 


Solution: 


30x72 Multiply the coefficients. 
3027+ Use properties of exponents. 
30x20 Simplify. 
b. 
i 
(3)? Use definition of negative exponents. 
/ * Rewrite as a radical. 
— Use the quotient rule. 
3 Simplify. 
Note: 
Exercise: 


Problem: Simplify (82) 3 (142*) : 


Solution: 


8a 


Note: 
Access these online resources for additional instruction and practice with radicals and rational 
exponents. 


Radicals 

Rational Exponents 
Simplify Radicals 
Rationalize Denominator 


Key Concepts 


¢ The principal square root of a number a is the nonnegative number that when multiplied by 
itself equals a. See [link]. 

¢ Ifaand bare nonnegative, the square root of the product ab is equal to the product of the 
square roots of a and b See [link] and [link]. 


e Ifaand bare nonnegative, the square root of the quotient + is equal to the quotient of the 


square roots of aand b See [link] and [link]. 

e We can add and subtract radical expressions if they have the same radicand and the same 
index. See [link] and [link]. 

¢ Radical expressions written in simplest form do not contain a radical in the denominator. To 
eliminate the square root radical from the denominator, multiply both the numerator and the 
denominator by the conjugate of the denominator. See [link] and [link]. 

¢ The principal nth root of a is the number with the same sign as a that when raised to the nth 
power equals a. These roots have the same properties as square roots. See [link]. 

e Radicals can be rewritten as rational exponents and rational exponents can be rewritten as 
radicals. See [link] and [link]. 

¢ The properties of exponents apply to rational exponents. See [Link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


What does it mean when a radical does not have an index? Is the expression equal to the 
radicand? Explain. 


Solution: 


When there is no index, it is assumed to be 2 or the square root. The expression would only 
be equal to the radicand if the index were 1. 


Exercise: 


Problem:Where would radicals come in the order of operations? Explain why. 


Exercise: 


Problem:Every number will have two square roots. What is the principal square root? 


Solution: 


The principal square root is the nonnegative root of the number. 


Exercise: 


Problem:Can a radical with a negative radicand have a real square root? Why or why not? 


Numeric 


For the following exercises, simplify each expression. 
Exercise: 


Problem: 256 


Solution: 


16 


Exercise: 


Problem: V J 256 


Exercise: 


Problem: ,/4 (9 + 16) 


Solution: 
10 


Exercise: 


Problem: V289 —vV121 
Exercise: 

Problem: J 196 

Solution: 


14 


Exercise: 


Problem: J 1 


Exercise: 


Problem: 98 
Solution: 
7/2 


Exercise: 


Ae eee 
Problem: 64 
Exercise: 
Problem: _ 
Solution: 
9/5 
5 
Exercise: 


Problem: J 800 
Exercise: 
Problem: / 169 + V144 


Solution: 


25 


Exercise: 


Sf 
Problem: 50 


Exercise: 


Problem: —2— 


/162 
Solution: 


V2 


Exercise: 


Problem: - 192 


Exercise: 


Problem:14,/6 — 6/24 


Solution: 


2/6 


Exercise: 


Problem:15\/5 + 7\/45 


Exercise: 


Problem: J 150 


Solution: 
5/6 
Exercise: 
. | 96 
Problem 4 00 
Exercise: 


Problem: (22) (30) 


Solution: 
6/35 


Exercise: 


Problem:12\/3 — 4\/75 


Exercise: 


re ae 
Problem: 75 


Solution: 
2 
15 
Exercise: 
405 
Problem 304 
Exercise: 
Problem: , / 2&2 


Solution: 
6/10 
19 
Exercise: 


5 


Problem: aa 


Exercise: 


Problem: 


| 
5 
: 


Solution: 
_ 14+vi7 
2 
Exercise: 
Problem: / 16 
Exercise: 
Problem: </128 + 3°/2 


Solution: 


74/2 


Exercise: 


Exercise: 


154/125 


Problem: WE 


Solution: 


15/5 


Exercise: 


Problem:3 ¢/—432 + %/16 


Algebraic 


For the following exercises, simplify each expression. 
Exercise: 


Problem: Vv 400x4 
Solution: 
20x? 


Exercise: 


Problem: \/ 4y” 
Exercise: 
Problem: ,/49p 


Solution: 


7V/P 


Exercise: 


a 
2 


Problem: (144p7q°) 
Exercise: 
Problem:m7 J 289 


Solution: 


17m?2,/m 


Exercise: 


Problem:9V/ 3™m2 + ./27 


Exercise: 


Problem:3V ab? — b./a 
Solution: 


2bJa 


Exercise: 


4/2n 


Problem: Teal 


Exercise: 


2252° 
49x 


Problem: 


Solution: 


15a 
7 


Exercise: 


Problem:3 Vv 44z + V99z 


Exercise: 
Problem: \/50y° 
Solution: 
5ytV2 

Exercise: 


Problem: 490bc2 
Exercise: 


32 


Problem: tdd 


Solution: 


A4V7d 
7d 


Exercise: 


Problem:q?\/63p 
Exercise: 


v8 


Problem: Ts 


Solution: 


2/242/6a 


1-32 
Exercise: 
: 20 
Problem: 4 / 35) 77 
Exercise: 


Problem:w? V 32 — wry 50 
Solution: 


—wv 2w 


Exercise: 


Problem: V 108x4 + V27x4 


Exercise: 


Vide 
24273 


Problem: 


Solution: 


3/2—-V3a 


2 
Exercise: 


Problem: V147k° 


Exercise: 


Problem: 125n!° 


Solution: 
5nd/5 
Exercise: 
42q¢ 
Problem 3693 
Exercise: 
Problem: , / ~ 


Solution: 


9./m 


19m 


Exercise: 


Problem: \/72c — 2/2 


Exercise: 


. 144 
Problem: \/ 3575 
Solution: 

2) 
3d 
Exercise: 


Problem: \/247° + ¥/8126 


Exercise: 


4) 1626 
Problem: 1H 
Solution: 
3V 222 
2 
Exercise: 


Problem: ,'/64y 


Exercise: 


Problem: ¥/1282z3 — */—16z3 


Solution: 


62v/2 


Exercise: 


Problem: \/ 1,024c!° 


Real-World Applications 


Exercise: 
Problem: 
A guy wire for a suspension bridge runs from the ground diagonally to the top of the closest 
pylon to make a triangle. We can use the Pythagorean Theorem to find the length of guy 
wire needed. The square of the distance between the wire on the ground and the pylon on 


the ground is 90,000 feet. The square of the height of the pylon is 160,000 feet. So the 


length of the guy wire can be found by evaluating ./90,000 + 160,000. What is the length 
of the guy wire? 


Solution: 


500 feet 
Exercise: 


Problem: 
A car accelerates at a rate of 6 — “4 m/ s” where t is the time in seconds after the car 


moves from rest. Simplify the expression. 


Extensions 


For the following exercises, simplify each expression. 


Exercise: 
1k 1 
Problem: v8—Vv16 — 22 
4-2 
Solution: 
—5V/2-6 
7 
Exercise: 
chee 
Problem: 47° 
8s 
Exercise: 
Problem: Y22. . 22 


aves Vmict 


Solution: 


m™Mnc 
a@cemn 


Exercise: 
. a 
Problem: Fe 
Exercise: 
, ey 64y+4,/y 
Er Toe 
Solution: 
2/22+V/2 
4 
Exercise: 
: pane ) ( 7b ) 
Problem: ( V 10088 V125a 
Exercise: 
. | 644256 
Problem: agli ase 
Solution: 
V3 
3 
Glossary 
index 


the number above the radical sign indicating the nth root 


principal nth root 
the number with the same sign as a that when raised to the nth power equals a 


principal square root 
the nonnegative square root of a number a that, when multiplied by itself, equals a 


radical 
the symbol used to indicate a root 


radical expression 
an expression containing a radical symbol 


radicand 


the number under the radical symbol 


Polynomials 
In this section students will: 


e Identify the degree and leading coefficient of polynomials. 
e Add and subtract polynomials. 

e Multiply polynomials. 

e Use FOIL to multiply binomials. 

e Perform operations with polynomials of several variables. 


Earl is building a doghouse, whose front is in the shape of a square topped with a 
triangle. There will be a rectangular door through which the dog can enter and exit the 
house. Earl wants to find the area of the front of the doghouse so that he can purchase 
the correct amount of paint. Using the measurements of the front of the house, shown in 
[link], we can create an expression that combines several variable terms, allowing us to 
solve this problem and others like it. 


3 
A feet 


1 foot 


First find the area of the square in square feet. 
Equation: 


A = s* 
(2ar)” 


Ag? 


Then find the area of the triangle in square feet. 
Equation: 


A = ibh 


Next find the area of the rectangular door in square feet. 
Equation: 
A = lw 
z-1 
x 


The area of the front of the doghouse can be found by adding the areas of the square and 
the triangle, and then subtracting the area of the rectangle. When we do this, we get 
da? + 3x — x ft? or 4a? + su ft’. 


In this section, we will examine expressions such as this one, which combine several 
variable terms. 


Identifying the Degree and Leading Coefficient of Polynomials 


The formula just found is an example of a polynomial, which is a sum of or difference 
of terms, each consisting of a variable raised to a nonnegative integer power. A number 
multiplied by a variable raised to an exponent, such as 3847,,is known as a coefficient. 
Coefficients can be positive, negative, or zero, and can be whole numbers, decimals, or 
fractions. Each product a;x’,such as 3847w,is a term of a polynomial. If a term does 
not contain a variable, it is called a constant. 


A polynomial containing only one term, such as 524, is called a monomial. A 
polynomial containing two terms, such as 2x — 9,is called a binomial. A polynomial 
containing three terms, such as 3x7 + 8a 7,is called a trinomial. 


We can find the degree of a polynomial by identifying the highest power of the variable 
that occurs in the polynomial. The term with the highest degree is called the leading 
term because it is usually written first. The coefficient of the leading term is called the 
leading coefficient. When a polynomial is written so that the powers are descending, we 
say that it is in standard form. 


Leading coefficient 


*% PF siti 


AX A aseeet AN? + AX + A 


Leading term 


Note: 


Polynomials 
A polynomial is an expression that can be written in the form 
Equation: 


Gn ean Sage ay 


Each real number gq; is called a coefficient. The number ao that is not multiplied by a 
variable is called a constant. Each product a;z* is a term of a polynomial. The highest 
power of the variable that occurs in the polynomial is called the degree of a 
polynomial. The leading term is the term with the highest power, and its coefficient is 
called the leading coefficient. 


Note: 
Given a polynomial expression, identify the degree and leading coefficient. 


1. Find the highest power of x to determine the degree. 
2. Identify the term containing the highest power of x to find the leading term. 
3. Identify the coefficient of the leading term. 


Example: 
Exercise: 


Problem: 
Identifying the Degree and Leading Coefficient of a Polynomial 


For the following polynomials, identify the degree, the leading term, and the 
leading coefficient. 


Pee open reo 
Eoin nee G: 
© 6p—p* — 2 


Solution: 


a. The highest power of x is 3, so the degree is 3. The leading term is the term 
containing that degree, —4x°. The leading coefficient is the coefficient of 
that term, —4. 

b. The highest power of t is 5,so the degree is 5. The leading term is the term 
containing that degree, 5t°. The leading coefficient is the coefficient of that 


term, 5. 
c. The highest power of p is 3,so the degree is 3. The leading term is the term 


containing that degree, — p*®,The leading coefficient is the coefficient of that 
term, —1. 


Note: 
Exercise: 


Problem: 


Identify the degree, leading term, and leading coefficient of the polynomial 
4x” — 7° + Qn — 6. 


Solution: 


The degree is 6, the leading term is — x®,and the leading coefficient is —1. 


Adding and Subtracting Polynomials 


We can add and subtract polynomials by combining like terms, which are terms that 
contain the same variables raised to the same exponents. For example, 5x? and —2z? are 


like terms, and can be added to get 3a” ,but 3a and 32” are not like terms, and therefore 
cannot be added. 


Note: 
Given multiple polynomials, add or subtract them to simplify the expressions. 


1. Combine like terms. 
2. Simplify and write in standard form. 


Example: 
Exercise: 


Problem: 
Adding Polynomials 


Find the sum. 


(12%? + 9x — 21) + (40° + 8x? — 5a + 20) 


Solution: 
4x3 + (120? + 8x7) + (9x — 5x) + (—21 + 20) Combine like terms. 
Ax? 207" + 4a— 1 Simplify. 

Analysis 


We can check our answers to these types of problems using a graphing calculator. To 
check, graph the problem as given along with the simplified answer. The two graphs 
should be equivalent. Be sure to use the same window to compare the graphs. Using 
different windows can make the expressions seem equivalent when they are not. 


Note: 
Exercise: 


Problem: Find the sum. 


(233 Ein. ne 1) (20? — 3a — 4) 
Solution: 


Da (ee Ag = 3 


Example: 
Exercise: 


Problem: 
Subtracting Polynomials 


Find the difference. 


(724 — a + 6x +1) — (5x? — 2x? + 32 + 2) 


Solution: 


7x* — 5a° + (—x? + 2x”) + (6x — 3x) + (1 — 2) Combine like terms. 
7x4 —5a3+27+3r-1 Simplify. 


Analysis 


Note that finding the difference between two polynomials is the same as adding the 
opposite of the second polynomial to the first. 


Note: 
Exercise: 


Problem:Find the difference. 


(—723 7x? + 62 2) (423 — 62? — 2 +7) 


Solution: 


Sia oO 


Multiplying Polynomials 


Multiplying polynomials is a bit more challenging than adding and subtracting 
polynomials. We must use the distributive property to multiply each term in the first 
polynomial by each term in the second polynomial. We then combine like terms. We can 
also use a shortcut called the FOIL method when multiplying binomials. Certain special 
products follow patterns that we can memorize and use instead of multiplying the 
polynomials by hand each time. We will look at a variety of ways to multiply 
polynomials. 


Multiplying Polynomials Using the Distributive Property 


To multiply a number by a polynomial, we use the distributive property. The number 
must be distributed to each term of the polynomial. We can distribute the 2 in 2(x + 7) 
to obtain the equivalent expression 2x + 14. When multiplying polynomials, the 
distributive property allows us to multiply each term of the first polynomial by each 
term of the second. We then add the products together and combine like terms to 
simplify. 


Note: 
Given the multiplication of two polynomials, use the distributive property to 
simplify the expression. 


1. Multiply each term of the first polynomial by each term of the second. 
2. Combine like terms. 
3. Simplify. 


Example: 
Exercise: 


Problem: 
Multiplying Polynomials Using the Distributive Property 


Find the product. 


(2x + 1) (3a — x +4) 


Solution: 
2x (3a? —-2 + 4) +1 (32? - 24+ 4) Use the distributive property. 
(62° = 267 382) 4) (322 =a 4) Multiply. 
6x? + (—227 + 327) + (8a —2) +4 Combine like terms. 
62° + 27+ 7244 Simplify. 
Analysis 


We can use a table to keep track of our work, as shown in [link]. Write one polynomial 
across the top and the other down the side. For each box in the table, multiply the term 
for that row by the term for that column. Then add all of the terms together, combine 
like terms, and simplify. 


32x? —2 +4 


2x 6x? 27? 8x 


+1 32? —2 4 


Note: 
Exercise: 


Problem:Find the product. 
(3a + 2) (x? — 4x? + 7) 
Solution: 


3e4—-102?—82? + 2174+ 14 


Using FOIL to Multiply Binomials 


A shortcut called FOIL is sometimes used to find the product of two binomials. It is 
called FOIL because we multiply the first terms, the outer terms, the inner terms, and 
then the last terms of each binomial. 


First terms 
Last terms 


(ax + b) (cx + d) = acx? + adx + bex + bd 
Inner terms 
Outer terms 
The FOIL method arises out of the distributive property. We are simply multiplying each 


term of the first binomial by each term of the second binomial, and then combining like 
terms. 


Note: 
Given two binomials, use FOIL to simplify the expression. 


1. Multiply the first terms of each binomial. 
2. Multiply the outer terms of the binomials. 
3. Multiply the inner terms of the binomials. 
4. Multiply the last terms of each binomial. 
5. Add the products. 

6. Combine like terms and simplify. 


Example: 
Exercise: 


Problem: 
Using FOIL to Multiply Binomials 


Use FOIL to find the product. 


(2x2 — 18)(3z + 3) 
Solution: 


Find the product of the first terms. 


2x — 18 3x + 3 2x - 3x = 6x? 


Find the product of the outer terms. 


ax 16 3x +3 2x - 3 = 6X 


Find the product of the inner terms. 


2x — 18 aXx+3 —18 - 3x = —54x 


Find the product of the last terms. 


2x — 18 3x + 3 -18-3= —54 


6x? + 62 — 54a — 54 Add the products. 


6x? + (62 — 54x) — 54 Combine like terms. 
6x? — 482 — 54 Simplify. 

Note: 

Exercise: 


Problem: Use FOIL to find the product. 
(x + 7)(3a — 5) 
Solution: 


3a? + 162—35 


Perfect Square Trinomials 


Certain binomial products have special forms. When a binomial is squared, the result is 
called a perfect square trinomial. We can find the square by multiplying the binomial 
by itself. However, there is a special form that each of these perfect square trinomials 
takes, and memorizing the form makes squaring binomials much easier and faster. Let’s 
look at a few perfect square trinomials to familiarize ourselves with the form. 
Equation: 


(a +5)? a? + 10x + 25 
(a — 3)? a? — 624+ 9 
(42 —1)? = 16x?-—82+1 


Notice that the first term of each trinomial is the square of the first term of the binomial 
and, similarly, the last term of each trinomial is the square of the last term of the 
binomial. The middle term is double the product of the two terms. Lastly, we see that the 
first sign of the trinomial is the same as the sign of the binomial. 


Note: 


Perfect Square Trinomials 

When a binomial is squared, the result is the first term squared added to double the 
product of both terms and the last term squared. 

Equation: 


(2 +a)? =(2+a)(x2 +a) = 2? + 2ar + a? 


Note: 
Given a binomial, square it using the formula for perfect square trinomials. 


1. Square the first term of the binomial. 

2. Square the last term of the binomial. 

3. For the middle term of the trinomial, double the product of the two terms. 
4. Add and simplify. 


Example: 
Exercise: 


Problem: 
Expanding Perfect Squares 


Expand (3a — 8)’. 
Solution: 
Begin by squaring the first term and the last term. For the middle term of the 
trinomial, double the product of the two terms. 
Equation: 
(3x)° — 2(3x)(8) + (-8)° 
Simplify. 
Equation: 


9x” — 48x + 64. 


Note: 
Exercise: 


Problem:Expand (4x — 1)”. 
Solution: 


1622-82 +1 


Difference of Squares 


Another special product is called the difference of squares, which occurs when we 
multiply a binomial by another binomial with the same terms but the opposite sign. Let’s 
see what happens when we multiply (2 + 1)(a — 1) using the FOIL method. 

Equation: 


a? —g+a-—1 


= g?-1 


(2 +1)(a — 1) 


The middle term drops out, resulting in a difference of squares. Just as we did with the 
perfect squares, let’s look at a few examples. 


Equation: 
(2+5)\(2—5) = 2-25 
(cx +11)(e-11) = 22-121 
(22+ 3)(22-—3) = 4x7-9 


Because the sign changes in the second binomial, the outer and inner terms cancel each 
other out, and we are left only with the square of the first term minus the square of the 
last term. 


Note: 

Is there a special form for the sum of squares? 

No. The difference of squares occurs because the opposite signs of the binomials cause 
the middle terms to disappear. There are no two binomials that multiply to equal a sum 
of squares. 


Note: 

Difference of Squares 

When a binomial is multiplied by a binomial with the same terms separated by the 
opposite sign, the result is the square of the first term minus the square of the last term. 
Equation: 


(a) 0). — 0) — a> >" 


Note: 
Given a binomial multiplied by a binomial with the same terms but the opposite 
sign, find the difference of squares. 


1. Square the first term of the binomials. 
2. Square the last term of the binomials. 
3. Subtract the square of the last term from the square of the first term. 


Example: 
Exercise: 


Problem: 
Multiplying Binomials Resulting in a Difference of Squares 


Multiply (92 + 4)(9x — 4). 
Solution: 
Square the first term to get (9x)? = 81x”. Square the last term to get 4” = 16. 


Subtract the square of the last term from the square of the first term to find the 
product of 81x? — 16. 


Note: 
Exercise: 


Problem:Multiply (2x + 7)(2x — 7). 


Solution: 


Agr?—A9 


Performing Operations with Polynomials of Several Variables 


We have looked at polynomials containing only one variable. However, a polynomial 
can contain several variables. All of the same rules apply when working with 
polynomials containing several variables. Consider an example: 

Equation: 


(a + 2b)(4a — b—c) 


a(4a — b —c) + 2b(4a — b — c) Use the distributive property. 
4a* — ab — ac + 8ab — 2b? — 2be Multiply. 
4a? + (—ab + 8ab) — ac — 2b? — 2bc Combine like terms. 
4a? + Tab — ac — 2bc — 2b? Simplify. 
Example: 
Exercise: 
Problem: 


Multiplying Polynomials Containing Several Variables 
Multiply (a + 4)(32 — 2y+ 5). 
Solution: 


Follow the same steps that we used to multiply polynomials containing only one 
variable. 


Equation: 
x(3e — 2y+ 5) + 4(32 — 2y+ 5) Use the distributive property. 
3a? — Qny + 5a + 122 — 8y + 20 Multiply. 
3a? — 2ry + (5x + 12x) — 8y + 20 Combine like terms. 


327 — Qey + 17x — 8y + 20 Simplify. 


Note: 
Exercise: 


Problem:Multiply (32 — 1)(2z + 7y — 9). 
Solution: 


6a? + 21xzy—29x—Ty + 9 


Note: 
Access these online resources for additional instruction and practice with polynomials. 


e Adding and Subtracting Polynomials 
Multiplying Polynomials 


Special Products of Polynomials 


Key Equations 
perfect square trinomial (x +a)? = (a +a)(z2 +a) = 2? + 2az 4+ a? 
difference of squares (a+b)(a—b) =a? —-B? 

Key Concepts 


e A polynomial is a sum of terms each consisting of a variable raised to a non- 
negative integer power. The degree is the highest power of the variable that occurs 
in the polynomial. The leading term is the term containing the highest degree, and 
the leading coefficient is the coefficient of that term. See [link]. 

e We can add and subtract polynomials by combining like terms. See [link] and 
[link]. 

e To multiply polynomials, use the distributive property to multiply each term in the 
first polynomial by each term in the second. Then add the products. See [link]. 


e FOIL (First, Outer, Inner, Last) is a shortcut that can be used to multiply binomials. 
See [link]. 

e Perfect square trinomials and difference of squares are special products. See [link] 
and [link]. 

e Follow the same rules to work with polynomials containing several variables. See 
[link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 


Evaluate the following statement: The degree of a polynomial in standard form is 
the exponent of the leading term. Explain why the statement is true or false. 


Solution: 


The statement is true. In standard form, the polynomial with the highest value 
exponent is placed first and is the leading term. The degree of a polynomial is the 
value of the highest exponent, which in standard form is also the exponent of the 
leading term. 


Exercise: 
Problem: 
Many times, multiplying two binomials with two variables results in a trinomial. 


This is not the case when there is a difference of two squares. Explain why the 
product in this case is also a binomial. 


Exercise: 
Problem: 
You can multiply polynomials with any number of terms and any number of 


variables using four basic steps over and over until you reach the expanded 
polynomial. What are the four steps? 


Solution: 


Use the distributive property, multiply, combine like terms, and simplify. 


Exercise: 


Problem: 


State whether the following statement is true and explain why or why not: A 
trinomial is always a higher degree than a monomial. 


Algebraic 


For the following exercises, identify the degree of the polynomial. 
Exercise: 


Problem:7z — 2x? + 13 


Solution: 
2 


Exercise: 


Problem:14m° + m? — 16m +8 


Exercise: 


Problem:—625a® + 16b4 


Solution: 
8 


Exercise: 


Problem:200p — 30p?m + 40m? 
Exercise: 
Problem:x? + 4x + 4 


Solution: 


2 


Exercise: 


Problem:6y* — y° + 3y — 4 


For the following exercises, find the sum or difference. 
Exercise: 


Problem: (12x? + 3x) — (8x?—19) 
Solution: 


Av? + 32 +19 


Exercise: 


Problem: (42° L 822 z) ( 2274 24 6) 
Exercise: 

Problem: (6w? + 24w + 24) — (3w *— 6w + 3) 

Solution: 


3w? + 30w + 21 


Exercise: 


Problem: (7a° | 6a? — 4a 


Exercise: 


Problem: (11b* — 6b° + 180 — 4b + 8) — (3b° + 6b + 30) 
Solution: 


11b*—9b? + 126?—7b+ 8 


Exercise: 


Problem: (49p” — 25) + (16p* — 32p” + 16) 


For the following exercises, find the product. 
Exercise: 


Problem: (4x + 2)(6x — 4) 
Solution: 


247?—Ax—8 


Exercise: 


Problem: (14c? + 4c) (207 = 3c) 


Exercise: 
Problem: (6b? = 6) (4b? = 4) 


Solution: 


24b4*—48b? + 24 


Exercise: 


Problem: (3d — 5)(2d + 9) 


Exercise: 


Problem: (9v — 11)(11v — 9) 


Solution: 


99v2—202v + 99 


Exercise: 


Problem: (4¢? 7t) ( 3t? 4 4) 


Exercise: 
Problem:(87 — 4) (n? + 9) 


Solution: 


8n>—4n? + 72n—36 


For the following exercises, expand the binomial. 


Exercise: 


Problem: (4 + 5)” 


Exercise: 


Problem: (3y — 7)” 
Solution: 


9y2—42y + 49 


Exercise: 


Problem: (12 — 4)” 


Exercise: 


Problem: (4p + 9)* 


Solution: 


16p? + 72p + 81 


Exercise: 


Problem: (2m — 3)? 


Exercise: 


Problem: (3y — 6)” 
Solution: 


9y?—36y + 36 


Exercise: 
Problem:(9b + 1)? 


For the following exercises, multiply the binomials. 
Exercise: 


Problem: (4c + 1)(4c — 1) 
Solution: 


16c?—1 


Exercise: 


Problem: (9a — 4)(9a + 4) 


Exercise: 


Problem: (15n — 6)(15n + 6) 


Solution: 


225n?—36 


Exercise: 


Problem: (25b + 2)(25b — 2) 


Exercise: 


Problem: (4 + 4m) (4 — 4m) 


Solution: 


—16m? + 16 


Exercise: 


Problem: (14p + 7)(14p — 7) 


Exercise: 


Problem:(11gq — 10)(11q + 10) 
Solution: 


121q?—100 


For the following exercises, multiply the polynomials. 


Exercise: 


Problem: (2x? + 2x + 1) (4x — 1) 


Exercise: 
Problem: (4¢? +t— 7) (4¢? — 1) 


Solution: 


16¢4 + 4¢3—32t? —t+7 


Exercise: 


Problem:(z — 1) (x? — 2x + 1) 
Exercise: 
Problem: (y — 2) (y? — Ay — 9) 


Solution: 
y>—6y? —y+18 
Exercise: 
Problem: (6k — 5) (6k? + 5k — 1) 
Exercise: 


Problem: (3p? + 2p — 10) (p — 1) 


Solution: 
3p* — p?—12p + 10 
Exercise: 
Problem: (4m — 13) (2m? — 7m + 9) 


Exercise: 


Problem: (a + 6) (a — b) 


Solution: 
a2 = b2 


Exercise: 


Problem: (4x7 — 6y)(6x — 4y) 
Exercise: 

Problem: (4¢ — 5u)’ 

Solution: 


16t?—40tu + 25u? 


Exercise: 


Problem:(9m + 4n — 1)(2m + 8) 
Exercise: 

Problem: (4¢ — x) (t —x+1) 

Solution: 


At? +. 2? + 4t—5ta —2 


Exercise: 


Problem: (b? = 1) (a? + 2ab + b?) 


Exercise: 


Problem: (4r — d) (6r + 7d) 
Solution: 


24r? + 22rd—7d? 


Exercise: 


Problem: (z + y) eg — £y tr y’) 


Real-World Applications 


Exercise: 
Problem: 
A developer wants to purchase a plot of land to build a house. The area of the plot 
can be described by the following expression: (4a + 1)(8z — 3) where x is 


measured in meters. Multiply the binomials to find the area of the plot in standard 
form. 


Solution: 
3227—42—3 m? 
Exercise: 
Problem: 
A prospective buyer wants to know how much grain a specific silo can hold. The 
area of the floor of the silo is (2a + 9)”. The height of the silo is 10x + 10,where x 


is measured in feet. Expand the square and multiply by the height to find the 
expression that shows how much grain the silo can hold. 


Extensions 


For the following exercises, perform the given operations. 
Exercise: 


Problem: (4t — 7)7(2¢ + 1) — (4¢? + 2t + 11) 
Solution: 


32t° — 1008" +40¢-+-:38 


Exercise: 


Problem: (3b + 6) (3b — 6) (96? — 36) 


Exercise: 


Problem: (a? + 4dac + 4c”) (a? = 4c”) 


Solution: 


a* + 4a?c—16ac?—16c* 


Glossary 


binomial 
a polynomial containing two terms 


coefficient 


any real number a; in a polynomial in the forma,x” +... + aga? 


+ ayx + ag 


degree 
the highest power of the variable that occurs in a polynomial 


difference of squares 
the binomial that results when a binomial is multiplied by a binomial with the same 
terms, but the opposite sign 


leading coefficient 
the coefficient of the leading term 


leading term 
the term containing the highest degree 


monomial 
a polynomial containing one term 


perfect square trinomial 
the trinomial that results when a binomial is squared 


polynomial 
a sum of terms each consisting of a variable raised to a nonnegative integer power 


term of a polynomial 
any a,x’ of a polynomial in the forma, x” + ... + az? + a,x + ag 


trinomial 
a polynomial containing three terms 


Factoring Polynomials 
In this section students will: 


e Factor the greatest common factor of a polynomial. 

e Factor a trinomial. 

e Factor by grouping. 

e Factor a perfect square trinomial. 

e Factor a difference of squares. 

e Factor the sum and difference of cubes. 

e Factor expressions using fractional or negative exponents. 


Imagine that we are trying to find the area of a lawn so that we can determine how much 
grass seed to purchase. The lawn is the green portion in [link]. 


4 4 
4 4 
6x 
10x 


The area of the entire region can be found using the formula for the area of a rectangle. 
Equation: 

A = lw 
10z - 6z 


60x? units? 


The areas of the portions that do not require grass seed need to be subtracted from the area 
of the entire region. The two square regions each have an area of A = s? = 4? = 16 units’. 
The other rectangular region has one side of length 10x — 8 and one side of length 4,giving 
an area of A = lw = 4(10z — 8) = 40x — 32 units’. So the region that must be subtracted 
has an area of 2(16) + 40a — 32 = 40z units”. 


The area of the region that requires grass seed is found by subtracting 60x? — 40z units?. 
This area can also be expressed in factored form as 202(3a — 2) units*. We can confirm that 
this is an equivalent expression by multiplying. 


Many polynomial expressions can be written in simpler forms by factoring. In this section, 
we will look at a variety of methods that can be used to factor polynomial expressions. 


Factoring the Greatest Common Factor of a Polynomial 


When we study fractions, we learn that the greatest common factor (GCF) of two numbers 
is the largest number that divides evenly into both numbers. For instance, 4 is the GCF of 16 
and 20 because it is the largest number that divides evenly into both 16 and 20 The GCF of 
polynomials works the same way: 42 is the GCF of 16z and 202? because it is the largest 
polynomial that divides evenly into both 16z and 20x”. 


When factoring a polynomial expression, our first step should be to check for a GCF. Look 
for the GCF of the coefficients, and then look for the GCF of the variables. 


Note: 

Greatest Common Factor 

The greatest common factor (GCF) of polynomials is the largest polynomial that divides 
evenly into the polynomials. 


Note: 
Given a polynomial expression, factor out the greatest common factor. 


1. Identify the GCF of the coefficients. 

2. Identify the GCF of the variables. 

3. Combine to find the GCF of the expression. 

4. Determine what the GCF needs to be multiplied by to obtain each term in the 
expression. 

5. Write the factored expression as the product of the GCF and the sum of the terms we 
need to multiply by. 


Example: 
Exercise: 


Problem: 
Factoring the Greatest Common Factor 


Factor 6x°y? + 4527y? + Q1ay. 
Solution: 


First, find the GCF of the expression. The GCF of 6, 45,and 21 is 3. The GCF of x, x, 
and z is x. (Note that the GCF of a set of expressions in the form x” will always be the 


exponent of lowest degree.) And the GCF of y°, y*,and y is y. Combine these to find 
the GCF of the polynomial, 3zy. 


Next, determine what the GCF needs to be multiplied by to obtain each term of the 
polynomial. We find that 3xy(2x?y”) = 6a%y?, 3ry(15ay) = 45x7y?,and 
SculO) — lag. 


Finally, write the factored expression as the product of the GCF and the sum of the 
terms we needed to multiply by. 
Equation: 


(3ay) (22°y? + 152y + 7) 


Analysis 


After factoring, we can check our work by multiplying. Use the distributive property to 
confirm that (3xy) (227y? + 15xy + 7) = 6a*y* + 4527? + 21ay. 


Note: 
Exercise: 


Problem:Factor x (b? — a) + 6(6? — a) by pulling out the GCF. 


Solution: 


(b? — a)(x + 6) 


Factoring a Trinomial with Leading Coefficient 1 


Although we should always begin by looking for a GCF, pulling out the GCF is not the only 
way that polynomial expressions can be factored. The polynomial x” + 5a + 6 has a GCF of 
1, but it can be written as the product of the factors (a + 2) and (x + 3). 


Trinomials of the form x? + bx + ccan be factored by finding two numbers with a product 
ofc and a sum of b. The trinomial x? + 10x + 16,for example, can be factored using the 
numbers 2 and 8 because the product of those numbers is 16 and their sum is 10. The 
trinomial can be rewritten as the product of (x + 2) and (a + 8). 


Note: 

Factoring a Trinomial with Leading Coefficient 1 

A trinomial of the form x? + bx + ccan be written in factored form as (x + p)(x + q) 
where pg = candp+q=b. 


Note: 
Can every trinomial be factored as a product of binomials? 
No. Some polynomials cannot be factored. These polynomials are said to be prime. 


Note: 
Given a trinomial in the form x” + bz + c,factor it. 


1. List factors of c. 
2. Find p and q,a pair of factors of c with a sum of b. 
3. Write the factored expression (a + p)(x + q). 


Example: 
Exercise: 


Problem: 
Factoring a Trinomial with Leading Coefficient 1 


Factor 2? + 22 — 15. 
Solution: 
We have a trinomial with leading coefficient 1,b = 2,andc = —15. We need to find 


two numbers with a product of —15 and a sum of 2. In [link], we list factors until we 
find a pair with the desired sum. 


Factors of —15 Sum of Factors 


1,—-15 =i 


Factors of —15 Sum of Factors 


eis 14 
oes =) 
—3,5 2 


Now that we have identified p and gas —3 and 5,write the factored form as 
(2 — 3)(@+ 5). 


Analysis 


We can check our work by multiplying. Use FOIL to confirm that 
(2 —3)(@ +5) =a? + Qe — 15. 


Note: 
Does the order of the factors matter? 
No. Multiplication is commutative, so the order of the factors does not matter. 


Note: 
Exercise: 


Problem:Factor x? — 7x + 6. 


Solution: 


(x—6)(a—1) 


Factoring by Grouping 


Trinomials with leading coefficients other than 1 are slightly more complicated to factor. For 
these trinomials, we can factor by grouping by dividing the x term into the sum of two 
terms, factoring each portion of the expression separately, and then factoring out the GCF of 
the entire expression. The trinomial 2a” + 5a + 3 can be rewritten as (2x + 3)(x + 1) using 
this process. We begin by rewriting the original expression as 2x” + 2x + 3x + 3 and then 
factor each portion of the expression to obtain 2x(x + 1) + 3(a + 1). We then pull out the 
GCF of (a + 1) to find the factored expression. 


Note: 

Factor by Grouping 

To factor a trinomial in the form ax? + bx + c by grouping, we find two numbers with a 
product of acand a sum of b. We use these numbers to divide the x term into the sum of two 
terms and factor each portion of the expression separately, then factor out the GCF of the 
entire expression. 


Note: Given a trinomial in the form ax” + bx + c,factor by grouping. 


1. List factors of ac. 

2. Find pand q,a pair of factors of ac with a sum of b. 

3. Rewrite the original expression as ax” + px + qz +c. 
A. Pull out the GCF of ax? + pz. 

5. Pull out the GCF of qx + c. 

6. Factor out the GCF of the expression. 


Example: 
Exercise: 


Problem: 
Factoring a Trinomial by Grouping 


Factor 5x” + 7x — 6 by grouping. 
Solution: 
We have a trinomial witha = 5,b = 7,andc = —6. First, determine ac = —30. We 


need to find two numbers with a product of —30 and a sum of 7. In [link], we list 
factors until we find a pair with the desired sum. 


Factors of —30 Sum of Factors 
1, —30 —29 


—1,30 29 


Factors of —30 Sum of Factors 


2,—-15 ae 
—2,15 13 
F110 =y 
3 il(0 y 


Sop = —3andgq = 10. 


Equation: 
ba” — 3a + 102 — 6 Rewrite the original expression as ax” + px + qx +c. 
x(5x — 3) + 2(5a — 3) Factor out the GCF of each part. 
(5a — 3)(x + 2) Factor out the GCF of the expression. 
Analysis 


We can check our work by multiplying. Use FOIL to confirm that 
(52 — 3)(x@ +2) = 5a?+ 7x —6. 


Note: 
Exercise: 


Problem:Factor a. 2x? + 92 + 9b.6z7+2—1 


Solution: 


a. (2x + 3)(x + 3) b. (32-1) (22 + 1) 


Factoring a Perfect Square Trinomial 


A perfect square trinomial is a trinomial that can be written as the square of a binomial. 
Recall that when a binomial is squared, the result is the square of the first term added to 
twice the product of the two terms and the square of the last term. 

Equation: 


a?+2ab+b? = (a+b) 
a’? —2ab+b? = (a—b)’ 


We can use this equation to factor any perfect square trinomial. 


Note: 

Perfect Square Trinomials 

A perfect square trinomial can be written as the square of a binomial: 
Equation: 


a? + 2ab+ b? = (a+b)? 


Note: 
Given a perfect square trinomial, factor it into the square of a binomial. 


1. Confirm that the first and last term are perfect squares. 
2. Confirm that the middle term is twice the product of ab. 
3. Write the factored form as (a + b)?. 


Example: 
Exercise: 


Problem: 
Factoring a Perfect Square Trinomial 


Factor 2527 + 20” + 4. 
Solution: 


Notice that 252” and 4 are perfect squares because 252” = (52)? and 4 = 2?. Then 
check to see if the middle term is twice the product of 5x and 2. The middle term is, 
indeed, twice the product: 2(52)(2) = 20x. Therefore, the trinomial is a perfect 


square trinomial and can be written as (54 + Dis 


Note: 
Exercise: 


Problem:Factor 49x? — 142 + 1. 
Solution: 


(72-1)? 


Factoring a Difference of Squares 


A difference of squares is a perfect square subtracted from a perfect square. Recall that a 
difference of squares can be rewritten as factors containing the same terms but opposite 
signs because the middle terms cancel each other out when the two factors are multiplied. 
Equation: 


a*— b* = (a+ b)(a— b) 


We can use this equation to factor any differences of squares. 


Note: 

Differences of Squares 

A difference of squares can be rewritten as two factors containing the same terms but 
opposite signs. 

Equation: 


a® — b? = (a + b)(a — b) 


Note: 
Given a difference of squares, factor it into binomials. 


1. Confirm that the first and last term are perfect squares. 
2. Write the factored form as (a + b)(a — Bb). 


Example: 


Exercise: 


Problem: 
Factoring a Difference of Squares 


Factor 9x2 — 25. 
Solution: 


Notice that 9x? and 25 are perfect squares because 92” = (3x)? anc25 5-5 bhe 
polynomial represents a difference of squares and can be rewritten as 
(32 + 5)(3x — 5). 


Note: 
Exercise: 


Problem:Factor 81y* — 100. 


Solution: 


(9y + 10)(9y — 10) 


Note: 
Is there a formula to factor the sum of squares? 
No. A sum of squares cannot be factored. 


Factoring the Sum and Difference of Cubes 


Now, we will look at two new special products: the sum and difference of cubes. Although 
the sum of squares cannot be factored, the sum of cubes can be factored into a binomial and 
a trinomial. 

Equation: 


a® + B® = (a + b) (a? — ab +b’) 
Similarly, the sum of cubes can be factored into a binomial and a trinomial, but with 


different signs. 
Equation: 


a® — b® = (a —b) (a* + ab +b’) 


We can use the acronym SOAP to remember the signs when factoring the sum or difference 
of cubes. The first letter of each word relates to the signs: Same Opposite Always Positive. 
For example, consider the following example. 

Equation: 


a® — 2° = (x — 2) (x? + 22 + 4) 


The sign of the first 2 is the same as the sign between x? — 2°. The sign of the 2z term is 
opposite the sign between x® — 2°. And the sign of the last term, 4, is always positive. 


Note: 

Sum and Difference of Cubes 

We can factor the sum of two cubes as 
Equation: 


a® + b® = (a +b) (a” — ab+b’) 


We can factor the difference of two cubes as 
Equation: 


a® —b° = (a—b) (a* +. ab +b’) 


Note: 
Given a sum of cubes or difference of cubes, factor it. 


1. Confirm that the first and last term are cubes, a? + b’ ora? — b°. 
2. For a sum of cubes, write the factored form as (a + b)(a” — ab + b”). Fora 
difference of cubes, write the factored form as (a — b) (a? ou b’). 


Example: 
Exercise: 


Problem: 
Factoring a Sum of Cubes 


Factor 2° + 512. 
Solution: 


Notice that x° and 512 are cubes because 8° = 512. Rewrite the sum of cubes as 
(w + 8) (a? — 8x + 64). 


Analysis 
After writing the sum of cubes this way, we might think we should check to see if the 


trinomial portion can be factored further. However, the trinomial portion cannot be factored, 
so we do not need to check. 


Note: 
Exercise: 


Problem:Factor the sum of cubes: 216a? + b°. 


Solution: 


(6a + b)(36a?—6ab + b?) 


Example: 
Exercise: 


Problem: 
Factoring a Difference of Cubes 


Factor 8° — 125. 
Solution: 


Notice that 873 and 125 are cubes because 8x3 = (2a)* and 125 = 53. Write the 
difference of cubes as (22 — 5) (42 ci les 25). 


Analysis 


Just as with the sum of cubes, we will not be able to further factor the trinomial portion. 


Note: 


Exercise: 


Problem:Factor the difference of cubes: 1,000z* — 1. 


Solution: 


(102 — 1) (1002? + 10z + 1) 


Factoring Expressions with Fractional or Negative Exponents 


Expressions with fractional or negative exponents can be factored by pulling out a GCF. 
Look for the variable or exponent that is common to each term of the expression and pull out 
that variable or exponent raised to the lowest power. These expressions follow the same 


: are : i 3 
factoring rules as those with integer exponents. For instance, 277 + 527 can be factored by 


pulling out 27 and being rewritten as at (2 + 5x *) . 


Example: 
Exercise: 


Problem: 
Factoring an Expression with Fractional or Negative Exponents 


Factor 32(x% + aes + A(x + ae 
Solution: 


Factor out the term with the lowest value of the exponent. In this case, that would be 


(e+ a 
Equation: 
(x + 2)~3(3x + 4(x + 2)) Factor out the GCF. 
(x + 2)~3(3a + 4a + 8) Simplify. 
(x + 2)~*(7x + 8) 
Note: 


Exercise: 


aL 
4 


woo 


Problem:Factor 2(5a — 1)? + 7a(5a — 1) 


Solution: 


(5a—1)~*(17a—2) 


Note: 
Access these online resources for additional instruction and practice with factoring 
polynomials. 


Identify GCF 

Factor Trinomials when a Equals 1 

Factor Trinomials when a is not equal to 1 
Factor Sum or Difference of Cubes 


Key Equations 
difference of squares a? — b* = (a+ b)(a — b) 
perfect square trinomial a? + 2ab+b? = (a+ b)? 
sum of cubes a® + b® = (a + b)(a? — ab + Bb’) 
difference of cubes a® — b® = (a — b) (a? + ab + Bb’) 


e The greatest common factor, or GCF, can be factored out of a polynomial. Checking for 
a GCF should be the first step in any factoring problem. See [link]. 

e Trinomials with leading coefficient 1 can be factored by finding numbers that have a 
product of the third term and a sum of the second term. See [link]. 

e Trinomials can be factored using a process called factoring by grouping. See [link]. 

e Perfect square trinomials and the difference of squares are special products and can be 
factored using equations. See [link] and [link]. 


e The sum of cubes and the difference of cubes can be factored using equations. See 
[link] and [link]. 

e Polynomials containing fractional and negative exponents can be factored by pulling 
out a GCF. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


If the terms of a polynomial do not have a GCF, does that mean it is not factorable? 
Explain. 


Solution: 


The terms of a polynomial do not have to have a common factor for the entire 
polynomial to be factorable. For example, 42? and —9y? don’t have a common factor, 
but the whole polynomial is still factorable: 42?—9y? = (2x + 3y) (2x—3y). 


Exercise: 


Problem: 


A polynomial is factorable, but it is not a perfect square trinomial or a difference of two 
squares. Can you factor the polynomial without finding the GCF? 


Exercise: 


Problem:How do you factor by grouping? 


Solution: 


Divide the x term into the sum of two terms, factor each portion of the expression 
separately, and then factor out the GCF of the entire expression. 


Algebraic 


For the following exercises, find the greatest common factor. 
Exercise: 


Problem:14z + 4ry — 18xy/ 


Exercise: 


Problem:49mb? — 35m2ba + 77ma? 
Solution: 


7™m™ 


Exercise: 


Problem:302°y — 4527y + 135zy° 


Exercise: 


Problem:200p*m? — 30p2m? + 40m?3 
Solution: 


10m? 


Exercise: 


Problem:367)°k* — 18j°k® + 54j7k* 


Exercise: 


Problem:67/* — 2y° + 3y? — y 
Solution: 


y 


For the following exercises, factor by grouping. 
Exercise: 


Problem:627 + 5x — 4 


Exercise: 


Problem:2a’ + 9a — 18 


Solution: 


(2a—3) (a + 6) 


Exercise: 


Problem:6c? + 41c + 63 


Exercise: 


Problem:6n2 — 19n — 11 


Solution: 


(3n—11) (2n + 1) 


Exercise: 


Problem:20w? — 47w + 24 


Exercise: 


Problem:2p? — 5p — 7 
Solution: 


(p + 1) (2p—7) 


For the following exercises, factor the polynomial. 
Exercise: 


Problem:77 + 48x — 7 


Exercise: 


Problem:10h? — 9h — 9 


Solution: 


(5h + 3) (2h—3) 


Exercise: 


Problem:2b7 — 25b — 247 


Exercise: 


Problem:9d?—73d + 8 


Solution: 


(9d—1) (d—8) 


Exercise: 


Problem:90v7—181v + 90 


Exercise: 


Problem:12¢? + t — 13 


Solution: 


(12¢ + 13) (t—1) 


Exercise: 


Problem:2n2 — n — 15 


Exercise: 


Problem:16x? — 100 
Solution: 


(4x + 10)(4a2 — 10) 


Exercise: 


Problem:257 — 196 


Exercise: 


Problem:121p? — 169 


Solution: 


(11p + 13)(11p — 13) 


Exercise: 


Problem:4™m2 — 9 


Exercise: 


Problem:361d? — 81 


Solution: 


(19d + 9)(19d — 9) 


Exercise: 


Problem:324x77 — 121 


Exercise: 


Problem:144b? — 25c’ 


Solution: 


(126 + 5c)(12b — 5c) 


Exercise: 


Problem:16a2 — 8a + 1 


Exercise: 


Problem:49n? + 168n + 144 
Solution: 


(7n + 12)? 


Exercise: 


Problem:12127 — 88x + 16 


Exercise: 


Problem:225y? + 120y + 16 
Solution: 


(15y + 4)? 


Exercise: 


Problem: — 20m + 100 


Exercise: 


Problem:25p” — 120m + 144 


Solution: 


(5p — 12)? 


Exercise: 
Problem:36q? + 60g + 25 


For the following exercises, factor the polynomials. 
Exercise: 


Problem:x° + 216 


Solution: 


(a + 6) (a? — 62 + 36) 


Exercise: 


Problem:27y° — 8 


Exercise: 


Problem:125a° + 343 
Solution: 


(5a + 7) (25a? — 35a + 49) 


Exercise: 


Problem:b° — 8d? 


Exercise: 


Problem:642x°—125 
Solution: 


(4x — 5) (16x? + 202 + 25) 


Exercise: 


Problem:729q° + 1331 


Exercise: 


Problem:125r? + 1,7288° 


Solution: 


(5r + 12s) (25r? — 60rs + 144s?) 


Exercise: 


Problem:42 (x — 1)73 + 3(x — 1)3 


Exercise: 


3 
Problem:3c(2c 4 3) "7 5(2c + 3)? 


Solution: 


(2c + 3)~# (—7e — 15) 
Exercise: 


Problem:3¢(10¢ + 3)? + 7(10¢ + 3)2 


Exercise: 


Problem:142z(x +4 2)-3 + (x 4 2)5 


Solution: 


(x + 2)~5 (19a + 10) 


Exercise: 


Problem:9y(3y — 13)* — 2(3y — 13)? 


Exercise: 
Problem:52(2z — 9)? + 11(2z — 9) 
Solution: 


(22 — 9)? (27z — 99) 


Exercise: 


Problem:6d(2d + 3) * + 5(2d+3)* 


i 
2 


Real-World Applications 
For the following exercises, consider this scenario: 


Charlotte has appointed a chairperson to lead a city beautification project. The first act is to 
install statues and fountains in one of the city’s parks. The park is a rectangle with an area of 
98x? + 1052 — 27 m’, as shown in the figure below. The length and width of the park are 
perfect factors of the area. 


|< w = 98x2 + 105x — 27 


Exercise: 


Problem:Factor by grouping to find the length and width of the park. 


Solution: 


(142—3) (7x + 9) 
Exercise: 


Problem: 


A statue is to be placed in the center of the park. The area of the base of the statue is 
Ax” + 122 + 9m”. Factor the area to find the lengths of the sides of the statue. 


Exercise: 


Problem: 

At the northwest corner of the park, the city is going to install a fountain. The area of 
the base of the fountain is 9x7 — 25m. Factor the area to find the lengths of the sides 
of the fountain. 


Solution: 


(3a + 5) (32-5) 


For the following exercise, consider the following scenario: 


A school is installing a flagpole in the central plaza. The plaza is a square with side length 
100 yd. as shown in the figure below. The flagpole will take up a square plot with area 
x? — 62 + 9yd?. 


Area: x? — 6x + 9 


100 yards 


100 yards 


Exercise: 


Problem:Find the length of the base of the flagpole by factoring. 


Extensions 


For the following exercises, factor the polynomials completely. 
Exercise: 


Problem:16x* — 200x” + 625 
Solution: 
(2a + 5)?(2a — 5)? 


Exercise: 


Problem:817* — 256 


Exercise: 


Problem: 1624 — 2,401a* 
Solution: 


(42? + 49a”) (2z + 7a)(2z — 7a) 


Exercise: 


3) 
2 


Problem:5x (3x + 2)-# + (122 + 8) 


Exercise: 


Problem: (322? + 482? — 1627 — 243) ' 


Solution: 


1 
(42+9) (42-9) (2x+3) 


Glossary 


factor by grouping 
a method for factoring a trinomial in the form ax? + bx + c by dividing the x term into 
the sum of two terms, factoring each portion of the expression separately, and then 
factoring out the GCF of the entire expression 


greatest common factor 
the largest polynomial that divides evenly into each polynomial 


Rational Expressions 
In this section students will: 


e Simplify rational expressions. 

e Multiply rational expressions. 

e Divide rational expressions. 

e Add and subtract rational expressions. 
¢ Simplify complex rational expressions. 


A pastry shop has fixed costs of $280 per week and variable costs of $9 per box of pastries. The 
shop’s costs per week in terms of x,the number of boxes made, is 280 + 9a”. We can divide the 
costs per week by the number of boxes made to determine the cost per box of pastries. 
Equation: 


280 + 9x 
x 


Notice that the result is a polynomial expression divided by a second polynomial expression. In this 
section, we will explore quotients of polynomial expressions. 


Simplifying Rational Expressions 


The quotient of two polynomial expressions is called a rational expression. We can apply the 
properties of fractions to rational expressions, such as simplifying the expressions by canceling 
common factors from the numerator and the denominator. To do this, we first need to factor both 
the numerator and denominator. Let’s start with the rational expression shown. 

Equation: 


xv? + 8a +16 
xz? + 1lxz + 28 


We can factor the numerator and denominator to rewrite the expression. 
Equation: 


(x +4)? 
(x +4)(x + 7) 


Then we can simplify that expression by canceling the common factor (x + 4). 
Equation: 


a+4 
x+7 


Note: 


Given a rational expression, simplify it. 


1. Factor the numerator and denominator. 
2. Cancel any common factors. 


Example: 
Exercise: 


Problem: 
Simplifying Rational Expressions 


: : x?—9 
Simplify eg, 4 
Solution: 
Equation: 
(2+3)(2—-3) c 
Se Factor the numerator and the denominator. 
x+3)(x+1) 
=e 
oe Cancel common factor (x + 3). 
Analysis 


We can cancel the common factor because any expression divided by itself is equal to 1. 


Note: 

Can the z” term be cancelled in [link]? 

No. A factor is an expression that is multiplied by another expression. The x? term is not a factor of 
the numerator or the denominator. 


Note: 
Exercise: 


Problem: Simplify 


xr—6 
x?—36 * 
Solution: 


il 
20 


Multiplying Rational Expressions 


Multiplication of rational expressions works the same way as multiplication of any other fractions. 
We multiply the numerators to find the numerator of the product, and then multiply the 
denominators to find the denominator of the product. Before multiplying, it is helpful to factor the 
numerators and denominators just as we did when simplifying rational expressions. We are often 
able to simplify the product of rational expressions. 


Note: 
Given two rational expressions, multiply them. 


1. Factor the numerator and denominator. 
2. Multiply the numerators. 

3. Multiply the denominators. 

4. Simplify. 


Example: 
Exercise: 


Problem: 
Multiplying Rational Expressions 


Multiply the rational expressions and show the product in simplest form: 
Equation: 
w+4e—5 2e-—1 
3x + 18 r+5 


Solution: 
Equation: 
ae : woe Factor the numerator and denominator. 
eee Multiply numerators and denominators. 
ee Cancel common factors to simplify. 
eed) 
3(x+6) 


Note: 
Exercise: 


Problem: Multiply the rational expressions and show the product in simplest form: 
Equation: 


ee?+1le¢+30 2?4+7r+12 
yt+5@2@+6 274+827+16 


Solution: 


(x+5)(x+6) 
(e+2)(2+4) 


Dividing Rational Expressions 


Division of rational expressions works the same way as division of other fractions. To divide a 
rational expression by another rational expression, multiply the first expression by the reciprocal of 


the second. Using this approach, we would rewrite + > # as the product + - -. Once the 
Ba 3 x Ba 


division expression has been rewritten as a multiplication expression, we can multiply as we did 
before. 
Equation: 


Note: 
Given two rational expressions, divide them. 


1. Rewrite as the first rational expression multiplied by the reciprocal of the second. 
2. Factor the numerators and denominators. 

3. Multiply the numerators. 

4. Multiply the denominators. 

5. Simplify. 


Example: 
Exercise: 


Problem: 
Dividing Rational Expressions 


Divide the rational expressions and express the quotient in simplest form: 
Equation: 


x — 1 x? +22 +1 
Solution: 
Equation: 
aon = eipetl : Rewrite as multiplication. 
(2%—3)(2+2) (+1)? 
(etl)(a—1) ° (e+2)(2—2) Factor. 
(2a—3)(x+2)(e+1)” : 
(x+1)(x—1)(z+2)(x—2) Multiply. 
woe Cancel common factors to simplify. 
Note: 
Exercise: 


Problem: Divide the rational expressions and express the quotient in simplest form: 
Equation: 


Ox? — 16 SORE EES 
3a2?+177—28  22+52-—14 
Solution: 


1 


Adding and Subtracting Rational Expressions 


Adding and subtracting rational expressions works just like adding and subtracting numerical 
fractions. To add fractions, we need to find a common denominator. Let’s look at an example of 
fraction addition. 

Equation: 


5 ie, oe 3 
2d + 10 120 + 720 
ex 208 
120 


at 
30 


We have to rewrite the fractions so they share a common denominator before we are able to add. 
We must do the same thing when adding or subtracting rational expressions. 


The easiest common denominator to use will be the least common denominator, or LCD. The 
LCD is the smallest multiple that the denominators have in common. To find the LCD of two 
rational expressions, we factor the expressions and multiply all of the distinct factors. For instance, 
if the factored denominators were (a + 3)(x + 4) and (a + 4)(x + 5),then the LCD would be 

(x + 3)(a + 4)(x + 5). 


Once we find the LCD, we need to multiply each expression by the form of 1 that will change the 
denominator to the LCD. We would need to multiply the expression with a denominator of 


(x + 3)(x + 4) by ze and the expression with a denominator of (a + 4)(xz + 5) by ae ; 


Note: 
Given two rational expressions, add or subtract them. 


1. Factor the numerator and denominator. 

2. Find the LCD of the expressions. 

3. Multiply the expressions by a form of 1 that changes the denominators to the LCD. 
4. Add or subtract the numerators. 

5. Simplify. 


Example: 
Exercise: 


Problem: 
Adding Rational Expressions 


Add the rational expressions: 
Equation: 


Solution: 


First, we have to find the LCD. In this case, the LCD will be zy. We then multiply each 
expression by the appropriate form of 1 to obtain zyas the denominator for each fraction. 
Equation: 


ce [re 


ale + 


oe 
y 


a|8 


ke alo 
CSRS 
aL 


Now that the expressions have the same denominator, we simply add the numerators to find 


the sum. 
Equation: 
6x + 5y 
ry 
Analysis 


Multiplying by a or = does not change the value of the original expression because any number 
divided by itself is 1, and multiplying an expression by 1 gives the original expression. 


Example: 
Exercise: 


Problem: 
Subtracting Rational Expressions 


Subtract the rational expressions: 


Equation: 
6 2 
w+4r+4 22-4 
Solution: 
Equation: 
6 2 
(w+2)? (x+2)(x—2) Factor. 
ee = GED ; ao Multiply each fraction to get LCD as denominator. 
ES ee ea : 
(@+2)(e-2)  (@+2)*(e—2) Multiply. 
Tae Apply distributive property. 
nea Subtract. 
ee Simplify. 


Note: 
Do we have to use the LCD to add or subtract rational expressions? 
No. Any common denominator will work, but it is easiest to use the LCD. 


Note: 


Exercise: 

, : LNG dees oe a | 
Problem:Subtract the rational expressions: == ay 
Solution: 

2(ca) 
(z+5)(2—3) 


Simplifying Complex Rational Expressions 


A complex rational expression is a rational expression that contains additional rational expressions 
in the numerator, the denominator, or both. We can simplify complex rational expressions by 
rewriting the numerator and denominator as single rational expressions and dividing. The complex 


rational expression Dar can be simplified by rewriting the numerator as the fraction + and 
oO 


combining the expressions in the denominator as te We can then rewrite the expression as a 
ae ‘ é : ‘ a b 4 i 
eee problem using the reciprocal of the denominator. We get a Lae »which is equal to 
a 
1+bc ° 
Note: 


Given a complex rational expression, simplify it. 


1. Combine the expressions in the numerator into a single rational expression by adding or 
subtracting. 

. Combine the expressions in the denominator into a single rational expression by adding or 
subtracting. 

. Rewrite as the numerator divided by the denominator. 

. Rewrite as multiplication. 

. Multiply. 

. Simplify. 


No 


Aub WwW 


Example: 
Exercise: 


Problem: 
Simplifying Complex Rational Expressions 


il 


eo 


yt 


Simplify: 


Ee 
ui) 


Solution: 


Begin by combining the expressions in the numerator into one expression. 


Equation: 
yr E+ + Multiply by = to get LCD as denominator. 
x 1 
a to 
auth Add numerators. 


Now the numerator is a single rational expression and the denominator is a single rational 
expression. 


Equation: 


zytl 
x 


# 
y 


We can rewrite this as division, and then multiplication. 


Equation: 
zyt+l . 2 
Mls 2 
ae ae 2 Rewrite as multiplication. 
sae Multiply. 
Note: 
Exercise: 
eee 
Problem:Simplify:— : 
Solution: 
ey? 
ry? 
Note: 


Can a complex rational expression always be simplified? 
Yes. We can always rewrite a complex rational expression as a simplified rational expression. 


Note: 
Access these online resources for additional instruction and practice with rational expressions. 


e Simplify Rational Expressions 

e Multiply and Divide Rational Expressions 
e Add and Subtract Rational Expressions 

e Simplify a Complex Fraction 


Key Concepts 


e Rational expressions can be simplified by cancelling common factors in the numerator and 
denominator. See [link]. 

e We can multiply rational expressions by multiplying the numerators and multiplying the 
denominators. See [link]. 

¢ To divide rational expressions, multiply by the reciprocal of the second expression. See [link]. 

e Adding or subtracting rational expressions requires finding a common denominator. See [link] 
and [link]. 

¢ Complex rational expressions have fractions in the numerator or the denominator. These 
expressions can be simplified. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: How can you use factoring to simplify rational expressions? 


Solution: 


You can factor the numerator and denominator to see if any of the terms can cancel one 
another out. 


Exercise: 


Problem:How do you use the LCD to combine two rational expressions? 
Exercise: 


Problem: 


Tell whether the following statement is true or false and explain why: You only need to find 
the LCD when adding or subtracting rational expressions. 


Solution: 


True. Multiplication and division do not require finding the LCD because the denominators 
can be combined through those operations, whereas addition and subtraction require like 
terms. 


Algebraic 


For the following exercises, simplify the rational expressions. 
Exercise: 


x?—16 


Problem: bath 


Exercise: 


y +10y+25 


Problem: Pally +30 


Solution: 


ytd 
yt6 


Exercise: 


6a7—24a+24 


Problem: -[; 


Exercise: 


9b?-+18b+9 


Problem: 3b43 


Solution: 


3b 43 


Exercise: 


m—12 


Problem: Tn 14d 


Exercise: 


227+ 7r—A4 


Problem: 7555 


Solution: 


a+4 
2x2+2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a+3 
a—3 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


3n—8 
Tn-3 


For the following exercises, multiply the rational expressions and express the product in simplest 


form. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


c—6 
ct+6 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


62?+5a—4 


3x?+19x+20 


a’+9a+18 


a?+3a—18 


3c?+25c—18 


3c?—23c+14 


12n?—29n—8 


28n2—5n—-3 


xw—a—6 | 2x74+7x—15 
22?+2—6 x?—-9 
42c—24 | Ph 10c+ 24 
c?4+12c+36 = c?—8c +16 
2d’+9d—35 | _3d°+2d—21 
d?+10d+21 3d?+14d—49 
10h?—-9h-9 | h?—16h+64 
2h?—-19h+24 5h?—37h—24 


1 


Exercise: 
» 6b°+13b+6 | 6b’+31b—30 
Problem: [5-5 186°—3b—10 
Exercise: 
. 2d°415d4+25 | 2d’—15d+25 
Problem: Ad2—25 25d?—-1 
Solution: 
25 
25d2—1 
Exercise: 
. 62—5a—50_ | 20a*—7a—6 
Problem: 1522—44¢ —20 2x27+9xr+10 
Exercise: 
. 1 t24+2t—-15 
Problem: P24+4t+3 #?—4t+3 
Solution: 
t+5 
+43 
Exercise: 
. 2n?=n-15 — 12n?-13n+3 
Problem: [i3n—5 ° a2 isni9 
Exercise: 
.  3622—25 . 3x7+322-+20 
Problem: 57652450 ° 18224272410 
Solution: 
6x—5 
6x+5 


For the following exercises, divide the rational expressions. 


Exercise: 
Problem: 2° vr 
* 2y?—3y—9 2y2+y—3 
Exercise: 
, Gp’+p—12 6p’—11p+4 
Problem: go igp19 > 2p t1ip-6 


Solution: 


p+6 
4p+3 
Exercise: 
2 2 
. a9 q°—2q-3 
Problem: @?-+6q+9 @+2q—3 
Exercise: 
. 18d?+77d-18 . 3d?+29d—44 
Problem: 77-7529 9d?—15d+4 
Solution: 
2d-+9 
d+11 
Exercise: 
. 162?+182—55 2x27+172+30 
Problem: 3575-36, 11 4a?+252-+6 
Exercise: 
. _144b?— 25 18b*—21b-+5 
Problem: 72b2—6b—10 36b2—18b—10 
Solution: 
12b-+5 
3b—1 
Exercise: 
. 16a?—24a+9 16a?—9 
Problem: 4a?+17a—15 4a?+11a+6 
Exercise: 
 22y’+59y+10 , 11y?+46y+8 
Problem: 12y?+28y—5 24y?—10y+1 
Solution: 
4y-1 
yt4 
Exercise: 
. 92°+32-20 . 6x?+4r—10 
Problem: 302-7244 e2—2r+1 


For the following exercises, add and subtract the rational expressions, and then simplify. 


Exercise: 


oA 10 
Problem: : + i 


Solution: 


10x+4y 
cy 


Exercise: 


~12 6 
Problem: 24 3p 


Exercise: 


4 5 
Problem: — a1 + G3 
Solution: 
9a—7 
a*—2a—3 
Exercise: 
Problem: <2. — £4 
3 4 
Exercise: 
.¥t3 y—3 
Problem: | + TE 
Solution: 
2y’—y+9 
yr—y-2 
Exercise: 
~t-l — 2243 
Problem: St oer 
Exercise: 
ek 22z+5 
Problem: — Te We 
Solution: 
52t+e2+5 
z2—z—-2 
Exercise: 
4p pti 
Problem: pit 5 


Exercise: 
Problem: 
Solution: 


a+2xryt+y 
at+aytyt+l 


For the following exercises, simplify the rational expression. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


2b+7a 
ab? 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


18+ab 
4b 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a—b 


x 
z+1 


y 


+ aT 


&_4 


xz 


pi acs 


7 


TS 


ps aed Se 


b 


2 


ceo 
48 


3 
a 6 
2b 
3a 


b 


a 
a-1 

1 

az+1 


xz+1 + 
= 


ib 
a 
a+b 


ab 


Gi 
b 


Exercise: 


Problem: —- 


Exercise: 


Problem: Weal 


Solution: 


3c243c—2 
2c?+5c+2 


Exercise: 


Problem: 


Real-World Applications 


Exercise: 


Problem: 


Brenda is placing tile on her bathroom floor. The area of the floor is 15x? — 8x — 7 ft*. The 


area of one tile is x? — 2x + 1ft”. To find the number of tiles needed, simplify the rational 
152?—82—7 


expresslon: re Par 


Area = 15x? — 8x —7 


Solution: 


152+7 
z—-1 


Exercise: 


Problem: 


The area of Sandy’s yard is 25x? — 625 ft?. A patch of sod has an area of x? — 10x + 25 ft. 
Divide the two areas and simplify to find how many pieces of sod Sandy needs to cover her 
yard. 


Exercise: 


Problem: 


Aaron wants to mulch his garden. His garden is x? + 18a + 81 ft*. One bag of mulch covers 
a” — 81 ft”. Divide the expressions and simplify to find how many bags of mulch Aaron needs 
to mulch his garden. 


Solution: 


Extensions 


For the following exercises, perform the given operations and simplify. 
Exercise: 


w+e—-6 | 2x2-32-9 . 10x?+270+18 
x?—22—3 x’—-2-2 0 * 2?4+2ar41 


Problem: 


Exercise: 


3y2—10y+3  2y2—3y-20 
By24+5y—2  2y2—y—15 


Problem: 
y—4 


Solution: 


ihe 
yt2 


Exercise: 


4a+1 2a-—3 
2a—3 zy 2a+3 
4a2+9 
a 


Problem: 


Exercise: 


v?4+72+12 . 3”7+197+28 . 22?+r-3 
w+e—-6 *° 8a2—-4e-24 ° 327442—7 


Problem: 


Solution: 


4 


Chapter Review Exercises 


Real Numbers: Algebra Essentials 


For the following exercises, perform the given operations. 
Exercise: 


Problem:(5 — 3 - 2)” — 6 
Solution: 


—5 


Exercise: 


Problem:64 ~ (2-8) + 14+7 


Exercise: 
Problem:2 - 52 + 6 = 2 
Solution: 


53 


For the following exercises, solve the equation. 
Exercise: 


Problem:5z + 9 = —11 


Exercise: 


Problem:2y + 4? = 64 
Solution: 


y = 24 


For the following exercises, simplify the expression. 
Exercise: 


Problem:9 (y+ 2) +3-2+1 


Exercise: 


Problem:3m (4+ 7) —m 


Solution: 


32m 


For the following exercises, identify the number as rational, irrational, whole, or natural. Choose 
the most descriptive answer. 
Exercise: 


Problem:11 
Exercise: 
Problem:0 


Solution: 
whole 


Exercise: 


Problem: > 


Exercise: 


Problem: J ii 


Solution: 


irrational 


Exponents and Scientific Notation 


For the following exercises, simplify the expression. 
Exercise: 


Problem:2? - 2+ 


Exercise: 


Problem: - 
Solution: 


16 


Exercise: 


a 
Problem: (¢ ) 


Exercise: 


2, 
Problem: £4 
2a 
Solution: 
ae 
Exercise: 
4 
Problem: . 2 
y x 
Exercise: 
4-243y-3 
Problem: — 
Solution: 
a 
32y3 
Exercise: 


~2 
Problem: (2 ) 


Exercise: 


Problem: ( 1a! ) (4ab~*) ~ 


Solution: 


a 


Exercise: 


Problem: Write the number in standard notation: 2.1314 x 107° 


Exercise: 


Problem: Write the number in scientific notation: 16,340,000 
Solution: 


1.634 x 10° 


Radicals and Rational Expressions 


For the following exercises, find the principal square root. 
Exercise: 


Problem: J 121 
Exercise: 
Problem: J 196 
Solution: 
14 
Exercise: 
Problem: J 361 
Exercise: 
Problem: J 75 
Solution: 
5V3 
Exercise: 
Problem: J 162 
Exercise: 
., | 32 
Problem: 35 
Solution: 
Avo 
5 
Exercise: 
. | 80 
Problem: rh 
Exercise: 
49 


Problem: 250 


Solution: 


72 
50 


Exercise: 


2 


Problem: rR 


Exercise: 


Problem:4,\/3 + 6\/3 
Solution: 
10/3 
Exercise: 
Problem:12\/5 — 13/5 
Exercise: 
Problem: °/ —243 
Solution: 
—3 
Exercise: 


2/250 


Problem: a 


Polynomials 


For the following exercises, perform the given operations and simplify. 
Exercise: 


Problem: (3x° + 2x — 1) + (4x? — 2x + 7) 


Solution: 


323 + 427 + 6 


Exercise: 


Problem: (2y + 1) — (2y? — 2y — 5) 


Exercise: 


Problem: (22° + 32 — 6) + (32? — 4a + 9) 
Solution: 


522-2 +3 


Exercise: 


Problem: (6a” + 3a + 10) — (6a’—3a + 5) 


Exercise: 


Problem:(k + 3)(k — 6) 
Solution: 


k* — 3k — 18 


Exercise: 


Problem:(2h + 1)(3h — 2) 


Exercise: 
Problem: (x + 1) (x? + 1) 


Solution: 


e+e%*+n41 


Exercise: 


Problem:(m — 2)(m” + 2m — 3) 


Exercise: 


Problem: (a + 2b) (3a — b) 
Solution: 


3a? + 5ab — 2b? 


Exercise: 


Problem:(z + y) (x — y) 


Factoring Polynomials 


For the following exercises, find the greatest common factor. 
Exercise: 


Problem:81p + 9pq — 27pq? 
Solution: 


9p 
Exercise: 


Problem:12x7y + 4ry?—18xy 


Exercise: 


Problem:88a°b + 4a7b — 144a? 
Solution: 


4a? 


For the following exercises, factor the polynomial. 
Exercise: 


Problem:2” — 9x — 18 


Exercise: 


Problem:8a? + 30a — 27 


Solution: 


(4a — 3)(2a + 9) 


Exercise: 


Problem:d? — 5d — 66 


Exercise: 


Problem:2? + 10x + 25 
Solution: 


(2 +5) 


Exercise: 


Problem:7* — 6y + 9 


Exercise: 


Problem:4h2 — 12hk + 9k? 
Solution: 
(2h — 3k)? 


Exercise: 


Problem:36127 — 121 


Exercise: 


Problem:p° + 216 


Solution: 
(p + 6) (p? —6p+ 36) 


Exercise: 


Problem:8x° — 125 


Exercise: 


Problem:64q? — 27p° 
Solution: 


(4q — 3p) (16q” + 12pq + 9p”) 


Exercise: 


Bl oo 


Problem:42z(x — 17 + 3(x —-1) 


Exercise: 


CoE 


Problem:3p(p + 3)3—8(p +3) 
Solution: 


(p + 3)? (—5p — 24) 


Exercise: 


Problem:4r(2r — 1) * — 5(2r — 1) 


Rational Expressions 


For the following exercises, simplify the expression. 
Exercise: 


. 2?—x—12 
Problem: 46 
Solution: 
“+3 
a—4 
Exercise: 
. 4y’=25 
Problem: TW y 128 
Exercise: 


2a?—a-3 | _5a’—19a—4 
2a?—6a—8 10a?—13a—3 


Problem: 


Solution: 
i 
2 
Exercise: 


d-4 . d-3 


Problem: P29 P16 


Exercise: 


m?+5m+6  . 2m?+3m—9 
2m2—5m—-3 ° 4m?—4m—3 


Problem: 


Solution: 


m+2 
m—-3 


Exercise: 


4@—7d—-2_. _8d?46d+1 


Problem: 5e7a10 * Gd+7d_10 


Exercise: 
. 10 6 
Problem: 7; + _ 
Solution: 


6a-+10y 
ry 


Exercise: 


12 3 


Problemy gat a1 


Exercise: 
1 2 
s+ = 
ed c 
Problem: 37 
dc 


Solution: 


1 


6 
Exercise: 


Problem: 


Chapter Practice Test 


For the following exercises, identify the number as rational, irrational, whole, or natural. Choose 
the most descriptive answer. 
Exercise: 


Problem:— 13 
Solution: 


rational 


Exercise: 


Problem: J 5 


For the following exercises, evaluate the equations. 
Exercise: 


Problem:2(z + 3) — 12 = 18 
Solution: 


p= 12 


Exercise: 


Problem:y(3 + 3)? — 26 = 10 


Exercise: 


Problem: Write the number in standard notation:3.1415 x 10° 
Solution: 
3,141,500 

Exercise: 


Problem: Write the number in scientific notation: 0.0000000212. 


For the following exercises, simplify the expression. 
Exercise: 


Problem:—2 - (2 + 3-2)’ +144 
Solution: 
16 


Exercise: 


Problem:4 (x + 3) — (6x + 2) 


Exercise: 
Problem:3° - 3° 


Solution: 


9 


Exercise: 


Problem: (2 ) : 


Exercise: 


8x3 
(20)” 


Problem: 


Solution: 


22 


Exercise: 


Problem: (16y°) 2y~? 


Exercise: 


Problem: J 441 


Solution: 
21 
Exercise: 
Problem: \/ 490 
Exercise: 
. /9 
Problem: 16 
Solution: 
Bye 
4 
Exercise: 
Problem: +2222 
1+Vb 
Exercise: 


Problem:6vV 24 + 7/54 — 12/6 
Solution: 


21V6 


Exercise: 


ya 


Problem: Vee 


Exercise: 


Problem: (13q° + 2q? — 3) — (6q” + 5q — 3) 
Solution: 


13g? — 4q? — 5g 


Exercise: 


Problem: (6p? + 2p + 1) + (9p?—1) 


Exercise: 


Problem:(n — 2)(n? — 4n + 4) 


Solution: 
n3 — 6n? + 12n —8 
Exercise: 


Problem: (a — 2b)(2a + b) 


For the following exercises, factor the polynomial. 
Exercise: 


Problem: 16x? — 81 


Solution: 
(4x + 9)(4a — 9) 


Exercise: 


Problem:y” + 12y + 36 
Exercise: 

Problem:27c*? — 1331 

Solution: 


(3c — 11) (9c? + 33c + 121) 


Exercise: 


we ]eo 


Problem:32z(x — 6)? + 2(x — 6) 


For the following exercises, simplify the expression. 
Exercise: 


2247243 | 427-1524+9 


Problem: “> rm 


Solution: 


2z-1 


Exercise: 


; 2 
Problem: 7 ng 


Exercise: 


a 2b 
ee) 
Problem: —;" 


6a 


Solution: 


3a+2b 
3b 


Glossary 


least common denominator 
the smallest multiple that two denominators have in common 


rational expression 
the quotient of two polynomial expressions 


Quadratic Equations 
In this section you will: 


¢ Solve quadratic equations by factoring. 

e Solve quadratic equations by the square root property. 

¢ Solve quadratic equations by completing the square. 

e Solve quadratic equations by using the quadratic formula. 


The computer monitor on the left in [link] is a 23.6-inch model and the one 
on the right is a 27-inch model. Proportionally, the monitors appear very 
similar. If there is a limited amount of space and we desire the largest 
monitor possible, how do we decide which one to choose? In this section, 
we will learn how to solve problems such as this using four different 
methods. 


Solving Quadratic Equations by Factoring 


An equation containing a second-degree polynomial is called a quadratic 
equation. For example, equations such as 2x? + 32 — 1 = Oand 

a? — 4 = Oare quadratic equations. They are used in countless ways in the 
fields of engineering, architecture, finance, biological science, and, of 
course, mathematics. 


Often the easiest method of solving a quadratic equation is factoring. 
Factoring means finding expressions that can be multiplied together to give 


the expression on one side of the equation. 


If a quadratic equation can be factored, it is written as a product of linear 
terms. Solving by factoring depends on the zero-product property, which 
states that ifa - b = 0,thena = Oorb = 0,where a and b are real numbers 
or algebraic expressions. In other words, if the product of two numbers or 
two expressions equals zero, then one of the numbers or one of the 
expressions must equal zero because zero multiplied by anything equals 
zero. 


Multiplying the factors expands the equation to a string of terms separated 
by plus or minus signs. So, in that sense, the operation of multiplication 
undoes the operation of factoring. For example, expand the factored 
expression (a — 2) (x + 3) by multiplying the two factors together. 
Equation: 


(x —2)(x+3) = 27+3xr-2r-6 
= z?+z—6 


The product is a quadratic expression. Set equal to zero, z? + « — 6 = Ois 
a quadratic equation. If we were to factor the equation, we would get back 
the factors we multiplied. 


The process of factoring a quadratic equation depends on the leading 
coefficient, whether it is 1 or another integer. We will look at both 
situations; but first, we want to confirm that the equation is written in 
standard form, ax? + br +c = 0,where a, b, and c are real numbers, and 
a # 0. The equation x? + x — 6 = Ois in standard form. 


We can use the zero-product property to solve quadratic equations in which 
we first have to factor out the greatest common factor (GCF), and for 
equations that have special factoring formulas as well, such as the 
difference of squares, both of which we will see later in this section. 


Note: 


The Zero-Product Property and Quadratic Equations 
The zero-product property states 
Equation: 


Ifa-b=0, thena = 0orb=0O, 


where a and b are real numbers or algebraic expressions. 

A quadratic equation is an equation containing a second-degree 
polynomial; for example 

Equation: 


ax? +br+c=0 


where a, b, and c are real numbers, and if a ~ 0,it is in standard form. 


Solving Quadratics with a Leading Coefficient of 1 


In the quadratic equation x? + « — 6 = 0, the leading coefficient, or the 
coefficient of x”, is 1. We have one method of factoring quadratic equations 
in this form. 


Note: 
Given a quadratic equation with the leading coefficient of 1, factor it. 


1. Find two numbers whose product equals c and whose sum equals b. 
2. Use those numbers to write two factors of the form 
(2 + k) or (x — k), where k is one of the numbers found in step 1. 
Use the numbers exactly as they are. In other words, if the two 
numbers are 1 and —2, the factors are (x + 1) (x — 2). 
3. Solve using the zero-product property by setting each factor equal to 
zero and solving for the variable. 


Example: 
Exercise: 


Problem: 
Solving a Quadratic Equation by Factoring when the Leading 
Coefficient is not 1 


Factor and solve the equation: x? + z — 6 = 0. 
Solution: 
To factor 2 + 2 — 6 = 0, we look for two numbers whose product 


equals —6 and whose sum equals 1. Begin by looking at the possible 
factors of —6. 


Equation: 
1 - (—6) 
(6) -1 
ef) 
3 - (—2) 


The last pair, 3 - (—2) sums to 1, so these are the numbers. Note that 
only one pair of numbers will work. Then, write the factors. 
Equation: 


(x — 2)(a+3) =0 
To solve this equation, we use the zero-product property. Set each 


factor equal to zero and solve. 
Equation: 


(x — 2) (x+3) 0 
(c-—2) = 0 
SS 

(z+3) = 0 
Lo 


The two solutions are 2 and —3. We can see how the solutions relate 
to the graph in [link]. The solutions are the x-intercepts of 
y=r?+2-6=0. 


Note: 
Exercise: 


Problem:Factor and solve the quadratic equation: x? — 5x — 6 = 0. 


Solution: 


(c —6)(a+1)=0;2 =6,x4=-1 


Example: 
Exercise: 


Problem: 
Solve the Quadratic Equation by Factoring 
Solve the quadratic equation by factoring: z? + 82 + 15 = 0. 


Solution: 


Find two numbers whose product equals 15 and whose sum equals 8. 
List the factors of 15. 
Equation: 


The numbers that add to 8 are 3 and 5. Then, write the factors, set 
each factor equal to zero, and solve. 
Equation: 


(2+ 3)(a@+5) = 0 

(c+3) = 0 
Tao 

(c+5) = 0 
Ca 


The solutions are —3 and —5). 


Note: 
Exercise: 


Problem: 
Solve the quadratic equation by factoring: x? — 4% — 21 = 0. 


Solution: 


(x—7) («1 +3) = 0,2 = 7,2 = —3. 


Example: 
Exercise: 


Problem: 
Using the Zero-Product Property to Solve a Quadratic Equation 
Written as the Difference of Squares 


Solve the difference of squares equation using the zero-product 
property: 2? —9 = 0. 


Solution: 


Recognizing that the equation represents the difference of squares, we 
can write the two factors by taking the square root of each term, using 
a minus sign as the operator in one factor and a plus sign as the 
operator in the other. Solve using the zero-factor property. 

Equation: 


(c-—3) = 0 
ee 

(c+3) = 0 
ia 


The solutions are 3 and —3. 


Note: 
Exercise: 


Problem: Solve by factoring: x? — 25 = 0. 


Solution: 


(22 5) (2—5) =O = ba — 5: 


Solving a Quadratic Equation by Factoring when the Leading 
Coefficient is not 1 


When the leading coefficient is not 1, we factor a quadratic equation using 
the method called grouping, which requires four terms. With the equation in 
standard form, let’s review the grouping procedures: 


1. With the quadratic in standard form, az? + bx + c = 0,multiply a - c. 

2. Find two numbers whose product equals ac and whose sum equals b. 

3. Rewrite the equation replacing the bx term with two terms using the 

numbers found in step 1 as coefficients of x. 

4. Factor the first two terms and then factor the last two terms. The 
expressions in parentheses must be exactly the same to use grouping. 

. Factor out the expression in parentheses. 

6. Set the expressions equal to zero and solve for the variable. 


U1 


Example: 
Exercise: 


Problem: 
Solving a Quadratic Equation Using Grouping 


Use grouping to factor and solve the quadratic equation: 
4x? +152 +9=0. 


Solution: 


First, multiply ac : 4(9) = 36. Then list the factors of 36. 
Equation: 


Or WN FE 
— 
i) 


The only pair of factors that sums to 15 is 3 + 12. Rewrite the 
equation replacing the b term, 15z,with two terms using 3 and 12 as 


coefficients of x. Factor the first two terms, and then factor the last 
two terms. 


Equation: 
Ag? + 32+122+9 = 0 
2(4c + 3)+3(42+3) = 0 
(42 +3)(2+3) = 0 


Solve using the zero-product property. 


Equation: 
(42 +3)(e+3) = 0 
(42+3) = 0 
=e 
4 
(c+3) = 0 
ao 


The solutions are — 2 and—3. See [link]. 


Note: 
Exercise: 


Problem:Solve using factoring by grouping: 12x? + 1lz + 2 = 0. 
Solution: 


(3a + 2) (4x + 1) == 2e= — 


Ale 


Example: 
Exercise: 


Problem: 


Solving a Polynomial of Higher Degree by Factoring 
Solve the equation by factoring: —3x° — 5x? — 2z = 0. 
Solution: 


This equation does not look like a quadratic, as the highest power is 3, 
not 2. Recall that the first thing we want to do when solving any 
equation is to factor out the GCF, if one exists. And it does here. We 
can factor out — x from all of the terms and then proceed with 


grouping. 
Equation: 
—3a3 —5a2?-22 = 


—x (307 + 5a + 2) =<) 


Use grouping on the expression in parentheses. 
Equation: 
—z(3x? Spt ap ies 2) = 
—2[3a(e2 +1) + 2(2+1)] 
—z(3x+2)(2+1) = 0 


Now, we use the zero-product property. Notice that we have three 
factors. 


Equation: 
SMe 20) 
Cis 10 
0x) 
2 = -3 
eG) 


The solutions are 0,— + and =); 


Note: 
Exercise: 


Problem: Solve by factoring: x? + 11x? + 10x = 0. 


Solution: 


C—O gg 


Using the Square Root Property 


When there is no linear term in the equation, another method of solving a 
quadratic equation is by using the square root property, in which we 
isolate the x” term and take the square root of the number on the other side 
of the equals sign. Keep in mind that sometimes we may have to manipulate 
the equation to isolate the x? term so that the square root property can be 
used. 


Note: 

The Square Root Property 

With the x? term isolated, the square root property states that: 
Equation: 


if x? = k, thenx = +Vk 


where k is a nonzero real number. 


Note: 
Given a quadratic equation with an x” term but no z term, use the 
square root property to solve it. 


1. Isolate the x” term on one side of the equal sign. 

2. Take the square root of both sides of the equation, putting a + sign 
before the expression on the side opposite the squared term. 

3. Simplify the numbers on the side with the + sign. 


Example: 
Exercise: 


Problem: 
Solving a Simple Quadratic Equation Using the Square Root 
Property 


Solve the quadratic using the square root property: z? = 8. 


Solution: 


Take the square root of both sides, and then simplify the radical. 


Remember to use a + sign before the radical symbol. 


Equation: 


The solutions are 2+/ Te 


Example: 


Exercise: 


Problem: 
Solving a Quadratic Equation Using the Square Root Property 


Solve the quadratic equation: 4x? + 1 = 7. 


Solution: 


First, isolate the x” term. Then take the square root of both sides. 
Equation: 


Ae? +1 = 7 
Ar? = 6 
me ag 
nee 
x = +¥6 
The solutions are V6 on ae 


2° 


Note: 
Exercise: 


Problem: 


Solve the quadratic equation using the square root property: 
3(a — 4)* = 15. 


Solution: 


g=4+vJ/5 


Completing the Square 


Not all quadratic equations can be factored or can be solved in their original 
form using the square root property. In these cases, we may use a method 
for solving a quadratic equation known as completing the square. Using 
this method, we add or subtract terms to both sides of the equation until we 
have a perfect square trinomial on one side of the equal sign. We then apply 
the square root property. To complete the square, the leading coefficient, a, 
must equal 1. If it does not, then divide the entire equation by a. Then, we 
can use the following procedures to solve a quadratic equation by 
completing the square. 


We will use the example x? + 4x + 1 = Oto illustrate each step. 


1. Given a quadratic equation that cannot be factored, and witha = 1, 
first add or subtract the constant term to the right sign of the equal 
sign. 

Equation: 


ge? +42 = —1 


2. Multiply the b term by - and square it. 
Equation: 


3. Add (+0) * to both sides of the equal sign and simplify the right side. 


We have 
Equation: 


ge td4g 4 = -144 
a? +4a+4 


| 
we 


4. The left side of the equation can now be factored as a perfect square. 
Equation: 


e?+4¢+4 
(e+2)? = 


5. Use the square root property and solve. 
Equation: 


/(e+2)"? = 4v3 
i i eae +V/3 
g = -2+V3 


6. The solutions are —2 + \/3, and—2 — V3. 


Example: 
Exercise: 


Problem: 
Solving a Quadratic by Completing the Square 


Solve the quadratic equation by completing the square: 
g*—32—5=0. 


Solution: 


First, move the constant term to the right side of the equal sign. 
Equation: 


a? —32=5 


Then, take + of the b term and square it. 


Equation: 


Add the result to both sides of the equal sign. 
Equation: 


Factor the left side as a perfect square and simplify the right side. 
Equation: 


Use the square root property and solve. 
Equation: 


The solutions are Seve rile oe 


Note: 
Exercise: 


Problem:Solve by completing the square: x? — 62 = 13. 
Solution: 


ey 


Using the Quadratic Formula 


The fourth method of solving a quadratic equation is by using the quadratic 
formula, a formula that will solve all quadratic equations. Although the 
quadratic formula works on any quadratic equation in standard form, it is 
easy to make errors in substituting the values into the formula. Pay close 
attention when substituting, and use parentheses when inserting a negative 
number. 


We can derive the quadratic formula by completing the square. We will 
assume that the leading coefficient is positive; if it is negative, we can 
multiply the equation by —1 and obtain a positive a. Given 

ax” + bz +c = 0,a  0,we will complete the square as follows: 


1. First, move the constant term to the right side of the equal sign: 
Equation: 


ax’ + br = —c 


2. As we want the leading coefficient to equal 1, divide through by a: 
Equation: 


Cc 
Lo+ et = -— 
a 


Q 


3. Then, find + of the middle term, and add (+ ay = a to both sides 


of the equal sign: 
Equation: 


4. Next, write the left side as a perfect square. Find the common 
denominator of the right side and write it as a single fraction: 


Equation: 
a ib : _ b— 4ac 
2a)  ~— Aa? 


5. Now, use the square root property, which gives 


Equation: 
b = b2—4ac 
+a = =\V ae 
b ss kb? 4a 
EN gg. = = ag 


6. Finally, add — i to both sides of the equation and combine the terms 
on the right side. Thus, 


Equation: 
—b+ Vb? — 4ac 
ee 
2a 
Note: 


The Quadratic Formula 


Written in standard form, az? + bx + c = 0,any quadratic equation can be 
solved using the quadratic formula: 
Equation: 


ae —b+ Vb — 4ac 


2a 


where a, b, and c are real numbers anda + 0. 


Note: 
Given a quadratic equation, solve it using the quadratic formula 


1. Make sure the equation is in standard form: ax? + bz + c = 0. 

2. Make note of the values of the coefficients and constant term, a, b,and 
G; 

3. Carefully substitute the values noted in step 2 into the equation. To 
avoid needless errors, use parentheses around each number input into 
the formula. 

4. Calculate and solve. 


Example: 
Exercise: 


Problem: 
Solve the Quadratic Equation Using the Quadratic Formula 


Solve the quadratic equation: x? + 52 + 1=0. 
Solution: 
Identify the coefficients: a = 1, b = 5,c = 1. Then use the quadratic 


formula. 
Equation: 


Example: 
Exercise: 


Problem: 
Solving a Quadratic Equation with the Quadratic Formula 


Use the quadratic formula to solve z7 + 2 +2 =0. 
Solution: 
First, we identify the coefficients: a = 1,b = 1,andc = 2. 


Substitute these values into the quadratic formula. 
Equation: 


The solutions to the equation are Say and alge 


Note: 
Exercise: 


Problem: 


Solve the quadratic equation using the quadratic formula: 
On? + 32 —2=0. 


Solution: 


The Discriminant 


The quadratic formula not only generates the solutions to a quadratic 
equation, it tells us about the nature of the solutions when we consider the 
discriminant, or the expression under the radical, b* — dac. The 
discriminant tells us whether the solutions are real numbers or complex 
numbers, and how many solutions of each type to expect. [link] relates the 
value of the discriminant to the solutions of a quadratic equation. 


Value of Discriminant Results 

a ee One rational solution (double 
solution) 

b? — dac > 0,perfect square Two rational solutions 


b? — dac > 0,not a perfect 


Two irrational solutions 
square 


Value of Discriminant Results 


b? — dac < 0 Two complex solutions 


Note: 

The Discriminant 

Forax? + bx + c = 0, where a, b, andcare real numbers, the 
discriminant is the expression under the radical in the quadratic formula: 
b” — 4ac. It tells us whether the solutions are real numbers or complex 
numbers and how many solutions of each type to expect. 


Example: 
Exercise: 


Problem: 
Using the Discriminant to Find the Nature of the Solutions to a 
Quadratic Equation 


Use the discriminant to find the nature of the solutions to the 
following quadratic equations: 


ar ar dO 
b. 827+ 144 +3=0 
eee = by SO 
d. 32 -—10%+15=0 


Solution: 


Calculate the discriminant 6” — 4ac for each equation and state the 
expected type of solutions. 


ar+4r+4=0 


b? — dac = (4)? — 4(1) (4) = 0. There will be one rational 
double solution. 


b. 822+ 147 + 3=0 


b? — dac = (14)” — 4(8) (3) = 100. As 100 is a perfect square, 
there will be two rational solutions. 


c. 322-52 —2=0 


b? — dac = (—5)* — 4(3) (—2) = 49. As 49 is a perfect square, 
there will be two rational solutions. 


d. 327-107 +15 =0 


b? — dac = (—10)? — 4(3) (15) = —80. There will be two 
complex solutions. 


Using the Pythagorean Theorem 


One of the most famous formulas in mathematics is the Pythagorean 
Theorem. It is based on a right triangle, and states the relationship among 
the lengths of the sides as a? + b? = c*,where aand b refer to the legs of a 
right triangle adjacent to the 90° angle, and crefers to the hypotenuse. It has 
immeasurable uses in architecture, engineering, the sciences, geometry, 
trigonometry, and algebra, and in everyday applications. 


We use the Pythagorean Theorem to solve for the length of one side of a 
triangle when we have the lengths of the other two. Because each of the 
terms is squared in the theorem, when we are solving for a side of a 
triangle, we have a quadratic equation. We can use the methods for solving 
quadratic equations that we learned in this section to solve for the missing 
side. 


The Pythagorean Theorem is given as 
Equation: 


a+bh=c* 


where a and brefer to the legs of a right triangle adjacent to the 90° angle, 
and crefers to the hypotenuse, as shown in [link]. 


Example: 
Exercise: 


Problem: 
Finding the Length of the Missing Side of a Right Triangle 


Find the length of the missing side of the right triangle in [link]. 


12 


a 


Solution: 


As we have measurements for side b and the hypotenuse, the missing 
side is a. 


Equation: 
Ose = 
gess(Ay = (lane 
a7+16 = 144 
Ge == Is 
a = 1/128 
= 8/2 
Note: 
Exercise: 
Problem: 


Use the Pythagorean Theorem to solve the right triangle problem: Leg 
a measures 4 units, leg b measures 3 units. Find the length of the 
hypotenuse. 


Solution: 


5 units 


Note: 
Access these online resources for additional instruction and practice with 
quadratic equations. 


e The Zero-Product Property 
¢ Completing the Square 


¢ Quadratic Formula with Two Rational Solutions 


Key Equations 
quadratic formula = abby fac 
Key Concepts 


Many quadratic equations can be solved by factoring when the 
equation has a leading coefficient of 1 or if the equation is a difference 
of squares. The zero-product property is then used to find solutions. 
See [link], [link], and [link]. 

Many quadratic equations with a leading coefficient other than 1 can 
be solved by factoring using the grouping method. See [link] and 
[link]. 

Another method for solving quadratics is the square root property. The 
variable is squared. We isolate the squared term and take the square 
root of both sides of the equation. The solution will yield a positive 
and negative solution. See [link] and [link]. 

Completing the square is a method of solving quadratic equations 
when the equation cannot be factored. See [link]. 

A highly dependable method for solving quadratic equations is the 
quadratic formula, based on the coefficients and the constant term in 
the equation. See [link] and [link]. 

The discriminant is used to indicate the nature of the roots that the 
quadratic equation will yield: real or complex, rational or irrational, 
and how many of each. See [link]. 


e The Pythagorean Theorem, among the most famous theorems in 
history, is used to solve right-triangle problems and has applications in 
numerous fields. Solving for the length of one side of a right triangle 
requires solving a quadratic equation. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem:How do we recognize when an equation is quadratic? 


Solution: 


It is a second-degree equation (the highest variable exponent is 2). 
Exercise: 

Problem: 

When we solve a quadratic equation, how many solutions should we 

always start out seeking? Explain why when solving a quadratic 


equation in the form ax? + bx + c = 0 we may graph the equation 
y = ax’ + be + cand have no zeroes (x-intercepts). 


Exercise: 
Problem: 


When we solve a quadratic equation by factoring, why do we move all 
terms to one side, having zero on the other side? 


Solution: 


We want to take advantage of the zero property of multiplication in the 
fact that if a - 6 = Othen it must follow that each factor separately 
offers a solution to the product being zero: a = 0 or b = 0. 


Exercise: 


Problem: 


In the quadratic formula, what is the name of the expression under the 
radical sign b? — 4ac, and how does it determine the number of and 
nature of our solutions? 


Exercise: 


Problem: 


Describe two scenarios where using the square root property to solve a 
quadratic equation would be the most efficient method. 


Solution: 


One, when no linear term is present (no x term), such as x2 = 16. Two, 
when the equation is already in the form (aa + 6)” = d. 


Algebraic 


For the following exercises, solve the quadratic equation by factoring. 
Exercise: 


Problem:2? + 4x — 21 = 0 
Exercise: 

Problem:2? — 9x + 18 = 0 

Solution: 


t= 6.7 = 3 


Exercise: 


Problem:2x? + 9z —5 =0 
Exercise: 
Problem:6z7 + 172 +5 =0 
Solution: 
= 


et ae se 
ir ae i 


Exercise: 


Problem:4x? — 12x + 8 = 0 


Exercise: 


Problem:3x2 — 75 = 0 
Solution: 
P50 = 0 


Exercise: 


Problem:8z? + 62 — 9 = 0 


Exercise: 


Problem:4x” = 9 
Solution: 


a ees 


Exercise: 


Problem:2x? + 14x” = 36 


Exercise: 


Problem:5x2 = 5x + 30 
Solution: 
= —2,0 


Exercise: 


Problem:427 = 5x 


Exercise: 
Problem:72x7 + 3x = 0 
Solution: 
=8 


z=00= > 


Exercise: 


Problem: = _%2_9 


x 


For the following exercises, solve the quadratic equation by using the 
Square root property. 
Exercise: 


Problem:2? = 36 


Solution: 


r= —6.7 = 6 


Exercise: 


Problem:x? = 49 


Exercise: 


Problem:(x — 1)* = 25 
Solution: 


x=6,7 = —-4 


Exercise: 


Problem:(z — 3)’ = 7 
Exercise: 
Problem:(2z + 1)’ = 9 


Solution: 
tale S22 
Exercise: 


Problem: (x — 5)° = 4 


For the following exercises, solve the quadratic equation by completing the 
square. Show each step. 
Exercise: 


Problem:x” — 9x — 22 = 0 
Solution: 


GS —2,0= Id 


Exercise: 


Problem:2x2 — 8x — 5 = 0 


Exercise: 


Problem:x? — 6x = 13 
Solution: 


i eae hosed / > 
Exercise: 

Problem:x? + 2a — ¥ — 0 
Exercise: 


Problem:2 + z = 62” 


Solution: 


bol 


wy = 
Bo ig eo 


Exercise: 


Problem:6p? + 7p — 20 = 0 


Exercise: 


Problem:2x7 — 3x — 1 = 0 


Solution: 
__ 34V17 
ea” aa 


For the following exercises, determine the discriminant, and then state how 
many solutions there are and the nature of the solutions. Do not solve. 
Exercise: 


Problem:2x7 — 6x + 7 = 0 


Exercise: 


Problem: + 4x + 7 = 0 
Solution: 


Not real 


Exercise: 


Problem:32? + 5x — 8 = 0 


Exercise: 


Problem:9x? — 30x + 25 — 0 


Solution: 


One rational 


Exercise: 


Problem:2x2 — 3x — 7 = 0 


Exercise: 


Problem:6x? — x — 2 = 0 
Solution: 


Two real; rational 


For the following exercises, solve the quadratic equation by using the 
quadratic formula. If the solutions are not real, state No Real Solution. 
Exercise: 


Problem:227 + 5x + 3 =0 


Exercise: 


Problem:x2 + « = 4 


Solution: 


—Yen/17 


tL >= 2 


Exercise: 


Problem:2x7 — 8x2 — 5 = 0 


Exercise: 


Problem:327 — 52 + 1 =0 


Solution: 


_ 5+713 
Dee 


Exercise: 


Problem:x? + 4x + 2 = 0 


Exercise: 


Problem:4 + + — + =0 


£ x2 
Solution: 


—14+/17 
8 


i — 


Technology 


For the following exercises, enter the expressions into your graphing utility 
and find the zeroes to the equation (the x-intercepts) by using 2"4 CALC 
2:zero. Recall finding zeroes will ask left bound (move your cursor to the 
left of the zero,enter), then right bound (move your cursor to the right of the 
zero,enter), then guess (move your cursor between the bounds near the zero, 
enter). Round your answers to the nearest thousandth. 

Exercise: 


Problem: Y, = 4x? + 3a — 2 
Exercise: 

Problem: Y, = —3x? + 8x — 1 

Solution: 

* oo O.1Sland gs = 2.535 


Exercise: 


Problem: Y, = 0.52? + 2 —7 
Exercise: 


Problem: 


To solve the quadratic equation x? + 52 — 7 = 4,we can graph these 
two equations 


Y,=2°+52—7 
Y,=4 


and find the points of intersection. Recall 2" CALC 5:intersection. Do 
this and find the solutions to the nearest tenth. 


Solution: 


x= —6.7andz2 ~ 1.7 
Exercise: 


Problem: 


To solve the quadratic equation 0.327 + 2x — 4 = 2,we can graph 
these two equations 


Y, = 0.327 +22 —4 
Yo=2 


and find the points of intersection. Recall 2"? CALC 5:intersection. Do 
this and find the solutions to the nearest tenth. 


Extensions 


Exercise: 


Problem: 


Beginning with the general form of a quadratic equation, 
ax” + ba +c = 0,solve for x by using the completing the square 
method, thus deriving the quadratic formula. 


Solution: 


Q 
8 
bo 
ai 
o 
8 
a 
fe) 
| 
jon) 


2 b —c 
DP Ge er aa 
2 b b2 _— =e b 
Cr gtt a = at a 
b)\2 _ B-4ac 
(z+ a) he 
b = b2—4ac 
Eta = = ae 
—b+V/b*—4ac 
a 
Exercise: 
Problem: 


Show that the sum of the two solutions to the quadratic equation is 
b 
me 


Exercise: 


Problem: 
A person has a garden that has a length 10 feet longer than the width. 
Set up a quadratic equation to find the dimensions of the garden if its 


area is 119 ft.*. Solve the quadratic equation to find the length and 
width. 


Solution: 


x(x + 10) = 119;7 ft. and 17 ft. 
Exercise: 
Problem: 
Abercrombie and Fitch stock had a price given as 
P = 0.2t? — 5.6t + 50.2,where t is the time in months from 1999 to 


2001. (¢ = Lis January 1999). Find the two months in which the price 
of the stock was $30. 


Exercise: 


Problem: 


Suppose that an equation is given p = —2x? + 280x — 1000,where x 
represents the number of items sold at an auction and pis the profit 
made by the business that ran the auction. How many items sold would 
make this profit a maximum? Solve this by graphing the expression in 
your graphing utility and finding the maximum using 2" CALC 
maximum. To obtain a good window for the curve, set x [0,200] and y 
[0,10000]. 


Solution: 


maximum at z = 70 


Real-World Applications 


Exercise: 
Problem: 
A formula for the normal systolic blood pressure for a man age A, 
measured in mmHg, is given as P = 0.006.A? — 0.02A + 120. Find 


the age to the nearest year of a man whose normal blood pressure 
measures 125 mmHg. 


Exercise: 
Problem: 
The cost function for a certain company is C = 60x + 300 and the 
revenue is given by R = 100z — 0.5x?. Recall that profit is revenue 


minus cost. Set up a quadratic equation and find two values of x 
(production level) that will create a profit of $300. 


Solution: 


The quadratic equation would be 
(100x—0.5x7) — (60x + 300) = 300. The two values of x are 20 and 
60. 


Exercise: 
Problem: 
A falling object travels a distance given by the formula d = 5t + 16¢? 


ft, where t is measured in seconds. How long will it take for the object 
to traveled 74 ft? 


Exercise: 
Problem: 
A vacant lot is being converted into a community garden. The garden 


and the walkway around its perimeter have an area of 378 ft*. Find the 
width of the walkway if the garden is 12 ft. wide by 15 ft. long. 


HHH. 
FILE LELE 

j 

i 


T 
| 
] 


15 feet 
ae Ge Ss] ee ee eas 
> Gee ee 
zi aaa Sas 
a 


Solution: 


3 feet 
Exercise: 


Problem: 


An epidemiological study of the spread of a certain influenza strain 
that hit a small school population found that the total number of 
students, P,who contracted the flu ¢ days after it broke out is given by 
the model P = —t? + 13t + 130,where 1 < t < 6. Find the day that 
160 students had the flu. Recall that the restriction ont is at most 6. 


Glossary 


completing the square 
a process for solving quadratic equations in which terms are added to 
or subtracted from both sides of the equation in order to make one side 
a perfect square 


discriminant 
the expression under the radical in the quadratic formula that indicates 
the nature of the solutions, real or complex, rational or irrational, 
single or double roots. 


Pythagorean Theorem 
a theorem that states the relationship among the lengths of the sides of 
a right triangle, used to solve right triangle problems 


quadratic equation 
an equation containing a second-degree polynomial; can be solved 
using multiple methods 


quadratic formula 
a formula that will solve all quadratic equations 


Square root property 
one of the methods used to solve a quadratic equation, in which the «? 
term is isolated so that the square root of both sides of the equation can 


be taken to solve for x 


zero-product property 
the property that formally states that multiplication by zero is zero, so 
that each factor of a quadratic equation can be set equal to zero to 
solve equations 


Other Types of Equations 
In this section you will: 


¢ Solve equations involving rational exponents. 
e Solve equations using factoring. 

¢ Solve radical equations. 

¢ Solve absolute value equations. 

¢ Solve other types of equations. 


We have solved linear equations, rational equations, and quadratic equations using several 
methods. However, there are many other types of equations, and we will investigate a few more 
types in this section. We will look at equations involving rational exponents, polynomial 
equations, radical equations, absolute value equations, equations in quadratic form, and some 
rational equations that can be transformed into quadratics. Solving any equation, however, 
employs the same basic algebraic rules. We will learn some new techniques as they apply to 
certain equations, but the algebra never changes. 


Solving Equations Involving Rational Exponents 


Rational exponents are exponents that are fractions, where the numerator is a power and the 
1 res 1 
denominator is a root. For example, 162 is another way of writing V16;8% is another way of 


writing ¥/8. The ability to work with rational exponents is a useful skill, as it is highly applicable 
in calculus. 


We can solve equations in which a variable is raised to a rational exponent by raising both sides 

of the equation to the reciprocal of the exponent. The reason we raise the equation to the 

reciprocal of the exponent is because we want to eliminate the exponent on the variable term, 
Aer A 7 2/3\ TNS 

and a number multiplied by its reciprocal equals 1. For example, = (3) = 413 ( a ) = l,and so 

on. 


Note: 

Rational Exponents 

A rational exponent indicates a power in the numerator and a root in the denominator. There are 
multiple ways of writing an expression, a variable, or a number with a rational exponent: 
Equation: 


Example: 
Exercise: 


Problem: 


Evaluating a Number Raised to a Rational Exponent 
Evaluate 87. 
Solution: 


Whether we take the root first or the power first depends on the number. It is easy to find 


2; il 
the cube root of 8, so rewrite 83 as (8) : 


Equation: 
2 
(HY = @ 
= dl 
Note: 
Exercise: 


Problem:Evaluate 64— 3 ; 


Solution: 


1 
4 


Example: 
Exercise: 


Problem: 
Solve the Equation Including a Variable Raised to a Rational Exponent 


5 
Solve the equation in which a variable is raised to a rational exponent: 4 = 32. 


Solution: 


The way to remove the exponent on x is by raising both sides of the equation to a power 
that is the reciprocal of > which is = 
Equation: 


oS [oad 
| 
w 
bo 


ita nO The fifth root of 32 is 2. 


Note: 
Exercise: 


Problem:Solve the equation at = 125. 


Solution: 


25 


Example: 
Exercise: 


Problem: 
Solving an Equation Involving Rational Exponents and Factoring 


3) il 
Solve3x4 = 22. 


Solution: 


This equation involves rational exponents as well as factoring rational exponents. Let us 
take this one step at a time. First, put the variable terms on one side of the equal sign and 
set the equation equal to zero. 

Equation: 


Now, it looks like we should factor the left side, but what do we factor out? We can always 
factor the term with the lowest exponent. Rewrite Lz asxe. Then, factor out at from both 
terms on the left. 

Equation: 


Where did x* come from? Remember, when we multiply two numbers with the same base, 
we add the exponents. Therefore, if we multiply at back in using the distributive property, 
we get the expression we had before the factoring, which is what should happen. We need 
an exponent such that when added to 2 equals 3. Thus, the exponent on x in the 
parentheses is ;. 
Let us continue. Now we have two factors and can use the zero factor theorem. 
Equation: 


zt (3a+-1) = 0 
at = 0 
te 
aca = b= 0 
3a4 1 
a $ Divide both sides by 3. 
4 
(2? — (3) i Raise both sides to the reciprocal of on 
Set 
Fone Peat 


The two solutions are 0 and x 


Note: 
Exercise: 


Problem:Solve: (x + 5) 7 = 8. 


Solution: 


{—1} 


Solving Equations Using Factoring 


We have used factoring to solve quadratic equations, but it is a technique that we can use with 
many types of polynomial equations, which are equations that contain a string of terms including 
numerical coefficients and variables. When we are faced with an equation containing 
polynomials of degree higher than 2, we can often solve them by factoring. 


Note: 

Polynomial Equations 

A polynomial of degree n is an expression of the type 
Equation: 


ied eae ee eee ey 


where n is a positive integer anda,,...,@o are real numbers anda, # 0. 
Setting the polynomial equal to zero gives a polynomial equation. The total number of 
solutions (real and complex) to a polynomial equation is equal to the highest exponent n. 


Example: 
Exercise: 


Problem: 
Solving a Polynomial by Factoring 


Solve the polynomial by factoring: 5a* = 802”. 

Solution: 

First, set the equation equal to zero. Then factor out what is common to both terms, the 
GCF. 


Equation: 


5a* — 802? 
5a? (a? -16) = 0 


I 
= 


Notice that we have the difference of squares in the factor x” — 16,which we will continue 
to factor and obtain two solutions. The first term, 5a generates, technically, two solutions 
as the exponent is 2, but they are the same solution. 

Equation: 


8 
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The solutions are 0 (double solution),4, and —4. 


Analysis 


We can see the solutions on the graph in [link]. The x-coordinates of the points where the graph 
crosses the x-axis are the solutions—the x-intercepts. Notice on the graph that at the solution 0, 
the graph touches the x-axis and bounces back. It does not cross the x-axis. This is typical of 
double solutions. 


y 


Note: 
Exercise: 


Problem:Solve by factoring: 127+ = 32”. 


Solution: 


1 
= 


wlR 


Example: 
Exercise: 


Problem: 

Solve a Polynomial by Grouping 

Solve a polynomial by grouping: x? + x? — 9x —9 = 0. 
Solution: 


This polynomial consists of 4 terms, which we can solve by grouping. Grouping 
procedures require factoring the first two terms and then factoring the last two terms. If the 
factors in the parentheses are identical, we can continue the process and solve, unless more 
factoring is suggested. 

Equation: 


a+a2%7-9r-9 = 0 
z*(2+1)—9(2+1) = 0 
(a? -9)(e@+1) = 0 


The grouping process ends here, as we can factor x” — 9 using the difference of squares 


formula. 


Equation: 
(c7-9)(@+1) = 0 
(x—3)(2+3)(2+1) = 0 
oe 
os 
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The solutions are 3,—3, and —1. Note that the highest exponent is 3 and we obtained 3 
solutions. We can see the solutions, the x-intercepts, on the graph in [link]. 


Analysis 


We looked at solving quadratic equations by factoring when the leading coefficient is 1. When 
the leading coefficient is not 1, we solved by grouping. Grouping requires four terms, which we 
obtained by splitting the linear term of quadratic equations. We can also use grouping for some 
polynomials of degree higher than 2, as we saw here, since there were already four terms. 


Solving Radical Equations 


Radical equations are equations that contain variables in the radicand (the expression under a 
radical symbol), such as 
Equation: 


V3x+18 = 2 
Vi+3 = x«-3 
Vz+5—-vVr-3 = 2 


Radical equations may have one or more radical terms, and are solved by eliminating each 
radical, one at a time. We have to be careful when solving radical equations, as it is not unusual 
to find extraneous solutions, roots that are not, in fact, solutions to the equation. These solutions 
are not due to a mistake in the solving method, but result from the process of raising both sides 
of an equation to a power. However, checking each answer in the original equation will confirm 
the true solutions. 


Note: 
Radical Equations 
An equation containing terms with a variable in the radicand is called a radical equation. 


Note: 
Given a radical equation, solve it. 


1. Isolate the radical expression on one side of the equal sign. Put all remaining terms on the 
other side. 

2. If the radical is a square root, then square both sides of the equation. If it is a cube root, 
then raise both sides of the equation to the third power. In other words, for an nth root 
radical, raise both sides to the nth power. Doing so eliminates the radical symbol. 

3. Solve the remaining equation. 

. If a radical term still remains, repeat steps 1—2. 

5. Confirm solutions by substituting them into the original equation. 


AS 


Example: 
Exercise: 


Problem: 
Solving an Equation with One Radical 


Solve V7 15 — 22 = z. 


Solution: 


The radical is already isolated on the left side of the equal side, so proceed to square both 
sides. 
Equation: 


«W/ ilki} = 24p == ae 
D 
(v 15> 2a) = (a)? 
15-27 = xr? 


We see that the remaining equation is a quadratic. Set it equal to zero and solve. 
Equation: 
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The proposed solutions are —5 and 3. Let us check each solution back in the original 
equation. First, check x = —5. 
Equation: 


/15 — 2x = 


G=2E5) =. 5 
J/25 = —5 
5 4 —5 


This is an extraneous solution. While no mistake was made solving the equation, we found 
a solution that does not satisfy the original equation. 


Gheck z= 3: 
Equation: 
V15—22 = ¢ 
15 — 2(3) 3 
sa 
3 3 


The solution is 3. 


Note: 
Exercise: 


Problem:Solve the radical equation: Wz + 3 = 3x — 1 


Solution: 


1; extraneous solution — 2 


Example: 


Exercise: 


Problem: 


Solving a Radical Equation Containing Two Radicals 


Solve /22 +34 /x—2=4. 


Solution: 


As this equation contains two radicals, we isolate one radical, eliminate it, and then isolate 


the second radical. 


Equation: 


J/2r +34 


Jr 


V2x2 +3 
(=) 


4 
4—vVx-2 Subtract Vz — 2 from both sides. 
(iv 


2 
— 2) Square both sides. 


Use the perfect square formula to expand the right side: (a — b)? = a?—2ab + 6°. 


Equation: 


2x 4 


2x + 
2x 4 
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11 


eS Tse 
pe) 


(4)? — 2(4)/e—2+ (ve—2) 
16 — 8Va2—2+ (a — 2) 


14+2 


8V x2 —2 Combine like terms. 


—8Va4—2 


(5-2) 
64(x — 2) 


Isolate the second radical. 


Square both sides. 


Now that both radicals have been eliminated, set the quadratic equal to zero and solve. 


Equation: 


x? — 227 +121 
x? — 86x + 249 
(x — 3)(x — 83) 
a 
5 


64x — 128 


0 Factor and solve. 


83 


The proposed solutions are 3 and 83. Check each solution in the original equation. 


Equation: 


One solution is 3. 


Check z = 83. 
Equation: 
V2z+3+Vr—-2 = 4 
ee a ae 
V/2(83) +3 = 4—/(83—2) 
V169 = 4-81 
13 4 —-5 


The only solution is 3. We see that 83 is an extraneous solution. 


Note: 
Exercise: 


Problem:Solve the equation with two radicals: V3e+7+/e+2=1. 


Solution: 


—2; extraneous solution —1 


Solving an Absolute Value Equation 


Next, we will learn how to solve an absolute value equation. To solve an equation such as 

|2a — 6| = 8,we notice that the absolute value will be equal to 8 if the quantity inside the 
absolute value bars is 8 or —8. This leads to two different equations we can solve independently. 
Equation: 


2x—-6 = 8 or 2x—-6 = -8 


i) 
8 
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Knowing how to solve problems involving absolute value functions is useful. For example, we 
may need to identify numbers or points on a line that are at a specified distance from a given 
reference point. 


Note: 

Absolute Value Equations 

The absolute value of x is written as |x|. It has the following properties: 
Equation: 


lig 0, then |x| =z, 
If x < 0, then |x| = —z. 


For real numbers A and B,an equation of the form |A| = B,with B > 0,will have solutions 
when A = Bor A = —B. If B < 0,the equation |A| = Bhas no solution. 

An absolute value equation in the form |axz + b| = chas the following properties: 
Equation: 


If c < 0, |axz + b| = c has no solution. 
If c= 0, |ax + b| = chas one solution. 


If c > 0, |axz + b| = c has two solutions. 


Note: 
Given an absolute value equation, solve it. 


1. Isolate the absolute value expression on one side of the equal sign. 
2. Ifc > 0,write and solve two equations: az + b = candaz + b = —c. 


Example: 
Exercise: 


Problem: 
Solving Absolute Value Equations 


Solve the following absolute value equations: 


* (a) (6x + 4|=8 

* (b) [3a + 4| = —9 
(c) (3a —5|-4=6 
(d) |—5x + 10| =0 


Solution: 
* (a) |6z + 4| = 8 


Write two equations and solve each: 
Equation: 


62+4 = 
6x 


a 


| 
oot = OO 


The two solutions are 2 and —2. 


° (b) [32 + 4| = —9 


62+ 4 


There is no solution as an absolute value cannot be negative. 


* (c) (82 —5|-4=6 


Isolate the absolute value expression and then write two equations. 


Equation: 
[32 —5|-—4 
|3a — 5] 
oop ll) 
oo — 15 
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There are two solutions: 5, and — 3, 


* (d) |—5x + 10| =0 


The equation is set equal to zero, so we have to write only one equation. 


Equation: 


—5x2+ 10 
—5x 


x 


= 10) 


There is one solution: 2. 


Note: 
Exercise: 


Problem:Solve the absolute value equation:|1 — 4z| + 8 = 13. 


Solution: 


g 
—1,2 


Solving Other Types of Equations 


There are many other types of equations in addition to the ones we have discussed so far. We will 
see more of them throughout the text. Here, we will discuss equations that are in quadratic form, 
and rational equations that result in a quadratic. 


Solving Equations in Quadratic Form 


Equations in quadratic form are equations with three terms. The first term has a power other 
than 2. The middle term has an exponent that is one-half the exponent of the leading term. The 
third term is a constant. We can solve equations in this form as if they were quadratic. A few 
examples of these equations include z* — 5x? + 4 = 0, 2° + 7x? — 8 = 0,and 

a? +4x% +2 = 0. Ineach one, doubling the exponent of the middle term equals the exponent 
on the leading term. We can solve these equations by substituting a variable for the middle term. 


Note: 

Quadratic Form 

If the exponent on the middle term is one-half of the exponent on the leading term, we have an 
equation in quadratic form, which we can solve as if it were a quadratic. We substitute a 
variable for the middle term to solve equations in quadratic form. 


Note: 
Given an equation quadratic in form, solve it. 


1. Identify the exponent on the leading term and determine whether it is double the exponent 
on the middle term. 

. If it is, substitute a variable, such as u, for the variable portion of the middle term. 

. Rewrite the equation so that it takes on the standard form of a quadratic. 

. Solve using one of the usual methods for solving a quadratic. 

. Replace the substitution variable with the original term. 

. Solve the remaining equation. 


AuKRWN 


Example: 
Exercise: 


Problem: 
Solving a Fourth-degree Equation in Quadratic Form 


Solve this fourth-degree equation: 324 — 2x? — 1 = 0. 
Solution: 


This equation fits the main criteria, that the power on the leading term is double the power 
on the middle term. Next, we will make a substitution for the variable term in the middle. 
Let u = x?.Rewrite the equation in u. 

Equation: 


3u” — 2u—1=0 
Now solve the quadratic. 
Equation: 


81 == 1, = 0 
(3u + 1) (u—1) 


| 
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Solve each factor and replace the original term for u. 


Equation: 
oe 
el el 
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Equation: 
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The solutions are + in] $ and a 


Note: 
Exercise: 


Problem:Solve using substitution: 2* — 82? — 9 = 0. 


Solution: 


Bee ies era 


Example: 
Exercise: 


Problem: 
Solving an Equation in Quadratic Form Containing a Binomial 


Solve the equation in quadratic form: (x + 2)? + 11(a#+2)—12=0. 


Solution: 


This equation contains a binomial in place of the single variable. The tendency is to expand 
what is presented. However, recognizing that it fits the criteria for being in quadratic form 
makes all the difference in the solving process. First, make a substitution, letting 

u = x + 2. Then rewrite the equation in u. 

Equation: 


uwe+llu—12 = 0 
(w+ 12)\(%=1) = 0 


Solve using the zero-factor property and then replace u with the original expression. 
Equation: 


u = —12 
i sb 
x —14 
The second factor results in 
Equation: 
u—1 
uo = Il 
gb = Il 
x —1 


We have two solutions: —14, and —1. 


Note: 
Exercise: 


Problem:Solve: (a — 5)” — 4(a — 5) —21=0. 


Solution: 


Tab) 


Solving Rational Equations Resulting in a Quadratic 


Earlier, we solved rational equations. Sometimes, solving a rational equation results in a 
quadratic. When this happens, we continue the solution by simplifying the quadratic equation by 
one of the methods we have seen. It may turn out that there is no solution. 


Example: 
Exercise: 


Problem: 
Solving a Rational Equation Leading to a Quadratic 


—4e |, 4 _ -8 


Solve the following rational equation: >; + sy = a7: 


Solution: 


We want all denominators in factored form to find the LCD. Two of the denominators 
cannot be factored further. However, z?—1 = (x + 1) (x — 1). Then, the LCD is 

(x + 1) (a — 1). Next, we multiply the whole equation by the LCD. 
Equation: 


(e+1)@-1) [48+ 4) = leaptay t+ 0@-0 
A4e(a2+1)+4(2-1) = -8 
Ar? 42 +42—-4 = -8 
47744 = 
—4 (a? — 1) = 


—4(a+1)(x-1) = 0 


x 
x 


In this case, either solution produces a zero in the denominator in the original equation. 
Thus, there is no solution. 


Note: 
Exercise: 
ie 32+2 alge —2 
Problem:Solve <-> + + = a3, 
Solution: 


—1,0 is not a solution. 


Note: 
Access these online resources for additional instruction and practice with different types of 
equations. 


Rational Equation with no Solution 

Solving equations with rational exponents using reciprocal powers 
Solving radical equations part 1 of 2 

Solving radical equations part 2 of 2 


Key Concepts 


¢ Rational exponents can be rewritten several ways depending on what is most convenient for 
the problem. To solve, both sides of the equation are raised to a power that will render the 
exponent on the variable equal to 1. See [link], [link], and [link]. 

¢ Factoring extends to higher-order polynomials when it involves factoring out the GCF or 
factoring by grouping. See [link] and [link]. 

e We can solve radical equations by isolating the radical and raising both sides of the equation 
to a power that matches the index. See [link] and [link]. 

¢ To solve absolute value equations, we need to write two equations, one for the positive 
value and one for the negative value. See [link]. 

e Equations in quadratic form are easy to spot, as the exponent on the first term is double the 
exponent on the second term and the third term is a constant. We may also see a binomial in 
place of the single variable. We use substitution to solve. See [link] and [link]. 

e Solving a rational equation may also lead to a quadratic equation or an equation in quadratic 
form. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: In a radical equation, what does it mean if a number is an extraneous solution? 
Solution: 


This is not a solution to the radical equation, it is a value obtained from squaring both sides 
and thus changing the signs of an equation which has caused it not to be a solution in the 
original equation. 


Exercise: 


Problem:Explain why possible solutions must be checked in radical equations. 
Exercise: 
Problem: 


Your friend tries to calculate the value — 9? and keeps getting an ERROR message. What 
mistake is he or she probably making? 


Solution: 


He or she is probably trying to enter negative 9, but taking the square root of —9 is not a real 
number. The negative sign is in front of this, so your friend should be taking the square root 
of 9, cubing it, and then putting the negative sign in front, resulting in —27. 


Exercise: 


Problem:Explain why |2z + 5| = —7has no solutions. 


Exercise: 


Problem:Explain how to change a rational exponent into the correct radical expression. 


Solution: 


A rational exponent is a fraction: the denominator of the fraction is the root or index 
number and the numerator is the power to which it is raised. 


Algebraic 


For the following exercises, solve the rational exponent equation. Use factoring where necessary. 
Exercise: 


2 
3 


Problem:z = = 16 


Exercise: 


3 
4 


Problem:z + = 27 
Solution: 
xz—8l 


Exercise: 


Problem: 22” — at —0 
Exercise: 


Problem: (x — 1) 


Solution: 


x-—17 


Exercise: 


2 
Problem:(z + 1)? = 4 


Exercise: 


Problem: = = bat +6=0 
Solution: 
£8. e=-27 
Exercise: 
Problem:2 7 — 3x7 — 4x7 —0 


For the following exercises, solve the following polynomial equations by grouping and factoring. 
Exercise: 


Problem:z? + 27? — x —2=0 
Solution: 
x= -—2,1,-1 


Exercise: 


Problem:3x° — 6x? — 277 +54 =0 


Exercise: 


Problem:4y° — 9y = 0 


Solution: 
Bh te3 
y= 0, 9. “2° 


Exercise: 


Problem:x? + 327 — 252 — 75 = 0 


Exercise: 
Problem:m°? + m2 —m—1=0 


Solution: 


m=1,=1 


Exercise: 


Problem:2x°—142° = 0 


Exercise: 


Problem:52°? + 452 = 222 + 18 


—_ 2 19; 
4 5 a3t 


For the following exercises, solve the radical equation. Be sure to check all solutions to eliminate 
extraneous solutions. 
Exercise: 


Problem: 3x —1-—-2=-0 
Exercise: 

Problem:./zx — 7 = 5 

Solution: 

xz — 32 


Exercise: 


Problem: Vx —-l=2-7 
Exercise: 
Problem: ,/3t + 5 = 7 


Solution: 
— 4 
car 
Exercise: 


Problem: i + 1+9—=7 


Exercise: 


Problem:./12 — x = x 


Solution: 


r= 3 


Exercise: 


Problem:\/2z + 3 — Vz +2=2 


Exercise: 


Problem: \/3z + 7+ /z2+2=1 
Solution: 


r—-2 


Exercise: 
Problem:\/2z + 3 _ Jax +1=1 


For the following exercises, solve the equation involving absolute value. 
Exercise: 


Problem:|3z — 4| = 8 


Solution: 


Exercise: 


Problem:|2z — 3| = —2 


Exercise: 
Problem:|1 — 4z| —1=5 
Solution: 


_ 7 
C= S44 


Exercise: 


Problem: |4z + 1| —3 =6 


Exercise: 
Problem:|2z — 1| — 7 = —2 


Solution: 


L132 


Exercise: 


Problem: |2x + 1| — 2 = —3 
Exercise: 
Problem:|z + 5| = 0 


Solution: 


x=—5 


Exercise: 


Problem: — |2z + 1| = —3 


For the following exercises, solve the equation by identifying the quadratic form. Use a 
substitute variable and find all real solutions by factoring. 
Exercise: 


Problem:x* — 10x”? + 9 = 0 
Solution: 


e=1,=153,—3 


Exercise: 


Problem:4(t — 1)” — 9(t — 1) = —2 


Exercise: 


Problem: («:” By (@ 1) 12 =0 
Solution: 


x=2;—2 


Exercise: 


Problem: (z + 1)* — 8(a +1) -—9=0 


Exercise: 


Problem: (z — 3)” — 4 =0 


Solution: 


Extensions 


For the following exercises, solve for the unknown variable. 
Exercise: 


Problem:x~2 — x~! —12 = 0 


Exercise: 


Problem: 4/ ||”? = « 


Solution: 
All real numbers 


Exercise: 


Problem:¢!° — t° + 1=0 


Exercise: 
Problem: |x” + 2x — 36| = 12 


Solution: 


2 = 4,6,—6, —8 


Real-World Applications 


For the following exercises, use the model for the period of a pendulum, T’,such that 
= 2n,/ = where the length of the pendulum is L and the acceleration due to gravity is g. 
Exercise: 
Problem: 
If the acceleration due to gravity is 9.8 m/s? and the period equals 1 s, find the length to the 
nearest cm (100 cm = 1 m). 


Exercise: 


Problem: 


If the gravity is 32 ft/s* and the period equals 1 s, find the length to the nearest in. (12 in. = 
1 ft). Round your answer to the nearest in. 


Solution: 


10 in. 


For the following exercises, use a model for body surface area, BSA, such that BSA = e., 


where w = weight in kg and h = height in cm. 
Exercise: 


Problem: Find the height of a 72-kg female to the nearest cm whose BSA = 1.8. 


Exercise: 


Problem: Find the weight of a 177-cm male to the nearest kg whose BSA = 2.1. 


Solution: 


90 kg 


Glossary 


absolute value equation 
an equation in which the variable appears in absolute value bars, typically with two 
solutions, one accounting for the positive expression and one for the negative expression 


equations in quadratic form 
equations with a power other than 2 but with a middle term with an exponent that is one- 
half the exponent of the leading term 


extraneous solutions 
any solutions obtained that are not valid in the original equation 


polynomial equation 
an equation containing a string of terms including numerical coefficients and variables 
raised to whole-number exponents 


radical equation 
an equation containing at least one radical term where the variable is part of the radicand 


Introduction 
class="introduction' 
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Toward the end of the twentieth century, the values of stocks of Internet and 
technology companies rose dramatically. As a result, the Standard and 
Poor’s stock market average rose as well. [link] tracks the value of that 
initial investment of just under $100 over the 40 years. It shows that an 
investment that was worth less than $500 until about 1995 skyrocketed up 
to about $1100 by the beginning of 2000. That five-year period became 
known as the “dot-com bubble” because so many Internet startups were 
formed. As bubbles tend to do, though, the dot-com bubble eventually 
burst. Many companies grew too fast and then suddenly went out of 


business. The result caused the sharp decline represented on the graph 
beginning at the end of 2000. 


Notice, as we consider this example, that there is a definite relationship 
between the year and stock market average. For any year we choose, we can 
determine the corresponding value of the stock market average. In this 
chapter, we will explore these kinds of relationships and their properties. 


Functions and Function Notation 
In this section, you will: 


e Determine whether a relation represents a function. 
e Find the value of a function. 

¢ Determine whether a function is one-to-one. 

e Use the vertical line test to identify functions. 

Graph the functions listed in the library of functions. 


A jetliner changes altitude as its distance from the starting point of a flight increases. The weight of a growing 
child increases with time. In each case, one quantity depends on another. There is a relationship between the two 
quantities that we can describe, analyze, and use to make predictions. In this section, we will analyze such 
relationships. 


Determining Whether a Relation Represents a Function 


A relation is a set of ordered pairs. The set consisting of the first components of each ordered pair is called the 
domain and the set consisting of the second components of each ordered pair is called the range. Consider the 
following set of ordered pairs. The first numbers in each pair are the first five natural numbers. The second number 
in each pair is twice that of the first. 

Equation: 


{(1, 2), (2, 4), (3, 6), (4, 8), (5, 10)} 


The domain is {1, 2, 3, 4, 5}. The range is {2, 4, 6, 8, 10}. 


Note that each value in the domain is also known as an input value, or independent variable, and is often labeled 
with the lowercase letter z. Each value in the range is also known as an output value, or dependent variable, and 
is often labeled lowercase letter y. 


A function f is a relation that assigns a single element in the range to each element in the domain. In other words, 
no x-values are repeated. For our example that relates the first five natural numbers to numbers double their values, 
this relation is a function because each element in the domain, {1, 2, 3, 4, 5}, is paired with exactly one element 
in the range, {2, 4, 6, 8, 10}. 


Now let’s consider the set of ordered pairs that relates the terms “even” and “odd” to the first five natural numbers. 
It would appear as 
Equation: 


{(odd, 1), (even, 2), (odd, 3), (even, 4), (odd, 5)} 


Notice that each element in the domain, {even, odd} is not paired with exactly one element in the range, 

{1, 2, 3, 4, 5}. For example, the term “odd” corresponds to three values from the domain, {1, 3, 5} and the term 
“even” corresponds to two values from the range, {2, 4}. This violates the definition of a function, so this relation 
is not a function. 


[link] compares relations that are functions and not functions. 


Relation is a Function Relation is a Function Relation is NOT a Function 
Inputs Outputs Inputs Outputs Inputs Outputs 


= 
— TA = 


(a) (b) (c) 


(a) This relationship is a function because each input is associated with a single output. Note that input g and 
r both give output n. (b) This relationship is also a function. In this case, each input is associated with a 
single output. (c) This relationship is not a function because input q is associated with two different outputs. 


Note: 

Function 

A function is a relation in which each possible input value leads to exactly one output value. We say “the output 
is a function of the input.” 

The input values make up the domain, and the output values make up the range. 


Note: 
Given a relationship between two quantities, determine whether the relationship is a function. 


1. Identify the input values. 

2. Identify the output values. 

3. If each input value leads to only one output value, classify the relationship as a function. If any input value 
leads to two or more outputs, do not classify the relationship as a function. 


Example: 
Exercise: 


Problem: 
Determining If Menu Price Lists Are Functions 


The coffee shop menu, shown in [link] consists of items and their prices. 


a. Is price a function of the item? 
b. Is the item a function of the price? 


Plain Donut 
Jelly Donut 
Chocolate Donut 


Solution: 
a. Let’s begin by considering the input as the items on the menu. The output values are then the prices. 


Each item on the menu has only one price, so the price is a function of the item. 

b. Two items on the menu have the same price. If we consider the prices to be the input values and the 
items to be the output, then the same input value could have more than one output associated with it. 
See [link]. 


Plain Donut ~« 
Jelly Donut « 
Chocolate Donut =< 


Therefore, the item is a not a function of price. 


Example: 
Exercise: 


Problem: 
Determining If Class Grade Rules Are Functions 


In a particular math class, the overall percent grade corresponds to a grade-point average. Is grade-point 
average a function of the percent grade? Is the percent grade a function of the grade-point average? [Link] 
shows a possible rule for assigning grade points. 


Pee i Br ee a Te 78— 87- 92— 
8 Ee 61 66 al 77 86 91 100 
Grade-point 0.0 1.0 ies 2.0 25 3.0 Bo 4.0 


average 


Solution: 


For any percent grade earned, there is an associated grade-point average, so the grade-point average is a 
function of the percent grade. In other words, if we input the percent grade, the output is a specific grade 
point average. 


In the grading system given, there is a range of percent grades that correspond to the same grade-point 
average. For example, students who receive a grade point average of 3.0 could have a variety of percent 
grades ranging from 78 all the way to 86. Thus, percent grade is not a function of grade-point average. 


Note: 
Exercise: 


Problem: [link][footnote] lists the five greatest baseball players of all time in order of rank. 
http://www. baseball-almanac.com/legendary/lisn100.shtml. Accessed 3/24/2014. 


Player Rank 
Babe Ruth 1 
Willie Mays 2 
Ty Cobb 3 
Walter Johnson A 
Hank Aaron 5 


a. Is the rank a function of the player name? 
b. Is the player name a function of the rank? 


Solution: 


a. yes; b. yes. (Note: If two players had been tied for, say, 4th place, then the name would not have been a 
function of rank.) 


Using Function Notation 


Once we determine that a relationship is a function, we need to display and define the functional relationships so 
that we can understand and use them, and sometimes also so that we can program them into graphing calculators 
and computers. There are various ways of representing functions. A standard function notation is one 
representation that facilitates working with functions. 


To represent “height is a function of age,” we start by identifying the descriptive variables h for height and a for 
age. The letters f, g,and / are often used to represent functions just as we use x, y,andz to represent numbers and 


A, B, and C to represent sets. 


Equation: 
his f ofa We name the function f; height is a function of age. 
h= f(a) We use parentheses to indicate the function input. 
f(a) We name the function f; the expression is read as “f of a.” 


Remember, we can use any letter to name the function; the notation h (a) shows us that h depends ona. The value 


a must be put into the function h to get a result. The parentheses indicate that age is input into the function; they 
do not indicate multiplication. 


We can also give an algebraic expression as the input to a function. For example f (a + b) means “first add a and 


b, and the result is the input for the function f.” The operations must be performed in this order to obtain the 
correct result. 


Note: 

Function Notation 

The notation y = f (x) defines a function named f. This is read as \Wy is a function of x.// The letter x represents 
the input value, or independent variable. The letter y, or f (2), represents the output value, or dependent variable. 


Example: 
Exercise: 


Problem: 
Using Function Notation for Days in a Month 


Use function notation to represent a function whose input is the name of a month and output is the number of 
days in that month. Assume that the domain does not include leap years. 


Solution: 


The number of days in a month is a function of the name of the month, so if we name the function f, we 
write days = f(month) or d = f(m). The name of the month is the input to a “rule” that associates a 
specific number (the output) with each input. 

31 = f (January) 


f \ 
output input 
rule 


For example, f (March) = 31, because March has 31 days. The notation d = f (m) reminds us that the 
number of days, d (the output), is dependent on the name of the month, m (the input). 


Analysis 
Note that the inputs to a function do not have to be numbers; function inputs can be names of people, labels of 


geometric objects, or any other element that determines some kind of output. However, most of the functions we 
will work with in this book will have numbers as inputs and outputs. 


Example: 
Exercise: 


Problem: 
Interpreting Function Notation 


A function N = f (y) gives the number of police officers, N, in a town in year y. What does 
f (2005) = 300 represent? 


Solution: 


When we read f (2005) = 300, we see that the input year is 2005. The value for the output, the number of 
police officers (IV), is 300. Remember, N = f (y). The statement f (2005) = 300 tells us that in the year 
2005 there were 300 police officers in the town. 


Note: 
Exercise: 


Problem: Use function notation to express the weight of a pig in pounds as a function of its age in days d. 


Solution: 


w= f(d) 


Note: 

Instead of a notation such as y = f(z ), could we use the same symbol for the output as for the function, 
such asy = y(z ), meaning “y is a function of x?” 

Yes, this is often done, especially in applied subjects that use higher math, such as physics and engineering. 
However, in exploring math itself we like to maintain a distinction between a function such as f, which is a rule 
or procedure, and the output y we get by applying f to a particular input x. This is why we usually use notation 
such as y = f (x), P = W (d), and soon. 


Representing Functions Using Tables 


A common method of representing functions is in the form of a table. The table rows or columns display the 
corresponding input and output values. In some cases, these values represent all we know about the relationship; 
other times, the table provides a few select examples from a more complete relationship. 


[link] lists the input number of each month (January = 1, February = 2, and so on) and the output value of the 
number of days in that month. This information represents all we know about the months and days for a given year 
(that is not a leap year). Note that, in this table, we define a days-in-a-month function f where D = f (m) 
identifies months by an integer rather than by name. 


Month 
number, m 1 2 3 4 5 6 7 8 9 10 11 12 


(input) 


Days in 31 28 31 30 31 30 31 31 30 31 30 31 
month, D 
(output) 


[link] defines a function @ = g(n). Remember, this notation tells us that gis the name of the function that takes 
the input n and gives the output Q. 


n 1 2 3 4 5 


Q 8 6 7 6 8 


[link] displays the age of children in years and their corresponding heights. This table displays just some of the 
data available for the heights and ages of children. We can see right away that this table does not represent a 
function because the same input value, 5 years, has two different output values, 40 in. and 42 in. 


Age in years, a (input) 5 5 6 7 8 9 10 
Height in inches, h (output) 40 42 44 47 50 52 54 
Note: 


Given a table of input and output values, determine whether the table represents a function. 


1. Identify the input and output values. 
2. Check to see if each input value is paired with only one output value. If so, the table represents a function. 


Example: 
Exercise: 


Problem: 
Identifying Tables that Represent Functions 


Which table, [link], [link], or [link], represents a function (if any)? 


Input Output 


2 1 


Input Output 


5 3 
8 6 
Input Output 
—3 5 
0 1 
4 5 
Input Output 
1 0 
5 2 
) 4 
Solution: 


[link] and [link] define functions. In both, each input value corresponds to exactly one output value. [link] 
does not define a function because the input value of 5 corresponds to two different output values. 


When a table represents a function, corresponding input and output values can also be specified using 
function notation. 


The function represented by [link] can be represented by writing 
Equation: 


f(2) = 1, f(5) = 3, and f(8) = 6 


Similarly, the statements 
Equation: 


g(—3) = 5, g(0) =1,and g(4) =5 


represent the function in [link]. 


[link] cannot be expressed in a similar way because it does not represent a function. 


Note: 
Exercise: 


Problem: Does [link] represent a function? 


Input Output 
1 10 
2 100 
3 1000 
Solution: 
yes 


Finding Input and Output Values of a Function 


When we know an input value and want to determine the corresponding output value for a function, we evaluate 
the function. Evaluating will always produce one result because each input value of a function corresponds to 
exactly one output value. 


When we know an output value and want to determine the input values that would produce that output value, we 
set the output equal to the function’s formula and solve for the input. Solving can produce more than one solution 
because different input values can produce the same output value. 


Evaluation of Functions in Algebraic Forms 


When we have a function in formula form, it is usually a simple matter to evaluate the function. For example, the 
function f (x) = 5 — 3x? can be evaluated by squaring the input value, multiplying by 3, and then subtracting the 
product from 5. 


Note: 
Given the formula for a function, evaluate. 


1. Replace the input variable in the formula with the value provided. 
2. Calculate the result. 


Example: 
Exercise: 


Problem: 
Evaluating Functions at Specific Values 


Evaluate f (x) = x? + 3x — 4at 


‘aed; 

b.a 

cath 

d. fart) ie) 


Solution: 
Replace the z in the function with each specified value. 


a. Because the input value is a number, 2, we can use simple algebra to simplify. 
Equation: 
f(2) = 2?+3(2)-4 
= 4+6-4 
= 6 


b. In this case, the input value is a letter so we cannot simplify the answer any further. 
Equation: 


f(a) =a? +3a-—4 


c. With an input value of a + h, we must use the distributive property. 
Equation: 


flat+h) = (at+h)’+3(at+h)-4 
ae ak olds 4 fre St Sin se BY, = 4 


d. In this case, we apply the input values to the function more than once, and then perform algebraic 
operations on the result. We already found that 
Equation: 


f(at+h) =a? +2ah+ h?+3a+3h-4 


and we know that 
Equation: 


f(a) =a? +3a-4 


Now we combine the results and simplify. 
Equation: 


f(ath)—f(a)  __ (a+ 2ah-+-h? +3a+3h—4) — (a?+3a—4) 


h h 
—  2ah+h?+3h 
h 
= 2) Factor out h. 
= 2a+h+3 Simplify. 


Example: 
Exercise: 


Problem: 
Evaluating Functions 


Given the function h (p) = p? + 2p, evaluate h (4). 
Solution: 


To evaluate h (4), we substitute the value 4 for the input variable p in the given function. 
Equation: 


h(p) = p+ 2p 
h(4) = (4)? + 2(4) 
= 16+8 
24 


Therefore, for an input of 4, we have an output of 24. 


Note: 
Exercise: 


Problem:Given the function g (m) = vm — 4, evaluate g (5). 


Solution: 


g(5) =1 


Example: 
Exercise: 


Problem: 
Solving Functions 


Given the function h (p) = p? + 2p, solve for h (p) = 3. 


Solution: 
Equation: 


h(p) = 3 
p+2p = 3 Substitute the original function h(p) = p? + 2p. 
p?+2p-—3 = 0 Subtract 3 from each side. 
(p+3)(p—1) = 0 Factor. 


If (p +3) (p — 1) =D, either (p + 3) = Oor (p — 1) = 0(or both of them equal 0). We will set each factor 
equal to 0 and solve for pin each case. 
Equation: 


| 
£ 
1S) 
| 
wo 


(p + 3) 
at) = 0, p=1 


This gives us two solutions. The output h (p) = 3 when the input is either p = 1 orp = —3. We can also 
verify by graphing as in [link]. The graph verifies that h (1) = h(—3) = 3andh (4) = 24. 
h(p) 


Note: 
Exercise: 


Problem:Given the function g(m) = Vm — 4, solve g(m) = 2. 


Solution: 


fin = & 


Evaluating Functions Expressed in Formulas 


Some functions are defined by mathematical rules or procedures expressed in equation form. If it is possible to 
express the function output with a formula involving the input quantity, then we can define a function in algebraic 


form. For example, the equation 2n + 6p = 12 expresses a functional relationship between n and p. We can 
rewrite it to decide if pis a function of n. 


Note: 
Given a function in equation form, write its algebraic formula. 


1. Solve the equation to isolate the output variable on one side of the equal sign, with the other side as an 
expression that involves only the input variable. 

2. Use all the usual algebraic methods for solving equations, such as adding or subtracting the same quantity to 
or from both sides, or multiplying or dividing both sides of the equation by the same quantity. 


Example: 
Exercise: 


Problem: 
Finding an Equation of a Function 


Express the relationship 2n + 6p = 12 as a function p = f (n), if possible. 
Solution: 


To express the relationship in this form, we need to be able to write the relationship where p is a function of 
n, which means writing it asp = [expression involving n]. 


Equation: 
2n+6p = 12 
6p = 12-2n Subtract 2n from both sides. 
— ask Divide both sides by 6 and simplify. 
Pi ee te 
p= 4= ae 


Therefore, p as a function of n is written as 


Equation: 
1 
p= f(n) =2- a 
Example: 
Exercise: 
Problem: 


Expressing the Equation of a Circle as a Function 


Does the equation x? + y” = 1 represent a function with z as input and y as output? If so, express the 
relationship as a function y = f (x). 


Solution: 


First we subtract x? from both sides. 


Equation: 
y” =j= 2 
We now try to solve for yin this equation. 
Equation: 
y = +V1—2? 


+V1—a@? and — V1—2? 


We get two outputs corresponding to the same input, so this relationship cannot be represented as a single 
function y = f (x). If we graph both functions on a graphing calculator, we will get the upper and lower 
semicircles. 


Note: 
Exercise: 


Problem:If z — 8y* = 0, express yas a function of z. 


Solution: 
3 zx 
y=f(2)=% 
Note: 


Are there relationships expressed by an equation that do represent a function but that still cannot be 
represented by an algebraic formula? 

Yes, this can happen. For example, given the equation x = y + 2%, if we want to express yas a function of x, 
there is no simple algebraic formula involving only x that equals y. However, each x does determine a unique 
value for y, and there are mathematical procedures by which y can be found to any desired accuracy. In this case, 
we say that the equation gives an implicit (implied) rule for y as a function of x, even though the formula cannot 
be written explicitly. 


Evaluating a Function Given in Tabular Form 


As we saw above, we can represent functions in tables. Conversely, we can use information in tables to write 
functions, and we can evaluate functions using the tables. For example, how well do our pets recall the fond 
memories we share with them? There is an urban legend that a goldfish has a memory of 3 seconds, but this is just 
a myth. Goldfish can remember up to 3 months, while the beta fish has a memory of up to 5 months. And while a 
puppy’s memory span is no longer than 30 seconds, the adult dog can remember for 5 minutes. This is meager 
compared to a cat, whose memory span lasts for 16 hours. 


The function that relates the type of pet to the duration of its memory span is more easily visualized with the use of 
a table. See [link].[footnote] 
http://www.kgbanswers.com/how-long-is-a-dogs-memory-span/4221590. Accessed 3/24/2014. 


Pet Memory span in hours 


Puppy 0.008 
Adult dog 0.083 
Cat 16 

Goldfish 2160 
Beta fish 3600 


At times, evaluating a function in table form may be more useful than using equations. Here let us call the function 
P. The domain of the function is the type of pet and the range is a real number representing the number of hours 
the pet’s memory span lasts. We can evaluate the function P at the input value of “goldfish.” We would write 
P(goldfish) = 2160. Notice that, to evaluate the function in table form, we identify the input value and the 
corresponding output value from the pertinent row of the table. The tabular form for function P seems ideally 
suited to this function, more so than writing it in paragraph or function form. 


Note: 
Given a function represented by a table, identify specific output and input values. 


1. Find the given input in the row (or column) of input values. 

2. Identify the corresponding output value paired with that input value. 

3. Find the given output values in the row (or column) of output values, noting every time that output value 
appears. 

4. Identify the input value(s) corresponding to the given output value. 


Example: 
Exercise: 


Problem: 
Evaluating and Solving a Tabular Function 


Using [link], 


a. Evaluate g (3). 
b. Solve g (n) = 6. 


g(n) 8 6 7 6 8 


Solution: 


a. Evaluating g(3) means determining the output value of the function g for the input value of n = 3. The 
table output value corresponding to n = 3 is 7, so g(3) = 7. 


b. Solving g(n) = 6 means identifying the input values, n,that produce an output value of 6. [link] shows 
two solutions: 2 and 4. 


When we input 2 into the function g, our output is 6. When we input 4 into the function g, our output is also 
6. 


Note: 
Exercise: 


Problem: Using [link], evaluate g (1). 


Solution: 


g(1) =8 


Finding Function Values from a Graph 


Evaluating a function using a graph also requires finding the corresponding output value for a given input value, 
only in this case, we find the output value by looking at the graph. Solving a function equation using a graph 


requires finding all instances of the given output value on the graph and observing the corresponding input 
value(s). 


Example: 
Exercise: 


Problem: 
Reading Function Values from a Graph 


Given the graph in [link], 


a. Evaluate f (2). 
b. Solve f (x) = 4. 


Solution: 


a. To evaluate f (2), locate the point on the curve where x = 2, then read the y-coordinate of that point. 
The point has coordinates (2, 1), so f (2) = 1. See [link]. 


f(x) 


b. To solve f (x) = 4, we find the output value 4 on the vertical axis. Moving horizontally along the line 


y = A, we locate two points of the curve with output value 4: (—1, 4) and (3, 4). These points represent 


the two solutions to f (x) = 4: —1 or 3. This means f (—1) = 4and f (3) = 4, or when the input is 
—1lor3, the output is 4. See [link]. 


Note: 
Exercise: 


Problem: Using [link], solve f (x) = 1. 
Solution: 


n=0on= 7 


Determining Whether a Function is One-to-One 

Some functions have a given output value that corresponds to two or more input values. For example, in the stock 
chart shown at the beginning of this chapter, the stock price was $1000 on five different dates, meaning that there 
were five different input values that all resulted in the same output value of $1000. 

However, some functions have only one input value for each output value, as well as having only one output for 


each input. We call these functions one-to-one functions. As an example, consider a school that uses only letter 
grades and decimal equivalents, as listed in [link]. 


Letter grade Grade point average 
A 4.0 


B 3.0 


Letter grade Grade point average 
C 2.0 


D 1.0 


This grading system represents a one-to-one function because each letter input yields one particular grade-point 
average output and each grade-point average corresponds to one input letter. 


To visualize this concept, let’s look again at the two simple functions sketched in [link](a) and [link](b). The 
function in part (a) shows a relationship that is not a one-to-one function because inputs g and r both give output 


n. The function in part (b) shows a relationship that is a one-to-one function because each input is associated with 
a single output. 


Note: 
One-to-One Function 


A one-to-one function is a function in which each output value corresponds to exactly one input value. There are 
no repeated x- or y-values. 


Example: 
Exercise: 


Problem: 
Determining Whether a Relationship Is a One-to-One Function 
Is the area of a circle a function of its radius? If yes, is the function one-to-one? 


Solution: 


A circle of radius r has a unique area measure given by A = zr?,so for any input, r, there is only one output, 
A. The area is a function of radius r. 


If the function is one-to-one, the output value, the area, must correspond to a unique input value, the radius. 
Any area measure A is given by the formula A = mr”. Because areas and radii are positive numbers, there is 


exactly one solution: 4 / A So the area of a circle is a one-to-one function of the circle’s radius. 


Note: 
Exercise: 


Problem: 
a. Is a balance a function of the bank account number? 
b. Is a bank account number a function of the balance? 
c. Is a balance a one-to-one function of the bank account number? 


Solution: 


a. yes, because each bank account has a single balance at any given time; b. no, because several bank account 
numbers may have the same balance; c. no, because the same output may correspond to more than one input. 


Note: 
Exercise: 


Problem: 


a. If each percent grade earned in a course translates to one letter grade, is the letter grade a function of the 
percent grade? 
b. If so, is the function one-to-one? 


Solution: 


a. Yes, letter grade is a function of percent grade; 
b. No, it is not one-to-one. There are 100 different percent numbers we could get but only about five 
possible letter grades, so there cannot be only one percent number that corresponds to each letter grade. 


Using the Vertical Line Test 


As we have seen in some examples above, we can represent a function using a graph. Graphs display a great many 
input-output pairs in a small space. The visual information they provide often makes relationships easier to 
understand. By convention, graphs are typically constructed with the input values along the horizontal axis and the 
output values along the vertical axis. 


The most common graphs name the input value z and the output value y, and we say y is a function of z, or 

y = f (x) when the function is named f. The graph of the function is the set of all points (z, y) in the plane that 
satisfies the equationy = f (x). If the function is defined for only a few input values, then the graph of the 
function consists of only a few points, where the x-coordinate of each point is an input value and the y-coordinate 
of each point is the corresponding output value. For example, the black dots on the graph in [link] tell us that 

f (0) = 2and f (6) = 1. However, the set of all points (x, y) satisfying y = f (x) is a curve. The curve shown 
includes (0, 2) and (6, 1) because the curve passes through those points. 


The vertical line test can be used to determine whether a graph represents a function. If we can draw any vertical 
line that intersects a graph more than once, then the graph does not define a function because a function has only 
one output value for each input value. See [link]. 


Function Not a Function Not a Function 


Note: 
Given a graph, use the vertical line test to determine if the graph represents a function. 


1. Inspect the graph to see if any vertical line drawn would intersect the curve more than once. 
2. If there is any such line, determine that the graph does not represent a function. 


Example: 
Exercise: 


Problem: 
Applying the Vertical Line Test 


Which of the graphs in [link] represent(s) a function y = f (x)? 
f(x) 


(b) (c) 


Solution: 


If any vertical line intersects a graph more than once, the relation represented by the graph is not a function. 
Notice that any vertical line would pass through only one point of the two graphs shown in parts (a) and (b) 


of [link]. From this we can conclude that these two graphs represent functions. The third graph does not 
represent a function because, at most x-values, a vertical line would intersect the graph at more than one 
point, as shown in [link]. 


f(x) 


Note: 
Exercise: 


Problem:Does the graph in [link] represent a function? 
y 


Solution: 


yes 


Using the Horizontal Line Test 


Once we have determined that a graph defines a function, an easy way to determine if it is a one-to-one function is 
to use the horizontal line test. Draw horizontal lines through the graph. If any horizontal line intersects the graph 
more than once, then the graph does not represent a one-to-one function. 


Note: 
Given a graph of a function, use the horizontal line test to determine if the graph represents a one-to-one 
function. 


1. Inspect the graph to see if any horizontal line drawn would intersect the curve more than once. 
2. If there is any such line, determine that the function is not one-to-one. 


Example: 
Exercise: 


Problem: 
Applying the Horizontal Line Test 


Consider the functions shown in [link](a) and [link](b). Are either of the functions one-to-one? 


Solution: 


The function in [link](a) is not one-to-one. The horizontal line shown in [link] intersects the graph of the 
function at two points (and we can even find horizontal lines that intersect it at three points.) 
f(x) 


The function in [link](b) is one-to-one. Any horizontal line will intersect a diagonal line at most once. 


Note: 
Exercise: 


Problem: Is the graph shown in [link] one-to-one? 


Solution: 


No, because it does not pass the horizontal line test. 


Identifying Basic Toolkit Functions 


In this text, we will be exploring functions—the shapes of their graphs, their unique characteristics, their algebraic 
formulas, and how to solve problems with them. When learning to read, we start with the alphabet. When learning 
to do arithmetic, we start with numbers. When working with functions, it is similarly helpful to have a base set of 
building-block elements. We call these our “toolkit functions,” which form a set of basic named functions for 
which we know the graph, formula, and special properties. Some of these functions are programmed to individual 
buttons on many calculators. For these definitions we will use x as the input variable and y = f (a) as the output 
variable. 


We will see these toolkit functions, combinations of toolkit functions, their graphs, and their transformations 
frequently throughout this book. It will be very helpful if we can recognize these toolkit functions and their 
features quickly by name, formula, graph, and basic table properties. The graphs and sample table values are 
included with each function shown in [link]. 


Toolkit Functions 


Name Function Graph 


f (x) =, where cisa 


Constant eat <x 
ieee i a ee a 


Toolkit Functions 


Name Function Graph 


Identity f(i2)=2 


Absolute value f (x) = |2| 
“3°22 4.2 3 2 


Quadratic f(z)=2 


Toolkit Functions 


Name Function Graph 


Cubic fie=2 
Reciprocal f(z)=+ 
Reciprocal f(z) = = 


squared 


Toolkit Functions 


Name Function Graph 


f(x) 


Square root fl(e)=ve 
f(x) 
at 
Cube root f(a)j=<e 
Note: 


Access the following online resources for additional instruction and practice with functions. 


e Determine if a Relation is a Function 
e Vertical Line Test 

e Introduction to Functions 

e Vertical Line Test on Graph 

e One-to-one Functions 

e Graphs as One-to-one Functions 


Key Equations 


Constant function f (z) = c,where cis a constant 


Identity function fi2n=2 
Absolute value function fie) =|al 
Quadratic function f(q=2 
Cubic function f(z)=25 
Reciprocal function f(z)=+ 
Reciprocal squared function fae my 
Square root function f(zj=—/e 
Cube root function f(z)= 72 


Key Concepts 


e A relation is a set of ordered pairs. A function is a specific type of relation in which each domain value, or 
input, leads to exactly one range value, or output. See [link] and [link]. 

e Function notation is a shorthand method for relating the input to the output in the form y = f (x). See [link] 
and [link]. 

e In tabular form, a function can be represented by rows or columns that relate to input and output values. See 
[link]. 

e To evaluate a function, we determine an output value for a corresponding input value. Algebraic forms of a 
function can be evaluated by replacing the input variable with a given value. See [link] and [link]. 

¢ To solve for a specific function value, we determine the input values that yield the specific output value. See 
[link]. 

e An algebraic form of a function can be written from an equation. See [link] and [link]. 

e Input and output values of a function can be identified from a table. See [link]. 

e Relating input values to output values on a graph is another way to evaluate a function. See [link]. 

e A function is one-to-one if each output value corresponds to only one input value. See [link]. 

e A graph represents a function if any vertical line drawn on the graph intersects the graph at no more than one 
point. See [link]. 

e The graph of a one-to-one function passes the horizontal line test. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: What is the difference between a relation and a function? 
Solution: 


A relation is a set of ordered pairs. A function is a special kind of relation in which no two ordered pairs have 
the same first coordinate. 


Exercise: 


Problem: What is the difference between the input and the output of a function? 
Exercise: 
Problem: Why does the vertical line test tell us whether the graph of a relation represents a function? 
Solution: 
When a vertical line intersects the graph of a relation more than once, that indicates that for that input there is 


more than one output. At any particular input value, there can be only one output if the relation is to be a 
function. 


Exercise: 


Problem: How can you determine if a relation is a one-to-one function? 


Exercise: 


Problem: Why does the horizontal line test tell us whether the graph of a function is one-to-one? 
Solution: 


When a horizontal line intersects the graph of a function more than once, that indicates that for that output 
there is more than one input. A function is one-to-one if each output corresponds to only one input. 


Algebraic 


For the following exercises, determine whether the relation represents a function. 
Exercise: 


Problem: {(a,b), (c,d), (a,c)} 
Exercise: 

Problem: {(a, b), (b,c), (c, c)} 

Solution: 


function 


For the following exercises, determine whether the relation represents y as a function of x. 
Exercise: 


Problem: 5z + 2y = 10 
Exercise: 


Problem: y = x? 


Solution: 


function 


Exercise: 


Problem: z = y 


Exercise: 


Problem: 3x” + y = 14 


Solution: 


function 


Exercise: 


Problem: 2z + y? = 6 


Exercise: 


Problem: y = —227 + 40x 
Solution: 


function 


Exercise: 


Problem: y = - 


Exercise: 


Problem: x« = 


Solution: 


function 


Exercise: 


Problem: x = \/1 — y? 


Exercise: 


Problem: y = 


Solution: 


function 


Exercise: 


Problem: x” + y” = 9 


Exercise: 


Problem: 2zy = 1 


Solution: 


function 


Exercise: 


Problem: z = y 
Exercise: 
Problem: y = x 


Solution: 


function 


Exercise: 


Problem: y = V1 — zx? 


Exercise: 


Problem: z = +,/1 —y 
Solution: 


function 


Exercise: 


Problem: y = +V 1-2 


Exercise: 


Problem: y° = z 


Solution: 


not a function 


Exercise: 


Problem: 4° = x” 


For the following exercises, evaluate the function f at the indicated values f(—3), f(2), f(—a), —f(a), f(a +h). 
Exercise: 


Problem: f(x) = 2x — 5 


Solution: 


f(—3) =-11; f(2) = -1; f(-a) =—-2a-—5; —f(a)=—-2a4+5; f(ath)=2a+2h-—5 


Exercise: 


Problem: f(x) = —5a?+ 2x-—1 


Exercise: 


Problem: f(x) = /2—2+5 
Solution: 


f(—3) = V5+5; f(2)=5; f(-a)=V2+a+5; —f(a)=—-V2—a-—5; f(ath)= 
V2—-a—-h+5 


Exercise: 


Problem: f(x) = ae 


Exercise: 
Problem: f(x) = |z —1| —|x+1| 


Solution: 


f(-3) =2; f2)=1-3=—-2; f(-a)=|-a-1]—|-a+1); —f(a)=—la-1+la+ 1; fle- 


Exercise: 


é 3 ¥ ; at+h)—g(« 
Problem: Given the function g(x) = 5 — x”, simplify dese) h#0. 


Exercise: 


Problem: Given the function g(x) = x” + 22, simplify He ae) ca. 


= 
Solution: 


9(z)—9(@) 


=r—-a 


=xta+2,¢4F4#a 
Exercise: 
Problem: Given the function k(t) = 2t — 1: 


a. Evaluate k(2). 
b. Solve k(t) = 7. 


Exercise: 


Problem: Given the function f(x) = 8 — 3z: 
a. Evaluate f(—2). 
b. Solve f(a) = —1. 

Solution: 

a. f(—2) =14;b.2 =3 


Exercise: 


Problem: Given the function p(c) = c? + ¢: 


a. Evaluate p(—3). 
b. Solve p(c) = 2. 


Exercise: 


Problem: Given the function f(x) = x? — 3z: 
a. Evaluate f(5). 
b. Solve f(x) = 4. 
Solution: 
a. f(5) = 10; b.e = —-lorz =4 
Exercise: 
Problem: Given the function f(x) = Vx + 2: 


a. Evaluate f(7). 
b. Solve f(x) = 4. 


Exercise: 


Problem: Consider the relationship 3r + 2¢ = 18. 


a. Write the relationship as a functionr = f(t). 
b. Evaluate f(—3). 
c. Solve f(t) = 2. 


Solution: 


a. f(t) = 6 — 2t; b. f(-3) =8 . t=6 


Graphical 


For the following exercises, use the vertical line test to determine which graphs show relations that are functions. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


not a function 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 

function 
Exercise: 

Problem: 
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Exercise: 


Problem: 


Solution: 
function 
Exercise: 
Problem: 
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Exercise: 


Problem: 


x 
1 2N3 4 5 


Solution: 


function 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


function 
Exercise: 
Problem: 
y 
5 
4 


x 
“5 43.9 -7 «(9 


Exercise: 


Problem: 


Solution: 
function 
Exercise: 
Problem: Given the following graph, 


¢ Evaluate f(—1). 


* Solve for f(z) = 3. 


y 


Exercise: 


Problem: Given the following graph, 


¢ Evaluate f(0). 
* Solve for f(z) = —3. 


y 


Solution: 

a. f(0) = 1; b. f(z) = —3, 2 = —2 ora = 2 
Exercise: 

Problem: Given the following graph, 


° Evaluate f(4). 
* Solve for f(z) = 1. 


For the following exercises, determine if the given graph is a one-to-one function. 
Exercise: 


Problem: 


Solution: 


not a function so it is also not a one-to-one function 
Exercise: 


Problem: 


f(x) 


Exercise: 


Problem: 


Solution: 


one-to- one function 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


function, but not one-to-one 


Numeric 


For the following exercises, determine whether the relation represents a function. 
Exercise: 


Problem: {(—1, —1), (—2, —2), (—3, —3)} 


Exercise: 


Problem: {(3, 4), (4,5), (5, 6) } 
Solution: 


function 


Exercise: 


Problem: {(2, 5), (7, 11), (15, 8), (7, 9)} 


For the following exercises, determine if the relation represented in table form represents y as a function of z. 


Exercise: 


Problem: 


Solution: 


function 
Exercise: 


Problem: 


Exercise: 


Problem: 


15 


14 


15 


10 


Solution: 


not a function 


For the following exercises, use the function f represented in [link]. 


2 f(a) 
0 74 
1 28 
2 1 
3 53 
4 56 
5 3 
6 36 
7 45 
8 14 
9 47 

Exercise: 


Problem: Evaluate f(3). 


Exercise: 


Problem: Solve f(z) = 1. 


Solution: 


For the following exercises, evaluate the function f at the values f (—2), f(—1), f(0), f(1),and f(2). 
Exercise: 


Problem: f (x) = 4 — 2x 


Exercise: 


Problem: f (x) = 8 — 3z 
Solution: 


f(—2)=14; f(-1)=11; f(0)=8 f(l)=5; f(2)=2 


Exercise: 


Problem: f (x) = 82? — 7z + 3 
Exercise: 

Problem: f(z) =3+V2+3 

Solution: 


f(—2) =4; f(—1) = 4.414; f(0) = 4.732; f(1)=5; f(2) = 5.236 


Exercise: 


Problem: f(x) = 2 


Exercise: 


Problem: f (x) = 3” 


Solution: 


¢ h(x) = —227+ 32-1 
Exercise: 

Problem: 3 f (1) — 4g (—2) 
Exercise: 

Problem: f (4) — h (—2) 

Solution: 


20 


Technology 


For the following exercises, graph y = x? on the given viewing window. Determine the corresponding range for 
each viewing window. Show each graph. 
Exercise: 


Problem: [—0.1, 0.1] 


Exercise: 


Problem:/—10, 10] 


Solution: 
(0, 100] 
y 
100 
80 
60 
40 
20 


10 -5 0 5 10 
Exercise: 
Problem: {—100, 100} 


For the following exercises, graph y = x* on the given viewing window. Determine the corresponding range for 
each viewing window. Show each graph. 
Exercise: 


Problem: [—0.1, 0.1] 


Solution: 


[—0.001, 0.001] 


Exercise: 


Problem: {—10, 10) 


Exercise: 


Problem:|—100, 100) 


Solution: 
[—1, 000, 000, 1,000,000) 


y 
10-10°+ 
8-105+ 
6-054 
4-10°+ 
2-10°+ 


~100 


For the following exercises, graph y = ,/z on the given viewing window. Determine the corresponding range for 
each viewing window. Show each graph. 
Exercise: 


Problem: {0, 0.01] 


Exercise: 


Problem: |0, 100] 
Solution: 
(0, 10] 


y 


yo DD © 


t+ 
0 20 40 #60 #80 100 


Exercise: 


Problem: [0, 10,000] 


For the following exercises, graph y = ¥/z on the given viewing window. Determine the corresponding range for 
each viewing window. Show each graph. 
Exercise: 


Problem: |—0.001, 0.001] 
Solution: 


[(—0.1, 0.1] 


x 
~0.001 ~0.0005 0.0005 0.001 
-0.02 


Exercise: 


Problem: [—1000, 1000] 


Exercise: 


Problem: |— 1,000,000, 1,000,000] 
Solution: 


[—100, 100] 


<+—_+—_+—_+ +++ » Xx 
~10:108 511071 5 5:10° 10-10° 


Real-World Applications 


Exercise: 


Problem: 


The amount of garbage, G,, produced by a city with population pis given by G = f (p). Gis measured in 
tons per week, and pis measured in thousands of people. 


a. The town of Tola has a population of 40,000 and produces 13 tons of garbage each week. Express this 


information in terms of the function f. 
b. Explain the meaning of the statement f (5) = 2. 


Exercise: 
Problem: 
The number of cubic yards of dirt, D, needed to cover a garden with area a square feet is given by D = g(a). 
a. A garden with area 5000 ft? requires 50 yd? of dirt. Express this information in terms of the function g. 
b. Explain the meaning of the statement g (100) = 1. 
Solution: 


a. g(5000) = 50; b. The number of cubic yards of dirt required for a garden of 100 square feet is 1. 
Exercise: 


Problem: 
Let f (t) be the number of ducks in a lake t years after 1990. Explain the meaning of each statement: 


a. f (5) = 30 
b. f (10) = 40 


Exercise: 


Problem: 


Let h (t) be the height above ground, in feet, of a rocket ¢ seconds after launching. Explain the meaning of 
each statement: 


a. h (1) = 200 
b. h (2) = 350 
Solution: 


a. The height of a rocket above ground after 1 second is 200 ft. b. the height of a rocket above ground after 2 
seconds is 350 ft. 


Exercise: 


Problem: Show that the function f (7) = 3(x — 5)” + 7is not one-to-one. 


Glossary 


dependent variable 
an output variable 


domain 
the set of all possible input values for a relation 


function 
a relation in which each input value yields a unique output value 


horizontal line test 
a method of testing whether a function is one-to-one by determining whether any horizontal line intersects the 
graph more than once 


independent variable 
an input variable 


input 
each object or value in a domain that relates to another object or value by a relationship known as a function 


one-to-one function 
a function for which each value of the output is associated with a unique input value 


output 
each object or value in the range that is produced when an input value is entered into a function 


range 
the set of output values that result from the input values in a relation 


relation 
a set of ordered pairs 


vertical line test 
a method of testing whether a graph represents a function by determining whether a vertical line intersects the 
graph no more than once 


Domain and Range 
In this section, you will: 


e Find the domain of a function defined by an equation. 
¢ Graph piecewise-defined functions. 


If you’re in the mood for a scary movie, you may want to check out one of 
the five most popular horror movies of all time—I am Legend, Hannibal, 
The Ring, The Grudge, and The Conjuring. [link] shows the amount, in 
dollars, each of those movies grossed when they were released as well as 
the ticket sales for horror movies in general by year. Notice that we can use 
the data to create a function of the amount each movie earned or the total 
ticket sales for all horror movies by year. In creating various functions using 
the data, we can identify different independent and dependent variables, and 
we can analyze the data and the functions to determine the domain and 
range. In this section, we will investigate methods for determining the 
domain and range of functions such as these. 


Top-Five Grossing Horror Movies Market Share of Horror Movies, 
for years 2000-2013 by Year 
350 8% 
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Based on data compiled by www.the-numbers.com.| footnote | 
The Numbers: Where Data and the Movie Business Meet. “Box Office 
History for Horror Movies.” http://www.the- 
numbers.com/market/genre/Horror. Accessed 3/24/2014 


Finding the Domain of a Function Defined by an Equation 


In Functions and Function Notation, we were introduced to the concepts of 
domain and range. In this section, we will practice determining domains 
and ranges for specific functions. Keep in mind that, in determining 
domains and ranges, we need to consider what is physically possible or 
meaningful in real-world examples, such as tickets sales and year in the 
horror movie example above. We also need to consider what is 
mathematically permitted. For example, we cannot include any input value 
that leads us to take an even root of a negative number if the domain and 
range consist of real numbers. Or in a function expressed as a formula, we 
cannot include any input value in the domain that would lead us to divide 
by 0. 


We can visualize the domain as a “holding area” that contains “raw 
materials” for a “function machine” and the range as another “holding area” 
for the machine’s products. See [link]. 


Domain Range 


Function 
machine 


N™. 
A 


We can write the domain and range in interval notation, which uses values 
within brackets to describe a set of numbers. In interval notation, we use a 
square bracket [ when the set includes the endpoint and a parenthesis ( to 
indicate that the endpoint is either not included or the interval is unbounded. 
For example, if a person has $100 to spend, he or she would need to express 
the interval that is more than 0 and less than or equal to 100 and write 

(0, 100]. We will discuss interval notation in greater detail later. 


Let’s turn our attention to finding the domain of a function whose equation 
is provided. Oftentimes, finding the domain of such functions involves 


remembering three different forms. First, if the function has no denominator 
or an even root, consider whether the domain could be all real numbers. 
Second, if there is a denominator in the function’s equation, exclude values 
in the domain that force the denominator to be zero. Third, if there is an 
even root, consider excluding values that would make the radicand 
negative. 


Before we begin, let us review the conventions of interval notation: 


e The smallest number from the interval is written first. 

e The largest number in the interval is written second, following a 
comma. 

e Parentheses, ( or ), are used to signify that an endpoint value is not 
included, called exclusive. 

e Brackets, [ or ], are used to indicate that an endpoint value is included, 
called inclusive. 


See [link] for a summary of interval notation. 


‘ Interval Graph on Prey 


x is greater thana 


X is less than a 


x is greater than 
or equal to a 


X is less than or 
equal to a 


x is strictly between 
aandb 


X is between a and b, 
to include a 


x is between a and b, 
to include b 


X is between a and b, 
to include a and b 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Function as a Set of Ordered Pairs 


Find the domain of the following function: 
2 MO, OES AO Ge SO oe Oe 


Solution: 


First identify the input values. The input value is the first coordinate 
in an ordered pair. There are no restrictions, as the ordered pairs are 
simply listed. The domain is the set of the first coordinates of the 
ordered pairs. 

Equation: 


{2, 3, 4,5, 6} 


Note: 
Exercise: 


Problem:Find the domain of the function: 
{(—5, A), (0, 0), (5, —4), GLO: 3) (15, —12)} 
Solution: 


{25,05 10, 15} 


Note: 
Given a function written in equation form, find the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input and exclude those values from 
the domain. 

3. Write the domain in interval form, if possible. 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Function 


Find the domain of the function f(z) = x? — 1. 


Solution: 


The input value, shown by the variable z in the equation, is squared 
and then the result is lowered by one. Any real number may be 
squared and then be lowered by one, so there are no restrictions on the 
domain of this function. The domain is the set of real numbers. 


In interval form, the domain of f is (—oo, 00). 


Note: 
Exercise: 


Problem:Find the domain of the function: f(z) = 5 — 24+ 2°. 


Solution: 


(oo; 00) 


Note: 
Given a function written in an equation form that includes a fraction, 
find the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input. If there is a denominator in the 
function’s formula, set the denominator equal to zero and solve for z . 
If the function’s formula contains an even root, set the radicand 
greater than or equal to 0, and then solve. 


3. Write the domain in interval form, making sure to exclude any 
restricted values from the domain. 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Function Involving a Denominator 


Find the domain of the function f(z) = $=. 


Solution: 
When there is a denominator, we want to include only values of the 


input that do not force the denominator to be zero. So, we will set the 
denominator equal to 0 and solve for x. 


Equation: 
it 
oe 
i 7 


Now, we will exclude 2 from the domain. The answers are all real 
numbers where x < 20rxz > 2as shown in [link]. We can use a 
symbol known as the union, U,to combine the two sets. In interval 
notation, we write the solution:(—oo, 2) U (2, 00). 


oo «© “L OO 1 2 a 


22 Oxy 2 


f 


(-x, 2) U (2, *) 


Note: 
Exercise: 


Problem:Find the domain of the function: f(z) = 


Solution: 


(—00, +) U (4,00) 


Note: 
Given a function written in equation form including an even root, find 
the domain. 


1. Identify the input values. 

2. Since there is an even root, exclude any real numbers that result in a 
negative number in the radicand. Set the radicand greater than or 
equal to zero and solve for z. 

3. The solution(s) are the domain of the function. If possible, write the 
answer in interval form. 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Function with an Even Root 


Find the domain of the function f(x) = 7 — z. 


Solution: 


When there is an even root in the formula, we exclude any real 
numbers that result in a negative number in the radicand. 


Set the radicand greater than or equal to zero and solve for z. 
Equation: 


C= 


| 
8 
LA Ie pve 
| 
~J 


Now, we will exclude any number greater than 7 from the domain. 
The answers are all real numbers less than or equal to 7, or (—co, 7]. 


Note: 
Exercise: 


Problem:Find the domain of the function f(z) = V5 + 2z2. 


Solution: 


[— 3,00) 


Note: 

Can there be functions in which the domain and range do not intersect 
at all? 

Yes. For example, the function f(x) = Se has the set of all positive real 


qr 


numbers as its domain but the set of all negative real numbers as its range. 
As a more extreme example, a function’s inputs and outputs can be 
completely different categories (for example, names of weekdays as inputs 
and numbers as outputs, as on an attendance chart), in such cases the 
domain and range have no elements in common. 


Using Notations to Specify Domain and Range 


In the previous examples, we used inequalities and lists to describe the 
domain of functions. We can also use inequalities, or other statements that 
might define sets of values or data, to describe the behavior of the variable 
in set-builder notation. For example, {x|10 < x < 30} describes the 
behavior of x in set-builder notation. The braces {} are read as “the set of,” 
and the vertical bar | is read as “such that,” so we would read 

{x|10 < x < 30} as “the set of x-values such that 10 is less than or equal 
tox, and z is less than 30.” 


[link] compares inequality notation, set-builder notation, and interval 
notation. 


Inequality Set-builder Interval 
Notation Notation Notation 


te 5<h=10 |h|5<h= 10} (5, 10] 
5 10 
ro 5=h<10 |lh|5 =h< 10} [5, 10) 
5 10 
o—o—_—_——————-——o > 5<h<10 [h|5<h< 10} (5, 10) 
5 10 
10 
10 
0) 


ee h<10 [n|n<109} (-=, 10) 
5 
Se All real numbers 
5 1 


To combine two intervals using inequality notation or set-builder notation, 
we use the word “or.” As we Saw in earlier examples, we use the union 
symbol, U,to combine two unconnected intervals. For example, the union of 
the sets{2, 3,5} and {4,6} is the set {2,3, 4,5, 6}. It is the set of all 
elements that belong to one or the other (or both) of the original two sets. 
For sets with a finite number of elements like these, the elements do not 
have to be listed in ascending order of numerical value. If the original two 
sets have some elements in common, those elements should be listed only 
once in the union set. For sets of real numbers on intervals, another example 
of a union is 

Equation: 


{x| |2| 2 3} = (—0o, —3] U8, oo) 


Note: 

Set-Builder Notation and Interval Notation 

Set-builder notation is a method of specifying a set of elements that 
satisfy a certain condition. It takes the form{z| statement about x} 
which is read as, “the set of all x such that the statement about z is true.” 
For example, 

Equation: 


{o\4 <8 12} 


Interval notation is a way of describing sets that include all real numbers 
between a lower limit that may or may not be included and an upper limit 
that may or may not be included. The endpoint values are listed between 
brackets or parentheses. A square bracket indicates inclusion in the set, and 
a parenthesis indicates exclusion from the set. For example, 

Equation: 


(4, 12] 


Note: 
Given a line graph, describe the set of values using interval notation. 


1. Identify the intervals to be included in the set by determining where 
the heavy line overlays the real line. 

2. At the left end of each interval, use [ with each end value to be 
included in the set (solid dot) or ( for each excluded end value (open 
dot). 

3. At the right end of each interval, use ] with each end value to be 
included in the set (filled dot) or ) for each excluded end value (open 
dot). 

4. Use the union symbol U to combine all intervals into one set. 


Example: 
Exercise: 


Problem: 
Describing Sets on the Real-Number Line 


Describe the intervals of values shown in [link] using inequality 
notation, set-builder notation, and interval notation. 


— <= eee 


“a a 0 1 2 3 4 5 6 7 


Solution: 


To describe the values, x, included in the intervals shown, we would 
say, “x is a real number greater than or equal to 1 and less than or 
equal to 3, or a real number greater than 5.” 


Inequality 2 = 30rr > 5 
Set-builder notation ek ao < Siojeas Ss) 


Interval notation [2] UGS) 


Remember that, when writing or reading interval notation, using a 
square bracket means the boundary is included in the set. Using a 
parenthesis means the boundary is not included in the set. 


Note: 
Exercise: 


Problem:Given [link], specify the graphed set in 
a. words 


b. set-builder notation 
c. interval notation 


“oe 4. "Ss “42 “Lh Ak 1. 2 @ @A © 


Solution: 


a. Values that are less than or equal to —2, or values that are greater 
than or equal to —1 and less than 3; 

b. {ala < —2or —l<2 <3}; 

c. (—oo, —2] U [—1, 3) 


Finding Domain and Range from Graphs 


Another way to identify the domain and range of functions is by using 
graphs. Because the domain refers to the set of possible input values, the 
domain of a graph consists of all the input values shown on the x-axis. The 
range is the set of possible output values, which are shown on the y-axis. 
Keep in mind that if the graph continues beyond the portion of the graph we 
can see, the domain and range may be greater than the visible values. See 
[link]. 


Domain 


“6 5 4 


We can observe that the graph extends horizontally from —5 to the right 
without bound, so the domain is |—5, 00). The vertical extent of the graph 
is all range values 5 and below, so the range is (—oo, 5]. Note that the 
domain and range are always written from smaller to larger values, or from 
left to right for domain, and from the bottom of the graph to the top of the 
graph for range. 


Example: 
Exercise: 


Problem: 
Finding Domain and Range from a Graph 


Find the domain and range of the function f whose graph is shown in 
[link]. 


Solution: 


We can observe that the horizontal extent of the graph is —3 to 1, so 
the domain of f is (—3, 1]. 


The vertical extent of the graph is 0 to —4, so the range is |—4, 0). See 
[link]. 


Domain 


Example: 
Exercise: 


Problem: 
Finding Domain and Range from a Graph of Oil Production 


Find the domain and range of the function f whose graph is shown in 
[link]. 


Alaska Crude Oil Production 


Thousand barrels per day 
— 
j=) 
j=) 
j=) 


1975 1980 1985 1990 1995 2000 2005 


(credit: modification of work by the U.S. Energy 
Information Administration)|[ footnote | 
http://www.eia.gov/dnav/pet/hist/LeafHandler.ashx? 
n=PET&s=MCRFPAK2&f=A. 


Solution: 


The input quantity along the horizontal axis is “years,” which we 
represent with the variable t for time. The output quantity is 
“thousands of barrels of oil per day,” which we represent with the 
variable b for barrels. The graph may continue to the left and right 
beyond what is viewed, but based on the portion of the graph that is 
visible, we can determine the domain as 1973 < t < 2008 and the 
range as approximately 180 < b < 2010. 


In interval notation, the domain is [1973, 2008], and the range is 
about [180, 2010]. For the domain and the range, we approximate the 
smallest and largest values since they do not fall exactly on the grid 
lines. 


Note: 
Exercise: 


Problem: 


Given [link], identify the domain and range using interval notation. 
World Population Increase 


100 
90 
80 
70 
60 
50 


Millions of people 


1950 1960 1970 # £1980 1990 = 2000 
Year 


Solution: 


domain =[1950,2002] range = [47,000,000,89,000,000] 


Note: 

Can a function’s domain and range be the same? 

Yes. For example, the domain and range of the cube root function are both 
the set of all real numbers. 


Finding Domains and Ranges of the Toolkit Functions 


We will now return to our set of toolkit functions to determine the domain 
and range of each. 


f(x) 


f(x) =c 


Domain: (—*, 2) 
Range: [c,c] 


For the constant function f(z) = c, the domain 
consists of all real numbers; there are no restrictions on 
the input. The only output value is the constant c, so 
the range is the set {c} that contains this single 
element. In interval notation, this is written as [c, c], the 
interval that both begins and ends with c. 


F(x) 


Domain: (—2, %) 
Range: (—°, °%) 


For the identity function f(x) = z, there is no 
restriction on x. Both the domain and range are the set 
of all real numbers. 


Domain: (—2, %) 
Range: [0, 2) 


For the absolute value function f(x) = |x|, there is 
no restriction on x. However, because absolute value is 
defined as a distance from 0, the output can only be 
greater than or equal to 0. 


Domain: (—*, 2) 
Range: [0, 2) 


For the quadratic function f(x) = x”, the domain is 
all real numbers since the horizontal extent of the graph 
is the whole real number line. Because the graph does 
not include any negative values for the range, the range 
is only nonnegative real numbers. 


f(x) 


Domain: (—*, 2) 
Range: (—~, ~) 


For the cubic function f(z) = x°, the domain is all 
real numbers because the horizontal extent of the graph 
is the whole real number line. The same applies to the 
vertical extent of the graph, so the domain and range 
include all real numbers. 


F(x) 


Domain: (—, 0) v (0, %) 
Range: (—°, 0) v (0, %) 


For the reciprocal function f(z) = +, we cannot 


divide by 0, so we must exclude 0 from the domain. 
Further, 1 divided by any value can never be 0, so the 
range also will not include 0. In set-builder notation, 
we could also write{x| x 4 0},the set of all real 
numbers that are not zero. 


Domain: (—%, 0) v (0, %) 
Range: (0, ~) 


For the reciprocal squared function f(x) = —; we 


cannot divide by 0, so we must exclude 0 from the 
domain. There is also no z that can give an output of 0, 
so 0 is excluded from the range as well. Note that the 
output of this function is always positive due to the 
square in the denominator, so the range includes only 
positive numbers. 


Domain: [0, °) 
Range: [0, 2) 


For the square root function f(x) = ./z, we cannot 
take the square root of a negative real number, so the 
domain must be 0 or greater. The range also excludes 
negative numbers because the square root of a positive 
number z is defined to be positive, even though the 
square of the negative number — 1/z also gives us z. 


F(x) 


Domain: (—*, 2) 
Range: (—%, °%) 


For the cube root function f(x) = ¥/z, the domain 
and range include all real numbers. Note that there is 
no problem taking a cube root, or any odd-integer root, 
of a negative number, and the resulting output is 
negative (it is an odd function). 


Note: 
Given the formula for a function, determine the domain and range. 


1. Exclude from the domain any input values that result in division by 
zero. 

2. Exclude from the domain any input values that have nonreal (or 
undefined) number outputs. 


3. Use the valid input values to determine the range of the output values. 
4. Look at the function graph and table values to confirm the actual 
function behavior. 


Example: 
Exercise: 


Problem: 
Finding the Domain and Range Using Toolkit Functions 


Find the domain and range of f(x) = 22° — z. 


Solution: 


There are no restrictions on the domain, as any real number may be 
cubed and then subtracted from the result. 


The domain is (—oo, co) and the range is also (— oo, 00). 


Example: 
Exercise: 


Problem: 
Finding the Domain and Range 


2 


Find the domain and range of f(z) = >77- 


Solution: 


We cannot evaluate the function at —1 because division by zero is 

undefined. The domain is (—oo, —1) U (—1, oo). Because the 

function is never zero, we exclude 0 from the range. The range is 
(—oo, 0) U (0, 00). 


Example: 
Exercise: 


Problem: 
Finding the Domain and Range 


Find the domain and range of f(x) = 2V a + 4. 


Solution: 


We cannot take the square root of a negative number, so the value 
inside the radical must be nonnegative. 
Equation: 


x+42>0whenz > —4 


The domain of f (x) is |—4, co). 


We then find the range. We know that f (—4) = 0, and the function 
value increases as x increases without any upper limit. We conclude 
that the range of f is [0, 00). 


Analysis 


[link] represents the function f. 


Note: 
Exercise: 


Problem:Find the domain and range of f (x) = —/2 — z. 


Solution: 


domain: (—oo, 2]; range: (—oo, 0] 


Graphing Piecewise-Defined Functions 


Sometimes, we come across a function that requires more than one formula 
in order to obtain the given output. For example, in the toolkit functions, we 
introduced the absolute value function f(z) = |x|. With a domain of all 
real numbers and a range of values greater than or equal to 0, absolute value 
can be defined as the magnitude, or modulus, of a real number value 


regardless of sign. It is the distance from 0 on the number line. All of these 
definitions require the output to be greater than or equal to 0. 


If we input 0, or a positive value, the output is the same as the input. 
Equation: 


f(z) = wife >0 


If we input a negative value, the output is the opposite of the input. 
Equation: 


f(z) = -—axifa <0 


Because this requires two different processes or pieces, the absolute value 
function is an example of a piecewise function. A piecewise function is a 
function in which more than one formula is used to define the output over 
different pieces of the domain. 


We use piecewise functions to describe situations in which a rule or 
relationship changes as the input value crosses certain “boundaries.” For 
example, we often encounter situations in business for which the cost per 
piece of a certain item is discounted once the number ordered exceeds a 
certain value. Tax brackets are another real-world example of piecewise 
functions. For example, consider a simple tax system in which incomes up 
to $10,000 are taxed at 10%, and any additional income is taxed at 20%. 
The tax on a total income S would be 0.15 if S < $10,000 and 

$1000 + 0.2(,S — $10,000) if S > $10,000. 


Note: 

Piecewise Function 

A piecewise function is a function in which more than one formula is used 
to define the output. Each formula has its own domain, and the domain of 


the function is the union of all these smaller domains. We notate this idea 
like this: 


Equation: 


formulal if x isin domain 1 
f(z) = formula2 if x is in domain 2 


formula3 if x isin domain 3 


In piecewise notation, the absolute value function is 
Equation: 


4 wan ee) 
jz| = 
—x if r<0 


Note: 
Given a piecewise function, write the formula and identify the domain 
for each interval. 


1. Identify the intervals for which different rules apply. 

2. Determine formulas that describe how to calculate an output from an 
input in each interval. 

3. Use braces and if-statements to write the function. 


Example: 
Exercise: 


Problem: 
Writing a Piecewise Function 


A museum charges $5 per person for a guided tour with a group of 1 
to 9 people or a fixed $50 fee for a group of 10 or more people. Write 
a function relating the number of people, n, to the cost, C’. 


Solution: 


Two different formulas will be needed. For n-values under 10, 
C' = 5n. For values of n that are 10 or greater, C = 50. 
Equation: 


5n if O<n<10 
C(n) = {55 if n>10 


Analysis 


The function is represented in [link]. The graph is a diagonal line from 
nm = Oton = 10and a constant after that. In this example, the two 
formulas agree at the meeting point where n = 10, but not all piecewise 


functions have this property. 
C(n) 


60 
50 

C(n) 
40 
30 
20 


10 


0 5 10 15 20 


Example: 
Exercise: 


Problem: 
Working with a Piecewise Function 


A cell phone company uses the function below to determine the cost, 
C’, in dollars for g gigabytes of data transfer. 
Equation: 


25 if 0<g<2 


1G) = ee if g>2 


Find the cost of using 1.5 gigabytes of data and the cost of using 4 
gigabytes of data. 


Solution: 


To find the cost of using 1.5 gigabytes of data, C'(1.5), we first look 
to see which part of the domain our input falls in. Because 1.5 is less 
than 2, we use the first formula. 

Equation: 


C(1.5) = $25 


To find the cost of using 4 gigabytes of data, C(4), we see that our 
input of 4 is greater than 2, so we use the second formula. 
Equation: 


C(4) = 25 + 10(4 — 2) = $45 


Analysis 


The function is represented in [link]. We can see where the function 
changes from a constant to a shifted and stretched identity at g = 2. We 
plot the graphs for the different formulas on a common set of axes, making 
sure each formula is applied on its proper domain. 


C(g) 
60 


50 


40 


C(g) 
30 


20 
10 


O95 11522533547" 


Note: 
Given a piecewise function, sketch a graph. 


1. Indicate on the x-axis the boundaries defined by the intervals on each 
piece of the domain. 

2. For each piece of the domain, graph on that interval using the 
corresponding equation pertaining to that piece. Do not graph two 
functions over one interval because it would violate the criteria of a 
function. 


Example: 
Exercise: 


Problem: 
Graphing a Piecewise Function 


Sketch a graph of the function. 
Equation: 


a if fl 
fe) it ele 2 
ap ik Loe 


Solution: 


Each of the component functions is from our library of toolkit 
functions, so we know their shapes. We can imagine graphing each 
function and then limiting the graph to the indicated domain. At the 
endpoints of the domain, we draw open circles to indicate where the 
endpoint is not included because of a less-than or greater-than 
inequality; we draw a closed circle where the endpoint is included 
because of a less-than-or-equal-to or greater-than-or-equal-to 
inequality. 


[link] shows the three components of the piecewise function graphed 


on separate coordinate systems. 
f(x) f(x) f(x) 
4 4 


(a) (b) (c) 


ENS Ge) ee ae TI) (Ge) Se ees OO) 
(Ge = he 


Now that we have sketched each piece individually, we combine them 
in the same coordinate plane. See [link]. 


Analysis 


Note that the graph does pass the vertical line test even atz = landz = 2 
because the points (1, 3) and (2, 2) are not part of the graph of the 
function, though (1, 1) and (2, 3) are. 


Note: 
Exercise: 


Problem:Graph the following piecewise function. 
Equation: 


2 if 2<-—l 
eet eee 
fx if z>A 


Solution: 


Note: 

Can more than one formula from a piecewise function be applied to a 
value in the domain? 

No. Each value corresponds to one equation in a piecewise formula. 


Note: 
Access these online resources for additional instruction and practice with 
domain and range. 


¢ Domain and Range of Square Root Functions 
e Determining Domain and Range 

e Find Domain and Range Given the Graph 

e Find Domain and Range Given a Table 


e Find Domain and Range Given Points on a Coordinate Plane 


Key Concepts 


The domain of a function includes all real input values that would not 
cause us to attempt an undefined mathematical operation, such as 
dividing by zero or taking the square root of a negative number. 

The domain of a function can be determined by listing the input values 
of a set of ordered pairs. See [link]. 

The domain of a function can also be determined by identifying the 
input values of a function written as an equation. See [link], [link], and 
[link]. 

Interval values represented on a number line can be described using 
inequality notation, set-builder notation, and interval notation. See 
[link]. 

For many functions, the domain and range can be determined from a 
graph. See [link] and [link]. 

An understanding of toolkit functions can be used to find the domain 
and range of related functions. See [link], [link], and [link]. 

A piecewise function is described by more than one formula. See 
[link] and [link]. 

A piecewise function can be graphed using each algebraic formula on 
its assigned subdomain. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: Why does the domain differ for different functions? 


Solution: 


The domain of a function depends upon what values of the 
independent variable make the function undefined or imaginary. 


Exercise: 
Problem: 
How do we determine the domain of a function defined by an 
equation? 

Exercise: 


Problem: 


Explain why the domain of f(x) = 4/z is different from the domain of 


f(x) = V2. 
Solution: 


There is no restriction on x for f(x) = ¥/x because you can take the 
cube root of any real number. So the domain is all real numbers, 

(—oo, 00). When dealing with the set of real numbers, you cannot 
take the square root of negative numbers. So x-values are restricted for 
f(x) = /x to nonnegative numbers and the domain is {0, 00). 


Exercise: 
Problem: 
When describing sets of numbers using interval notation, when do you 
use a parenthesis and when do you use a bracket? 


Exercise: 


Problem: How do you graph a piecewise function? 
Solution: 
Graph each formula of the piecewise function over its corresponding 


domain. Use the same scale for the z-axis and y-axis for each graph. 
Indicate inclusive endpoints with a solid circle and exclusive endpoints 


with an open circle. Use an arrow to indicate — oo or oo. Combine 
the graphs to find the graph of the piecewise function. 


Algebraic 
For the following exercises, find the domain of each function using interval 


notation. 
Exercise: 


Problem: f(x) = —2x(a — 1)(a — 2) 
Exercise: 

Problem: f(x) = 5 — 2x 

Solution: 

(—oo, oo) 


Exercise: 


Problem: f (x) = 3\/xz — 2 
Exercise: 

Problem: f (x) = 3— V6 — 2x 

Solution: 


(—oo, 3] 


Exercise: 


Problem: f(x) = V4 — 3a 


Exercise: 


Problem: se 
f(x) =Vva?+4 


Solution: 
(—00, 00) 


Exercise: 


Problem: f(z) = VT — Qe 
Exercise: 

Problem: f(x) = \/x —1 

Solution: 

(—00, 00) 


Exercise: 


Problem: f(z) = 9 


Exercise: 


Problem: f (x) = 2=5 


Solution: 


Exercise: 


Problem: f (x) = ae 


Exercise: 


Problem: f(x) = Sea} 


Solution: 


(—o0, —11) U (—11, 2) U (2, 00) 


Exercise: 


Problem: f(x) = = 
Exercise: 

Problem: f(x) = 3°"; 

Solution: 


(—oo, —3) U (—3, 5) U (5, co) 


Exercise: 


Problem: —— 


Exercise: 


Problem: ——— 


Solution: 


(—oo, 5) 


Exercise: 


Problem: f(z) Maze 


Exercise: 


Problem: f(x) = ves 


Solution: 
[6, 00) 


Exercise: 


Problem: f(x) = = 


Exercise: 
Problem: f(x) = ote 


Solution: 


(—oo, —9) U (—9, 9) U (9, co) 


Exercise: 


Problem: Find the domain of the function f(x) = V 2x? — 502 by: 


a. using algebra. 
b. graphing the function in the radicand and determining intervals on 
the x-axis for which the radicand is nonnegative. 


Graphical 


For the following exercises, write the domain and range of each function 
using interval notation. 
Exercise: 


Problem: 


10 


Peel 


yo & DD &C 


x 
0 24 6 8 10 


Solution: 


domain: (2, 8], range |6, 8) 
Exercise: 


Problem: 


y 
10 


x 
0 24 6 8 10 


Exercise: 


Problem: 


6473927103123 4 5 


Solution: 


domain: |—4, 4], range: [0, 2] 
Exercise: 


Problem: 


x 
12345 6 fF 


NOonhWNR 


< 


Exercise: 


Problem: 


i ee Se er ee 
== 


Solution: 


domain: |—5, 3), range: (0, 2] 
Exercise: 


Problem: 


Exercise: 


Problem: 


1 


x 
43023103123 4 


Solution: 


domain: (—oo, 1], range: [0, co) 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
domain: |-6, — 
Exercise: 


Problem: 


eR 
jo) 


rPFPnhm wt 1 DN OO O 


Exercise: 


Problem: 


10 


ann Oo © 


x 
4°S3 "231.012 2oa4 8 6 FT 


Solution: 


domain: [—3, oo); range: [0, oo) 


For the following exercises, sketch a graph of the piecewise function. Write 
the domain in interval notation. 
Exercise: 


z+1 if «< —2 


Problem: f(x) = ee a Py te 25 


Exercise: 


2e—1 if «<1 


Problem: f(«) = {77 i ed 


Solution: 


domain: (—oo, co) 


y 


Exercise: 


z+life<0 
Problem: —_ 
pee wel aoa 
Exercise: 


3. if «<0 
Problem: f (x) = a 

Je if «>0 
Solution: 
domain: (—oo, co) 


¥ 
4 


Exercise: 


x ife# <0 
Problem: = 
sme) _ ioe> 0 
Exercise: 
2 ° 
eg if «<0 
Problem: = 
en) tas pit ei 
Solution: 
domain: (—oo, co) 
y 
4 
3 
2 
4 
x 
— a 0 1 2 


Exercise: 


+1 if g¢<1 
Problem: f (x) = a : ; - 


Exercise: 


j2| if ox 2 


Problem: f(x) = { fee 


Solution: 
domain: (—oo, co) 


¥ 


rFPnmwot Oo 


oe 


x 
=m 2 2 @ 2 2 234 


Numeric 


For the following exercises, given each function f,evaluate 
f(-3), f(—2), f(—1), and f(0). 


Exercise: 


z+1 if 2 < —2 


Problem: f(z) = i“ —3 if z>-2 


Exercise: 


1 ifa<—3 
Problem: f(x) = 1. ee 


Solution: 


f(-3) =1; f(-2)=0; f(-1)=0; f(0)=0 


Exercise: 


—227+3 ifa<-l 


Problem: f(x) = { 5 7% at eS 1 


For the following exercises, given each function f, evaluate 


fal; f(0), f(2), and f(4). 


Exercise: 


7z+3 if «<0 


Problem: f(z) = i +6 if «>0 


Solution: 
f(-1) =—4; f(0)=6; f(2)=20; f(4) = 34 
Exercise: 


ge? —2 ih eee 


problem: f(2)= {7 if x>2 


Exercise: 


De. Ar x <0 
Problem: f(z)= 3 if O<zx<3 
x if G3 


Solution: 
f(-1) =-5; f(0)=3; f(2)=3; f(4) =16 
For the following exercises, write the domain for the piecewise function in 


interval notation. 
Exercise: 


gicl af ¢@<— =2 


Problem: j(x) = ae 3 Ie 2 


Exercise: 


ga) aha se 1 
Problem: f(z) = 
F(z) ene ifz>1 
Solution: 
domain: (—oo, 1) U (1, co) 


Exercise: 


2x —3if <0 
—8y* gS 2 


Problem: f(x) = { 


Technology 


Exercise: 
Problem: 
Graph y = = on the viewing window [—0.5, —0.1] and (0.1, 0.5]. 
Determine the corresponding range for the viewing window. Show the 


graphs. 


Solution: 


x 
05 04 03 02 0.1 0 


window: [—0.5, —0.1]; range: [4, 100] 


0 0.1 0.2 0.3 0.4 0.5 


window: [0.1, 0.5]; range: [4, 100] 
Exercise: 


Problem: 
Graph y = = on the viewing window [—0.5, —0.1] and [0.1, 0.5}. 


Determine the corresponding range for the viewing window. Show the 
graphs. 


Extension 


Exercise: 


Problem: 


Suppose the range of a function f is[—5, 8]. What is the range of 


\f(z)|? 
Solution: 


0, 8] 
Exercise: 


Problem: 


Create a function in which the range is all nonnegative real numbers. 


Exercise: 


Problem: Create a function in which the domain is x > 2. 
Solution: 


Many answers. One function is f(z) = 


J/x—2 : 


Real-World Applications 


Exercise: 


Problem: 


The height h of a projectile is a function of the time t it is in the air. 
The height in feet for t seconds is given by the function 

h(t) = —16t? + 96t. What is the domain of the function? What does 
the domain mean in the context of the problem? 


Exercise: 


Problem: 


The cost in dollars of making z items is given by the function 
C(x) = 10x + 500. 


a. The fixed cost is determined when zero items are produced. Find 
the fixed cost for this item. 

b. What is the cost of making 25 items? 

c. Suppose the maximum cost allowed is $1500. What are the 
domain and range of the cost function, C(x)? 


Solution: 


a. The fixed cost is $500. 
b. The cost of making 25 items is $750. 
c. The domain is [0, 100] and the range is [500, 1500]. 


Glossary 


interval notation 
a method of describing a set that includes all numbers between a lower 
limit and an upper limit; the lower and upper values are listed between 
brackets or parentheses, a square bracket indicating inclusion in the 
set, and a parenthesis indicating exclusion 


piecewise function 
a function in which more than one formula is used to define the output 


set-builder notation 
a method of describing a set by a rule that all of its members obey; it 
takes the form {z| statement about x} 


Composition of Functions 
In this section, you will: 


¢ Combine functions using algebraic operations. 

e Create a new function by composition of functions. 

e Evaluate composite functions. 

e Find the domain of a composite function. 

e Decompose a composite function into its component functions. 


Suppose we want to calculate how much it costs to heat a house on a 
particular day of the year. The cost to heat a house will depend on the 
average daily temperature, and in turn, the average daily temperature 
depends on the particular day of the year. Notice how we have just defined 
two relationships: The cost depends on the temperature, and the temperature 
depends on the day. 


Using descriptive variables, we can notate these two functions. The 
function C (T’) gives the cost C of heating a house for a given average daily 
temperature in T degrees Celsius. The function T (d) gives the average 
daily temperature on day d of the year. For any given day, 

Cost = C’(T (d)) means that the cost depends on the temperature, which 
in turns depends on the day of the year. Thus, we can evaluate the cost 
function at the temperature T (d). For example, we could evaluate T' (5) to 
determine the average daily temperature on the 5th day of the year. Then, 
we could evaluate the cost function at that temperature. We would write 


C(T(5)). 
Cost for the temperature 


C(T(5)) 


| 


Temperature on day 5 


By combining these two relationships into one function, we have performed 
function composition, which is the focus of this section. 


Combining Functions Using Algebraic Operations 


Function composition is only one way to combine existing functions. 
Another way is to carry out the usual algebraic operations on functions, 
such as addition, subtraction, multiplication and division. We do this by 
performing the operations with the function outputs, defining the result as 
the output of our new function. 


Suppose we need to add two columns of numbers that represent a husband 
and wife’s separate annual incomes over a period of years, with the result 
being their total household income. We want to do this for every year, 
adding only that year’s incomes and then collecting all the data in a new 
column. If w(y) is the wife’s income and h(y) is the husband’s income in 
year y, and we want J’ to represent the total income, then we can define a 
new function. 

Equation: 


T (y) =h(y) + w(y) 


If this holds true for every year, then we can focus on the relation between 
the functions without reference to a year and write 
Equation: 


T=h+w 


Just as for this sum of two functions, we can define difference, product, and 
ratio functions for any pair of functions that have the same kinds of inputs 
(not necessarily numbers) and also the same kinds of outputs (which do 
have to be numbers so that the usual operations of algebra can apply to 
them, and which also must have the same units or no units when we add 
and subtract). In this way, we can think of adding, subtracting, multiplying, 
and dividing functions. 


For two functions f (a) and g (x) with real number outputs, we define new 
functionsf + g, f — g, fg, and £ by the relations 
Equation: 


(f+g)(z) = f(x) +9(z) 
(f—g)(z) = f(x) —g(z) 
(fg)(x) = f(x)g(z) 
(Z a= fa where g(x) 4 0 


Example: 
Exercise: 


Problem: 
Performing Algebraic Operations on Functions 


Find and simplify the functions (g — f) (x) and (4) (x), given 
f (x) = a — 1landg(x) = x” — 1. Are they the same function? 
Solution: 

Begin by writing the general form, and then substitute the given 


functions. 
Equation: 


(g—f)(x) = g(x) — f(z) 
OS) = ea 1 
(g-f)(z) = 2-2 
(9—f)(z) = 2(#-1) 
(H)@ = 50 
CG: = 2a 
(4)(@) — ewe wherer # 1 
($)(@) = il 


No, the functions are not the same. 
Note: For (4) (x), the condition z # 1 is necessary because when 


x = 1, the denominator is equal to 0, which makes the function 
undefined. 


Note: 
Exercise: 


Problem:Find and simplify the functions (fg) (x) and (f — g) (). 
Equation: 


f(z)=z-1 and g(x)=2’-1 


Are they the same function? 


Solution: 


(Gee CCG) ly) a 1 a 
(f — 9) (2) = f (2) — 9 (2) = (@ -1) - (2-1) = 2-2? 


No, the functions are not the same. 


Create a Function by Composition of Functions 


Performing algebraic operations on functions combines them into a new 
function, but we can also create functions by composing functions. When 
we wanted to compute a heating cost from a day of the year, we created a 
new function that takes a day as input and yields a cost as output. The 
process of combining functions so that the output of one function becomes 
the input of another is known as a composition of functions. The resulting 
function is known as a composite function. We represent this combination 
by the following notation: 

Equation: 


(fog) (x) = f(g (2) 


We read the left-hand side as\\f composed with gat x ,” and the right-hand 
side as\\f of g of x./The two sides of the equation have the same 
mathematical meaning and are equal. The open circle symbol © is called 
the composition operator. We use this operator mainly when we wish to 
emphasize the relationship between the functions themselves without 
referring to any particular input value. Composition is a binary operation 
that takes two functions and forms a new function, much as addition or 
multiplication takes two numbers and gives a new number. However, it is 
important not to confuse function composition with multiplication because, 
as we learned above, in most cases f(g(x)) 4 f(x)g(z). 


It is also important to understand the order of operations in evaluating a 
composite function. We follow the usual convention with parentheses by 
starting with the innermost parentheses first, and then working to the 
outside. In the equation above, the function g takes the input x first and 
yields an output g (x). Then the function f takes g (a) as an input and yields 


an output f (g(z)). 


g(x), the output of g 
is the input of f 


(f° g)(x) = 1@@) 


x is the input of g 


In general, f o gandg o f are different functions. In other words, in many 
cases f (g(x)) 4 g(f (x)) for all x. We will also see that sometimes two 
functions can be composed only in one specific order. 


For example, if f (x) = x7 andg(x) = x + 2,then 


Equation: 
f(g(x)) = f(e+2) 
= (#+2)° 
a’? +4r+4 
but 
Equation: 
9(f(z)) = g(x’) 
= gi+2 


These expressions are not equal for all values of z, so the two functions are 
not equal. It is irrelevant that the expressions happen to be equal for the 


single input valuex = — * 


Note that the range of the inside function (the first function to be evaluated) 
needs to be within the domain of the outside function. Less formally, the 
composition has to make sense in terms of inputs and outputs. 


Note: 

Composition of Functions 

When the output of one function is used as the input of another, we call the 
entire operation a composition of functions. For any input x and functions 
f and g, this action defines a composite function, which we write as f 0 g 
such that 

Equation: 


(fog) (x) = f(g9(2)) 


The domain of the composite function f o gis all x such that z is in the 
domain of g and g (x) is in the domain of f. 

It is important to realize that the product of functions fg is not the same as 
the function composition f (g (x)), because, in general, 


f (x)g (x) 4 f (g(z)). 


Example: 
Exercise: 


Problem: 
Determining whether Composition of Functions is Commutative 


Using the functions provided, find f (g (x)) and g(f (x)). Determine 
whether the composition of the functions is commutative. 
Equation: 


f(z) = 2241 gz) =3—2 


Solution: 


Let’s begin by substituting g (x) into f (x). 
Equation: 


flo(z)) = 2(8-—2)+1 
6—22+1 
= (—22 


| 


Now we can substitute f (x) into g(x). 


Equation: 
g(f(z)) = 8— (2x +1) 
Se 
SS SA 


We find that g( f(x)) 4 f(g(x)), so the operation of function 
composition is not commutative. 


Example: 
Exercise: 


Problem: 
Interpreting Composite Functions 


The function c(s) gives the number of calories burned completing s 
sit-ups, and s(t) gives the number of sit-ups a person can complete in 
¢ minutes. Interpret c(s(3)). 


Solution: 


The inside expression in the composition is s(3). Because the input to 
the s-function is time, t = 3 represents 3 minutes, and s(3) is the 


number of sit-ups completed in 3 minutes. 


Using s(3) as the input to the function c(s) gives us the number of 
calories burned during the number of sit-ups that can be completed in 
3 minutes, or simply the number of calories burned in 3 minutes (by 
doing sit-ups). 


Example: 
Exercise: 


Problem: 
Investigating the Order of Function Composition 


Suppose f(x) gives miles that can be driven in x hours and g(y) gives 
the gallons of gas used in driving y miles. Which of these expressions 


is meaningful: f (g(y)) org (f(x))? 
Solution: 


The function y = f (a) is a function whose output is the number of 
miles driven corresponding to the number of hours driven. 
Equation: 


number of miles = f (number of hours) 
The function g (y) is a function whose output is the number of gallons 


used corresponding to the number of miles driven. This means: 
Equation: 


number of gallons = g (number of miles) 


The expression g(y) takes miles as the input and a number of gallons 
as the output. The function f(x) requires a number of hours as the 


input. Trying to input a number of gallons does not make sense. The 
expression f (g(y)) is meaningless. 


The expression f(x) takes hours as input and a number of miles 
driven as the output. The function g(y) requires a number of miles as 
the input. Using f(a) (miles driven) as an input value for g(y), where 
gallons of gas depends on miles driven, does make sense. The 
expression g ( f(a)) makes sense, and will yield the number of gallons 
of gas used, g, driving a certain number of miles, f(z), in x hours. 


Note: 

Are there any situations where f(g(y)) and g( f(x)) would both be 
meaningful or useful expressions? 

Yes. For many pure mathematical functions, both compositions make sense, 
even though they usually produce different new functions. In real-world 
problems, functions whose inputs and outputs have the same units also may 
give compositions that are meaningful in either order. 


Note: 
Exercise: 


Problem: 


The gravitational force on a planet a distance r from the sun is given 
by the function G(r). The acceleration of a planet subjected to any 
force F is given by the function a(F’). Form a meaningful 
composition of these two functions, and explain what it means. 


Solution: 
A gravitational force is still a force, so a (G(r)) makes sense as the 


acceleration of a planet at a distance r from the Sun (due to gravity), 
but G (a(F’)) does not make sense. 


Evaluating Composite Functions 


Once we compose a new function from two existing functions, we need to 
be able to evaluate it for any input in its domain. We will do this with 
specific numerical inputs for functions expressed as tables, graphs, and 
formulas and with variables as inputs to functions expressed as formulas. In 
each case, we evaluate the inner function using the starting input and then 
use the inner function’s output as the input for the outer function. 


Evaluating Composite Functions Using Tables 


When working with functions given as tables, we read input and output 
values from the table entries and always work from the inside to the 
outside. We evaluate the inside function first and then use the output of the 
inside function as the input to the outside function. 


Example: 
Exercise: 


Problem: 
Using a Table to Evaluate a Composite Function 


Using [link], evaluate f(g(3)) and g(f(3)). 


3 3 2 
4 1 y 
Solution: 


To evaluate f(g(3) ), we start from the inside with the input value 3. 
We then evaluate the inside expression g(3) using the table that 
defines the function g : g(3) = 2. We can then use that result as the 
input to the function f, so g(3) is replaced by 2 and we get f(2). 
Then, using the table that defines the function f, we find that 
fs 


Equation: 


f(9(3)) = f(2)=8 


To evaluate g(f(3) ), we first evaluate the inside expression f(3) 
using the first table: f(3) = 3. Then, using the table for g, we can 
evaluate 

Equation: 


[link] shows the composite functions f o gandg o fas tables. 


Note: 
Exercise: 


Problem: Using [link], evaluate f(g(1)) and g(f(4)). 
Solution: 


f(9(1)) = F(3) = 8andg(f(4)) = g(1) = 3 


Evaluating Composite Functions Using Graphs 


When we are given individual functions as graphs, the procedure for 
evaluating composite functions is similar to the process we use for 
evaluating tables. We read the input and output values, but this time, from 
the x- and y-axes of the graphs. 


Note: 
Given a composite function and graphs of its individual functions, 
evaluate it using the information provided by the graphs. 


1. Locate the given input to the inner function on the z-axis of its graph. 

2. Read off the output of the inner function from the y-axis of its graph. 

3. Locate the inner function output on the z-axis of the graph of the 
outer function. 

4. Read the output of the outer function from the y-axis of its graph. This 
is the output of the composite function. 


Example: 
Exercise: 


Problem: 
Using a Graph to Evaluate a Composite Function 


Using [link], evaluate f(g(1)). 


g(x) 


3-4 ~«0 7. 
54 
| 
4\ 
“5 
(a) 
Solution: 


To evaluate f(g(1)), we start with the inside evaluation. See [link]. 


(3, 6) 


1 
g(1) =3 g(3) = 6 


We evaluate g(1) using the graph of g(x), finding the input of 1 on the 
x-axis and finding the output value of the graph at that input. Here, 
g(1) = 3. We use this value as the input to the function f. 

Equation: 


We can then evaluate the composite function by looking to the graph 
of f(x), finding the input of 3 on the x-axis and reading the output 
value of the graph at this input. Here, f(3) = 6, so f(g(1)) = 6. 


Analysis 


[link] shows how we can mark the graphs with arrows to trace the path 
from the input value to the output value. 


Note: 
Exercise: 


Problem: Using [link], evaluate g( f(2)). 


Solution: 


Evaluating Composite Functions Using Formulas 


When evaluating a composite function where we have either created or 
been given formulas, the rule of working from the inside out remains the 
same. The input value to the outer function will be the output of the inner 
function, which may be a numerical value, a variable name, or a more 
complicated expression. 


While we can compose the functions for each individual input value, it is 
sometimes helpful to find a single formula that will calculate the result of a 
composition f (g(x)). To do this, we will extend our idea of function 
evaluation. Recall that, when we evaluate a function like f(t) = t? — t, we 
substitute the value inside the parentheses into the formula wherever we see 
the input variable. 


Note: 
Given a formula for a composite function, evaluate the function. 


1. Evaluate the inside function using the input value or variable 
provided. 
2. Use the resulting output as the input to the outside function. 


Example: 
Exercise: 


Problem: 
Evaluating a Composition of Functions Expressed as Formulas 
with a Numerical Input 


Given f(t) = t? — tandh(a) = 3a + 2, evaluate f(h(1)). 
Solution: 
Because the inside expression is h(1), we start by evaluating h(a) at 


i 
Equation: 


Then f(h(1)) = f(5), so we evaluate f(t) at an input of 5. 
Equation: 

F(A(1)) = f(5) 

f(A(1)) 


| 

on 
bo 
| 

on 


Analysis 


It makes no difference what the input variables ¢ and x were called in this 
problem because we evaluated for specific numerical values. 


Note: 
Exercise: 


Problem:Given f(t) = t? — tandh(x) = 3x + 2, evaluate 


a. h( f(2)) 
b. h( f(—2)) 
Solution: 
a eb. 20 


Finding the Domain of a Composite Function 


As we discussed previously, the domain of a composite function such as 

f o gis dependent on the domain of g and the domain of f. It is important 
to know when we can apply a composite function and when we cannot, that 
is, to know the domain of a function such as f o g. Let us assume we know 
the domains of the functions f and g separately. If we write the composite 


function for an input x as f (g(x)), we can see right away that 2 must be a 
member of the domain of g in order for the expression to be meaningful, 
because otherwise we cannot complete the inner function evaluation. 
However, we also see that g (2) must be a member of the domain of f, 
otherwise the second function evaluation in f (g (x)) cannot be completed, 
and the expression is still undefined. Thus the domain of f o g consists of 
only those inputs in the domain of g that produce outputs from g belonging 
to the domain of f. Note that the domain of f composed with g is the set of 
all x such that x is in the domain of gand g (~) is in the domain of f. 


Note: 

Domain of a Composite Function 

The domain of a composite function f (g (z)) is the set of those inputs z in 
the domain of g for which g («) is in the domain of f. 


Note: 
Given a function composition f(g(x)),determine its domain. 


1. Find the domain of g. 

2. Find the domain of f. 

3. Find those inputs x in the domain of g for which g (x) is in the domain 
of f. That is, exclude those inputs x from the domain of g for which 
g(a) is not in the domain of f. The resulting set is the domain of 
fog. 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Composite Function 


Find the domain of 
Equation: 


(Fog)(z) where f(z) =—2— and (2) 


Solution: 


The domain of g (x) consists of all real numbers except x = 2, since 
that input value would cause us to divide by 0. Likewise, the domain 
of f consists of all real numbers except 1. So we need to exclude from 
the domain of g (z) that value of x for which g(x) = 1. 

Equation: 


=a 
4 = 3x-2 
6 —. 37 
Lae, 


So the domain of f © gis the set of all real numbers except = and 2. 


This means that 
Equation: 


2 
tf oreF2 


We can write this in interval notation as 
Equation: 


Example: 
Exercise: 


Problem: 
Finding the Domain of a Composite Function Involving Radicals 


Find the domain of 
Equation: 


(fog)(z) where f(z)=Vr+2 and g(z)=V3-<2 


Solution: 


Because we cannot take the square root of a negative number, the 
domain of gis (—co, 3]. Now we check the domain of the composite 
function 

Equation: 


(fog)(x) = V3—2 +2 


For (fog)(z) = V- V3 —2+ 2,V3—2+ 2 > 0, since the 
radicand HG a ae root must be positive. Since square roots are 
positive, Vi=7 = 0, or, 3 — x > O, which gives a domain of 
(-00, 3}. 


Analysis 


This example shows that knowledge of the range of functions (specifically 
the inner function) can also be helpful in finding the domain of a 
composite function. It also shows that the domain of f o gcan contain 
values that are not in the domain of f, though they must be in the domain 
of g. 


Note: 


Exercise: 


Problem:Find the domain of 
Equation: 


(fog)(a) where f(x) = — and g(x) =vzr+4 


Solution: 


[—4, 0) U (0, oo) 


Decomposing a Composite Function into its Component 
Functions 


In some cases, it is necessary to decompose a complicated function. In other 
words, we can write it as a composition of two simpler functions. There 
may be more than one way to decompose a composite function, so we may 
choose the decomposition that appears to be most expedient. 


Example: 
Exercise: 


Problem: 
Decomposing a Function 


Write f(x) = V5 — «2as the composition of two functions. 


Solution: 


We are looking for two functions, gandh, so f(x) = g(h(ax)). To do 
this, we look for a function inside a function in the formula for f(z). 


As one possibility, we might notice that the expression 5 — x? is the 
inside of the square root. We could then decompose the function as 
Equation: 

h(x) = 5 — x* and g(x) = Vx 


We can check our answer by recomposing the functions. 
Equation: 


(ie) 016-2) =e 


Note: 
Exercise: 
Problem: Write f(z) = we as the composition of two functions. 
= x 
Solution: 


Possible answer: 


i) V4 +4 x? 


h (2) = 
f=hog 
Note: 


Access these online resources for additional instruction and practice with 
composite functions. 


e Composite Functions 


¢ Composite Function Notation Application 
¢ Composite Functions Using Graphs 

e Decompose Functions 

¢ Composite Function Values 


Key Equation 


Composite function (fog) (x) =f (g(z)) 


Key Concepts 


e We can perform algebraic operations on functions. See [link]. 

e When functions are combined, the output of the first (inner) function 
becomes the input of the second (outer) function. 

e The function produced by combining two functions is a composite 
function. See [link] and [link]. 

e The order of function composition must be considered when 
interpreting the meaning of composite functions. See [link]. 

e A composite function can be evaluated by evaluating the inner 
function using the given input value and then evaluating the outer 
function taking as its input the output of the inner function. 

e A composite function can be evaluated from a table. See [link]. 

e A composite function can be evaluated from a graph. See [Link]. 

e A composite function can be evaluated from a formula. See [link]. 

e The domain of a composite function consists of those inputs in the 
domain of the inner function that correspond to outputs of the inner 
function that are in the domain of the outer function. See [link] and 
[link]. 


e Just as functions can be combined to form a composite function, 
composite functions can be decomposed into simpler functions. 
¢ Functions can often be decomposed in more than one way. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


How does one find the domain of the quotient of two functions, £2 


Solution: 


Find the numbers that make the function in the denominator g equal to 
zero, and check for any other domain restrictions on f and g, such as 
an even-indexed root or zeros in the denominator. 


Exercise: 


Problem: What is the composition of two functions, f o g? 
Exercise: 

Problem: 

If the order is reversed when composing two functions, can the result 


ever be the same as the answer in the original order of the 
composition? If yes, give an example. If no, explain why not. 


Solution: 


Yes. Sample answer: Let f(z) = x +1 and g(x) = # — 1. Then 
flo(a)) = fe -1) = (2-1) +1 = cand 
g(f(x)) = g(a +1) = (@ +1) -1l=z. Sofog=gof. 


Exercise: 


Problem: 


How do you find the domain for the composition of two functions, 
fog? 


Algebraic 


For the following exercises, determine the domain for each function in 
interval notation. 
Exercise: 


Problem: 


Given f(x) = x” + 2 and g(z) = 6 — 2’ findf +9, f—9, fo, 
and =. 


(f + 9) (x) = 2x + 6, domain: (—0o, oo) 
(f — g) (x) = 2x7 + 2x — 6, domain: (—oo, 00) 
( 


fg) (x) = —a* — 2x3 + 6x? + 122, domain: (—00, 00) 


(£) (a) = — domain: (—co, —/6) U (— V6, V6) U (V6, co) 
Exercise: 
Problem: 


Given f(x) = —3a? + z and g(x) =5, find f + 9, f —g, fg, and 
f 


q° 


Exercise: 


Problem: 


Given f(x) = 2x7 + 42 and g(x) = find f +9, f —g, fg, and 
i. 


a 
Solution: 


(f+ 9) (2) = vee domain: (—oo, 0) U (0, 00) 


(f — 9) (x) = 4 48=1, domain: (—o0, 0) U (0, 00) 


(fg) (x) = x + 2, domain: (—oo, 0) U (0, 00) 


(£) (x) = 4x3 + 8x, domain: (—o0o, 0) U (0, 00) 
Exercise: 


Problem: 


Given f(x) = —~ and g(a) = = find f +49, f—g, fg, and _ 
Exercise: 


Problem: 


Given f(x) = 3x? andg(x) = Vx — 5, findf +g, f —g, fg, and 
il 


g 


Solution: 
(f +9)(x) = 3x? + Va — 5, domain: [5, 00) 
(f — g)(x) = 3x? — ./x — 5, domain: [5, 00) 


(fg)(x) = 3a7/x — 5, domain: [5, 00) 


(£) (2) — 32! ==, domain: (5, oo) 


Exercise: 


Problem: Given f(x) = \/x andg(x) = |x — 3}, find 7 
Exercise: 


Problem: 


For the following exercise, find the indicated function given 
f(x) = 2x27 + Landg(zx) = 3x — 5. 


a. f(g(2)) 

b. f(g(x)) 

c. 9(f(x)) 

d. (go g) (z) 

af of) (=2) 
Solution: 
a. 3;b. f (g (x)) = 2(32 — 5)? +15. f (g(a)) = 62? — 2; d. 
(go g)(x) = 3(3a — 5) —5 = 9x — 20; e. (fo f) (— oe 


For the following exercises, use each pair of functions to find f (g (a)) and 
g(f (x)). Simplify your answers. 
Exercise: 


Problem: f(x) = 2? +1, 9(z) = Vz4+2 


Exercise: 


Problem: f(z) = /x + 2, 9(z) = x* +3 


Solution: 


f(g(x)) = V2? +342, o(f(x)) =a +4/e+7 


Exercise: 


Problem: f(z) = |z|, g(z) = 5r4+4+1 


Exercise: 


Problem: f(x) = ¥/z, g(z) = = 


Solution: 


f(g(2)) = 4/4 = 2, o(F(2)) = = 


Exercise: 


|~ 


Problem: f(x) = —=, 9(z) = +6 


Exercise: 


Jdo 


Problem: f(z) = —;, g(x) ==+4 
Solution: 


(fog)(2) = agg =o (9° f(z) = 22-4 


For the following exercises, use each set of functions to find f (g (h(a))). 
Simplify your answers. 
Exercise: 


Problem: f(x) = 2*+ 6, g(x) = x — 6, andh(z) = /z 


Exercise: 


Problem: f(z) = x? +1, g(z) = =, andh(x) =2+3 


Solution: 


f(g(h(x))) = (sy) +1 


Exercise: 


Problem: Given f(x) = ~ and g(x) = x — 3, find the following: 


x 


a. (f 0 g)(2) 

b. the domain of (f 0 g)() in interval notation 
c. (go f)(z) 

d. the domain of (g 0 f)(x) 


e(2) 


Exercise: 


Problem: 
Given f(x) = 2 — 4x and g(x) = —2, find the following: 


a. (go f)(x) 


b. the domain of (g o f)() in interval notation 


Solution: 


a. (go f)(x) = =} be (=c0,5) 
Exercise: 


Problem: 


Given the functions f(z) = +* and g(x) = find the 


following: 


ae ae, 
1+2?? 


Exercise: 


Problem: 


Given functions p(x) = 774 and m(x) = x? — 4, state the domain of 
each of the following functions using interval notation: 


Solution: 
a. (0, 2) U (2, co); b. (—00, —2) U (2, 00); c. (0, 00) 
Exercise: 


Problem: 


Given functions g(x) = 5 and h(x) = x? — 9, state the domain of 
each of the following functions using interval notation. 


Exercise: 


Problem: 


For f(z) = + and g(x) = Vx — 1, write the domain of (f © g)(z) in 
interval notation. 


Solution: 


(1, 00) 


For the following exercises, find functions f(x) and g(x) so the given 
function can be expressed as h(x) = f (g(x)). 
Exercise: 


Problem: h(x) = (x + 2)” 


Exercise: 


Problem: h(x) = (x —5)° 


Solution: 
Sis 
seat ‘i 
gz) =x—5 
Exercise: 


Problem: h(x) = — 


Exercise: 


Problem: h(x) = —* 


(+2) 
Solution: 
(z)=< 
sample: 5 
g(x) = (a + 2) 
Exercise: 


Problem: h(x) = 4+ </z 


Exercise: 


Problem: h(x) = 4 1 


22-3 
Solution: 
(i) 4/2 
sample ; 
g(x) ~~ Qar—3 
Exercise: 
Problem: h(x) = aE. 
Exercise: 


Problem: h(x) = {' 32—2 


“2+5~ 
Solution: 
eaeee = w/z 
i _ 32-2 
KE) = “355 
Exercise: 


4 
Problem: ea —_ ($25) 
Exercise: 
Problem: h(x) = /2x2 +6 


Solution: 


f(x) = Vz 


sample: 
PS g(a) = 22 + 6 


Exercise: 


Problem: h(x) = (52 — 1): 


Exercise: 


Problem: h(x) = </x — 1 


Solution: 
ie 
sample: 
- ga) =(e=1) 
Exercise: 


Problem: h(x) = lee =i 7| 


Exercise: 


Problem: h(x) = — 


(a—2)° 
Solution: 
ia=s 
sample: 1 
qr) = r—2 
Exercise: 


Problem: h(x) = eS 


Exercise: 


Problem: h(x) = \/ 2h ar 


Solution: 


Graphical 


For the following exercises, use the graphs of f,shown in [link], and g, 
shown in [link], to evaluate the expressions. 


Exercise: 


Problem: f (9(3)) 


Exercise: 


Problem: f (9(1)) 


Solution: 
2 


Exercise: 


Problem: g (f(1)) 
Exercise: 


Problem: g (f(0)) 


Solution: 


5 


Exercise: 


Problem: f (f(5)) 


Exercise: 


Problem: f (/(4)) 


Solution: 


4 


Exercise: 


Problem: g (9(2)) 


Exercise: 


Problem: g (9(0)) 
Solution: 


0 


For the following exercises, use graphs of f(),shown in [link], g(2),shown 
in [link], and h(z),shown in [link], to evaluate the expressions. 


f(x) 


x 
“43°2°71 0412 3 4 


Pm wt Oo DD 


A(x) 


“6 5 4 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


i 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1 


Exercise: 


Problem: 


rFPrmH wo fF OD 


x 
327104123 4 5 6 


9(f (1)) 


9 (f (2)) 


Exercise: 


Problem: h (f (2)) 
Solution: 
4 


Exercise: 


Problem: f (g (h (4))) 


Exercise: 


Problem: / (g (f (—2))) 


Solution: 


4 


Numeric 


For the following exercises, use the function values for f and g shown in 
[link] to evaluate each expression. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a 


Exercise: 


Problem: 


Exercise: 


Problem: g (f (3)) 


Solution: 


4 


Exercise: 


Problem: f (f (4)) 


Exercise: 


Problem: f (f (1)) 


Solution: 


2 


Exercise: 


Problem: g (g (2)) 


Exercise: 


Problem: g (g (6)) 
Solution: 


3 


For the following exercises, use the function values for f and g shown in 
[link] to evaluate the expressions. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


11 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


0 


Exercise: 


Problem: (g © g)(1) 


Exercise: 


Problem: (f © f)(3) 
Solution: 


7 


For the following exercises, use each pair of functions to find f (g (0)) and 


9 (f(0)). 


Exercise: 


Problem: f(z) = 4r + 8, g(x) = 7-2? 


Exercise: 


Problem: f(x) = 52+ 7, g(x) =4— 2z2” 
Solution: 


f(g9(0)) = 27, g(f(0)) = —94 


Exercise: 


Problem: f(z) = Vz + 4, g(x) =12-2° 


Exercise: 


Problem: f(z) = = 35, 9(x) = 4% +3 


Solution: 
f(9(0)) = =, 9(f(0)) =5 


For the following exercises, use the functions f(x) = 2”? + land 
g(x) = 3x +5 to evaluate or find the composite function as indicated. 
Exercise: 


Problem: f (9(2)) 


Exercise: 


Problem: f (9(x)) 


Solution: 


1827 + 602 + 51 


Exercise: 


Problem: g (f(—3)) 


Exercise: 


Problem: (g © g)(x) 
Solution: 


go g(x) = 9x + 20 


Extensions 


3 


For the following exercises, use f(x) = a? + landg(z) = Wx — 1. 


Exercise: 


Problem: Find (f 0 g)(x) and(go f)(x). Compare the two answers. 
Exercise: 

Problem: Find (f 0 g)(2) and (go f)(2). 

Solution: 

2 


Exercise: 


Problem: What is the domain of (go f)(x)? 
Exercise: 
Problem: What is the domain of (f © g)(x)? 


Solution: 
( — Oo, oo) 
Exercise: 


Problem: Let f(z) = +. 


a. Find (f o f)(x). 
b. Is (f o f)(x) for any function f the same result as the answer to 
part (a) for any function? Explain. 


For the following exercises, let F(x) = (a +1), f(x) = 2°, and 
g(x) =x +1. 
Exercise: 


Problem: True or False: (go f)(x) = F(z). 


Solution: 


False 


Exercise: 
Problem: True or False: (f 0 g)(x) = F(z). 


For the following exercises, find the composition when f(x) = x? + 2 for 


alla > Oandg(x) = Va — 2. 


Exercise: 


Problem: (f © g)(6); (g° f)(6) 


Solution: 


(f 0 9)(6) = 6; (go f)(6) =6 


Exercise: 


Problem: (go f)(a); (f° g)(a) 


Exercise: 


Problem: (fo g)(11); (9 f)(11) 
Solution: 


(fog)(11) = 11, (go f)(11) = 11 


Real-World Applications 


Exercise: 


Problem: 


The function D(p) gives the number of items that will be demanded 
when the price is p. The production cost C(z) is the cost of producing 
x items. To determine the cost of production when the price is $6, you 
would do which of the following? 


a. Evaluate D (C(6)). 
b. Evaluate C' (D(6 MT 
c. Solve D (C(a)) = 
d. Solve C (D(p)) = 
Exercise: 
Problem: 


The function A(d) gives the pain level on a scale of 0 to 10 
experienced by a patient with d milligrams of a pain-reducing drug in 
her system. The milligrams of the drug in the patient’s system after t 
minutes is modeled by m(t). Which of the following would you do in 
order to determine when the patient will be at a pain level of 4? 


a. Evaluate A (m/(4)). 
b. Evaluate m (A(4)). 

c. Solve A (m(t)) = 4. 
d. Solve m (A(d)) = 4. 


4 
4 


rr" NS 


Solution: 


C 


Exercise: 


Problem: 


A store offers customers a 30% discount on the price z of selected 
items. Then, the store takes off an additional 15% at the cash register. 
Write a price function P(x) that computes the final price of the item in 
terms of the original price x. (Hint: Use function composition to find 
your answer.) 


Exercise: 
Problem: 
A rain drop hitting a lake makes a circular ripple. If the radius, in 
inches, grows as a function of time in minutes according to 


r(t) = 25Vt + 2, find the area of the ripple as a function of time. 
Find the area of the ripple at¢ = 2. 


Solution: 


A(t) = n(25Vf42) and A(2) = n(25V4) — 2500m square 
inches 

Exercise: 
Problem: 
A forest fire leaves behind an area of grass burned in an expanding 
circular pattern. If the radius of the circle of burning grass is increasing 


with time according to the formular(t) = 2t + 1, express the area 
burned as a function of time, ¢ (minutes). 


Exercise: 


Problem: 


Use the function you found in the previous exercise to find the total 
area burned after 5 minutes. 


Solution: 


A(5) = 1(2(5) +1)” = 1217 square units 
Exercise: 


Problem: 


The radius r, in inches, of a spherical balloon is related to the volume, 
V, byr(V) = o/ ay Air is pumped into the balloon, so the volume 
after t seconds is given by V(t) = 10 + 20¢. 


a. Find the composite function r (V(t)). 
b. Find the exact time when the radius reaches 10 inches. 


Exercise: 
Problem: 
The number of bacteria in a refrigerated food product is given by 
N(T) = 23T? — 56T + 1, 3 < T < 33, whereT is the temperature 


of the food. When the food is removed from the refrigerator, the 
temperature is given by T(t) = 5t + 1.5, where t is the time in hours. 


a. Find the composite function N (T(t)). 
b. Find the time (round to two decimal places) when the bacteria 
count reaches 6752. 


Solution: 


a. N(T(t)) = 23(5t + 1.5)? — 56(5t + 1.5) +1; b. 3.38 hours 


Glossary 


composite function 
the new function formed by function composition, when the output of 
one function is used as the input of another 


Transformation of Functions 
In this section, you will: 


e Graph functions using vertical and horizontal shifts. 

¢ Graph functions using reflections about the x-axis and the y-axis. 

e Determine whether a function is even, odd, or neither from its graph. 
e Graph functions using compressions and stretches. 

e Combine transformations. 


(credit: "Misko"/Flickr) 


We all know that a flat mirror enables us to see an accurate image of 
ourselves and whatever is behind us. When we tilt the mirror, the images we 
see may shift horizontally or vertically. But what happens when we bend a 
flexible mirror? Like a carnival funhouse mirror, it presents us with a 
distorted image of ourselves, stretched or compressed horizontally or 
vertically. In a similar way, we can distort or transform mathematical 
functions to better adapt them to describing objects or processes in the real 
world. In this section, we will take a look at several kinds of 
transformations. 


Graphing Functions Using Vertical and Horizontal Shifts 


Often when given a problem, we try to model the scenario using 
mathematics in the form of words, tables, graphs, and equations. One 
method we can employ is to adapt the basic graphs of the toolkit functions 
to build new models for a given scenario. There are systematic ways to alter 
functions to construct appropriate models for the problems we are trying to 
solve. 


Identifying Vertical Shifts 


One simple kind of transformation involves shifting the entire graph of a 
function up, down, right, or left. The simplest shift is a vertical shift, 
moving the graph up or down, because this transformation involves adding 
a positive or negative constant to the function. In other words, we add the 
same constant to the output value of the function regardless of the input. 
For a function g(x) = f(x) +k, the function f (a) is shifted vertically k 
units. See [link] for an example. 


sa |1 


7 f(x) 


- 


Vertical shift by &k = 1 of the cube root function 


To help you visualize the concept of a vertical shift, consider that 

y = f (x). Therefore, f (x) + kis equivalent to y + k. Every unit of yis 
replaced by y + k, so the y-value increases or decreases depending on the 
value of k. The result is a shift upward or downward. 


Note: 

Vertical Shift 

Given a function f (x), anew function g(x) = f(x) +k, where kisa 
constant, is a vertical shift of the function f (x). All the output values 
change by k units. If k is positive, the graph will shift up. If & is negative, 
the graph will shift down. 


Example: 
Exercise: 


Problem: 
Adding a Constant to a Function 


To regulate temperature in a green building, airflow vents near the 
roof open and close throughout the day. [link] shows the area of open 
vents V (in square feet) throughout the day in hours after midnight, ¢. 
During the summer, the facilities manager decides to try to better 
regulate temperature by increasing the amount of open vents by 20 
square feet throughout the day and night. Sketch a graph of this new 
function. 


t 
4 8 12 16 20 24 


Solution: 


We can sketch a graph of this new function by adding 20 to each of 
the output values of the original function. This will have the effect of 
shifting the graph vertically up, as shown in [link]. 

V 


t 
4 8 12 16 20 24 


Notice that in [link], for each input value, the output value has 
increased by 20, so if we call the new function S (¢),we could write 
Equation: 


S(t) = V(t) +20 


This notation tells us that, for any value of t, S(t) can be found by 
evaluating the function V at the same input and then adding 20 to the 
result. This defines S as a transformation of the function V, in this 
case a vertical shift up 20 units. Notice that, with a vertical shift, the 
input values stay the same and only the output values change. See 
[link]. 


t 0 8 10 17 19 24 

V(t) 0 0 220 220 0 0 

St (t) 20 20 240 240 20 20 
Note: 


Given a tabular function, create a new row to represent a vertical shift. 


1. Identify the output row or column. 

2. Determine the magnitude of the shift. 

3. Add the shift to the value in each output cell. Add a positive value for 
up or a negative value for down. 


Example: 
Exercise: 


Problem: 
Shifting a Tabular Function Vertically 


A function f () is given in [link]. Create a table for the function 


g(x) = f(x) —3. 


xr D 4 6 8 
f(z) 1 3 y 11 
Solution: 


The formula g(x) = f(x) — 3 tells us that we can find the output 
values of g by subtracting 3 from the output values of f. For example: 
Equation: 


fi 2) oF Given 
g(x) = f(x)—3 Given transformation 
9(2) = f(2)-—3 
al 
= 


Subtracting 3 from each f (x) value, we can complete a table of 
values for g (a) as shown in [link]. 


f(z) 1 3 7 11 
g(x) =2 0 4 8 
Analysis 


As with the earlier vertical shift, notice the input values stay the same and 
only the output values change. 


Note: 
Exercise: 


Problem: 
The function h(t) = —4.9t? + 30¢ gives the height h of a ball (in 
meters) thrown upward from the ground after ¢ seconds. Suppose the 


ball was instead thrown from the top of a 10-m building. Relate this 
new height function b(t) to A(¢), and then find a formula for b(t). 


Solution: 
Equation: 


b(t) = h(t) + 10 = —4.9¢? + 30t + 10 


Identifying Horizontal Shifts 


We just saw that the vertical shift is a change to the output, or outside, of 
the function. We will now look at how changes to input, on the inside of the 
function, change its graph and meaning. A shift to the input results in a 


movement of the graph of the function left or right in what is known as a 
horizontal shift, shown in [link]. 


Horizontal shift of the function f(z) = ¥/x. Note that 
h = +1 shifts the graph to the left, that is, towards 
negative values of x. 


For example, if f(z) = x”, then g(x) = (x — 2)” is anew function. Each 
input is reduced by 2 prior to squaring the function. The result is that the 
graph is shifted 2 units to the right, because we would need to increase the 
prior input by 2 units to yield the same output value as given in f. 


Note: 

Horizontal Shift 

Given a function f, a new function g(a) = f (x — h), wherehisa 
constant, is a horizontal shift of the function f. If his positive, the graph 
will shift right. If h is negative, the graph will shift left. 


Example: 
Exercise: 


Problem: 
Adding a Constant to an Input 


Returning to our building airflow example from [link], suppose that in 
autumn the facilities manager decides that the original venting plan 
Starts too late, and wants to begin the entire venting program 2 hours 
earlier. Sketch a graph of the new function. 


Solution: 


We can set V (t) to be the original program and F (t) to be the revised 
program. 
Equation: 


— 
oF 
— 


the original venting plan 


a 
oe 
— 


starting 2 hrs sooner 


In the new graph, at each time, the airflow is the same as the original 
function V was 2 hours later. For example, in the original function V, 
the airflow starts to change at 8 a.m., whereas for the function F’, the 
airflow starts to change at 6 a.m. The comparable function values are 
V(8) = F(6). See [link]. Notice also that the vents first opened to 
220 ft? at 10 a.m. under the original plan, while under the new plan 
the vents reach 220 ft? at 

Saamen soy (10) ai8): 


In both cases, we see that, because F' (t) starts 2 hours sooner, 


h = —2. That means that the same output values are reached when 
F(t) = V(t — (-2)) =V(¢4 2). 


4 8 12 16 20 24 


Analysis 
Note that V(t + 2) has the effect of shifting the graph to the left. 


Horizontal changes or “inside changes” affect the domain of a function (the 
input) instead of the range and often seem counterintuitive. The new 
function F (t) uses the same outputs as V (t), but matches those outputs to 
inputs 2 hours earlier than those of V (t). Said another way, we must add 2 
hours to the input of V to find the corresponding output for 

Fs F(t) = Vit + 2). 


Note: 


Given a tabular function, create a new row to represent a horizontal 
shift. 


1. Identify the input row or column. 
2. Determine the magnitude of the shift. 
3. Add the shift to the value in each input cell. 


Example: 
Exercise: 


Problem: 
Shifting a Tabular Function Horizontally 


A function f(a) is given in [link]. Create a table for the function 


g(x) = f(z — 3). 


xr D 4 6 8 
f(z) 1 3 y 11 
Solution: 


The formula g(x) = f(a — 3) tells us that the output values of gare 
the same as the output value of f when the input value is 3 less than 
the original value. For example, we know that f(2) = 1. To get the 
same output from the function g, we will need an input value that is 3 
larger. We input a value that is 3 larger for g(x) because the function 
takes 3 away before evaluating the function f. 

Equation: 


9(5) = f(5—3) 
(2) 


| 
, 


1 


We continue with the other values to create [link]. 


fp) 2 4 6 8 
f(x-3) 1 3 7 inl 
g(x) 1 3 y 11 


The result is that the function g(a) has been shifted to the right by 3. 
Notice the output values for g(a) remain the same as the output values 
for f(a), but the corresponding input values, x, have shifted to the 
right by 3. Specifically, 2 shifted to 5, 4 shifted to 7, 6 shifted to 9, 
and 8 shifted to 11. 


Analysis 


[link] represents both of the functions. We can see the horizontal shift in 
each point. 


FPF bw Wo fF AT DN DO CO 


0 x 
123 4 5 6 7 8 9 10 i 
@ f(x) e@ g(x) = f(x-3) 
Example: 
Exercise: 
Problem: 


Identifying a Horizontal Shift of a Toolkit Function 


[link] represents a transformation of the toolkit function f(x) = x”. 


Relate this new function g(x) to f(a), and then find a formula for 
g(x). 


Solution: 


Notice that the graph is identical in shape to the f(z) = x? function, 
but the x-values are shifted to the right 2 units. The vertex used to be 
at (0,0), but now the vertex is at (2,0). The graph is the basic quadratic 
function shifted 2 units to the right, so 

Equation: 


g(x) = f(a — 2) 


Notice how we must input the value x = 2 to get the output value 

y = 0; the x-values must be 2 units larger because of the shift to the 
right by 2 units. We can then use the definition of the f(x) function to 
write a formula for g(x) by evaluating f(x — 2). 


Equation: 
f(z) = x 
g(t) = f(x-2) 
g(t) = f(e—2)=(e-2) 


Analysis 


To determine whether the shift is + 2 or — 2, consider a single reference 
point on the graph. For a quadratic, looking at the vertex point is 
convenient. In the original function, f(0) = 0. In our shifted function, 

g(2) = 0. To obtain the output value of 0 from the function f, we need to 
decide whether a plus or a minus sign will work to satisfy 

g(2) = f(a — 2) = f(0) = 0. For this to work, we will need to subtract 2 
units from our input values. 


Example: 
Exercise: 


Problem: 
Interpreting Horizontal versus Vertical Shifts 


The function G(m) gives the number of gallons of gas required to 
drive m miles. Interpret G(m) + 10 and G(m + 10). 


Solution: 


G(m) + 10 can be interpreted as adding 10 to the output, gallons. 
This is the gas required to drive m miles, plus another 10 gallons of 
gas. The graph would indicate a vertical shift. 


G(m + 10) can be interpreted as adding 10 to the input, miles. So this 
is the number of gallons of gas required to drive 10 miles more than 
m miles. The graph would indicate a horizontal shift. 


Note: 
Exercise: 


Problem: 


Given the function f(x) = 4/2, graph the original function f(x) and 
the transformation g(x) = f(a + 2) on the same axes. Is this a 
horizontal or a vertical shift? Which way is the graph shifted and by 
how many units? 


Solution: 


The graphs of f(a) and g(x) are shown below. The transformation is a 
horizontal shift. The function is shifted to the left by 2 units. 


Combining Vertical and Horizontal Shifts 


Now that we have two transformations, we can combine them. Vertical 
shifts are outside changes that affect the output (y-) values and shift the 
function up or down. Horizontal shifts are inside changes that affect the 
input (x-) values and shift the function left or right. Combining the two 
types of shifts will cause the graph of a function to shift up or down and left 
or right. 


Note: 
Given a function and both a vertical and a horizontal shift, sketch the 
graph. 


1. Identify the vertical and horizontal shifts from the formula. 

2. The vertical shift results from a constant added to the output. Move 
the graph up for a positive constant and down for a negative constant. 

3. The horizontal shift results from a constant added to the input. Move 
the graph left for a positive constant and right for a negative constant. 

4. Apply the shifts to the graph in either order. 


Example: 
Exercise: 


Problem: 
Graphing Combined Vertical and Horizontal Shifts 


Given f(x) = |az|, sketch a graph of h(x) = f(a +1) —3. 
Solution: 


The function f is our toolkit absolute value function. We know that 
this graph has a V shape, with the point at the origin. The graph of h 
has transformed f in two ways: f(a + 1) is a change on the inside of 
the function, giving a horizontal shift left by 1, and the subtraction by 
3 in f(z + 1) — 3is a change to the outside of the function, giving a 
vertical shift down by 3. The transformation of the graph is illustrated 
in [link]. 


Let us follow one point of the graph of f(x) = |z]. 


e The point(0, 0)is transformed first by shifting left 1 unit: 


(0,0) — (—1,0) 
° The point(—1, 0)is transformed next by shifting down 3 units: 
(8) 


y=|x+1| y=/ 


Note: 
Exercise: 


Problem: 
Given f(x) = |a|, sketch a graph of h(a) = f(a — 2) + 4. 


Solution: 


h(x) = |x — 2| + 4 


Example: 
Exercise: 


Problem: 
Identifying Combined Vertical and Horizontal Shifts 


Write a formula for the graph shown in [link], which is a 
transformation of the toolkit square root function. 
h(x) 


Solution: 


The graph of the toolkit function starts at the origin, so this graph has 
been shifted 1 to the right and up 2. In function notation, we could 
write that as 

Equation: 


h(x) = f(w —1) +2 
Using the formula for the square root function, we can write 
Equation: 


h(x) = V/x—1+2 


Analysis 


Note that this transformation has changed the domain and range of the 
function. This new graph has domain [1, oo) and range [2, oo). 


Note: 
Exercise: 


Problem: 


Write a formula for a transformation of the toolkit reciprocal function 
f (x) = + that shifts the function’s graph one unit to the right and 


one unit up. 


Solution: 


Graphing Functions Using Reflections about the Axes 


Another transformation that can be applied to a function is a reflection over 
the x- or y-axis. A vertical reflection reflects a graph vertically across the 
x-axis, while a horizontal reflection reflects a graph horizontally across the 
y-axis. The reflections are shown in [link]. 


‘Horizontal F(x) 
‘reflection Original 


function 


mae Vertical 
~s, reflection 


Vertical and horizontal reflections of a function. 


Notice that the vertical reflection produces a new graph that is a mirror 
image of the base or original graph about the x-axis. The horizontal 
reflection produces a new graph that is a mirror image of the base or 
original graph about the y-axis. 


Note: 

Reflections 

Given a function f(x ), a new function g(x) = —f(z) is a vertical 
reflection of the function f(x), sometimes called a reflection about (or 
over, or through) the x-axis. 


Given a function f(x), a new function g(x) = f(—z) is a horizontal 
reflection of the function f(x), sometimes called a reflection about the y- 
axis. 


Note: 
Given a function, reflect the graph both vertically and horizontally. 


1. Multiply all outputs by —1 for a vertical reflection. The new graph is a 
reflection of the original graph about the x-axis. 

2. Multiply all inputs by —1 for a horizontal reflection. The new graph is 
a reflection of the original graph about the y-axis. 


Example: 
Exercise: 


Problem: 
Reflecting a Graph Horizontally and Vertically 


Reflect the graph of s(t) = vt (a) vertically and (b) horizontally. 


Solution: 


a. Reflecting the graph vertically means that each output value will 
be reflected over the horizontal t-axis as shown in [link]. 


+ a+ 
4 ql 
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Vertical reflection of the square root function 


Because each output value is the opposite of the original output 
value, we can write 
Equation: 


V(t) = —s(t) or V(t) = —Vt 
Notice that this is an outside change, or vertical shift, that affects 


the output s(t) values, so the negative sign belongs outside of the 
function. 


b. Reflecting horizontally means that each input value will be 
reflected over the vertical axis as shown in [link]. 


4+ 4} 
3+ 3+ 
2+ 2+ 
aon SN 
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Horizontal reflection of the square root function 


Because each input value is the opposite of the original input 
value, we can write 
Equation: 


H(t) = s(—t) or H(t) = V-t 


Notice that this is an inside change or horizontal change that 
affects the input values, so the negative sign is on the inside of 
the function. 


Note that these transformations can affect the domain and range 
of the functions. While the original square root function has 
domain [0, oo) and range |0, oo), the vertical reflection gives the 
V(t) function the range(—oo, 0] and the horizontal reflection 
gives the H(t) function the domain(—oo, OJ. 


Note: 
Exercise: 


Problem: 
Reflect the graph of f(a) = |a — 1| (a) vertically and (b) horizontally. 
Solution: 


a. 


Example: 
Exercise: 


Problem: 
Reflecting a Tabular Function Horizontally and Vertically 


A function f(a) is given as [link]. Create a table for the functions 
below. 


a. g(x) = — f(z) 

b. h(x) = f(—z) 

x 2 4 6 8 

f(z) 1 3 7 11 
Solution: 


a. For g(a), the negative sign outside the function indicates a 
vertical reflection, so the x-values stay the same and each output 
value will be the opposite of the original output value. See [link]. 


ay 2 4 6 8 


g(x) -1 3 ~7 —11 


b. For h(a), the negative sign inside the function indicates a 
horizontal reflection, so each input value will be the opposite of 
the original input value and the h(z) values stay the same as the 
f(a) values. See [link]. 


Note: 
Exercise: 


Problem: 


A function f(a) is given as [link]. Create a table for the functions 
below. 


x =2 0 Z 4 
f(x) 5 10 15 20 
Solution: 


g(x) =o 
b. h(x) = f(—2) 
ny -2 
h(a) 115 
Example: 
Exercise: 
Problem: 


Applying a Learning Model Equation 


J) 4 


5 unknown 


A common model for learning has an equation similar to 

k(t) = —2-'+ 1, where k is the percentage of mastery that can be 
achieved after ¢ practice sessions. This is a transformation of the 
function f(t) = 2° shown in [link]. Sketch a graph of k(t). 


Solution: 
This equation combines three transformations into one equation. 


e A horizontal reflection: f(—t) = 2% 
e A vertical reflection: — f(—t) = —27* 
e A vertical shift: — f(—t) +1=-—27+1 


We can sketch a graph by applying these transformations one at a time 
to the original function. Let us follow two points through each of the 
three transformations. We will choose the points (0, 1) and (1, 2). 


1. First, we apply a horizontal reflection: (0, 1) (-1, 2). 
2. Then, we apply a vertical reflection: (0, -1) (-1, —2) 
3. Finally, we apply a vertical shift: (0, 0) (-1, -1)). 


This means that the original points, (0,1) and (1,2) become (0,0) and 
(-1,-1) after we apply the transformations. 


In [link], the first graph results from a horizontal reflection. The 
second results from a vertical reflection. The third results from a 
vertical shift up 1 unit. 


f(t) k(t) 


(b) (c) 
Analysis 


As a model for learning, this function would be limited to a domain of 
t > 0, with corresponding range [0, 1). 


Note: 
Exercise: 


Problem: 
Given the toolkit function f(x) = x”, graph g(x) = — f(x) and 
h(a) = f(—a). Take note of any surprising behavior for these 


functions. 


Solution: 


f(x) |= x3 


h(x) = f(-x) = (x)? 


g(x) = -(%) =~ 


Notice: g(x) = f(—a) looks the same as f(x). 


Determining Even and Odd Functions 


Some functions exhibit symmetry so that reflections result in the original 
graph. For example, horizontally reflecting the toolkit functions f(x) = x 
or f(x) = |x| will result in the original graph. We say that these types of 
graphs are symmetric about the y-axis. A function whose graph is 
symmetric about the y-axis is called an even function. 


2 


If the graphs of f(x) = z° or f(x) = + were reflected over both axes, the 


result would be the original graph, as shown in [Link]. 


(a) The cubic toolkit function (b) Horizontal reflection of the cubic 
toolkit function (c) Horizontal and vertical reflections reproduce the 
original cubic function. 


We say that these graphs are symmetric about the origin. A function with a 
graph that is symmetric about the origin is called an odd function. 


Note: A function can be neither even nor odd if it does not exhibit either 
symmetry. For example, f(x) = 2” is neither even nor odd. Also, the only 
function that is both even and odd is the constant function f(x) = 0. 


Note: 

Even and Odd Functions 

A function is called an even function if for every input x 
Equation: 


The graph of an even function is symmetric about the y-axis. 
A function is called an odd function if for every input x 
Equation: 


The graph of an odd function is symmetric about the origin. 


Note: 
Given the formula for a function, determine if the function is even, 
odd, or neither. 


1. Determine whether the function satisfies f(z) = f(—2). If it does, it 
is even: 

2. Determine whether the function satisfies f(x) = —f(—z). If it does, 
it is odd. 

3. If the function does not satisfy either rule, it is neither even nor odd. 


Example: 
Exercise: 


Problem: 
Determining whether a Function Is Even, Odd, or Neither 


Is the function f(a) = x° + 2z even, odd, or neither? 


Solution: 


Without looking at a graph, we can determine whether the function is 
even or odd by finding formulas for the reflections and determining if 
they return us to the original function. Let’s begin with the rule for 
even functions. 

Equation: 


This does not return us to the original function, so this function is not 
even. We can now test the rule for odd functions. 
Equation: 


—f(-—a) =- (—x° — 22) = 2° + 22 


Because — f(—2x) = f(x), this is an odd function. 


Analysis 


Consider the graph of f in [link]. Notice that the graph is symmetric about 
the origin. For every point (a, y) on the graph, the corresponding point 
(—2, —y) is also on the graph. For example, (1, 3) is on the graph of f, 
and the corresponding point(—1, —3)is also on the graph. 
f(x) 


Note: 
Exercise: 


Problem: Is the function f(s) = s* + 3s? + 7 even, odd, or neither? 


Solution: 


even 


Graphing Functions Using Stretches and Compressions 


Adding a constant to the inputs or outputs of a function changed the 
position of a graph with respect to the axes, but it did not affect the shape of 
a graph. We now explore the effects of multiplying the inputs or outputs by 
some quantity. 


We can transform the inside (input values) of a function or we can 
transform the outside (output values) of a function. Each change has a 
specific effect that can be seen graphically. 


Vertical Stretches and Compressions 


When we multiply a function by a positive constant, we get a function 
whose graph is stretched or compressed vertically in relation to the graph of 
the original function. If the constant is greater than 1, we get a vertical 
stretch; if the constant is between 0 and 1, we get a vertical compression. 
[link] shows a function multiplied by constant factors 2 and 0.5 and the 
resulting vertical stretch and compression. 


compression 


Vertical stretch and compression 


Note: 

Vertical Stretches and Compressions 

Given a function f(x), anew function g(x) = af(x), where ais a 
constant, is a vertical stretch or vertical compression of the function 


f(x). 


¢ Ifa > 1, then the graph will be stretched. 

¢ If0 <a <1, then the graph will be compressed. 

e Ifa < 0, then there will be combination of a vertical stretch or 
compression with a vertical reflection. 


Note: 
Given a function, graph its vertical stretch. 


1. Identify the value of a. 
2. Multiply all range values by a. 


3. If a > 1, the graph is stretched by a factor of a. 
If0 < a < 1, the graph is compressed by a factor of a. 


Ifa < OQ, the graph is either stretched or compressed and also 
reflected about the x-axis. 


Example: 
Exercise: 


Problem: 
Graphing a Vertical Stretch 


A function P (t) models the population of fruit flies. The graph is 
shown in [link]. 
P(t) 


A scientist is comparing this population to another population, Q, 
whose growth follows the same pattern, but is twice as large. Sketch a 
graph of this population. 


Solution: 


Because the population is always twice as large, the new population’s 
output values are always twice the original function’s output values. 
Graphically, this is shown in [link]. 


If we choose four reference points, (0, 1), (3, 3), (6, 2) and (7, 0) we 
will multiply all of the outputs by 2. 


The following shows where the new points for the new graph will be 
located. 
Equation: 
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Symbolically, the relationship is written as 
Equation: 


This means that for any input t, the value of the function Q is twice 
the value of the function P. Notice that the effect on the graph is a 
vertical stretching of the graph, where every point doubles its distance 
from the horizontal axis. The input values, t, stay the same while the 
output values are twice as large as before. 


Note: 


Given a tabular function and assuming that the transformation is a 


vertical stretch or compression, create a table for a vertical 
compression. 


1. Determine the value of a. 


2. Multiply all of the output values by a. 


Example: 
Exercise: 


Problem: 
Finding a Vertical Compression of a Tabular Function 


A function f is given as [link]. Create a table for the function 


AD) = SO) 


x 2 4 6 8 

f(z) 1 3 7 in 
Solution: 
The formula g(x) = + f(z) tells us that the output values of gare half 


of the output values of f with the same inputs. For example, we know 
that f(4) = 3. Then 
Equation: 


We do the same for the other values to produce [link]. 


Analysis 


The result is that the function g(a) has been compressed vertically by $: 
Each output value is divided in half, so the graph is half the original height. 


Note: 
Exercise: 


Problem: 


A function f is given as [link]. Create a table for the function 


He) = Se): 


f(a) 12 16 20 0 


Solution: 


Example: 
Exercise: 


Problem: 
Recognizing a Vertical Stretch 


The graph in [link] is a transformation of the toolkit function 
f(x) = x. Relate this new function g(x) to f(x), and then find a 
formula for g(z). 


g(x) 


Solution: 


When trying to determine a vertical stretch or shift, it is helpful to 
look for a point on the graph that is relatively clear. In this graph, it 
appears that g(2) = 2. With the basic cubic function at the same input, 
f(2) = 2° = 8. Based on that, it appears that the outputs of g are + 
the outputs of the function f because g(2) = + f(2). From this we 
can fairly safely conclude that g(x) = $ f(z). 

We can write a formula for g by using the definition of the function f. 
Equation: 


Note: 
Exercise: 


Problem: 


Write the formula for the function that we get when we stretch the 
identity toolkit function by a factor of 3, and then shift it down by 2 
units. 


Solution: 


joi or 2 


Horizontal Stretches and Compressions 


Now we consider changes to the inside of a function. When we multiply a 
function’s input by a positive constant, we get a function whose graph is 


stretched or compressed horizontally in relation to the graph of the original 
function. If the constant is between 0 and 1, we get a horizontal stretch; if 
the constant is greater than 1, we get a horizontal compression of the 
function. 
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Horizontal 
stretch 


Given a function y = f(x), the form y = f(bz) results in a horizontal 
stretch or compression. Consider the function y = x”. Observe [link]. The 
graph of y = (0.52)? is a horizontal stretch of the graph of the function 

y = x*by a factor of 2. The graph of y = (2z)” is a horizontal compression 
of the graph of the function y = x” by a factor of 2. 


Note: 

Horizontal Stretches and Compressions 

Given a function f(x), anew function g(x) = f(bxr), where bis a 
constant, is a horizontal stretch or horizontal compression of the 
function f(z). 


¢ Ifb > 1, then the graph will be compressed by ;. 
e If0 <b <1, then the graph will be stretched by = 


e Ifb <Q, then there will be combination of a horizontal stretch or 
compression with a horizontal reflection. 


Note: 
Given a description of a function, sketch a horizontal compression or 
stretch. 


1. Write a formula to represent the function. 
2. Set g(x) = f(bx) where b > 1 fora compression or0 < b <1 fora 
stretch. 


Example: 
Exercise: 


Problem: 
Graphing a Horizontal Compression 


Suppose a scientist is comparing a population of fruit flies to a 
population that progresses through its lifespan twice as fast as the 
original population. In other words, this new population, R, will 
progress in 1 hour the same amount as the original population does in 
2 hours, and in 2 hours, it will progress as much as the original 
population does in 4 hours. Sketch a graph of this population. 


Solution: 


Symbolically, we could write 

Equation: 
R(1) = P(2), 
R(2) P(4), and in general, 
(te e206) 


See [link] for a graphical comparison of the original population and 
the compressed population. 


population, P(t) 


Transformed 
population, R(t) 


y f + 
6 6 
5 5 
47 Original 4 
3 3 
2 2 
4. 4 


(a) (b) 


(a) Original population graph (b) Compressed population graph 


Analysis 


Note that the effect on the graph is a horizontal compression where all 
input values are half of their original distance from the vertical axis. 


Example: 


Exercise: 


Problem: 


Finding a Horizontal Stretch for a Tabular Function 


A function f(a) is given as [link]. Create a table for the function 


g(x) = f (52). 


xr 2 4 6 8 
f(z) 1 3 7 11 
Solution: 


The formula g(x) = f ($2) tells us that the output values for g are 
the same as the output values for the function f at an input half the 
size. Notice that we do not have enough information to determine 
g(2) because g(2) = f (> - 2) = f(1), and we do not have a value 
for f(1) in our table. Our input values to g will need to be twice as 
large to get inputs for f that we can evaluate. For example, we can 
determine g(4). 

Equation: 


We do the same for the other values to produce [link]. 


g(x) 1 3 7 11 


[link] shows the graphs of both of these sets of points. 
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Analysis 


Because each input value has been doubled, the result is that the function 
g(x) has been stretched horizontally by a factor of 2. 


Example: 
Exercise: 


Problem: 
Recognizing a Horizontal Compression on a Graph 


Relate the function g(x) to f(a) in [link]. 


Solution: 


The graph of g(x) looks like the graph of f(x) horizontally 
compressed. Because f(x) ends at (6, 4) and g(x) ends at (2,4), we 


can see that the z-values have been compressed by + because 
6 (+) = 2. We might also notice that (2) = f (6) and 
g(1) = f (3). Either way, we can describe this relationship as 


g(x) = f (3x). This is a horizontal compression by +. 


Analysis 


Notice that the coefficient needed for a horizontal stretch or compression is 
the reciprocal of the stretch or compression. So to stretch the graph 
horizontally by a scale factor of 4, we need a coefficient of i in our 
function: f ($2). This means that the input values must be four times 


larger to produce the same result, requiring the input to be larger, causing 
the horizontal stretching. 


Note: 
Exercise: 


Problem: 


Write a formula for the toolkit square root function horizontally 
stretched by a factor of 3. 


Solution: 


Cen ($2) so using the square root function we get 
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Performing a Sequence of Transformations 


When combining transformations, it is very important to consider the order 
of the transformations. For example, vertically shifting by 3 and then 
vertically stretching by 2 does not create the same graph as vertically 
stretching by 2 and then vertically shifting by 3, because when we shift 
first, both the original function and the shift get stretched, while only the 
original function gets stretched when we stretch first. 


When we see an expression such as 2f(x) + 3, which transformation 
should we start with? The answer here follows nicely from the order of 
operations. Given the output value of f(x), we first multiply by 2, causing 
the vertical stretch, and then add 3, causing the vertical shift. In other 
words, multiplication before addition. 


Horizontal transformations are a little trickier to think about. When we 
write g(x) = f(2x +3), for example, we have to think about how the 
inputs to the function g relate to the inputs to the function f. Suppose we 
know f(7) = 12. What input to g would produce that output? In other 
words, what value of x will allow g(x) = f(2x + 3) = 12? We would need 
2x + 3 = 7.To solve for z, we would first subtract 3, resulting ina 
horizontal shift, and then divide by 2, causing a horizontal compression. 


This format ends up being very difficult to work with, because it is usually 
much easier to horizontally stretch a graph before shifting. We can work 
around this by factoring inside the function. 

Equation: 


f(bx +p) = f(b («+ =)) 


Let’s work through an example. 
Equation: 


f (a) = (2a + 4)" 


We can factor out a 2. 
Equation: 


f(e) = (2(e +2)? 


Now we can more clearly observe a horizontal shift to the left 2 units and a 
horizontal compression. Factoring in this way allows us to horizontally 
stretch first and then shift horizontally. 


Note: 

Combining Transformations 

When combining vertical transformations written in the formaf(x) + k, 
first vertically stretch by a and then vertically shift by k. 

When combining horizontal transformations written in the form 

f(bx — h), first horizontally shift by h and then horizontally stretch by . 
When combining horizontal transformations written in the form 

f(b(x — h)), first horizontally stretch by + and then horizontally shift by 
a 

Horizontal and vertical transformations are independent. It does not matter 
whether horizontal or vertical transformations are performed first. 


Example: 
Exercise: 


Problem: 
Finding a Triple Transformation of a Tabular Function 


Given [link] for the function f(x), create a table of values for the 
function g(z) = 2f(3z) + 1. 


Zz 6 12 18 24 
f(z) 10 14 15 17 
Solution: 


There are three steps to this transformation, and we will work from 
the inside out. Starting with the horizontal transformations, f(32) is a 
horizontal compression by + which means we multiply each z-value 


by +.See [link]. 


x z 4 6 8 


f (32) 10 14 15 17 


Looking now to the vertical transformations, we start with the vertical 
stretch, which will multiply the output values by 2. We apply this to 


the previous transformation. See [link]. 


x 2 4 6 8 


2f (32) 20 28 30 34 


Finally, we can apply the vertical shift, which will add 1 to all the 
output values. See [link]. 


x 2 4 6 8 
g(x) = 2f(3x) +1 Nl 29 Bill a5 
Example: 
Exercise: 
Problem: 


Finding a Triple Transformation of a Graph 


Use the graph of f (a) in [link] to sketch a graph of 
(lee) = epee 1 


Solution: 


To simplify, let’s start by factoring out the inside of the function. 
Equation: 
1 1 
f Roe == 5 (et 2) —3 


By factoring the inside, we can first horizontally stretch by 2, as 
indicated by the + on the inside of the function. Remember that twice 
the size of 0 is still 0, so the point (0,2) remains at (0,2) while the 
point (2,0) will stretch to (4,0). See [link]. 


Next, we horizontally shift left by 2 units, as indicated by x + 2. See 
[link]. 


Last, we vertically shift down by 3 to complete our sketch, as 
indicated by the — 3 on the outside of the function. See [link]. 


F(x) 


Note: 
Access this online resource for additional instruction and practice with 
transformation of functions. 


e Function Transformations 


Key Equations 


Vertical shift g(x) = f(x) + k (up fork > 0) 


Horizontal shift g(x) = f(a — h)(right for h > 0) 
Vertical reflection g(x) = —f(a) 
Horizontal reflection g(x) = f(—2) 
Vertical stretch g(x) = af(x) (a> 0) 
Vertical compression g(x) =af(xz)(0<a<1) 
Horizontal stretch g(x) = f(br)(0 << b< 1) 
Horizontal compression. g(x) = f(br) (b> 1) 

Key Concepts 


A function can be shifted vertically by adding a constant to the output. 
See [link] and [link]. 

A function can be shifted horizontally by adding a constant to the 
input. See [link], [link], and [link]. 

Relating the shift to the context of a problem makes it possible to 
compare and interpret vertical and horizontal shifts. See [link]. 
Vertical and horizontal shifts are often combined. See [link] and [link]. 
A vertical reflection reflects a graph about the x-axis. A graph can be 
reflected vertically by multiplying the output by —1. 

A horizontal reflection reflects a graph about the y-axis. A graph can 
be reflected horizontally by multiplying the input by —1. 

A graph can be reflected both vertically and horizontally. The order in 
which the reflections are applied does not affect the final graph. See 
[link]. 

A function presented in tabular form can also be reflected by 
multiplying the values in the input and output rows or columns 
accordingly. See [link]. 


e A function presented as an equation can be reflected by applying 
transformations one at a time. See [link]. 

e Even functions are symmetric about the y-axis, whereas odd functions 
are symmetric about the origin. 

e Even functions satisfy the condition f(x) = f(—z). 

e Odd functions satisfy the condition f(x) = —f(—2). 

e A function can be odd, even, or neither. See [link]. 

e A function can be compressed or stretched vertically by multiplying 
the output by a constant. See [link], [link], and [link]. 

e A function can be compressed or stretched horizontally by multiplying 
the input by a constant. See [link], [link], and [link]. 

e The order in which different transformations are applied does affect 
the final function. Both vertical and horizontal transformations must be 
applied in the order given. However, a vertical transformation may be 
combined with a horizontal transformation in any order. See [link] and 
[link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 
When examining the formula of a function that is the result of multiple 


transformations, how can you tell a horizontal shift from a vertical 
shift? 


Solution: 


A horizontal shift results when a constant is added to or subtracted 
from the input. A vertical shifts results when a constant is added to or 
subtracted from the output. 


Exercise: 


Problem: 


When examining the formula of a function that is the result of multiple 
transformations, how can you tell a horizontal stretch from a vertical 
stretch? 


Exercise: 
Problem: 
When examining the formula of a function that is the result of multiple 


transformations, how can you tell a horizontal compression from a 
vertical compression? 


Solution: 


A horizontal compression results when a constant greater than 1 is 
multiplied by the input. A vertical compression results when a constant 
between 0 and 1 is multiplied by the output. 


Exercise: 
Problem: 
When examining the formula of a function that is the result of multiple 


transformations, how can you tell a reflection with respect to the x-axis 
from a reflection with respect to the y-axis? 


Exercise: 
Problem: 


How can you determine whether a function is odd or even from the 
formula of the function? 


Solution: 


For a function f, substitute (—2) for (a) in f(a). Simplify. If the 
resulting function is the same as the original function, f(—x) = f(z), 
then the function is even. If the resulting function is the opposite of the 
original function, f(—x) = —f(x), then the original function is odd. 


If the function is not the same or the opposite, then the function is 
neither odd nor even. 


Algebraic 


For the following exercises, write a formula for the function obtained when 
the graph is shifted as described. 
Exercise: 


Problem: f(x) = \/z is shifted up 1 unit and to the left 2 units. 


Exercise: 


Problem: f(x) = |x| is shifted down 3 units and to the right 1 unit. 


Solution: 


g(x) = |x—1]/—3 
Exercise: 
Problem: f(x) = ~ is shifted down 4 units and to the right 3 units. 


x 


Exercise: 


Problem: f(x) = —, is shifted up 2 units and to the left 4 units. 


Solution: 


Wn = +2 


1 
(+4) 


For the following exercises, describe how the graph of the function is a 
transformation of the graph of the original function f. 
Exercise: 


Problem: y = f(x — 49) 
Exercise: 

Problem: y = f(z + 43) 

Solution: 


The graph of f(a + 43) is a horizontal shift to the left 43 units of the 
graph of f. 
Exercise: 


Problem: y = f(z + 3) 
Exercise: 

Problem: y = f(z — 4) 

Solution: 


The graph of f(a — 4) is a horizontal shift to the right 4 units of the 
graph of f. 


Exercise: 


Problem: y = f(x) +5 
Exercise: 

Problem: y = f(x) + 8 

Solution: 


The graph of f(a) + 8 is a vertical shift up 8 units of the graph of f. 


Exercise: 


Problem: y = f(x) — 2 
Exercise: 
Problem: y = f(x) — 7 
Solution: 
The graph of f(a) — 7is a vertical shift down 7 units of the graph of f. 


Exercise: 


Problem: y = f(z — 2) +3 
Exercise: 
Problem: y = f(z + 4) —1 


Solution: 


The graph of f(a + 4) — 1 is a horizontal shift to the left 4 units and a 
vertical shift down 1 unit of the graph of f. 


For the following exercises, determine the interval(s) on which the function 


is increasing and decreasing. 
Exercise: 


Problem: f(x) = 4(z +1)’ —5 


Exercise: 


Problem: g(x) = 5(x + 3)’ —2 
Solution: 


decreasing on (—oo, —3) and increasing on (—3, co) 


Exercise: 


Problem: a(x) = /—a +4 
Exercise: 

Problem: k(x) = —3,/z — 1 

Solution: 


decreasing on (0, oo) 


Graphical 


For the following exercises, use the graph of f(2) = 2” shown in [link] to 
sketch a graph of each transformation of f(z). 


Exercise: 


Problem: g(x) = 2” +1 


Exercise: 
Problem: h(x) = 2” — 3 


Solution: 
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Exercise: 


Problem: w(x) = 2”! 


For the following exercises, sketch a graph of the function as a 
transformation of the graph of one of the toolkit functions. 
Exercise: 


Problem: f(t) = (t + 1)* —3 


Solution: 
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Exercise: 


Problem: h(x) = |x —1|+4 


Exercise: 


Problem: k(x) = (x — 2)*°—1 


Solution: 


+23 


-6 -5 -4 -3 -2 -1 «0 


= 
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Exercise: 


Problem: m(t) = 3+ Vt+2 


Numeric 


Exercise: 


Problem: 


Tabular representations for the functions f, g, and h are given below. 
Write g(x) and h(a) as transformations of f(x). 


a 2 -1 0 1 2 
f(x) 2 -1 3 1 2 
a -1 0 1 2 3 


h(a) —1 0 —2 2 3 
Solution: 
g(x) = f(z —1), h(x) = f(z) +1 
Exercise: 
Problem: 


Tabular representations for the functions f, g, and h are given below. 
Write g(x) and h(x) as transformations of f(x). 


x -2 -1 0 1 2 
f(a) -1 3 4 2 1 
a 3 2 -1 0 1 


For the following exercises, write an equation for each graphed function by 
using transformations of the graphs of one of the toolkit functions. 
Exercise: 


Problem: 


Solution: 


f(z) = |x —3|-2 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(z) =V2+3-1 


Exercise: 


Problem: 
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Solution: 


f(x) = (# — 2)’ 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(z) = |x+3|—-2 
Exercise: 


Problem: 


For the following exercises, use the graphs of transformations of the square 
root function to find a formula for each of the functions. 
Exercise: 


Problem: 


o 12345) 


Solution: 


Exercise: 


Problem: 


rFrnmO wot oO 


For the following exercises, use the graphs of the transformed toolkit 
functions to write a formula for each of the resulting functions. 
Exercise: 


Problem: 


Solution: 


f(z) =—-(e@+1)°+2 
Exercise: 


Problem: 


a 


Exercise: 


Problem: 
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Solution: 


f2)\= J/=2+1 
Exercise: 


Problem: 


For the following exercises, determine whether the function is odd, even, or 
neither. 
Exercise: 


Problem: f(x) = 32+ 


Solution: 
even 


Exercise: 


Problem:9(x) = ./x 
Exercise: 


Problem: h(z) = + + 3a 


Solution: 


odd 


Exercise: 


Problem: f(x) = (x — 2)’ 
Exercise: 


Problem: g(x) = 2x* 


Solution: 
even 
Exercise: 


Problem:h(x) = 2x — x° 


For the following exercises, describe how the graph of each function is a 
transformation of the graph of the original function f. 
Exercise: 


Problem: g(x) = — f(x) 
Solution: 


The graph of gis a vertical reflection (across the x-axis) of the graph 
of f. 


Exercise: 


Problem: g(x) = f(—2) 


Exercise: 


Problem: g(x) = 4f(x) 
Solution: 


The graph of gis a vertical stretch by a factor of 4 of the graph of f. 


Exercise: 


Problem: g(x) = 6f(x) 
Exercise: 

Problem: g(x) = f(5z) 

Solution: 


The graph of gis a horizontal compression by a factor of _ of the 
graph of f. 


Exercise: 


Problem: g(x) = f(2z) 
Exercise: 

Problem: g(x) = f (+2) 

Solution: 


The graph of gis a horizontal stretch by a factor of 3 of the graph of f. 


Exercise: 


Problem: g(x) = f (<2) 
Exercise: 

Problem: g(x) = 3f (—2) 

Solution: 


The graph of gis a horizontal reflection across the y-axis and a vertical 
stretch by a factor of 3 of the graph of f. 


Exercise: 
Problem: g(x) = — f(3z) 


For the following exercises, write a formula for the function g that results 
when the graph of a given toolkit function is transformed as described. 
Exercise: 


Problem: 


The graph of f(a) = |z| is reflected over the y-axis and horizontally 
compressed by a factor of - 


Solution: 


g(x) = | — 4ar| 
Exercise: 
Problem: 
The graph of f(x) = 4/2 is reflected over the x-axis and horizontally 
stretched by a factor of 2. 
Exercise: 


Problem: 


The graph of f(x) = = is vertically compressed by a factor of + 
then shifted to the left 2 units and down 3 units. 


Solution: 


Exercise: 


Problem: 


The graph of f(x) = + is vertically stretched by a factor of 8, then 
shifted to the right 4 units and up 2 units. 
Exercise: 


Problem: 


The graph of f(x) = x” is vertically compressed by a factor of 5, then 
shifted to the right 5 units and up 1 unit. 


Solution: 


g(z) = ¢(a@—5)? +1 
Exercise: 


Problem: 


The graph of f(x) = x” is horizontally stretched by a factor of 3, then 
shifted to the left 4 units and down 3 units. 


For the following exercises, describe how the formula is a transformation of 
a toolkit function. Then sketch a graph of the transformation. 
Exercise: 


Problem: g(x) = 4(z + 1)?—5 
Solution: 


The graph of the function f(x) = «7 is shifted to the left 1 unit, 
stretched vertically by a factor of 4, and shifted down 5 units. 


Exercise: 


Problem: g(x) = 5(x + 3)’ —2 


Exercise: 
Problem: h(x) = —2|xz — 4| + 3 


Solution: 


The graph of f(x) = |z| is stretched vertically by a factor of 2, shifted 
horizontally 4 units to the right, reflected across the horizontal axis, 
and then shifted vertically 3 units up. 
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Exercise: 


Problem: k(x) = —3,/z — 1 


Exercise: 


Problem: m(x) = $2 
Solution: 


The graph of the function f(x) = x* is compressed vertically by a 
factor of - 


Exercise: 


Problem: n(x) = 3 |x — 2| 


Exercise: 


Problem: p (x) = (42)° —3 
Solution: 


The graph of the function is stretched horizontally by a factor of 3 and 
then shifted vertically downward by 3 units. 
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Exercise: 


Problem: g(x) = (42)° +1 


Exercise: 


Problem: a(x) = /—a +4 
Solution: 


The graph of f(x) = ./z is shifted right 4 units and then reflected 
across the vertical line x = 4. 
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For the following exercises, use the graph in [link] to sketch the given 
transformations. 


Exercise: 


Problem: g(x) = f(x) — 2 


Exercise: 


Problem: g(x) = — f(x) 


Solution: 
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Exercise: 


Problem: g(x) = f(x + 1) 


Exercise: 
Problem: g(x) = f(x — 2) 


Solution: 
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Glossary 


even function 
a function whose graph is unchanged by horizontal reflection, 
f(x) = f(—a), and is symmetric about the y-axis 


horizontal compression 
a transformation that compresses a function’s graph horizontally, by 
multiplying the input by a constant b > 1 


horizontal reflection 
a transformation that reflects a function’s graph across the y-axis by 
multiplying the input by —1 


horizontal shift 


a transformation that shifts a function’s graph left or right by adding a 
positive or negative constant to the input 


horizontal stretch 
a transformation that stretches a function’s graph horizontally by 
multiplying the input by a constant0 < b< 1 


odd function 
a function whose graph is unchanged by combined horizontal and 
vertical reflection, f(x) = —f(—2), and is symmetric about the origin 


vertical compression 
a function transformation that compresses the function’s graph 
vertically by multiplying the output by a constant0 <a < 1 


vertical reflection 
a transformation that reflects a function’s graph across the x-axis by 
multiplying the output by —1 


vertical shift 
a transformation that shifts a function’s graph up or down by adding a 
positive or negative constant to the output 


vertical stretch 
a transformation that stretches a function’s graph vertically by 
multiplying the output by a constanta > 1 


Absolute Value Functions 
In this section you will: 


e Graph an absolute value function. 
e Solve an absolute value equation. 


Distances in deep space can be measured in all 
directions. As such, it is useful to consider distance in 
terms of absolute values. (credit: "sS8y"/Flickr) 


Until the 1920s, the so-called spiral nebulae were believed to be clouds of dust and gas in our own galaxy, some 
tens of thousands of light years away. Then, astronomer Edwin Hubble proved that these objects are galaxies in 
their own right, at distances of millions of light years. Today, astronomers can detect galaxies that are billions of 
light years away. Distances in the universe can be measured in all directions. As such, it is useful to consider 
distance as an absolute value function. In this section, we will continue our investigation of absolute value 
functions. 


Understanding Absolute Value 


Recall that in its basic form f(a) = ||, the absolute value function is one of our toolkit functions. The absolute 
value function is commonly thought of as providing the distance the number is from zero on a number line. 
Algebraically, for whatever the input value is, the output is the value without regard to sign. Knowing this, we can 
use absolute value functions to solve some kinds of real-world problems. 


Note: 

Absolute Value Function 

The absolute value function can be defined as a piecewise function 
Equation: 


Example: 


Exercise: 
Problem: 
Using Absolute Value to Determine Resistance 


Electrical parts, such as resistors and capacitors, come with specified values of their operating parameters: 
resistance, capacitance, etc. However, due to imprecision in manufacturing, the actual values of these 
parameters vary somewhat from piece to piece, even when they are supposed to be the same. The best that 
manufacturers can do is to try to guarantee that the variations will stay within a specified range, often 
SEY, se Sym, @r se IG. 


Suppose we have a resistor rated at 680 ohms, + 5%. Use the absolute value function to express the range 
of possible values of the actual resistance. 


Solution: 
We can find that 5% of 680 ohms is 34 ohms. The absolute value of the difference between the actual and 
nominal resistance should not exceed the stated variability, so, with the resistance Rin ohms, 


Equation: 


|R — 680| < 34 


Note: 
Exercise: 


Problem: 


Students who score within 20 points of 80 will pass a test. Write this as a distance from 80 using absolute 
value notation. 


Solution: 


using the variable p for passing, |p — 80| < 20 


Graphing an Absolute Value Function 


The most significant feature of the absolute value graph is the corner point at which the graph changes direction. 
This point is shown at the origin in [link]. 


[link] shows the graph of y = 2 |z—3] + 4. The graph of y = |z| has been shifted right 3 units, vertically stretched 
by a factor of 2, and shifted up 4 units. This means that the comer point is located at (3, 4) for this transformed 
function. 


y=2|x-3| y y=2|x-3|/+4 
vertical stretch up 4 


“y = |x - 3| 
right 3 


Example: 
Exercise: 


Problem: 
Writing an Equation for an Absolute Value Function Given a Graph 


Write an equation for the function graphed in [link]. 


Solution: 


The basic absolute value function changes direction at the origin, so this graph has been shifted to the right 3 
units and down 2 units from the basic toolkit function. See [link]. 


We also notice that the graph appears vertically stretched, because the width of the final graph on a 
horizontal line is not equal to 2 times the vertical distance from the corner to this line, as it would be for an 
unstretched absolute value function. Instead, the width is equal to 1 times the vertical distance as shown in 
[ink]. 
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x 
From this information we can write the equation 
Equation: 
Foo Zi — 3) — 2, treating the stretch as a vertical stretch,or 
f(x) = |2(a—3)|—2, treating the stretch as a horizontal compression. 
Analysis 


Note that these equations are algebraically equivalent—the stretch for an absolute value function can be written 
interchangeably as a vertical or horizontal stretch or compression. 


Note: 
If we couldn’t observe the stretch of the function from the graphs, could we algebraically determine it? 


Yes. If we are unable to determine the stretch based on the width of the graph, we can solve for the stretch factor 
by putting in a known pair of values for x and f(z). 
Equation: 


f(x) =alx — 3| —2 


Now substituting in the point (1, 2) 


Equation: 
2 = all—3|/-2 
4 = 2a 
— a 
Note: 
Exercise: 
Problem: 


Write the equation for the absolute value function that is horizontally shifted left 2 units, is vertically flipped, 
and vertically shifted up 3 units. 


Solution: 


f(z) =—-|e#+2/+3 


Note: 

Do the graphs of absolute value functions always intersect the vertical axis? The horizontal axis? 

Yes, they always intersect the vertical axis. The graph of an absolute value function will intersect the vertical axis 
when the input is zero. 

No, they do not always intersect the horizontal axis. The graph may or may not intersect the horizontal axis, 
depending on how the graph has been shifted and reflected. It is possible for the absolute value function to 
intersect the horizontal axis at zero, one, or two points (see [link]). 


(a) (b) (c) 


(a) The absolute value function does not intersect the horizontal axis. (b) The absolute value function 
intersects the horizontal axis at one point. (c) The absolute value function intersects the horizontal axis at two 
points. 


Solving an Absolute Value Equation 


In Other Type of Equations, we touched on the concepts of absolute value equations. Now that we understand a 
little more about their graphs, we can take another look at these types of equations. Now that we can graph an 
absolute value function, we will learn how to solve an absolute value equation. To solve an equation such as 

8 = |2a — 6], we notice that the absolute value will be equal to 8 if the quantity inside the absolute value is 8 or 
-8. This leads to two different equations we can solve independently. 


Equation: 
2x-6 = 8 or 2x-6 = -8 
2x = 14 2e = —2 
x= 7 z= -l 


Knowing how to solve problems involving absolute value functions is useful. For example, we may need to 
identify numbers or points on a line that are at a specified distance from a given reference point. 


An absolute value equation is an equation in which the unknown variable appears in absolute value bars. For 
example, 


Equation: 
|x| =4, 
|22 — 1] = 3, or 
|5a +2|-4=9 
Note: 


Solutions to Absolute Value Equations 


For real numbers A and B, an equation of the form |A| = B, with B > 0, will have solutions when A = B or 
A = —B. If B < 0, the equation |A| = B has no solution. 


Note: 
Given the formula for an absolute value function, find the horizontal intercepts of its graph. 


1. Isolate the absolute value term. 
2. Use |A| = Bto write A = Bor—A = B, assuming B > 0. 
3. Solve for x. 


Example: 
Exercise: 


Problem: 
Finding the Zeros of an Absolute Value Function 


For the function f(x) = |4a + 1| — 7,find the values of x such that f(x) = 0. 


Solution: 

Equation: 

0 = |4e+1|/—7 Substitute 0 for f(z). 

7 = |4¢+4+1| Isolate the absolute value on one side of the equation 
7 = 4r+1 or =f 4x +1 Break into two separate equations and solve. 

6 = 4z —8 = 4a 

2 lee a 


The function outputs 0 when « = 3 orx = —2. See [link]. 


x where f(x) = 0 x where f(x) = 0 


Note: 
Exercise: 


Problem: For the function f(a) = |2x — 1| — 3,find the values of x such that f(a) = 0. 


Solution: 
i = jlo 4 = 4 
Note: 


Should we always expect two answers when solving |A| = B? 
No. We may find one, two, or even no answers. For example, there is no solution to 2 + |3a — 5| = 1. 


Note: 
Access these online resources for additional instruction and practice with absolute value. 


Graphing Absolute Value Functions 
Graphing Absolute Value Functions 2 


Key Concepts 


e Applied problems, such as ranges of possible values, can also be solved using the absolute value function. See 
[link]. 

e The graph of the absolute value function resembles a letter V. It has a corner point at which the graph changes 
direction. See [link]. 


¢ Inan absolute value equation, an unknown variable is the input of an absolute value function. 


e If the absolute value of an expression is set equal to a positive number, expect two solutions for the unknown 
variable. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: How do you solve an absolute value equation? 
Solution: 


Isolate the absolute value term so that the equation is of the form|A| = B. Form one equation by setting the 
expression inside the absolute value symbol, A, equal to the expression on the other side of the equation, B. 


Form a second equation by setting A equal to the opposite of the expression on the other side of the equation, 
— B. Solve each equation for the variable. 


Exercise: 


Problem: 


How can you tell whether an absolute value function has two x-intercepts without graphing the function? 


Exercise: 


Problem: 


When solving an absolute value function, the isolated absolute value term is equal to a negative number. What 
does that tell you about the graph of the absolute value function? 


Solution: 


The graph of the absolute value function does not cross the x-axis, so the graph is either completely above or 
completely below the z-axis. 


Exercise: 


Problem: 


How can you use the graph of an absolute value function to determine the x-values for which the function 
values are negative? 


Algebraic 


Exercise: 


Problem: 


Describe all numbers z that are at a distance of 4 from the number 8. Express this set of numbers using 
absolute value notation. 


Solution: 


The distance from x to 8 can be represented using the absolute value statement: | x — 8 | = 4. 


Exercise: 


Problem: 


Describe all numbers z that are at a distance of + from the number —4. Express this set of numbers using 
absolute value notation. 


Exercise: 


Problem: 


Describe the situation in which the distance that point x is from 10 is at least 15 units. Express this set of 
numbers using absolute value notation. 


Solution: 


|}x-10|215 
Exercise: 


Problem: 


Find all function values f(x) such that the distance from f(z) to the value 8 is less than 0.03 units. Express 
this set of numbers using absolute value notation. 


For the following exercises, find the x- and y-intercepts of the graphs of each function. 
Exercise: 


Problem: f(x) = 4|z — 3|+4 


Solution: 


There are no x-intercepts. 


Exercise: 


Problem: f(x) = —3 |x — 2|—1 


Exercise: 


Problem: f(x) = —2|x+1|+6 


Solution: 
(-4, 0) and (2, 0) 


Exercise: 


Problem: f(x) = —5|x + 2| +15 


Exercise: 
Problem: f(x) = 2|x — 1| —6 


Solution: 


(0, —4), (4,0), (—2, 0) 


Exercise: 


Problem: f(x) =| — 2a + 1|-—13 


Exercise: 
Problem: f(x) = —|x — 9| + 16 


Solution: 


(0, 7), (25, 0), (—7, 0) 


Graphical 


For the following exercises, graph the absolute value function. Plot at least five points by hand for each graph. 
Exercise: 


Problem: y = |x — 1| 


Exercise: 


Problem: y = |x + 1| 


Solution: 


(-1, 0) 


Exercise: 
Problem: y = |x| + 1 


For the following exercises, graph the given functions by hand. 
Exercise: 


Problem: y = |x| — 2 


Solution: 


Exercise: 


Problem: y = — |z| 
Exercise: 

Problem: y = — |x| — 2 

Solution: 


Exercise: 


Problem: y = — |x — 3| — 2 


Exercise: 
Problem: f(x) = —|x — 1| — 2 


Solution: 


Exercise: 


Problem: f(z) = —|z +3] +4 


Exercise: 


Problem: f(x) = 2|z + 3|+1 


Solution: 
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Exercise: 


Problem: f(x) = 3|z — 2|+ 3 


Exercise: 
Problem: f(x) = |2x — 4| —3 


Solution: 


Exercise: 


Problem: f (xz) = |32 + 9| + 2 


Exercise: 
Problem: f(x) = — |x —1|—3 


Solution: 
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Exercise: 


Problem: f(z) = — |x + 4| — 3 


Exercise: 
Problem: f(x) = +|z + 4|—3 


Solution: 


i i i oe or a 


Technology 


Exercise: 


Problem: 


Use a graphing utility to graph f(x) = 10|x — 2| on the viewing window (0, 4]. Identify the corresponding 
range. Show the graph. 


Exercise: 


Problem: 


Use a graphing utility to graph f(z) = —100|2| + 100 on the viewing window [—5, 5]. Identify the 
corresponding range. Show the graph. 


For the following exercises, graph each function using a graphing utility. Specify the viewing window. 
Exercise: 


Problem: f(x) = —0.1|0.1(0.2 — x)| + 0.3 


Exercise: 


Problem: f(z) = 4 x 10° «— 5x 10° +2x 10° 


Extensions 


For the following exercises, solve the inequality. 
Exercise: 


Problem: possible, find all values of a such that there are no x-intercepts for f(z) = 2|x+1|+ a. 


Exercise: 


Problem: If possible, find all values of a such that there are no y-intercepts for f(z) = 2|a +1|+ a. 
Solution: 


There is no solution for a that will keep the function from having a y-intercept. The absolute value function 
always crosses the y-intercept when z = 0. 


Real-World Applications 


Exercise: 
Problem: 
Cities A and B are on the same east-west line. Assume that city A is located at the origin. If the distance from 


city A to city B is at least 100 miles and x represents the distance from city B to city A, express this using 
absolute value notation. 


Exercise: 
Problem: 


The true proportion p of people who give a favorable rating to Congress is 8% with a margin of error of 1.5%. 
Describe this statement using an absolute value equation. 


Solution: 


|p — 0.08] < 0.015 
Exercise: 


Problem: 


Students who score within 18 points of the number 82 will pass a particular test. Write this statement using 
absolute value notation and use the variable x for the score. 


Exercise: 


Problem: 


A machinist must produce a bearing that is within 0.01 inches of the correct diameter of 5.0 inches. Using x as 
the diameter of the bearing, write this statement using absolute value notation. 


Solution: 


|x — 5.0| < 0.01 
Exercise: 


Problem: 


The tolerance for a ball bearing is 0.01. If the true diameter of the bearing is to be 2.0 inches and the 
measured value of the diameter is x inches, express the tolerance using absolute value notation. 


Inverse Functions 
In this section, you will: 


e Verify inverse functions. 

e Determine the domain and range of an inverse function, and restrict the domain of 
a function to make it one-to-one. 

e Find or evaluate the inverse of a function. 

e Use the graph of a one-to-one function to graph its inverse function on the same 
axes. 


A reversible heat pump is a climate-control system that is an air conditioner and a 
heater in a single device. Operated in one direction, it pumps heat out of a house to 
provide cooling. Operating in reverse, it pumps heat into the building from the outside, 
even in cool weather, to provide heating. As a heater, a heat pump is several times more 
efficient than conventional electrical resistance heating. 


If some physical machines can run in two directions, we might ask whether some of the 
function “machines” we have been studying can also run backwards. [link] provides a 
visual representation of this question. In this section, we will consider the reverse 


nature of functions. 
x y 


y x 


Can a function “machine” operate in reverse? 


Verifying That Two Functions Are Inverse Functions 


Suppose a fashion designer traveling to Milan for a fashion show wants to know what 
the temperature will be. He is not familiar with the Celsius scale. To get an idea of how 


temperature measurements are related, he asks his assistant, Betty, to convert 75 
degrees Fahrenheit to degrees Celsius. She finds the formula 
Equation: 


5 
C = —(F — 32) 
9 
and substitutes 75 for F’'to calculate 
Equation: 
5 r 
9 (® — 32) = 24°C 
Knowing that a comfortable 75 degrees Fahrenheit is about 24 degrees Celsius, he 


sends his assistant the week’s weather forecast from [link] for Milan, and asks her to 
convert all of the temperatures to degrees Fahrenheit. 


Tue 


oa 


26°C | 19°C 29°C | 19°C 30°C | 20°C 26°C | 18°C 


At first, Betty considers using the formula she has already found to complete the 
conversions. After all, she knows her algebra, and can easily solve the equation for F’ 
after substituting a value for C’. For example, to convert 26 degrees Celsius, she could 
write 

Equation: 


26 = 3(F - 32) 
2 = F-32 
F = 26.2432 79 


After considering this option for a moment, however, she realizes that solving the 
equation for each of the temperatures will be awfully tedious. She realizes that since 
evaluation is easier than solving, it would be much more convenient to have a different 
formula, one that takes the Celsius temperature and outputs the Fahrenheit temperature. 


The formula for which Betty is searching corresponds to the idea of an inverse 
function, which is a function for which the input of the original function becomes the 
output of the inverse function and the output of the original function becomes the input 
of the inverse function. 


Given a function f(x), we represent its inverse as f—!(x), read as \f inverse of x.” 
The raised —1 is part of the notation. It is not an exponent; it does not imply a power of 
—1. In other words, f (x) does not mean Foy because Fay is the reciprocal of f and 


not the inverse. 


The “exponent-like” notation comes from an analogy between function composition 
and multiplication: just asa ‘a = 1 (1 is the identity element for multiplication) for 
any nonzero numbera, so f~! o f equals the identity function, that is, 

Equation: 


(f-to f)(z) = f(f(2)) =f ty) =2 


This holds for all 2 in the domain of f. Informally, this means that inverse functions 
“undo” each other. However, just as zero does not have a reciprocal, some functions do 
not have inverses. 


Given a function f(z), we can verify whether some other function g(x) is the inverse 
of f(x) by checking whether either g(f(x)) = x or f(g(x)) = wis true. We can test 
whichever equation is more convenient to work with because they are logically 
equivalent (that is, if one is true, then so is the other.) 


For example, y = 4x andy = iz are inverse functions. 
Equation: 


(f-10 f)(2) = f-1 (4x) = (42) 


and 
Equation: 


(fof) (x) =f (7) = (4) oy 


A few coordinate pairs from the graph of the function y = 4z are (—2, —8), (0, 0), and 
(2, 8). A few coordinate pairs from the graph of the function y = 42 are (—8, —2), (0, 
0), and (8, 2). If we interchange the input and output of each coordinate pair of a 
function, the interchanged coordinate pairs would appear on the graph of the inverse 
function. 


Note: 

Inverse Function 

For any one-to-one function f(z) = y, a function f+ (x) is an inverse function of f 
if f-'(y) = x. This can also be written as f~'( f(x)) = 2 for all x in the domain of 

f. It also follows that f(f~1(x)) = z for all z in the domain of f~‘if f—‘is the 
inverse of f. 

The notation fis read “f inverse.” Like any other function, we can use any variable 
name as the input for f~!, so we will often write f~!(x), which we read as \\f inverse 
of x.” Keep in mind that 

Equation: 


ee 
f ie 


and not all functions have inverses. 


Example: 
Exercise: 


Problem: 
Identifying an Inverse Function for a Given Input-Output Pair 


If for a particular one-to-one function f(2) = 4 and f(5) = 12, what are the 
corresponding input and output values for the inverse function? 


Solution: 


The inverse function reverses the input and output quantities, so if 
Equation: 


Avthen (= 1(4)i= 2; 
FG je— lay them fe 12) 5. 
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Alternatively, if we want to name the inverse function g, then g(4) = 2 and 
gi 12) — a 
Analysis 


Notice that if we show the coordinate pairs in a table form, the input and output are 
clearly reversed. See [link]. 


(x, f(z) (x, 9(x)) 
(2, 4) (4, 2) 
(5, 12) (12, 5) 
Note: 
Exercise: 
Problem: 


Given that h-1(6) = 2, what are the corresponding input and output values of the 
original function h? 


Solution: 
n(2) 6 
Note: 


Given two functions f(z) and g(x), test whether the functions are inverses of 
each other. 


1. Determine whether f(g(z)) = x org(f(x)) = a. 
2. If either statement is true, then both are true, and g = f and f = g“!. If either 
statement is false, then both are false, andg #4 f~! and f 4 gt. 


Example: 
Exercise: 


Problem: 
Testing Inverse Relationships Algebraically 


If f (xz) = — andg (x) = -—2, iSG=at 2 


z+2 
Solution: 
Equation: 
1 
a(f(z)) = Tay7? 

Se? 
= ie 

sO 

Equation: 


Wai eulogy 


This is enough to answer yes to the question, but we can also verify the other 


formula. 
Equation: 


| 


f(9(x)) 


Analysis 


Notice the inverse operations are in reverse order of the operations from the original 
function. 


Note: 
Exercise: 


Problem:If f (z) = x? — 4andg(x) = Wz +4, isg= f~'? 
Solution: 


Yes 


Example: 
Exercise: 


Problem: 
Determining Inverse Relationships for Power Functions 


If f(x) = x? (the cube function) and g(x) = Fo, isq=f '? 


Solution: 
Equation: 


ae 
f(g(2))= = #2 
No, the functions are not inverses. 


Analysis 


; ; - i ; 
The correct inverse to the cube is, of course, the cube root ¢/x = x?, that is, the one- 
third is an exponent, not a multiplier. 


Note: 
Exercise: 


Problem:If f (x) = (x — 1)? and g(z) = */x +1, isg = f~}? 
Solution: 


Yes 


Finding Domain and Range of Inverse Functions 


The outputs of the function f are the inputs to f~, so the range of f is also the domain 
of f—1. Likewise, because the inputs to f are the outputs of f—', the domain of f is the 
range of f—!. We can visualize the situation as in [link]. 


Domain of f f(x) Range of f 
-1 
Range of f-? ie Domain of f-? 


Domain and range of a function and its inverse 


When a function has no inverse function, it is possible to create a new function where 
that new function on a limited domain does have an inverse function. For example, the 
inverse of f(z) = /xis f-!(x) = x”, because a square “undoes” a square root; but 
the square is only the inverse of the square root on the domain [0, oo), since that is the 


range of f(z) = ./z. 


We can look at this problem from the other side, starting with the square (toolkit 
quadratic) function f(x) = x”. If we want to construct an inverse to this function, we 
run into a problem, because for every given output of the quadratic function, there are 
two corresponding inputs (except when the input is 0). For example, the output 9 from 
the quadratic function corresponds to the inputs 3 and —3. But an output from a function 
is an input to its inverse; if this inverse input corresponds to more than one inverse 
output (input of the original function), then the “inverse” is not a function at all! To put 
it differently, the quadratic function is not a one-to-one function; it fails the horizontal 
line test, so it does not have an inverse function. In order for a function to have an 
inverse, it must be a one-to-one function. 


In many cases, if a function is not one-to-one, we can still restrict the function to a part 
of its domain on which it is one-to-one. For example, we can make a restricted version 
of the square function f(x) = x? with its domain limited to [0, co), which is a one-to- 


one function (it passes the horizontal line test) and which has an inverse (the square- 
root function). 


If f(x) = (x — 1)’ on [1, 00), then the inverse function is f~!(x) = /z +1. 


¢ The domain of f = range of f~!= [1, 00). 
¢ The domain of f~'= range of f = [0, 00). 


Note: 

Is it possible for a function to have more than one inverse? 

No. If two supposedly different functions, say, g and h, both meet the definition of 
being inverses of another function f, then you can prove that g = h. We have just seen 
that some functions only have inverses if we restrict the domain of the original 
function. In these cases, there may be more than one way to restrict the domain, 
leading to different inverses. However, on any one domain, the original function still 
has only one unique inverse. 


Note: 

Domain and Range of Inverse Functions 

The range of a function f(x) is the domain of the inverse function f~‘(z). 
The domain of f(z) is the range of f~'(z). 


Note: 
Given a function, find the domain and range of its inverse. 


1. If the function is one-to-one, write the range of the original function as the 
domain of the inverse, and write the domain of the original function as the range 
of the inverse. 

2. If the domain of the original function needs to be restricted to make it one-to-one, 
then this restricted domain becomes the range of the inverse function. 


Example: 
Exercise: 


Problem: 


Finding the Inverses of Toolkit Functions 


Identify which of the toolkit functions besides the quadratic function are not one- 
to-one, and find a restricted domain on which each function is one-to-one, if any. 
The toolkit functions are reviewed in [link]. We restrict the domain in such a 
fashion that the function assumes all y-values exactly once. 


Constant 


f(z) =c 


Reciprocal 
squared 


f(e)=4 


Solution: 


Identity 
f(z) =« 


Cube root 


f(a) = yz 


Quadratic 
f(x) = 2? 


Square 
root 


fe) = vz 


Cubic Reciprocal 
f(e)=2? | f@)= 5 
Absolute 

value 

f(x) = |e 


The constant function is not one-to-one, and there is no domain (except a single 
point) on which it could be one-to-one, so the constant function has no inverse. 


The absolute value function can be restricted to the domain [0, 00),where it is 
equal to the identity function. 


The reciprocal-squared function can be restricted to the domain (0, co). 


Analysis 


We can see that these functions (if unrestricted) are not one-to-one by looking at their 
graphs, shown in [link]. They both would fail the horizontal line test. However, if a 

function is restricted to a certain domain so that it passes the horizontal line test, then 
in that restricted domain, it can have an inverse. 


(a) Absolute value (b) Reciprocal square 


Note: 
Exercise: 


Problem: 


The domain of function f is (1, co) and the range of function f is (—oo, —2). 
Find the domain and range of the inverse function. 


Solution: 


The domain of function f~1is (—oo, — 2) and the range of function f ~‘ is 
(leo) 


Finding and Evaluating Inverse Functions 


Once we have a one-to-one function, we can evaluate its inverse at specific inverse 
function inputs or construct a complete representation of the inverse function in many 
cases. 


Inverting Tabular Functions 


Suppose we want to find the inverse of a function represented in table form. Remember 
that the domain of a function is the range of the inverse and the range of the function is 
the domain of the inverse. So we need to interchange the domain and range. 


Each row (or column) of inputs becomes the row (or column) of outputs for the inverse 
function. Similarly, each row (or column) of outputs becomes the row (or column) of 
inputs for the inverse function. 


Example: 
Exercise: 


Problem: 
Interpreting the Inverse of a Tabular Function 


A function f(t) is given in [link], showing distance in miles that a car has traveled 
int minutes. Find and interpret f~1(70). 


t (minutes) 30 50 70 90 
f (t) (miles) 20 40 60 70 
Solution: 


The inverse function takes an output of f and returns an input for f. So in the 
expression f—!(70), 70 is an output value of the original function, representing 
70 miles. The inverse will return the corresponding input of the original function 
f, 90 minutes, so f~'(70) = 90. The interpretation of this is that, to drive 70 
miles, it took 90 minutes. 


Alternatively, recall that the definition of the inverse was that if f(a) = b, then 
f—‘(b) =a. By this definition, if we are given f~!(70) = a, then we are 
looking for a value aso that f(a) = 70. In this case, we are looking for at so that 
f(t) = 70, which is when t = 90. 


Note: 
Exercise: 


Problem: Using [link], find and interpret (a) f(60),and (b) f~1(60). 


t (minutes) 30 50 60 70 90 
f (t) (miles) 20 40 50 60 70 
Solution: 


a. f(60) = 50. In 60 minutes, 50 miles are traveled. 
b. f-1(60) = 70. To travel 60 miles, it will take 70 minutes. 


Evaluating the Inverse of a Function, Given a Graph of the Original Function 


We saw in Functions and Function Notation that the domain of a function can be read 
by observing the horizontal extent of its graph. We find the domain of the inverse 
function by observing the vertical extent of the graph of the original function, because 
this corresponds to the horizontal extent of the inverse function. Similarly, we find the 
range of the inverse function by observing the horizontal extent of the graph of the 
original function, as this is the vertical extent of the inverse function. If we want to 
evaluate an inverse function, we find its input within its domain, which is all or part of 
the vertical axis of the original function’s graph. 


Note: 
Given the graph of a function, evaluate its inverse at specific points. 


1. Find the desired input on the y-axis of the given graph. 
2. Read the inverse function’s output from the x-axis of the given graph. 


Example: 
Exercise: 


Problem: 
Evaluating a Function and Its Inverse from a Graph at Specific Points 


A function g(z) is given in [link]. Find g(3) and g~1(3). 
g(x) 


Solution: 


To evaluate g(3), we find 3 on the x-axis and find the corresponding output value 
on the y-axis. The point (3, 1) tells us that g(3) = 1. 


To evaluate g~1(3), recall that by definition g~!(3) means the value of x for 
which g(x) = 3. By looking for the output value 3 on the vertical axis, we find 
the point (5, 3) on the graph, which means g(5) = 3, so by definition, 
g-'(3) = 5. See [link]. 

g(x) 


Note: 
Exercise: 


Problem: Using the graph in [link], (a) find g~(1),and (b) estimate g~!(4). 
Solution: 


aso" DL.a6 


Finding Inverses of Functions Represented by Formulas 


Sometimes we will need to know an inverse function for all elements of its domain, not 
just a few. If the original function is given as a formula—for example, y as a function of 
x—we can often find the inverse function by solving to obtain z as a function of y. 


Note: 
Given a function represented by a formula, find the inverse. 


1. Make sure f is a one-to-one function. 
2. Solve for z. 
3. Interchange z and y. 


Example: 
Exercise: 


Problem: 
Inverting the Fahrenheit-to-Celsius Function 


Find a formula for the inverse function that gives Fahrenheit temperature as a 
function of Celsius temperature. 
Equation: 


C= = (F ~32) 


Solution: 


Equation: 


C = 3(F-32) 
C= 32 
F = 20+32 


By solving in general, we have uncovered the inverse function. If 
Equation: 


Cane =(F _ 32), 
then 
Equation: 
1 9 
aC pote 


In this case, we introduced a function h to represent the conversion because the 
input and output variables are descriptive, and writing C! could get confusing. 


Note: 
Exercise: 


Problem: Solve for z in terms of y given y = +(x — 5). 


Solution: 


osu 


Example: 
Exercise: 


Problem: 
Solving to Find an Inverse Function 


Find the inverse of the function f (x) = 44 + 4. 


z—3 
Solution: 
Equation: 
— = +4 Set up an equation. 
y-4 = — Subtract 4 from both sides. 
z-3 = -- Multiply both sides by x — 3 and divide by y — 4. 
f= _ +3 Add 3 to both sides. 


Souee (= ae +3orf ‘(c)= 7 +3. 


Analysis 


The domain and range of f exclude the values 3 and 4, respectively. f and f~tare 
equal at two points but are not the same function, as we can see by creating [link]. 


£ il 2 5 f(y) 
f(z) 3 2 5 y 
Example: 
Exercise: 
Problem: 


Solving to Find an Inverse with Radicals 
Find the inverse of the function f(z) = 2+ Va —4. 


Solution: 
Equation: 


2+v2-4 
(y—2)? = 2-4 
(y—2)°+4 


< 
| 


x 


So f-!(«) = (a4 — 2)? +4. 
The domain of f is [4, 00). Notice that the range of f is [2, co), so this means that 
the domain of the inverse function f~' is also [2, 00). 
Analysis 
The formula we found for f~! (x) looks like it would be valid for all real z. However, 
f ‘itself must have an inverse (namely, f ) so we have to restrict the domain of f ‘to 


[2, 00) in order to make f~!a one-to-one function. This domain of f~ is exactly the 
range of f. 


Note: 
Exercise: 


Problem: 


What is the inverse of the function f(x) = 2 — ,/x?State the domains of both the 
function and the inverse function. 


Solution: 


f-\(z) = (2-2); domain of f: (0,00); domain of f~!: (—oo,2] 


Finding Inverse Functions and Their Graphs 


Now that we can find the inverse of a function, we will explore the graphs of functions 
and their inverses. Let us return to the quadratic function f(x) = x” restricted to the 
domain [0, oo), on which this function is one-to-one, and graph it as in [link]. 


Quadratic function with domain restricted to [0, 0). 


Restricting the domain to [0, 00) makes the function one-to-one (it will obviously pass 
the horizontal line test), so it has an inverse on this restricted domain. 


We already know that the inverse of the toolkit quadratic function is the square root 
function, that is, f~!(x) = ./z. What happens if we graph both f and f~‘ on the 
same set of axes, using the x-axis for the input to both f and f~!? 


We notice a distinct relationship: The graph of f~1(z) is the graph of f(z) reflected 
about the diagonal line y = x, which we will call the identity line, shown in [link]. 


Square and square-root functions on the non-negative 
domain 


This relationship will be observed for all one-to-one functions, because it is a result of 
the function and its inverse swapping inputs and outputs. This is equivalent to 
interchanging the roles of the vertical and horizontal axes. 


Example: 
Exercise: 


Problem: 
Finding the Inverse of a Function Using Reflection about the Identity Line 


Given the graph of f(z) in [link], sketch a graph of f~!(z). 
y 


Solution: 


This is a one-to-one function, so we will be able to sketch an inverse. Note that 
the graph shown has an apparent domain of (0, co) and range of (—oo, 00), so 
the inverse will have a domain of (—oo, oo) and range of (0, oo). 


If we reflect this graph over the line y = z, the point (1, 0) reflects to (0, 1) and 
the point (4, 2) reflects to (2,4). Sketching the inverse on the same axes as the 
original graph gives [link]. 


The function and its inverse, showing reflection about 
the identity line 


Note: 
Exercise: 


Problem:Draw graphs of the functions f and f~'from [link]. 


Solution: 


Note: 

Is there any function that is equal to its own inverse? 

Yes. If f = f~1, then f (f (x)) = 2, and we can think of several functions that have 
this property. The identity function does, and so does the reciprocal function, because 
Equation: 


a || — 
II 
8 


Any function f (x) = c — x, where cis a constant, is also equal to its own inverse. 


Note: 
Access these online resources for additional instruction and practice with inverse 
functions. 


e Inverse Functions 

e One-to-one Functions 

e Inverse Function Values Using Graph 

e Restricting the Domain and Finding the Inverse 


Key Concepts 


If g(x) is the inverse of f(x), then g(f(z)) = f(g(z)) = a. See [link], [link], and 
[ink]. 

Only some of the toolkit functions have an inverse. See [link]. 

For a function to have an inverse, it must be one-to-one (pass the horizontal line 
test). 

A function that is not one-to-one over its entire domain may be one-to-one on part 
of its domain. 

For a tabular function, exchange the input and output rows to obtain the inverse. 
See [link]. 

The inverse of a function can be determined at specific points on its graph. See 
[link]. 

To find the inverse of a formula, solve the equation y = f(x) for as a function of 
y. Then exchange the labels x and y. See [link], [link], and [link]. 

The graph of an inverse function is the reflection of the graph of the original 
function across the line y = z. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


Describe why the horizontal line test is an effective way to determine whether a 
function is one-to-one? 


Solution: 


Each output of a function must have exactly one output for the function to be one- 
to-one. If any horizontal line crosses the graph of a function more than once, that 
means that y-values repeat and the function is not one-to-one. If no horizontal line 
crosses the graph of the function more than once, then no y-values repeat and the 
function is one-to-one. 


Exercise: 


Problem: 


Why do we restrict the domain of the function f(a) = 2” to find the function’s 
inverse? 


Exercise: 


Problem: Can a function be its own inverse? Explain. 


Solution: 


1 


Yes. For example, f(x) = =; is its own inverse. 


Exercise: 


Problem: 


Are one-to-one functions either always increasing or always decreasing? Why or 
why not? 


Exercise: 
Problem: How do you find the inverse of a function algebraically? 
Solution: 


Given a function y = f(z), solve fora in terms of y. Interchange the x and y. 
Solve the new equation for y. The expression for yis the inverse, y = f(z). 


Algebraic 


Exercise: 


Problem: 


Show that the function f(x) = a — zis its own inverse for all real numbers a. 


For the following exercises, find f~'(z) for each function. 
Exercise: 


Problem: f(z) = «+3 


Solution: 


f\(2)=2-3 


Exercise: 


Problem: f(x) = «+5 
Exercise: 

Problem: f(x) = 2 — = 

Solution: 


fl(@@)=2-2 


Exercise: 


Problem: f(x) = 3— 


Exercise: 


Problem: f(x) = =t5 


Solution: 
| , =o 
fe) = 4 


Exercise: 


Problem: f(x) = 22+ 


For the following exercises, find a domain on which each function f is one-to-one and 
non-decreasing. Write the domain in interval notation. Then find the inverse of f 
restricted to that domain. 

Exercise: 


Problem: f(z) = (x +7)” 
Solution: 


domain of f(x) : [—7,00); f(z) = /z—7 


Exercise: 


Problem: f(x) = (x — 6)” 


Exercise: 


Problem: f(x) = x? — 5 
Solution: 


domain of f(x) : [0,00); f '(x) = Vx +5 


Exercise: 


Problem: Given f (x) = 37> and g(x) = ee 


a. Find f(g(x)) and g( f(z)). 


b. What does the answer tell us about the relationship between f(x) and g(x)? 


Solution: 


a. f(g(x)) = xandg(f(x)) = z. b. This tells us that f and g are inverse functions 


For the following exercises, use function composition to verify that f(a) and g(a) are 
inverse functions. 
Exercise: 


Problem: f(x) = %/z — landg(x) = z?+1 
Solution: 


f(9(z)) = 2, g(f(z)) =2 


Exercise: 


Problem: f(x) = —3x + 5andg(z) = =? 


Graphical 


For the following exercises, use a graphing utility to determine whether each function 
is one-to-one. 
Exercise: 


Problem: f(x) = \/x 
Solution: 


one-to-one 


Exercise: 


Problem: f(x) = V3x +1 
Exercise: 
Problem: f(x) = —5a+1 
Solution: 
one-to-one 
Exercise: 


Problem: f(x) = x° — 27 


For the following exercises, determine whether the graph represents a one-to-one 
function. 
Exercise: 


Problem: 


+ $+———} a, 4 
5 10 15:20 2 


Solution: 


not one-to-one 
Exercise: 


Problem: 


x 
“10 -8 -6 ~4 es 2 4 6 8 10 


f “4 


Exercise: 


Problem: Find f (0). 


Solution: 


3 


Exercise: 


Problem: Solve f(x) = 0. 


Exercise: 


Problem: Find f~' (0). 
Solution: 


2 


Exercise: 
Problem: Solve f~' (x) = 0. 


For the following exercises, use the graph of the one-to-one function shown in [link]. 


y 
10 
8 
6 
4 
f 

2 

x 
0 2 4 6 8 10 
Exercise: 


Problem: Sketch the graph of f 1. 


Solution: 


xX 
0 24 6 8 10 
Exercise: 


Problem: Find f(6) and f~'(2). 
Exercise: 
Problem: If the complete graph of f is shown, find the domain of f. 


Solution: 
[2, 10] 


Exercise: 


Problem: If the complete graph of f is shown, find the range of f. 


Numeric 


For the following exercises, evaluate or solve, assuming that the function f is one-to- 
one. 
Exercise: 


Problem: If f(6) = 7, find f~1(7). 
Solution: 


6 


Exercise: 


Problem: If f(3) = 2, find f~1(2). 


Exercise: 
Problem: If f~' (—4) = —8, find f(—8). 


Solution: 


—4 


Exercise: 
Problem: If f~!(—2) = —1, find f(—1). 


For the following exercises, use the values listed in [link] to evaluate or solve. 


0 8 
1 0 
2 Zz 
3 4 
4 2 
5 6 
6 5 
4 3 


Exercise: 


Problem: Find f (1). 


Solution: 


0 


Exercise: 


Problem: Solve f(z) = 3. 


Exercise: 
Problem: Find f~! (0). 


Solution: 


1 


Exercise: 


Problem: Solve f(x) = 7. 


Exercise: 


Problem: Use the tabular representation of f in [link] to create a table for f~+ (x). 


f(a) i 4 7 12 16 


Solution: 


x 1 4 7 12 16 
7a) 3 6 9 13 14 
Technology 


For the following exercises, find the inverse function. Then, graph the function and its 
inverse. 
Exercise: 


Problem: f(x) = — 5 


Exercise: 
Problem: f(x) = z° — 1 
Solution: 


fa) = (1+ 0)" 


Exercise: 


Problem: 


1 


Find the inverse function of f(z) = Use a graphing utility to find its domain 


a 
and range. Write the domain and range in interval notation. 


Real-World Applications 


Exercise: 


Problem: 


To convert from x degrees Celsius to y degrees Fahrenheit, we use the formula 
j(2)\S= ae + 32. Find the inverse function, if it exists, and explain its meaning. 


Solution: 


‘ie Co) 2 (x — 32). Given the Fahrenheit temperature, z, this formula allows 
you to calculate the Celsius temperature. 


Exercise: 


Problem: 


The circumference C of a circle is a function of its radius given by C(r) = 2zr. 
Express the radius of a circle as a function of its circumference. Call this function 
r(C). Find (3677) and interpret its meaning. 


Exercise: 


Problem: 


A car travels at a constant speed of 50 miles per hour. The distance the car travels 
in miles is a function of time, t, in hours given by d(t) = 50¢. Find the inverse 
function by expressing the time of travel in terms of the distance traveled. Call this 
function ¢(d). Find¢(180) and interpret its meaning. 


Solution: 


iid)= £, t(180) = sam The time for the car to travel 180 miles is 3.6 hours. 


Chapter Review Exercises 


Functions and Function Notation 


For the following exercises, determine whether the relation is a function. 
Exercise: 


Problem: {(a, 5), (c, d), (e, d)} 
Solution: 


function 


Exercise: 


Problem: {(5, 2), (6,1), (6, 2), (4,8)} 


Exercise: 


Problem: y” + 4 = x, fora the independent variable and y the dependent variable 


Solution: 


not a function 


Exercise: 


Problem: Is the graph in [link] a function? 


For the following exercises, evaluate the function at the indicated values: 
f(=3); f(2); fl—a); = fle); Fla+h).- 


Exercise: 


Problem: f(x) = —2x? + 3x 


Solution: 


f(—-3) = —27;f(2) = —2;f(-a) = —2a? — 3a; 
—f(a) = 2a? — 3a;f(a +h) = —2a? 4+ 3a — 4ah + 3h — 2h? 


Exercise: 


Problem: f(x) = 2|3z — 1| 


For the following exercises, determine whether the functions are one-to-one. 
Exercise: 


Problem: f(x) = —3x +5 
Solution: 


one-to-one 


Exercise: 


Problem: f(x) = |x — 3| 


For the following exercises, use the vertical line test to determine if the relation whose 
graph is provided is a function. 
Exercise: 


Problem: 


Solution: 


function 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


function 


For the following exercises, graph the functions. 
Exercise: 


Problem: f(x) = |x + 1| 


Exercise: 


Problem: f(x) = «7 — 2 


Solution: 


For the following exercises, use [link] to approximate the values. 


Exercise: 


Problem: (2) 


Exercise: 


Problem: f(—2) 


Solution: 


Z 


Exercise: 


Problem: If f(z) = —2, then solve for z. 


Exercise: 


Problem: If f(z) = 1, then solve for x. 


Solution: 
e=~-Lsoror¢g= Ls 
For the following exercises, use the function h(t) = —16¢? + 80¢ to find the values in 
simplest form. 
Exercise: 
Problem: eee) 
Exercise: 


Problem: Ma)“hO) 
Solution: 


=84+80a—160" — _16¢ + 64 


Domain and Range 


For the following exercises, find the domain of each function, expressing answers using 
interval notation. 
Exercise: 


Problem: f(x) = 345 


Exercise: 
Problem: f(z) = =, 
Solution: 


(—o0, —2) U (=2, 6) U (6, oo) 


Exercise: 


Problem: f(x) = vet 


Exercise: 


xr+1 r<-—2 


Problem: Graph this piecewise function: f(x) = a a ae 


Solution: 


Rates of Change and Behavior of Graphs 


For the following exercises, find the average rate of change of the functions from 
= 1tog=2, 
Exercise: 


Problem: f(x) = 4x — 3 


Exercise: 


Problem: f(x) = 10x? + x 


Solution: 


31 


Exercise: 
Problem: f(x) = ae 


For the following exercises, use the graphs to determine the intervals on which the 
functions are increasing, decreasing, or constant. 
Exercise: 


Problem: 


Solution: 


increasing (2,00); decreasing (—oo, 2) 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
increasing(—3, 1); constant (—oo, —3) U (1, co) 


Exercise: 


Problem: Find the local minimum of the function graphed in [link]. 
Exercise: 

Problem: Find the local extrema for the function graphed in [link]. 

Solution: 


local minimum (—2, —3); local maximum (1, 3) 
Exercise: 
Problem: 
For the graph in [link], the domain of the function is |—3, 3].The range is 
[—10, 10]. Find the absolute minimum of the function on this interval. 


Exercise: 


Problem: Find the absolute maximum of the function graphed in [link]. 


Solution: 


(—1.8, 10) 


Composition of Functions 


For the following exercises, find (f o g)(x) and (go f)(«) for each pair of functions. 
Exercise: 


Problem: f(x) = 4— 2, g(x) = —4a 


Exercise: 
Problem: f(x) = 3z + 2, g(x) = 5 — 6a 


Solution: 


(f og)(z) =17 — 182; (go f)(z) = —7 — 182 


Exercise: 


Problem: f(z) = x? + 2z, g(x) = 5x +1 


Exercise: 


Problem: f(x) = Vz + 2, g(x) = 


Solution: 


(Fo g)(z) = 2 +2 (9° f\(z) = as 


Exercise: 


Problem: f(z) = *#%, g(z) = /1—2x 


For the following exercises, find (f 0 g) and the domain for (f 0 g)(z) for each pair of 
functions. 
Exercise: 


Problem: f(x) = 24+, 9(z) = + 


Solution: 


(OC ee ee eee 


Exercise: 


Problem: f(x) = ee g(x) = = 


Exercise: 


Problem: f(x) = +, g(x) = Vz 
Solution: 


gz? 


(fog)(«) =z, 2>0 


Exercise: 
Problem: f(z) = s1,, 9(x) = Va+1 


For the following exercises, express each function H as a composition of two functions 
f andg where H(z) = (f 0 g)(z). 
Exercise: 


Problem: H(z) = Vea 


37+4 
Solution: 
sample: g(«) = 2221; f(«) = vz 
Exercise: 


Problem: H(z) = aoa 


Transformation of Functions 


For the following exercises, sketch a graph of the given function. 
Exercise: 


Problem: f(x) = (x — 3)” 


Solution: 


~ 


8 

7 

6 

5 

4 

3 

2 

1 

0412345 
Exercise: 


Problem: f(z) = (x + 4)° 


Exercise: 


Problem: f(x) = \/z +5 


Solution: 


= 


PrhHOwtanan @w© 


oO 


x 
12434 4 


Exercise: 


Problem: f(z) = —2° 


Exercise: 


Problem: f(x) = \/—2z 


Solution: 


Exercise: 


Problem: f(x) = 5\/—z — 4 


Exercise: 
Problem: f(x) = 4||x — 2| — 6] 


Solution: 


Exercise: 
Problem: f(x) = —(x + 2)’—1 


For the following exercises, sketch the graph of the function g if the graph of the 
function f is shown in [link]. 


wo fn D 


x 
“a 2") @ 1: 2 so 
Exercise: 


Problem: g(x) = f(z — 1) 


x 
241 Oigdgs3 4 
Exercise: 
Problem: g(x) = 3f(z) 


For the following exercises, write the equation for the standard function represented by 
each of the graphs below. 
Exercise: 


Problem: 


2.0 
1.5 
> 1.0 


0.5 


Solution: 


(en) = |x 3 


Exercise: 


Problem: 


For the following exercises, determine whether each function below is even, odd, or 
neither. 
Exercise: 


Problem: f(x) = 3x* 
Solution: 


even 


Exercise: 


Problem: g(x) = /z 
Exercise: 

Problem: h(x) = + + 32 

Solution: 


odd 


For the following exercises, analyze the graph and determine whether the graphed 
function is even, odd, or neither. 
Exercise: 


Problem: 


Exercise: 


Problem: 


“10-8 6 -4 -2 0 2 4 6 8 10 


Solution: 


even 
Exercise: 


Problem: 


x 
2 4 6 8 10 


Absolute Value Functions 
For the following exercises, write an equation for the transformation of f(x) = |z|. 
Exercise: 


Problem: 


x 
5 4-32-14 9 


Solution: 


fe) =4le+2(+1 


Exercise: 


Problem: 


Exercise: 


Problem: 


¥ 


oOorF NM W fF 


Solution: 


f(z) = —3|2 — 3|+3 


For the following exercises, graph the absolute value function. 
Exercise: 


Problem: f(x) = |x — 5| 


Exercise: 
Problem: f(x) = — |x — 3| 


Solution: 


0 123456 


y 
Exercise: 


Problem: f(x) = |2z — 4| 


Inverse Functions 


For the following exercises, find f~'() for each function. 
Exercise: 


Problem: f(x) = 9+ 10z 
Solution: 
f(a) = 3y 


Exercise: 


Problem: f(x) = 25 


For the following exercise, find a domain on which the function f is one-to-one and 
non-decreasing. Write the domain in interval notation. Then find the inverse of f 
restricted to that domain. 

Exercise: 


Problem: f(z) = 2? +1 


Solution: 


fll(a) =Va2—1 


Exercise: 


Problem: Given f (x) = x? — 5 and g(x) = Wx+5: 
a. Find f(g(x)) and g(f(z)). 


b. What does the answer tell us about the relationship between f(x) and g(x)? 


For the following exercises, use a graphing utility to determine whether each function 
is one-to-one. 
Exercise: 


Problem: f(x) = + 


Solution: 


The function is one-to-one. 


Exercise: 


Problem: f(x) = —3x? + x 


Exercise: 


Problem: If f (5) = 2, find f~1(2). 


Solution: 
5 


Exercise: 


Problem: If f (1) = 4, find f~*(4). 


Practice Test 
For the following exercises, determine whether each of the following relations is a 


function. 
Exercise: 


Problem: y = 2z + 8 
Solution: 


The relation is a function. 


Exercise: 
Problem: {(2, 1), (3, 2), (=1, 1), (0, —2)} 


For the following exercises, evaluate the function f(a) = —3x? + 2x at the given 
input. 
Exercise: 


Problem: f(—2) 


Solution: 
-16 


Exercise: 


Problem: f(a) 


Exercise: 


Problem: Show that the function f(x) = —2(x — 1)” + 3is not one-to-one. 


Solution: 


The graph is a parabola and the graph fails the horizontal line test. 


Exercise: 


Problem: Write the domain of the function f(z) = 3 — z in interval notation. 
Exercise: 

Problem: Given f(z) = 2x? — 52, findf(a + 1) — f(1) in simplest form. 

Solution: 

2a? —a 


Exercise: 


xt+lif -2<2<3 


Problem: Graph the functionf(z) = { if 3 
—r i eZ 


Exercise: 
Problem: 


Find the average rate of change of the function f(x) = 3 — 2x? + x by finding 
LO“ Ke) in simplest form. 
Solution: 


—2(a+b)+1 
For the following exercises, use the functions f(x) = 3 — 227+ x and g(x) = Vz to 


find the composite functions. 
Exercise: 


Problem: (g © f) (x) 


Exercise: 


Problem: (go f)(1) 


Solution: 


J/2 
Exercise: 


Problem: 


Express H(z) = 5x? — 32 as a composition of two functions, f and g, where 
(fo g)(x) = H(#). 


For the following exercises, graph the functions by translating, stretching, and/or 
compressing a toolkit function. 
Exercise: 


Problem: f(z) = Vx+6-1 


Solution: 


Exercise: 


Problem: f(x) = =t5 — 1 


For the following exercises, determine whether the functions are even, odd, or neither. 
Exercise: 


Problem: f(z) = -+ + 92° 


Solution: 


even 


Exercise: 


Problem: f(x) = — + 92° 


Exercise: 


Problem: f(x) = 


|e 


Solution: 


odd 


Exercise: 


Problem: Graph the absolute value function f(x) = —2 |x — 1| + 3. 


For the following exercises, find the inverse of the function. 
Exercise: 


Problem: f(x) = 3x — 5 
Solution: 


fe) = 248 


Exercise: 


Problem: f(x) = > 


For the following exercises, use the graph of g shown in [link]. 


Exercise: 


Problem: On what intervals is the function increasing? 


Solution: 


(—oo, —1.1) and (1.1, oo) 


Exercise: 


Problem: On what intervals is the function decreasing? 
Exercise: 


Problem: 


Approximate the local minimum of the function. Express the answer as an ordered 
pair. 


Solution: 


(1.1, —0.9) 


Exercise: 


Problem: 


Approximate the local maximum of the function. Express the answer as an ordered 
pair. 


For the following exercises, use the graph of the piecewise function shown in [link]. 


“s “@ =f <2 1 
Exercise: 


Problem: Find f(2). 


Solution: 


f(2) =2 


Exercise: 


Problem: Find f(—2). 


Exercise: 


Problem: Write an equation for the piecewise function. 


Solution: 


_ fie| ife <2 
fe) = {3 if2>2 


For the following exercises, use the values listed in [link]. 


0 1 
1 3 
2 5 
3 7 
4 9 
5 11 
6 13 
7 15 
8 17 
Exercise: 
Problem: Find F'(6). 
Exercise: 
Problem: Solve the equation F(x) = 5. 
Solution: 
o= 2 
Exercise: 
Problem: Is the graph increasing or decreasing on its domain? 
Exercise: 
Problem: Is the function represented by the graph one-to-one? 


Solution: 


yes 
Exercise: 


Problem: Find F~+(15). 

Exercise: 
Problem: Given f(z) = —2z + 11, find f~'(z). 
Solution: 


fe) = 


Glossary 


inverse function 
for any one-to-one function f(a), the inverse is a function f~+(a) such that 
f~' (f (x)) = 2 for all x in the domain of f; this also implies that 
f (fe («)) = @ for all z in the domain of f= 


Introduction 
class="introduction" 
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A bamboo forest in China (credit: "JF Xie"/Flickr) 


Imagine placing a plant in the ground one day and finding that it has 
doubled its height just a few days later. Although it may seem incredible, 
this can happen with certain types of bamboo species. These members of 
the grass family are the fastest-growing plants in the world. One species of 
bamboo has been observed to grow nearly 1.5 inches every hour. [footnote] 
In a twenty-four hour period, this bamboo plant grows about 36 inches, or 
an incredible 3 feet! A constant rate of change, such as the growth cycle of 
this bamboo plant, is a linear function. 

http://www. guinnessworldrecords.com/records-3000/fastest-growing-plant/ 


Recall from Functions and Function Notation that a function is a relation 
that assigns to every element in the domain exactly one element in the 


range. Linear functions are a specific type of function that can be used to 
model many real-world applications, such as plant growth over time. In this 
chapter, we will explore linear functions, their graphs, and how to relate 
them to data. 


Linear Functions 
In this section you will: 


e Represent a linear function. 

e Determine whether a linear function is increasing, decreasing, or constant. 
e Interpret slope as a rate of change. 

e Write and interpret an equation for a linear function. 

e Graph linear functions. 

e Determine whether lines are parallel or perpendicular. 

e Write the equation of a line parallel or perpendicular to a given line. 


Shanghai MagLev Train (credit: "kanegen"/Flickr) 


Just as with the growth of a bamboo plant, there are many situations that involve 
constant change over time. Consider, for example, the first commercial maglev train in 
the world, the Shanghai MagLev Train ([link]). It carries passengers comfortably for a 
30-kilometer trip from the airport to the subway station in only eight minutes[ footnote]. 
http://www. chinahighlights.com/shanghai/transportation/maglev-train.htm 


Suppose a maglev train travels a long distance, and maintains a constant speed of 83 
meters per second for a period of time once it is 250 meters from the station. How can 
we analyze the train’s distance from the station as a function of time? In this section, we 
will investigate a kind of function that is useful for this purpose, and use it to investigate 
real-world situations such as the train’s distance from the station at a given point in time. 


Representing Linear Functions 


The function describing the train’s motion is a linear function, which is defined as a 
function with a constant rate of change. This is a polynomial of degree 1. There are 
several ways to represent a linear function, including word form, function notation, 
tabular form, and graphical form. We will describe the train’s motion as a function using 
each method. 


Representing a Linear Function in Word Form 


Let’s begin by describing the linear function in words. For the train problem we just 
considered, the following word sentence may be used to describe the function 
relationship. 


¢ The train’s distance from the station is a function of the time during which the train 
moves at a constant speed plus its original distance from the station when it began 
moving at constant speed. 


The speed is the rate of change. Recall that a rate of change is a measure of how quickly 
the dependent variable changes with respect to the independent variable. The rate of 
change for this example is constant, which means that it is the same for each input value. 
As the time (input) increases by 1 second, the corresponding distance (output) increases 
by 83 meters. The train began moving at this constant speed at a distance of 250 meters 
from the station. 


Representing a Linear Function in Function Notation 


Another approach to representing linear functions is by using function notation. One 
example of function notation is an equation written in the slope-intercept form of a line, 
where z is the input value, m is the rate of change, and bis the initial value of the 
dependent variable. 

Equation: 


Equation form y=maz+b 
Function notation f(z) =maz+b 


In the example of the train, we might use the notation D(t) where the total distance D is 
a function of the time¢. The rate, m, is 83 meters per second. The initial value of the 
dependent variable 6 is the original distance from the station, 250 meters. We can write a 
generalized equation to represent the motion of the train. 

Equation: 


D(t) = 83t + 250 


Representing a Linear Function in Tabular Form 


A third method of representing a linear function is through the use of a table. The 
relationship between the distance from the station and the time is represented in [link]. 
From the table, we can see that the distance changes by 83 meters for every 1 second 
increase in time. 


1second 1second 1second 


83 meters 83 meters 83 meters 


Tabular representation of the function D showing 
selected input and output values 


Note: 

Can the input in the previous example be any real number? 

No. The input represents time so while nonnegative rational and irrational numbers are 
possible, negative real numbers are not possible for this example. The input consists of 
non-negative real numbers. 


Representing a Linear Function in Graphical Form 


Another way to represent linear functions is visually, using a graph. We can use the 
function relationship from above, D(t) = 83¢ + 250, to draw a graph as represented in 
[link]. Notice the graph is a line. When we plot a linear function, the graph is always a 
line. 


The rate of change, which is constant, determines the slant, or slope of the line. The 
point at which the input value is zero is the vertical intercept, or y-intercept, of the line. 
We can see from the graph that the y-intercept in the train example we just saw is 

(0, 250) and represents the distance of the train from the station when it began moving 
at a constant speed. 


Distance (m) 


0 423 4 5 
Time (s) 


The graph of D(t) = 83t + 250. Graphs of linear 
functions are lines because the rate of change is 
constant. 


Notice that the graph of the train example is restricted, but this is not always the case. 
Consider the graph of the line f(a) = 2” + 1. Ask yourself what numbers can be input 
to the function. In other words, what is the domain of the function? The domain is 
comprised of all real numbers because any number may be doubled, and then have one 
added to the product. 


Note: 

Linear Function 

A linear function is a function whose graph is a line. Linear functions can be written in 
the slope-intercept form of a line 

Equation: 


f(z) =mz+b 


where bis the initial or starting value of the function (when input, z = 0), and mis the 
constant rate of change, or slope of the function. The y-intercept is at (0, b). 


Example: 
Exercise: 


Problem: 
Using a Linear Function to Find the Pressure on a Diver 


The pressure, P,in pounds per square inch (PSJ) on the diver in [link] depends 
upon her depth below the water surface, d,in feet. This relationship may be 
modeled by the equation, P(d) = 0.434d + 14.696. Restate this function in 
words. 


(credit: Ilse Reijs and Jan-Noud Hutten) 


Solution: 


To restate the function in words, we need to describe each part of the equation. The 
pressure as a function of depth equals four hundred thirty-four thousandths times 
depth plus fourteen and six hundred ninety-six thousandths. 


Analysis 


The initial value, 14.696, is the pressure in PSI on the diver at a depth of 0 feet, which 
is the surface of the water. The rate of change, or slope, is 0.434 PSI per foot. This tells 
us that the pressure on the diver increases 0.434 PSI for each foot her depth increases. 


Determining Whether a Linear Function Is Increasing, Decreasing, or 
Constant 


The linear functions we used in the two previous examples increased over time, but not 
every linear function does. A linear function may be increasing, decreasing, or constant. 
For an increasing function, as with the train example, the output values increase as the 
input values increase. The graph of an increasing function has a positive slope. A line 
with a positive slope slants upward from left to right as in [link](a). For a decreasing 
function, the slope is negative. The output values decrease as the input values increase. 
A line with a negative slope slants downward from left to right as in [link](b). If the 
function is constant, the output values are the same for all input values so the slope is 
zero. A line with a slope of zero is horizontal as in [link](c). 


Increasing function Decreasing function Constant function 
f(x) f(x) f(x) 


x x x 


(a) (b) (c) 


Note: 

Increasing and Decreasing Functions 

The slope determines if the function is an increasing linear function, a decreasing 
linear function, or a constant function. 


¢ f(x) = mz + bis an increasing function ifm > 0. 
° f(x) = mz + bis a decreasing function ifm < 0. 
¢ f(x) = mz + bis a constant function ifm = 0. 


Example: 
Exercise: 


Problem: 
Deciding Whether a Function Is Increasing, Decreasing, or Constant 


Some recent studies suggest that a teenager sends an average of 60 texts per 
day|footnote]. For each of the following scenarios, find the linear function that 
describes the relationship between the input value and the output value. Then, 
determine whether the graph of the function is increasing, decreasing, or constant. 
http://www.cbsnews.com/8301-501465_162-57400228-501465/teens-are-sending- 
60-texts-a-day-study-says/ 


a. The total number of texts a teen sends is considered a function of time in 
days. The input is the number of days, and output is the total number of texts 
sent. 

b. A teen has a limit of 500 texts per month in his or her data plan. The input is 
the number of days, and output is the total number of texts remaining for the 
month. 

c. A teen has an unlimited number of texts in his or her data plan for a cost of 
$50 per month. The input is the number of days, and output is the total cost of 
texting each month. 


Solution: 
Analyze each function. 


a. The function can be represented as f(x) = 60a where z is the number of 
days. The slope, 60, is positive so the function is increasing. This makes 
sense because the total number of texts increases with each day. 

b. The function can be represented as f(x) = 500 — 60x where zis the number 
of days. In this case, the slope is negative so the function is decreasing. This 
makes sense because the number of texts remaining decreases each day and 
this function represents the number of texts remaining in the data plan after x 
days. 

c. The cost function can be represented as f(a) = 50 because the number of 
days does not affect the total cost. The slope is 0 so the function is constant. 


Interpreting Slope as a Rate of Change 


In the examples we have seen so far, the slope was provided to us. However, we often 
need to calculate the slope given input and output values. Recall that given two values 
for the input, x,and z2,and two corresponding values for the output, y; and yz —which 
can be represented by a set of points, (1, y1) and (a2, y2)—we can calculate the slope 
Mm. 

Equation: 


change in output (rise) Ay yw-y 


changeininput (run) Ar 2-2 


Note that in function notation we can obtain two corresponding values for the output y; 
and ys for the function f, y: = f(x1) and y2 = f(z2),so we could equivalently write 
Equation: 


— f(x2)- f (21) 


Lo Ly 


[link] indicates how the slope of the line between the points, (21, yi) and (22, y2), is 
calculated. Recall that the slope measures steepness, or slant. The greater the absolute 
value of the slope, the steeper the slant is. 


(x1, ¥1) 


The slope of a function is calculated by the change in y 
divided by the change in z. It does not matter which 
coordinate is used as the (22 y2) and which is the 
(x1, y1), as long as each calculation is started with the 
elements from the same coordinate pair. 


Note: 


: its for the output 
Are the units for slope always ——-——"P* ? 


units for the input 


Yes. Think of the units as the change of output value for each unit of change in input 
value. An example of slope could be miles per hour or dollars per day. Notice the units 
appear as a ratio of units for the output per units for the input. 


Note: 

Calculate Slope 

The slope, or rate of change, of a function m can be calculated according to the 
following: 

Equation: 


change in output (rise) Ay yw-y 


LS a = 
change in input (run) Ar «£2-2 


where x1 and x2 are input values, y; and y2 are output values. 


Note: 
Given two points from a linear function, calculate and interpret the slope. 


1. Determine the units for output and input values. 
2. Calculate the change of output values and change of input values. 
3. Interpret the slope as the change in output values per unit of the input value. 


Example: 
Exercise: 


Problem: 
Finding the Slope of a Linear Function 


If f(z) is a linear function, and (3, —2) and (8, 1) are points on the line, find the 
slope. Is this function increasing or decreasing? 


Solution: 


The coordinate pairs are (3, —2) and (8, 1). To find the rate of change, we divide 
the change in output by the change in input. 
Equation: 


_ changeinoutput  1-—(-2) 3 


change in input So 3 4) 


We could also write the slope asm = 0.6. The function is increasing because 
Wee: 


Analysis 


As noted earlier, the order in which we write the points does not matter when we 
compute the slope of the line as long as the first output value, or y-coordinate, used 
corresponds with the first input value, or x-coordinate, used. Note that if we had 
reversed them, we would have obtained the same slope. 


Equation: 
(ea) a 
ESS 
Note: 
Exercise: 
Problem: 


If f(z) is a linear function, and (2, 3) and (0, 4) are points on the line, find the 
slope. Is this function increasing or decreasing? 


Solution: 


= ey Sleep: ; 
m= 9-5 = ~y = — 7) decreasing because m < 0. 


Example: 
Exercise: 


Problem: 
Finding the Population Change from a Linear Function 


The population of a city increased from 23,400 to 27,800 between 2008 and 2012. 
Find the change of population per year if we assume the change was constant from 
2008 to 2012. 


Solution: 


The rate of change relates the change in population to the change in time. The 
population increased by 27, 800 — 23, 400 = 4400 people over the four-year time 
interval. To find the rate of change, divide the change in the number of people by 
the number of years. 

Equation: 


4,400 people ~ 1,100 people 
4 years year 


So the population increased by 1,100 people per year. 
Analysis 


Because we are told that the population increased, we would expect the slope to be 
positive. This positive slope we calculated is therefore reasonable. 


Note: 
Exercise: 


Problem: 


The population of a small town increased from 1,442 to 1,868 between 2009 and 
2012. Find the change of population per year if we assume the change was 
constant from 2009 to 2012. 


Solution: 
Equation: 


_ 1,868—1,442 426 


™*2,012—2,009 3 


= 142 people per year 


Writing and Interpreting an Equation for a Linear Function 


Recall from Equations and Inequalities that we wrote equations in both the slope- 
intercept form and the point-slope form. Now we can choose which method to use to 
write equations for linear functions based on the information we are given. That 


information may be provided in the form of a graph, a point and a slope, two points, and 
so on. Look at the graph of the function f in [link]. 


x 
123 45 67 8 


We are not given the slope of the line, but we can choose any two points on the line to 
find the slope. Let’s choose (0, 7) and (4, 4). 
Equation: 


Now we can substitute the slope and the coordinates of one of the points into the point- 
slope form. 
Equation: 
y-y = m(zx—2}) 
3 
y-4 = Hers 


If we want to rewrite the equation in the slope-intercept form, we would find 
Equation: 


| 
<n 
| 
| 
Blo Boo 
8 “—— 
8 
7 
= > 
— 


If we want to find the slope-intercept form without first writing the point-slope form, we 
could have recognized that the line crosses the y-axis when the output value is 7. 
Therefore, b = 7. We now have the initial value b and the slope m so we can substitute 
mand b into the slope-intercept form of a line. 


f(x) = mx + b 
3 
= 7 


f(x) = —3x +7 


So the function is f(x) = —42 + 7,and the linear equation would be y = —3.2 + 7. 


Note: 
Given the graph of a linear function, write an equation to represent the function. 


1. Identify two points on the line. 

2. Use the two points to calculate the slope. 

3. Determine where the line crosses the y-axis to identify the y-intercept by visual 
inspection. 

4. Substitute the slope and y-intercept into the slope-intercept form of a line equation. 


Example: 
Exercise: 


Problem: 
Writing an Equation for a Linear Function 


Write an equation for a linear function given a graph of f shown in [link]. 


x 
2 4 6 8 10 


Solution: 


Identify two points on the line, such as (0, 2) and (—2, —4). Use the points to 
calculate the slope. 
Equation: 


Substitute the slope and the coordinates of one of the points into the point-slope 
form. 
Equation: 


y-y. = m(z-21) 
y — (-4) 3(z — (—2)) 
yt+4 = 3(a+2) 


We can use algebra to rewrite the equation in the slope-intercept form. 
Equation: 


Ned 
ae 
aN 

| 


3(@ 2) 
yt+4 = 32+6 
3z +2 


c= 
| 


Analysis 


This makes sense because we can see from [link] that the line crosses the y-axis at the 
point (0, 2), which is the y-intercept, so b = 2. 


Example: 
Exercise: 


Problem: 
Writing an Equation for a Linear Cost Function 


Suppose Ben starts a company in which he incurs a fixed cost of $1,250 per month 
for the overhead, which includes his office rent. His production costs are $37.50 
per item. Write a linear function C' where C' (a) is the cost for x items produced in 
a given month. 


Solution: 


The fixed cost is present every month, $1,250. The costs that can vary include the 
cost to produce each item, which is $37.50. The variable cost, called the marginal 


cost, is represented by 37.5. The cost Ben incurs is the sum of these two costs, 
represented by C (a) = 1250 + 37.5z. 


Analysis 
If Ben produces 100 items in a month, his monthly cost is found by substituting 100 for 


De 
Equation: 


C(100) = 1250 + 37.5(100) 
5000 


| 


So his monthly cost would be $5,000. 


Example: 
Exercise: 


Problem: 
Writing an Equation for a Linear Function Given Two Points 


If f is a linear function, with f(3) = —2,and f(8) = 1,find an equation for the 
function in slope-intercept form. 


Solution: 


We can write the given points using coordinates. 


Equation: 
f= 229 
#(8) = 1— (8,1) 
We can then use the points to calculate the slope. 
Equation: 
m= oe 
(a) 
8-3 


a 
5 


Substitute the slope and the coordinates of one of the points into the point-slope 


form. 
Equation: 


y-y. = m(x— 21) 
y—(-2) = 2(x-3) 


We can use algebra to rewrite the equation in the slope-intercept form. 
Equation: 


y = 9B og ON eaeeeeay: 


Note: 
Exercise: 


Problem: 


If f(z) is a linear function, with f(2) = —11,and f(4) = —25,write an equation 
for the function in slope-intercept form. 


Solution: 


y=—Txr+3 


Modeling Real-World Problems with Linear Functions 


In the real world, problems are not always explicitly stated in terms of a function or 
represented with a graph. Fortunately, we can analyze the problem by first representing 
it as a linear function and then interpreting the components of the function. As long as 
we know, or can figure out, the initial value and the rate of change of a linear function, 
we can solve many different kinds of real-world problems. 


Note: 


Given a linear function f and the initial value and rate of change, evaluate f (c). 


1. Determine the initial value and the rate of change (slope). 
2. Substitute the values into f(x) = ma + b. 
3. Evaluate the function at z = c. 


Example: 
Exercise: 


Problem: 
Using a Linear Function to Determine the Number of Songs in a Music 
Collection 


Marcus currently has 200 songs in his music collection. Every month, he adds 15 
new songs. Write a formula for the number of songs, NV,in his collection as a 
function of time, ¢,the number of months. How many songs will he own at the end 
of one year? 


Solution: 


The initial value for this function is 200 because he currently owns 200 songs, so 
N(0) = 200,which means that b = 200. 


The number of songs increases by 15 songs per month, so the rate of change is 15 
songs per month. Therefore we know thatm = 15. We can substitute the initial 
value and the rate of change into the slope-intercept form of a line. 


f(x) = mx +b 
15 200 


N(t) = 15t + 200 
We can write the formula V(t) = 15¢ + 200. 


With this formula, we can then predict how many songs Marcus will have at the 
end of one year (12 months). In other words, we can evaluate the function at 
pales 

Equation: 


N(12) = 15(12) + 200 
= 180+ 200 
380 


Marcus will have 380 songs in 12 months. 


Analysis 


Notice that N is an increasing linear function. As the input (the number of months) 
increases, the output (number of songs) increases as well. 


Example: 
Exercise: 


Problem: 
Using a Linear Function to Calculate Salary Based on Commission 


Working as an insurance salesperson, Ilya earns a base salary plus a commission 
on each new policy. Therefore, Ilya’s weekly income J ,depends on the number of 
new policies, n,he sells during the week. Last week he sold 3 new policies, and 
earned $760 for the week. The week before, he sold 5 new policies and earned 
$920. Find an equation for I(n),and interpret the meaning of the components of 
the equation. 


Solution: 


The given information gives us two input-output pairs: (3, 760) and (5, 920). We 
start by finding the rate of change. 
Equation: 


920—760 


= —sl60 
"2 policies 


= $80 per policy 


Keeping track of units can help us interpret this quantity. Income increased by 
$160 when the number of policies increased by 2, so the rate of change is $80 per 
policy. Therefore, Ilya earns a commission of $80 for each policy sold during the 
week. 


We can then solve for the initial value. 


Equation: 


I(n) = 80n+b 

760 = 80(3)+5 when n = 3, 1(3) = 760 
760 — 80(3)=b 

520 = b 


The value of bis the starting value for the function and represents Ilya’s income 
when n = 0, or when no new policies are sold. We can interpret this as Ilya’s base 
salary for the week, which does not depend upon the number of policies sold. 


We can now write the final equation. 
Equation: 


I(n) = 80n + 520 


Our final interpretation is that Ilya’s base salary is $520 per week and he earns an 
additional $80 commission for each policy sold. 


Example: 
Exercise: 


Problem: 
Using Tabular Form to Write an Equation for a Linear Function 


[link] relates the number of rats in a population to time, in weeks. Use the table to 
write a linear equation. 


number of weeks, w 0 2 4 6 


number of rats, P(w) 1000 1080 1160 1240 


Solution: 


We can see from the table that the initial value for the number of rats is 1000, so 
b = 1000. 


Rather than solving for m,we can tell from looking at the table that the population 
increases by 80 for every 2 weeks that pass. This means that the rate of change is 
80 rats per 2 weeks, which can be simplified to 40 rats per week. 

Equation: 


P(w) = 40w + 1000 


If we did not notice the rate of change from the table we could still solve for the 
slope using any two points from the table. For example, using (2, 1080) and 


(6, 1240) 

Equation: 
1240—1080 

USN 6—2 
160 
4 
40 
Note: 


Is the initial value always provided in a table of values like [link]? 

No. Sometimes the initial value is provided in a table of values, but sometimes it is not. 
If you see an input of 0, then the initial value would be the corresponding output. If the 
initial value is not provided because there is no value of input on the table equal to 0, 
find the slope, substitute one coordinate pair and the slope into f(x) = ma + b, and 
solve for b. 


Note: 
Exercise: 


Problem: 


A new plant food was introduced to a young tree to test its effect on the height of 
the tree. [link] shows the height of the tree, in feet, z months since the 
measurements began. Write a linear function, H(x),where z is the number of 
months since the start of the experiment. 


x 0 2 4 8 12 


H(x) 12.5 13.5 14.5 16.5 18.5 


Solution: 


H (x) = 0.52 + 12.5 


Graphing Linear Functions 


Now that we’ve seen and interpreted graphs of linear functions, let’s take a look at how 
to create the graphs. There are three basic methods of graphing linear functions. The 
first is by plotting points and then drawing a line through the points. The second is by 
using the y-intercept and slope. And the third method is by using transformations of the 
identity function f(x) = z. 


Graphing a Function by Plotting Points 


To find points of a function, we can choose input values, evaluate the function at these 
input values, and calculate output values. The input values and corresponding output 
values form coordinate pairs. We then plot the coordinate pairs on a grid. In general, we 
should evaluate the function at a minimum of two inputs in order to find at least two 
points on the graph. For example, given the function, f(z) = 2x,we might use the input 
values 1 and 2. Evaluating the function for an input value of 1 yields an output value of 
2, which is represented by the point (1, 2). Evaluating the function for an input value of 
2 yields an output value of 4, which is represented by the point (2, 4). Choosing three 
points is often advisable because if all three points do not fall on the same line, we know 
we made an error. 


Note: 
Given a linear function, graph by plotting points. 


1. Choose a minimum of two input values. 

2. Evaluate the function at each input value. 

3. Use the resulting output values to identify coordinate pairs. 
4. Plot the coordinate pairs on a grid. 


5. Draw a line through the points. 


Example: 
Exercise: 


Problem: 
Graphing by Plotting Points 


Graph f(x) = — i + 5 by plotting points. 

Solution: 

Begin by choosing input values. This function includes a fraction with a 
denominator of 3, so let’s choose multiples of 3 as input values. We will choose 0, 


3, and 6. 


Evaluate the function at each input value, and use the output value to identify 
coordinate pairs. 


Equation: 
z= 0 f(0) = -£(0) +5 =5 = (0,5) 
z= 3 f(3)— —- (6) +5 —3 — @;3) 
«= 6 f(6) = —£(6)+5=1=> (6,1) 


Plot the coordinate pairs and draw a line through the points. [link] represents the 
graph of the function f(z) = — 4a = 0: 


x 
123 45 6 7 


The graph of the linear function 
f(z) = -2a4+5. 


Analysis 
The graph of the function is a line as expected for a linear function. In addition, the 


graph has a downward slant, which indicates a negative slope. This is also expected 
from the negative, constant rate of change in the equation for the function. 


Note: 
Exercise: 


Problem: Graph f(z) = — Sa + 6 by plotting points. 


Solution: 


Graphing a Function Using y-intercept and Slope 


Another way to graph linear functions is by using specific characteristics of the function 
rather than plotting points. The first characteristic is its y-intercept, which is the point at 
which the input value is zero. To find the y-intercept, we can set x = 0 in the equation. 


The other characteristic of the linear function is its slope. 


Let’s consider the following function. 
Equation: 


fa) = 5241 


The slope is +: Because the slope is positive, we know the graph will slant upward from 
left to right. The y-intercept is the point on the graph when xz = 0. The graph crosses the 
y-axis at (0, 1). Now we know the slope and the y-intercept. We can begin graphing by 
plotting the point (0, 1). We know that the slope is the change in the y-coordinate over 


the change in the x-coordinate. This is commonly referred to as rise over run,m = 7*-. 


From our example, we havem = = which means that the rise is 1 and the run is 2. So 
starting from our y-intercept (0, 1),we can rise 1 and then run 2, or run 2 and then rise 1. 
We repeat until we have a few points, and then we draw a line through the points as 


shown in [link]. 


Note: 
Graphical Interpretation of a Linear Function 
In the equation f(x) = ma + b 


e bis the y-intercept of the graph and indicates the point (0, b) at which the graph 
crosses the y-axis. 

e mis the slope of the line and indicates the vertical displacement (rise) and 
horizontal displacement (run) between each successive pair of points. Recall the 
formula for the slope: 


Equation: 


change in output (rise) Ay w-y 
change in input (run) — Ag w—-21 


Note: 
Do all linear functions have y-intercepts? 
Yes. All linear functions cross the y-axis and therefore have y-intercepts. (Note: A 


vertical line is parallel to the y-axis does not have a y-intercept, but it is not a function.) 


Note: 
Given the equation for a linear function, graph the function using the y-intercept 
and slope. 


1. Evaluate the function at an input value of zero to find the y-intercept. 
2. Identify the slope as the rate of change of the input value. 

3. Plot the point represented by the y-intercept. 

4. Use — to determine at least two more points on the line. 


5. Sketch the line that passes through the points. 


Example: 
Exercise: 


Problem: 
Graphing by Using the y-intercept and Slope 


Graph f(z) = —4a + 5 using the y-intercept and slope. 


Solution: 


Evaluate the function at x = 0 to find the y-intercept. The output value when 
x = Ois 5, so the graph will cross the y-axis at (0, 5). 


According to the equation for the function, the slope of the line is — 2. This tells 
us that for each vertical decrease in the “rise” of — 2 units, the “run” increases by 3 
units in the horizontal direction. We can now graph the function by first plotting 
the y-intercept on the graph in [link]. From the initial value (0, 5) we move down 2 
units and to the right 3 units. We can extend the line to the left and right by 
repeating, and then drawing a line through the points. 


Graph of f(a) = —2/3z + 5 and shows how to 
calculate the rise over run for the slope. 


Analysis 


The graph slants downward from left to right, which means it has a negative slope as 
expected. 


Note: 
Exercise: 


Problem: Find a point on the graph we drew in [link] that has a negative x-value. 


Solution: 


Possible answers include (—3, 7), (—6,9), or(—9, 11). 


Graphing a Function Using Transformations 


Another option for graphing is to use a transformation of the identity function 
f(x) = z. A function may be transformed by a shift up, down, left, or right. A function 
may also be transformed using a reflection, stretch, or compression. 


Vertical Stretch or Compression 

In the equation f(x) = ma,the mis acting as the vertical stretch or compression of the 
identity function. When m is negative, there is also a vertical reflection of the graph. 
Notice in [link] that multiplying the equation of f(a) = x by mstretches the graph of f 


by a factor of m units ifm > 1 and compresses the graph of f by a factor of m units if 
0 < m < 1. This means the larger the absolute value of m, the steeper the slope. 


y f(x) = 3x f(x) = 2x f(x) = x 
8 pod 


+ 


<— f(x) =-Fx 


f(x) =| -2x —> —=— f(x) = -x 


Vertical stretches and compressions and reflections on the function f(x) = x 


Vertical Shift 


In f(z) = ma + 5,the bacts as the vertical shift, moving the graph up and down without 
affecting the slope of the line. Notice in [link] that adding a value of b to the equation of 
f (x) = xshifts the graph of f a total of b units up if bis positive and |b| units down if b 
is negative. 


y f(x) =x +4 f(x) =x +2 
2 —=— f(x) =x 
7 
6 
—— f(x) =x-2 
5 
4 


—— fx) =x-4 


This graph illustrates vertical shifts of the functionf(x) = z. 


Using vertical stretches or compressions along with vertical shifts is another way to look 
at identifying different types of linear functions. Although this may not be the easiest 
way to graph this type of function, it is still important to practice each method. 


Note: 
Given the equation of a linear function, use transformations to graph the linear 
function in the form f (x) = mz + b. 


1. Graph f (2) =a: 


2. Vertically stretch or compress the graph by a factor m. 
3. Shift the graph up or down b units. 


Example: 
Exercise: 


Problem: 
Graphing by Using Transformations 


Graph f(z) = +z — 3 using transformations. 
Solution: 


The equation for the function shows thatm = 5 so the identity function is 


vertically compressed by +. The equation for the function also shows that b = —3 
so the identity function is vertically shifted down 3 units. First, graph the identity 
function, and show the vertical compression as in [link]. 


“tT “6 % 


“4 -3 -2 5 


The function, y = z,compressed by a factor of >. 


Then show the vertical shift as in [link]. 


The function y = = z,shifted down 3 units. 


Note: 
Exercise: 


Problem: Graph f(x) = 4 + 2z using transformations. 


Solution: 


y 
=22x+ — = 
whiYaaxts y= y=x 


8 


6 


-10 -8@ -6 -4 ee en see: ee L0) 


Note: 

In [link], could we have sketched the graph by reversing the order of the 
transformations? 

No. The order of the transformations follows the order of operations. When the function 
is evaluated at a given input, the corresponding output is calculated by following the 
order of operations. This is why we performed the compression first. For example, 
following the order: Let the input be 2. 

Equation: 


f(2) = 3(2)-3 


3 
= 


Writing the Equation for a Function from the Graph of a Line 


Earlier, we wrote the equation for a linear function from a graph. Now we can extend 
what we know about graphing linear functions to analyze graphs a little more closely. 
Begin by taking a look at [link]. We can see right away that the graph crosses the y-axis 
at the point (0, 4) so this is the y-intercept. 


x 
2 4 6 8 10 


Then we can calculate the slope by finding the rise and run. We can choose any two 
points, but let’s look at the point (— 2,0). To get from this point to the y-intercept, we 
must move up 4 units (rise) and to the right 2 units (run). So the slope must be 
Equation: 


Substituting the slope and y-intercept into the slope-intercept form of a line gives 
Equation: 


y=22+4 


Note: 


Given a graph of linear function, find the equation to describe the function. 


1. Identify the y-intercept of an equation. 
2. Choose two points to determine the slope. 
3. Substitute the y-intercept and slope into the slope-intercept form of a line. 


Example: 
Exercise: 


Problem: 
Matching Linear Functions to Their Graphs 


Match each equation of the linear functions with one of the lines in [link]. 
Equation: 


a. f(z) = 2¢+4+3 
b. g(x) = 24-3 
ce. h(x) = -224+4+3 
ad. j@y — 95043 


Solution: 


Analyze the information for each function. 


a. This function has a slope of 2 and a y-intercept of 3. It must pass through the 
point (0, 3) and slant upward from left to right. We can use two points to find 
the slope, or we can compare it with the other functions listed. Function g has 
the same slope, but a different y-intercept. Lines I and III have the same slant 
because they have the same slope. Line III does not pass through (0, 3) so f 
must be represented by line I. 

b. This function also has a slope of 2, but a y-intercept of —3. It must pass 

through the point (0, —3) and slant upward from left to right. It must be 

represented by line III. 

This function has a slope of —2 and a y-intercept of 3. This is the only 

function listed with a negative slope, so it must be represented by line IV 

because it slants downward from left to right. 

d. This function has a slope of ~ and a y-intercept of 3. It must pass through the 
point (0, 3) and slant upward from left to right. Lines I and II pass through 
(0, 3),but the slope of 7 is less than the slope of f so the line for 7 must be 

flatter. This function is represented by Line II. 


‘2 


Now we can re-label the lines as in [link]. 


Finding the x-intercept of a Line 


So far we have been finding the y-intercepts of a function: the point at which the graph 
of the function crosses the y-axis. Recall that a function may also have an x-intercept, 


which is the x-coordinate of the point where the graph of the function crosses the x-axis. 
In other words, it is the input value when the output value is zero. 


To find the x-intercept, set a function f(z) equal to zero and solve for the value of x. For 
example, consider the function shown. 
Equation: 
f(x) = 3a —6 
Set the function equal to 0 and solve for z. 


Equation: 


3x2 —6 


i) 
| 
ww 
8 


The graph of the function crosses the x-axis at the point (2, 0). 


Note: 

Do all linear functions have x-intercepts? 

No. However, linear functions of the form y = c,where cis a nonzero real number are 
the only examples of linear functions with no x-intercept. For example, y = 5 is a 


horizontal line 5 units above the x-axis. This function has no x-intercepts, as shown in 
[link]. 


Note: 

x-intercept 

The x-intercept of the function is value of x when f(z) = 0. It can be solved by the 
equation0 = mz + b. 


Example: 
Exercise: 


Problem: 
Finding an x-intercept 


Find the x-intercept of f(x) = +2 — 3. 


Solution: 


Set the function equal to zero to solve for x. 
Equation: 


8 8 
| 
(SX) 


8 aw oO 
| | | 
BD 8 ple we 


The graph crosses the x-axis at the point (6, 0). 


Analysis 


A graph of the function is shown in [link]. We can see that the x-intercept is (6, 0) as we 
expected. 


Note: 
Exercise: 


Problem: Find the x-intercept of f(a) = +a — 4. 


Solution: 


(16, 0) 


Describing Horizontal and Vertical Lines 


There are two special cases of lines on a graph—horizontal and vertical lines. A 
horizontal line indicates a constant output, or y-value. In [link], we see that the output 
has a value of 2 for every input value. The change in outputs between any two points, 
therefore, is 0. In the slope formula, the numerator is 0, so the slope is 0. If we use 

m = Oin the equation f(x) = mz + b,the equation simplifies to f(z) = b. In other 
words, the value of the function is a constant. This graph represents the function 


f(x) = 2. 


A horizontal line representing the function f(z) = 2 


A vertical line indicates a constant input, or x-value. We can see that the input value for 
every point on the line is 2, but the output value varies. Because this input value is 
mapped to more than one output value, a vertical line does not represent a function. 
Notice that between any two points, the change in the input values is zero. In the slope 
formula, the denominator will be zero, so the slope of a vertical line is undefined. 


Non-zero real 


a7 number 


change of output 


m= change of input 


0 


Example of how a line has a vertical slope. 0 in the 
denominator of the slope. 


A vertical line, such as the one in [link], has an x-intercept, but no y-intercept unless it’s 
the line z = 0. This graph represents the line x = 2. 


The vertical line, x = 2, which does not represent a 
function 


Note: 

Horizontal and Vertical Lines 

Lines can be horizontal or vertical. 

A horizontal line is a line defined by an equation in the form f(x) = b. 
A vertical line is a line defined by an equation in the form z = a. 


Example: 
Exercise: 


Problem: 
Writing the Equation of a Horizontal Line 


Write the equation of the line graphed in [link]. 


x 
2 4 6 8 10 


“10 8 6 4 
f 
6 
“8 
~10 
Solution: 
For any x-value, the y-value is — 4, so the equation is y = —4. 
Example: 
Exercise: 
Problem: 


Writing the Equation of a Vertical Line 


Write the equation of the line graphed in [link]. 
y 


Solution: 


The constant x-value is 7,so the equation is = 7. 


Determining Whether Lines are Parallel or Perpendicular 


The two lines in [link] are parallel lines: they will never intersect. They have exactly the 
same steepness, which means their slopes are identical. The only difference between the 
two lines is the y-intercept. If we shifted one line vertically toward the other, they would 
become coincident. 


Parallel lines 


We can determine from their equations whether two lines are parallel by comparing their 
slopes. If the slopes are the same and the y-intercepts are different, the lines are parallel. 
If the slopes are different, the lines are not parallel. 

Equation: 


f(x) = —2x + 6 
f(z) = —-22-4 


f(x) =3242 


lel 
\ para é fa) S258 


} not parallel 


Unlike parallel lines, perpendicular lines do intersect. Their intersection forms a right, or 
90-degree, angle. The two lines in [link] are perpendicular. 


Perpendicular lines 


Perpendicular lines do not have the same slope. The slopes of perpendicular lines are 
different from one another in a specific way. The slope of one line is the negative 
reciprocal of the slope of the other line. The product of a number and its reciprocal is 1. 
So, ifm, and mz are negative reciprocals of one another, they can be multiplied 
together to yield—1. 

Equation: 


mim, = —] 


To find the reciprocal of a number, divide 1 by the number. So the reciprocal of 8 is $ 
and the reciprocal of ¢ is 8. To find the negative reciprocal, first find the reciprocal and 
then change the sign. 


As with parallel lines, we can determine whether two lines are perpendicular by 
comparing their slopes, assuming that the lines are neither horizontal nor vertical. The 
slope of each line below is the negative reciprocal of the other so the lines are 
perpendicular. 

Equation: 


f(z) = fa+2 negative reciprocal of + is —4 


. . eo 

f(x) = 4x43 negative reciprocal of —4 is + 
The product of the slopes is —1. 
Equation: 

1 
—4{—]=-1 
(3) 

Note: 


Parallel and Perpendicular Lines 

Two lines are parallel lines if they do not intersect. The slopes of the lines are the 
same. 

Equation: 


f(x) = max + by and g(x) = mgx + bare parallel if and only if m; = m2 


If and only if bj = bz and m; = mz, we say the lines coincide. Coincident lines are the 
same line. 

Two lines are perpendicular lines if they intersect to form a right angle. 

Equation: 


f(x) = max + by and g(x) = mga + bz are perpendicular if and only if 


Equation: 
1 
M 1M, = —1,s0oM, = —— 
my 
Example: 
Exercise: 
Problem: 


Identifying Parallel and Perpendicular Lines 


Given the functions below, identify the functions whose graphs are a pair of 
parallel lines and a pair of perpendicular lines. 
Equation: 


| 
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—224 +2 
22 —6 


f(z) 
g(x) ze—4 j(x) 


Solution: 


Parallel lines have the same slope. Because the functions f(z) = 2” + 3and 

j(a) = 2x — Geach have a slope of 2, they represent parallel lines. Perpendicular 
lines have negative reciprocal slopes. Because —2 and s are negative reciprocals, 
the functions g(x) = +2 — 4andh(x) = —2z + 2 represent perpendicular lines. 


Analysis 


A graph of the lines is shown in [link]. 
y 
h(x) = -2x + 2 8 f(x) = 2x +3 


The graph shows that the lines f(x) = 2x + 3 and j(x) = 2a—6 are parallel, and the 
lines g(x) = 5a-4 and h(x) = —2a + 2 are perpendicular. 


Writing the Equation of a Line Parallel or Perpendicular to a Given Line 


If we know the equation of a line, we can use what we know about slope to write the 
equation of a line that is either parallel or perpendicular to the given line. 


Writing Equations of Parallel Lines 


Suppose for example, we are given the equation shown. 
Equation: 


f(z) =32r41 


We know that the slope of the line formed by the function is 3. We also know that the y- 
intercept is (0,1). Any other line with a slope of 3 will be parallel to f(x). So the lines 
formed by all of the following functions will be parallel to f(z). 

Equation: 


g(x) = 324+4+6 
h(a) 3x41 
p(z) = 3+ 35 


Suppose then we want to write the equation of a line that is parallel to f and passes 
through the point (1,7). This type of problem is often described as a point-slope 
problem because we have a point and a slope. In our example, we know that the slope is 
3. We need to determine which value of b will give the correct line. We can begin with 
the point-slope form of an equation for a line, and then rewrite it in the slope-intercept 
form. 

Equation: 


y-y = m(x—21) 


y—-7 = 3(¢-1) 
y—T = 32-3 
= 32-4 


So g(x) = 3z + 4is parallel to f (x) = 3a + Land passes through the point (1, 7). 


Note: 
Given the equation of a function and a point through which its graph passes, write 
the equation of a line parallel to the given line that passes through the given point. 


1. Find the slope of the function. 
2. Substitute the given values into either the general point-slope equation or the 
slope-intercept equation for a line. 


3. Simplify. 


Example: 
Exercise: 


Problem: 
Finding a Line Parallel to a Given Line 


Find a line parallel to the graph of f(a) = 3x + 6 that passes through the point 
(3,0). 


Solution: 


The slope of the given line is 3. If we choose the slope-intercept form, we can 
substitute m = 3, x = 3,and f(x) = Ointo the slope-intercept form to find the y- 


intercept. 
Equation: 
g(x) = 34+b 
= 3(3)+5b 
a? 


The line parallel to f(x) that passes through (3, 0) is g(x) = 3a — 9. 
Analysis 


We can confirm that the two lines are parallel by graphing them. [link] shows that the 
two lines will never intersect. 


Writing Equations of Perpendicular Lines 


We can use a very similar process to write the equation for a line perpendicular to a 
given line. Instead of using the same slope, however, we use the negative reciprocal of 
the given slope. Suppose we are given the function shown. 

Equation: 


f(z) =22+4+4 


The slope of the line is 2, and its negative reciprocal is — +. Any function with a slope 
of — 4 will be perpendicular to f(a). So the lines formed by all of the following 
functions will be perpendicular to f(x). 


Equation: 
g(x) = —ga+4 
h(z) = —Fa+2 
P(t) = —Z2-5 


As before, we can narrow down our choices for a particular perpendicular line if we 
know that it passes through a given point. Suppose then we want to write the equation of 
a line that is perpendicular to f(z) and passes through the point (4,0). We already know 
that the slope is — a Now we can use the point to find the y-intercept by substituting 


the given values into the slope-intercept form of a line and solving for b. 
Equation: 


g(x) = ma+b 
0 = -F(4)+6 
0 = =2+06 
2 
b 


The equation for the function with a slope of — 5 and a y-intercept of 2 is 
Equation: 


1 
g(z)=—pa+2 


So g(x) = — +2 + 2is perpendicular to f (2) = 2a + 4 and passes through the point 
(4,0). Be aware that perpendicular lines may not look obviously perpendicular on a 
graphing calculator unless we use the square zoom feature. 


Note: 

A horizontal line has a slope of zero and a vertical line has an undefined slope. 
These two lines are perpendicular, but the product of their slopes is not —1. Doesn’t 
this fact contradict the definition of perpendicular lines? 


No. For two perpendicular linear functions, the product of their slopes is —1. However, 
a vertical line is not a function so the definition is not contradicted. 


Note: 
Given the equation of a function and a point through which its graph passes, write 
the equation of a line perpendicular to the given line. 


1. Find the slope of the function. 

2. Determine the negative reciprocal of the slope. 

3. Substitute the new slope and the values for x and y from the coordinate pair 
provided into g(x) = ma + b. 

4. Solve for b. 

5. Write the equation of the line. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Perpendicular Line 


Find the equation of a line perpendicular to f(z) = 3x + 3 that passes through the 
point (3, 0). 


Solution: 


The original line has slope m = 3, so the slope of the perpendicular line will be its 
negative reciprocal, or — ¥ Using this slope and the given point, we can find the 
equation of the line. 


Equation: 
gz) = -ge+b 
0 = -4(3)+6 
ea 
(eee 


The line perpendicular to f(z) that passes through (3, 0) is g(w) = —4az +1. 
Analysis 


A graph of the two lines is shown in [link]. 
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f(x) = 3x + 6 


Note that that if we graph perpendicular lines on a graphing calculator using standard 
zoom, the lines may not appear to be perpendicular. Adjusting the window will make it 
possible to zoom in further to see the intersection more closely. 


Note: 
Exercise: 


Problem: 


Given the function h(x) = 2” — 4,write an equation for the line passing through 
(0, 0) that is 


a. parallel to h(z) 
b. perpendicular to h(a) 


Solution: 


a. f(z) = 2x;b. g(x) = —Fx 


Note: 
Given two points on a line and a third point, write the equation of the 
perpendicular line that passes through the point. 


1. Determine the slope of the line passing through the points. 

2. Find the negative reciprocal of the slope. 

3. Use the slope-intercept form or point-slope form to write the equation by 
substituting the known values. 

4. Simplify. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Line Perpendicular to a Given Line Passing 
through a Point 


A line passes through the points (—2, 6) and (4, 5). Find the equation of a 
perpendicular line that passes through the point (4, 5). 


Solution: 


From the two points of the given line, we can calculate the slope of that line. 
Equation: 


Find the negative reciprocal of the slope. 
Equation: 


We can then solve for the y-intercept of the line passing through the point (4, 5). 
Equation: 


g(x) = 64+b 
5 = 6(4)+6 
5 = 24+6 
—19 = b 
b= =19 


The equation for the line that is perpendicular to the line passing through the two 
given points and also passes through point (4, 5) is 
Equation: 


y = 6z — 19 


Note: 
Exercise: 


Problem: 


A line passes through the points, (—2, —15) and (2, —3). Find the equation of a 
perpendicular line that passes through the point, (6, 4). 


Solution: 


y=- Fr +6 


Note: 


Access this online resource for additional instruction and practice with linear functions. 


Linear Functions 


Graphing Functions using ‘Tables 


Key Concepts 


Linear functions can be represented in words, function notation, tabular form, and 
graphical form. See [link]. 

An increasing linear function results in a graph that slants upward from left to right 
and has a positive slope. A decreasing linear function results in a graph that slants 
downward from left to right and has a negative slope. A constant linear function 
results in a graph that is a horizontal line. See [link]. 

Slope is a rate of change. The slope of a linear function can be calculated by 
dividing the difference between y-values by the difference in corresponding x- 
values of any two points on the line. See [link] and [link]. 

An equation for a linear function can be written from a graph. See [link]. 

The equation for a linear function can be written if the slope m and initial value b 
are known. See [link] and [link]. 

A linear function can be used to solve real-world problems given information in 
different forms. See [link], [link], and [link]. 

Linear functions can be graphed by plotting points or by using the y-intercept and 
slope. See [link] and [link]. 

Graphs of linear functions may be transformed by using shifts up, down, left, or 
right, as well as through stretches, compressions, and reflections. See [link]. 

The equation for a linear function can be written by interpreting the graph. See 
[link]. 

The x-intercept is the point at which the graph of a linear function crosses the x- 
axis. See [link]. 

Horizontal lines are written in the form, f(x) = b. See [link]. 

Vertical lines are written in the form, z = b. See [link]. 

Parallel lines have the same slope. Perpendicular lines have negative reciprocal 
slopes, assuming neither is vertical. See [link]. 

A line parallel to another line, passing through a given point, may be found by 
substituting the slope value of the line and the x- and y-values of the given point 
into the equation, f(x) = ma + b, and using the b that results. Similarly, the point- 
slope form of an equation can also be used. See [link]. 

A line perpendicular to another line, passing through a given point, may be found 
in the same manner, with the exception of using the negative reciprocal slope. See 


[link] and [link]. 
Section Exercises 


Verbal 


Exercise: 
Problem: 
Terry is skiing down a steep hill. Terry's elevation, E(t),in feet after ¢ seconds is 


given by E(t) = 3000 — 70¢. Write a complete sentence describing Terry’s 
starting elevation and how it is changing over time. 


Solution: 


Terry starts at an elevation of 3000 feet and descends 70 feet per second. 
Exercise: 

Problem: 

Jessica is walking home from a friend’s house. After 2 minutes she is 1.4 miles 


from home. Twelve minutes after leaving, she is 0.9 miles from home. What is her 
rate in miles per hour? 


Exercise: 
Problem: 


A boat is 100 miles away from the marina, sailing directly toward it at 10 miles per 
hour. Write an equation for the distance of the boat from the marina after t hours. 


Solution: 


d(t) = 100 — 10¢ 
Exercise: 
Problem: 
If the graphs of two linear functions are perpendicular, describe the relationship 
between the slopes and the y-intercepts. 


Exercise: 


Problem: 


If a horizontal line has the equation f (x) = aand a vertical line has the equation 
x = a, what is the point of intersection? Explain why what you found is the point 
of intersection. 


Solution: 


The point of intersection is (a, a). This is because for the horizontal line, all of the 
y coordinates are a and for the vertical line, all of the x coordinates are a. The point 
of intersection is on both lines and therefore will have these two characteristics. 


Algebraic 
For the following exercises, determine whether the equation of the curve can be written 


as a linear function. 
Exercise: 


Problem:y = fa +6 
Exercise: 
Problem:y = 3x — 5 


Solution: 
Yes 


Exercise: 


Problem:y = 32? — 2 


Exercise: 


Problem:3z + 5y = 15 


Solution: 


Yes 


Exercise: 


Problem:32? + 5y = 15 


Exercise: 
Problem:32 + 5y? = 15 
Solution: 
No 
Exercise: 
Problem:—2x? + 3y”? = 6 
Exercise: 


Problem: — a = 2y 


Solution: 


Yes 


For the following exercises, determine whether each function is increasing or 
decreasing. 
Exercise: 


Problem: f (x) = 4x + 3 


Exercise: 


Problem:g (x) = 5z + 6 
Solution: 


Increasing 


Exercise: 


Problem:a (x) = 5 — 2x 


Exercise: 


Problem:} (x) = 8 — 3x 


Solution: 
Decreasing 


Exercise: 


Problem:h (x) = —2x+ 4 
Exercise: 

Problem:k (x) = —4z + 1 

Solution: 

Decreasing 


Exercise: 


Problem:j (x) = +2 —3 


Exercise: 
Problem:p (x) = +x —5 


Solution: 


Increasing 


Exercise: 


Problem:n (a) = —+2 — 2 
Exercise: 
Problem:m (z) = —32+3 


Solution: 


Decreasing 


For the following exercises, find the slope of the line that passes through the two given 
points. 
Exercise: 


Problem: (2, 4) and (4, 10) 
Exercise: 

Problem: (1, 5) and (4, 11) 

Solution: 


2 


Exercise: 


Problem: (—1, 4) and (5, 2) 
Exercise: 

Problem: (8,—2) and (4, 6) 

Solution: 


—2 


Exercise: 
Problem: (6, 11) and (—4, 3) 
For the following exercises, given each set of information, find a linear equation 


satisfying the conditions, if possible. 
Exercise: 


Problem: f(—5) = —4, and f(5) = 2 
Solution: 


y=2e-1 


Exercise: 


Problem: f(—1) = 4, and f(5) =1 


Exercise: 


Problem:Passes through (2, 4) and (4, 10) 


Solution: 


y= 3r-—2 


Exercise: 


Problem:Passes through (1, 5) and (4, 11) 


Exercise: 


Problem:Passes through (—1, 4) and (5, 2) 


Solution: 


Exercise: 


Problem:Passes through (—2, 8) and (4, 6) 


Exercise: 


Problem:x intercept at (—2, 0) and y intercept at (0, —3) 
Solution: 


y= lor 3 


Exercise: 
Problem:x intercept at (—5, 0) and y intercept at (0, 4) 


For the following exercises, determine whether the lines given by the equations below 
are parallel, perpendicular, or neither. 


Exercise: 
de — Ty = 10 
Problem: 
tz + 4y= 1 
Solution: 


perpendicular 


Exercise: 


= 12 
Problem: aye 
—y=8r+1 
Exercise: 
3 Ae 12 
Problem: ales 
—6y = 82+ 1 
Solution: 
parallel 
Exercise: 
Pinblee” Sau ke 
oe ay = 1 


For the following exercises, find the x- and y-intercepts of each equation. 
Exercise: 


Problem: f (xz) = —«x + 2 


Solution: 

f(0) = —(0) +2 

f(0) =2 

y — int : (0, 2) 

0=-z+2 

x — int : (2,0) 
Exercise: 


Problem: (x) = 2x + 4 


Exercise: 
Problem:h (x) = 3x — 5 


Solution: 


h(0) = 3(0) —5 


h(0) = —5 
y — int : (0, —5) 
0= 32-5 
ent: (3, 0) 

Exercise: 


Problem:k (x) = —5a + 1 


Exercise: 


Problem:—2z + 5y = 20 


Solution: 

22 +oy= 20 
—2(0) + 5y = 20 
ay = 20 

y=4 

y — int : (0,4) 
—2a2 + 5(0) = 20 
a=—10 


x — int : (—10,0) 


Exercise: 
Problem:7z + 2y = 56 


For the following exercises, use the descriptions of each pair of lines given below to find 
the slopes of Line 1 and Line 2. Is each pair of lines parallel, perpendicular, or neither? 
Exercise: 


Problem:Line 1: Passes through (0, 6) and (3, —24) 
Line 2: Passes through (—1, 19) and (8, —71) 
Solution: 


Line 1: m =—10 Line 2: m = —10 Parallel 


Exercise: 


Problem:Line 1: Passes through (—8, —55) and (10, 89) 
Line 2: Passes through (9, —44) and (4, —14) 
Exercise: 
Problem:Line 1: Passes through (2, 3) and (4, —1) 
Line 2: Passes through (6, 3) and (8, 5) 
Solution: 
Line 1: m = —2 Line 2: m = 1 Neither 
Exercise: 
Problem:Line 1: Passes through (1, 7) and (5, 5) 
Line 2: Passes through (—1, —3) and (1, 1) 
Exercise: 
Problem:Line 1: Passes through (2, 5) and (5, —1) 
Line 2: Passes through (—3, 7) and (3, —5) 
Solution: 


Linel: m=-2 Line2: m=—2 Parallel 
For the following exercises, write an equation for the line described. 


Exercise: 


Problem: 


Write an equation for a line parallel to f (2) = —5a — 3 and passing through the 
point (2,—12). 


Exercise: 


Problem: 


Write an equation for a line parallel to g(x) = 3x — 1 and passing through the 
point (4, 9). 


Solution: 


y= 32-3 
Exercise: 
Problem: 
Write an equation for a line perpendicular to h(t) = —2t + 4 and passing through 
the point (—4,—1). 
Exercise: 


Problem: 


Write an equation for a line perpendicular to p(t) = 3¢ + 4 and passing through the 
point (3, 1). 


Solution: 


y=—st+2 


Graphical 


For the following exercises, find the slope of the line graphed. 
Exercise: 


Problem: 


Exercise: 


Problem: 


PHO wW ht oO DD 


“6 “5 “4-3 2 ze; 


Solution: 


0 


For the following exercises, write an equation for the line graphed. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


y=—3a4+5 
Exercise: 


Problem: 


Exercise: 


-6 -5 -4 -3 -2 2 


1 
“2 


Problem: 


Solution: 


y= sn 1 
Exercise: 


Problem: 


“6 -5 -4 -3 -2 -1:0 


Exercise: 


Problem: 


x 
123 4 5 6 


Solution: 


y = —2.5 


For the following exercises, match the given linear equation with its graph in [link]. 


5 Cc 
xf 
SA 


Exercise: 


Problem: f (x) = —z —1 


Exercise: 
Problem: f (x) = —2z —1 


Solution: 


F 


Exercise: 


Problem: f (x) = —>2 —1 


Exercise: 


Problem: f (x) = 2 


Solution: 


CG 


Exercise: 


Problem: f (x) = 2+ 2 


Exercise: 


Problem: f (x) = 3x + 2 


Solution: 


A 


For the following exercises, sketch a line with the given features. 
Exercise: 


Problem: An x-intercept of (—4, 0) and y-intercept of (0, —2) 


Exercise: 
Problem: An x-intercept (—2, 0) and y-intercept of (0, 4) 


Solution: 


Exercise: 


Problem: A y-intercept of (0,7) and slope — + 


Exercise: 
Problem:A y-intercept of (0, 3) and slope = 


Solution: 


-6 -5 -4 -3 -2 -4 0 
-4 


Exercise: 


Problem: Passing through the points (—6, —2) and (6, -6) 


Exercise: 
Problem: Passing through the points (—3, —4) and (3, 0) 


Solution: 


“1-6-5 -4 “3-2-4 


Rol FP NwWHAD N 


For the following exercises, sketch the graph of each equation. 
Exercise: 


Problem: f (xz) = —2z —1 


Exercise: 


Problem: f (x) = —3x + 2 


Solution: 


Exercise: 


Problem: f (x) = +2 +2 


Exercise: 
Problem: f (x) = +2 — 3 


Solution: 


“= oo 3 =e = 2 
“4 


Exercise: 


Problem: f (t) = 3 + 2t 


Exercise: 


Problem:p (t) = —2 + 3¢ 


Solution: 


Exercise: 


Problem:z = 3 


Exercise: 


Problem:z = —2 


Solution: 


Exercise: 
Problem:r (x) = 4 


For the following exercises, write the equation of the line shown in the graph. 
Exercise: 


Problem: 


-6 -5 -4 -3 -2 oS, 


Solution: 


y=3 


Exercise: 


Problem: 


1 
“2 


x 
123 4 5 6 


6 
5 
4 
3 
2 
HE 


-6 -5 -4 -3 -2 -1 0 


Exercise: 


Problem: 


Solution: 


r= -3 
Exercise: 


Problem: 


Numeric 


For the following exercises, which of the tables could represent a linear function? For 
each that could be linear, find a linear equation that models the data. 
Exercise: 


Problem: 


g(x) 5 —10 —25 —40 


Solution: 


Linear, g(z) = —3x4+5 
Exercise: 


Problem: 


x 0 5 


h (x) 5 30 


Exercise: 


Problem: 


x 0 5 


f (x) —5 20 


Solution: 


Linear, f(x) = 5a — 5 
Exercise: 


Problem: 


10 


105 


10 


45 


20 


15 


230 


15 


70 


2a 


k(x) 


Exercise: 


Problem: 


x 


g (2) 


Solution: 


Linear, g(x) = 
Exercise: 


Problem: 


x 


h(z) 


Exercise: 


Problem: 


13 


—-22r+6 


13 


—19 


28 


23 


58 


43 


73 


10 


53 


f (z) 4 16 36 56 


Solution: 


Linear, f(x) = 10x — 24 


Exercise: 
Problem: 
r 0 2 6 8 
k (x) 6 31 106 231 
Technology 


For the following exercises, use a calculator or graphing technology to complete the 
task. 
Exercise: 


Problem: 


If fis a linear function, f(0.1) = 11.5, and f(0.4) = —5.9, find an equation for 
the function. 


Solution: 


f(z) = —58x +17.3 
Exercise: 
Problem: 
Graph the function f on a domain of |-10, 10] : f(z) = 0.022 — 0.01. Enter the 


function in a graphing utility. For the viewing window, set the minimum value of zx 
to be —10 and the maximum value of z to be 10. 


Exercise: 


Problem:Graph the function f on a domain of [—10, 10] : fa) = 2,500z + 4, 000 


Solution: 


Exercise: 


Problem: 


[link] shows the input, w,and output, k,for a linear function k. a. Fill in the missing 
values of the table. b. Write the linear function k,round to 3 decimal places. 


Ww —10 ood 67.5 b 


Solution: 


y = 3.6132 — 6.129 
Exercise: 
Problem: 


[link] shows the input, p,and output, q,for a linear function gq. a. Fill in the missing 
values of the table. b. Write the linear function k. 


p 0.5 0.8 12 b 
q 400 700 a 1,000,000 
Exercise: 
Problem: 


Graph the linear function f on a domain of [—10, 10] for the function whose slope 
is < and y-intercept is e Label the points for the input values of —10 and 10. 


Solution: 


(10, 3.1875) 


(—10, 0.6875) 


x 
2 4 6 8 10 


Exercise: 


Problem: 

Graph the linear function f on a domain of [—0.1, 0.1] for the function whose slope 

is 75 and y-intercept is —22.5. Label the points for the input values of —0.1 and 0.1. 
Exercise: 

Problem: 


Graph the linear function f where f (x) = az + bon the same set of axes on a 
domain of |—4, 4] for the following values of a and b. 


f(x) = 2x + 3 


Extensions 


Exercise: 


Problem: 


Find the value of z if a linear function goes through the following points and has 
the following slope: (a, 2), (—4,6), m = 3 


Exercise: 


Problem: 


Find the value of y if a linear function goes through the following points and has 
the following slope: (10, y), (25, 100), m = —5 


Solution: 
y=175 
Exercise: 
Problem:Find the equation of the line that passes through the following points: 
(a, b) and (a, b+ 1) 
Exercise: 
Problem:Find the equation of the line that passes through the following points: 
(2a, b) and (a, b + 1) 
Solution: 
y= Fu +b6+2 
Exercise: 


Problem:Find the equation of the line that passes through the following points: 


(a, 0)and (c, d) 
Exercise: 


Problem: 


Find the equation of the line parallel to the line g (x) = —0.01a+2.01 through the 
point (1, 2). 


Solution: 


y =-0.01x + 2.01 
Exercise: 


Problem: 


Find the equation of the line perpendicular to the line g(x) = —0.01a+2.01 
through the point (1, 2). 


For the following exercises, use the functions 


f (x) = —0.1@+200 and g(x) = 20z + 0.1. 
Exercise: 


Problem:Find the point of intersection of the lines f and g. 


Solution: 


1999 400,001 
201 ° 2010 


Exercise: 


Problem: Where is f (x) greater than g (x)? Where is g (x) greater than f (x)? 


Real-World Applications 


Exercise: 


Problem: 


At noon, a barista notices that she has $20 in her tip jar. If she makes an average of 
$0.50 from each customer, how much will she have in her tip jar if she serves n 
more customers during her shift? 


Solution: 


20 + 0.5n 


Exercise: 


Problem: 


A gym membership with two personal training sessions costs $125, while gym 
membership with five personal training sessions costs $260. What is cost per 
session? 


Exercise: 
Problem: 
A clothing business finds there is a linear relationship between the number of 
shirts, n,it can sell and the price, p,it can charge per shirt. In particular, historical 
data shows that 1,000 shirts can be sold at a price of $30,while 3,000 shirts can be 


sold at a price of $22. Find a linear equation in the form p(n) = mn + bthat gives 
the price p they can charge for n shirts. 


Solution: 


p(n) = —0.004n + 34 
Exercise: 
Problem: 
A phone company charges for service according to the formula: 


C(n) = 24 + 0.1n,where n is the number of minutes talked, and C'(n) is the 
monthly charge, in dollars. Find and interpret the rate of change and initial value. 


Exercise: 
Problem: 
A farmer finds there is a linear relationship between the number of bean stalks, n, 
she plants and the yield, y,each plant produces. When she plants 30 stalks, each 
plant yields 30 oz of beans. When she plants 34 stalks, each plant produces 28 oz of 


beans. Find a linear relationships in the form y = mn + bthat gives the yield when 
n stalks are planted. 


Solution: 


y = —0.5n + 45 


Exercise: 


Problem: 


A city’s population in the year 1960 was 287,500. In 1989 the population was 
275,900. Compute the rate of growth of the population and make a statement about 
the population rate of change in people per year. 


Exercise: 


Problem: 


A town’s population has been growing linearly. In 2003, the population was 
45,000, and the population has been growing by 1,700 people each year. Write an 
equation, P(t),for the population t years after 2003. 


Solution: 


P(t) = 1700¢ + 45, 000 
Exercise: 


Problem: 


Suppose that average annual income (in dollars) for the years 1990 through 1999 is 
given by the linear function: I(x) = 1054a + 23, 286,where z is the number of 
years after 1990. Which of the following interprets the slope in the context of the 
problem? 


a. As of 1990, average annual income was $23,286. 

b. In the ten-year period from 1990-1999, average annual income increased by a 
total of $1,054. 

c. Each year in the decade of the 1990s, average annual income increased by 
$1,054. 

d. Average annual income rose to a level of $23,286 by the end of 1999. 


Exercise: 


Problem: 


When temperature is 0 degrees Celsius, the Fahrenheit temperature is 32. When the 
Celsius temperature is 100, the corresponding Fahrenheit temperature is 212. 
Express the Fahrenheit temperature as a linear function of C’,the Celsius 
temperature, F'(C). 


a. Find the rate of change of Fahrenheit temperature for each unit change 
temperature of Celsius. 
b. Find and interpret F’(28). 


c. Find and interpret F'(—40). 


Solution: 


a. 
Rate of change =5F = ata 32 = 1.8 degrees F for one degree change in C 


b. F'(28) = 1.8(28) + 32 = 82.4 degrees F is 28 degrees C 
c. F(—40) = 1.8(—40) + 32 = —40 degrees F is -40 degrees C 


Glossary 


decreasing linear function 
a function with a negative slope: If f(x) = mz +b, then m < 0. 


horizontal line 
a line defined by f(x) = b,where bis a real number. The slope of a horizontal line 
is 0. 


increasing linear function 
a function with a positive slope: If f(z) = ma + 6, thenm > 0. 


linear function 
a function with a constant rate of change that is a polynomial of degree 1, and 
whose graph is a straight line 


parallel lines 
two or more lines with the same slope 


perpendicular lines 
two lines that intersect at right angles and have slopes that are negative reciprocals 
of each other 


point-slope form 
the equation for a line that represents a linear function of the form 
y—y =m (x — 21) 
slope 
the ratio of the change in output values to the change in input values; a measure of 


the steepness of a line 


slope-intercept form 


the equation for a line that represents a linear function in the form f(z) = mx +b 


vertical line 
a line defined by x = a,where ais a real number. The slope of a vertical line is 
undefined. 


Modeling with Linear Functions 
In this section you will: 


e Build linear models from verbal descriptions. 
e Model a set of data with a linear function. 


(credit: EEK Photography/Flickr) 


Emily is a college student who plans to spend a summer in Seattle. She has saved $3,500 for her trip and 
anticipates spending $400 each week on rent, food, and activities. How can we write a linear model to represent 
her situation? What would be the x-intercept, and what can she learn from it? To answer these and related 
questions, we can create a model using a linear function. Models such as this one can be extremely useful for 
analyzing relationships and making predictions based on those relationships. In this section, we will explore 
examples of linear function models. 


Building Linear Models from Verbal Descriptions 


When building linear models to solve problems involving quantities with a constant rate of change, we typically 
follow the same problem strategies that we would use for any type of function. Let’s briefly review them: 


1. Identify changing quantities, and then define descriptive variables to represent those quantities. When 

appropriate, sketch a picture or define a coordinate system. 

2. Carefully read the problem to identify important information. Look for information that provides values for 

the variables or values for parts of the functional model, such as slope and initial value. 

3. Carefully read the problem to determine what we are trying to find, identify, solve, or interpret. 

4. Identify a solution pathway from the provided information to what we are trying to find. Often this will 
involve checking and tracking units, building a table, or even finding a formula for the function being used to 
model the problem. 

. When needed, write a formula for the function. 

. Solve or evaluate the function using the formula. 

7. Reflect on whether your answer is reasonable for the given situation and whether it makes sense 

mathematically. 

8. Clearly convey your result using appropriate units, and answer in full sentences when necessary. 


nu 


Now let’s take a look at the student in Seattle. In her situation, there are two changing quantities: time and money. 
The amount of money she has remaining while on vacation depends on how long she stays. We can use this 
information to define our variables, including units. 

Equation: 


Output: M, money remaining, in dollars 
Input: t, time, in weeks 


So, the amount of money remaining depends on the number of weeks: M (t). 
Equation: 


We can also identify the initial value and the rate of change. 
Initial Value: She saved $3,500, so $3,500 is the initial value for M. 
Rate of Change: She anticipates spending $400 each week, so — $400 per week is the rate of chang 


Notice that the unit of dollars per week matches the unit of our output variable divided by our input variable. Also, 
because the slope is negative, the linear function is decreasing. This should make sense because she is spending 
money each week. 


The rate of change is constant, so we can start with the linear model M (t) = mt + b. Then we can substitute the 
intercept and slope provided. 


M(t) = mt+b 
-400 3500 


M(t) = —400t + 3500 


To find the t-intercept (horizontal axis intercept), we set the output to zero, and solve for the input. 
Equation: 


0 = —400t + 3500 


3500 
400 


= 8.75 


The t-intercept (horizontal axis intercept) is 8.75 weeks. Because this represents the input value when the output 
will be zero, we could say that Emily will have no money left after 8.75 weeks. 


When modeling any real-life scenario with functions, there is typically a limited domain over which that model 
will be valid—almost no trend continues indefinitely. Here the domain refers to the number of weeks. In this case, 
it doesn’t make sense to talk about input values less than zero. A negative input value could refer to a number of 
weeks before she saved $3,500, but the scenario discussed poses the question once she saved $3,500 because this 
is when her trip and subsequent spending starts. It is also likely that this model is not valid after the t-intercept 
(horizontal axis intercept), unless Emily uses a credit card and goes into debt. The domain represents the set of 
input values, so the reasonable domain for this function isO < t < 8.75. 


In this example, we were given a written description of the situation. We followed the steps of modeling a problem 
to analyze the information. However, the information provided may not always be the same. Sometimes we might 
be provided with an intercept. Other times we might be provided with an output value. We must be careful to 
analyze the information we are given, and use it appropriately to build a linear model. 


Using a Given Intercept to Build a Model 


Some real-world problems provide the vertical axis intercept, which is the constant or initial value. Once the 
vertical axis intercept is known, the t-intercept (horizontal axis intercept) can be calculated. Suppose, for example, 
that Hannah plans to pay off a no-interest loan from her parents. Her loan balance is $1,000. She plans to pay $250 


per month until her balance is $0. The y-intercept is the initial amount of her debt, or $1,000. The rate of change, 
or slope, is -§250 per month. We can then use the slope-intercept form and the given information to develop a 
linear model. 

Equation: 


mzx+b 
—250x + 1000 


lI 


f(x) 


I 


Now we can set the function equal to 0, and solve for z to find the x-intercept. 


Equation: 
0 = —250z + 1000 
1000 = 2502 
4= cf 
z=A4 


The x-intercept is the number of months it takes her to reach a balance of $0. The x-intercept is 4 months, so it will 
take Hannah four months to pay off her loan. 


Using a Given Input and Output to Build a Model 


Many real-world applications are not as direct as the ones we just considered. Instead they require us to identify 
some aspect of a linear function. We might sometimes instead be asked to evaluate the linear model at a given 
input or set the equation of the linear model equal to a specified output. 


Note: 
Given a word problem that includes two pairs of input and output values, use the linear function to solve a 
problem. 


1. Identify the input and output values. 

2. Convert the data to two coordinate pairs. 

3. Find the slope. 

4. Write the linear model. 

5. Use the model to make a prediction by evaluating the function at a given x-value. 
6. Use the model to identify an x-value that results in a given y-value. 

7. Answer the question posed. 


Example: 
Exercise: 


Problem: 
Using a Linear Model to Investigate a Town’s Population 


A town’s population has been growing linearly. In 2004, the population was 6,200. By 2009, the population 
had grown to 8,100. Assume this trend continues. 


a. Predict the population in 2013. 
b. Identify the year in which the population will reach 15,000. 


Solution: 


The two changing quantities are the population size and time. While we could use the actual year value as the 
input quantity, doing so tends to lead to very cumbersome equations because the y-intercept would 
correspond to the year 0, more than 2000 years ago! 


To make computation a little nicer, we will define our input as the number of years since 2004. 
Equation: 


Input: t, years since 2004 
Output: P(t), the town’s population 


To predict the population in 2013 (¢ = 9), we would first need an equation for the population. Likewise, to 
find when the population would reach 15,000, we would need to solve for the input that would provide an 
output of 15,000. To write an equation, we need the initial value and the rate of change, or slope. 


To determine the rate of change, we will use the change in output per change in input. 
Equation: 


change in output 


change in input 


The problem gives us two input-output pairs. Converting them to match our defined variables, the year 2004 
would correspond tot = 0,giving the point (0, 6200). Notice that through our clever choice of variable 
definition, we have “given” ourselves the y-intercept of the function. The year 2009 would correspond to 

t = 5,giving the point (5, 8100). 


The two coordinate pairs are (0,6200) and (5, 8100). Recall that we encountered examples in which we 
were provided two points earlier in the chapter. We can use these values to calculate the slope. 
Equation: 
8100—6200 

5-0 


1900 
5 


= 380 people per year 


We already know the y-intercept of the line, so we can immediately write the equation: 
Equation: 


P(t) = 380t + 6200 


To predict the population in 2013, we evaluate our function att = 9. 
Equation: 


P(9) = 380(9) + 6,200 


= 9,620 


If the trend continues, our model predicts a population of 9,620 in 2013. 


To find when the population will reach 15,000, we can set P(t) = 15000 and solve for t. 
Equation: 


15000 = 380t + 6200 
8800 = 380t 
23.158 


2 


Our model predicts the population will reach 15,000 in a little more than 23 years after 2004, or somewhere 
around the year 2027. 


Note: 
Exercise: 


Problem: 


A company sells doughnuts. They incur a fixed cost of $25,000 for rent, insurance, and other expenses. It 
costs $0.25 to produce each doughnut. 


a. Write a linear model to represent the cost C’ of the company as a function of x,the number of doughnuts 
produced. 
b. Find and interpret the y-intercept. 


Solution: 


a.C' (x) = 0.25x + 25, 000 b. The y-intercept is (0,25, 000). If the company does not produce a single 
doughnut, they still incur a cost of $25,000. 


Note: 
Exercise: 


Problem: 


A city’s population has been growing linearly. In 2008, the population was 28,200. By 2012, the population 
was 36,800. Assume this trend continues. 


a. Predict the population in 2014. 
b. Identify the year in which the population will reach 54,000. 


Solution: 


a. 41,100 
b. 2020 


Using a Diagram to Build a Model 


It is useful for many real-world applications to draw a picture to gain a sense of how the variables representing the 
input and output may be used to answer a question. To draw the picture, first consider what the problem is asking 
for. Then, determine the input and the output. The diagram should relate the variables. Often, geometrical shapes 
or figures are drawn. Distances are often traced out. If a right triangle is sketched, the Pythagorean Theorem relates 
the sides. If a rectangle is sketched, labeling width and height is helpful. 


Example: 
Exercise: 


Problem: 
Using a Diagram to Model Distance Walked 


Anna and Emanuel start at the same intersection. Anna walks east at 4 miles per hour while Emanuel walks 
south at 3 miles per hour. They are communicating with a two-way radio that has a range of 2 miles. How 
long after they start walking will they fall out of radio contact? 


Solution: 


In essence, we can partially answer this question by saying they will fall out of radio contact when they are 2 
miles apart, which leads us to ask a new question: 


"How long will it take them to be 2 miles apart"? 
In this problem, our changing quantities are time and position, but ultimately we need to know how long will 
it take for them to be 2 miles apart. We can see that time will be our input variable, so we’ ll define our input 


and output variables. 
Equation: 


Input: t, time in hours. 
Output: A(t), distance in miles, and E(t), distance in miles 


Because it is not obvious how to define our output variable, we’ll start by drawing a picture such as [link]. 


Anna walking east, 
4 miles/hour A 


at 


° 


_--*” Distance between them 


a 
f 4A i 
| Emanuel walking south, 


3 miles/hour 


Initial Value: They both start at the same intersection so whent = 0,the distance traveled by each person 
should also be 0. Thus the initial value for each is 0. 


Rate of Change: Anna is walking 4 miles per hour and Emanuel is walking 3 miles per hour, which are both 
rates of change. The slope for A is 4 and the slope for Fis 3. 


Using those values, we can write formulas for the distance each person has walked. 
Equation: 

A(t) = At 

EG) = at 


For this problem, the distances from the starting point are important. To notate these, we can define a 
coordinate system, identifying the “starting point” at the intersection where they both started. Then we can 
use the variable, A,which we introduced above, to represent Anna’s position, and define it to be a 
measurement from the starting point in the eastward direction. Likewise, can use the variable, Eto represent 
Emanuel’s position, measured from the starting point in the southward direction. Note that in defining the 
coordinate system, we specified both the starting point of the measurement and the direction of measure. 


We can then define a third variable, D,to be the measurement of the distance between Anna and Emanuel. 
Showing the variables on the diagram is often helpful, as we can see from [link]. 


Recall that we need to know how long it takes for D,the distance between them, to equal 2 miles. Notice that 
for any given input t,the outputs A(t), E(t),and D (t) represent distances. 


a 
oa 


[link] shows us that we can use the Pythagorean Theorem because we have drawn a right angle. 


Using the Pythagorean Theorem, we get: 
Equation: 


DD) parE as) 
Sey ee 
= 1627+ 90? 
= OE 
D(t) = +2502 Solve for D(t) using the square root. 
= +5]t 


In this scenario we are considering only positive values of t, so our distance D (t) will always be positive. 
We can simplify this answer to D(t) = 5t. This means that the distance between Anna and Emanuel is also a 
linear function. Because Dis a linear function, we can now answer the question of when the distance 
between them will reach 2 miles. We will set the output D(t) = 2 and solve fort. 

Equation: 


D(t) = 
ie = 
= 


aly NY SW 


=0.4 


They will fall out of radio contact in 0.4 hour, or 24 minutes. 


Note: 
Should I draw diagrams when given information based on a geometric shape? 
Yes. Sketch the figure and label the quantities and unknowns on the sketch. 


Example: 
Exercise: 


Problem: 
Using a Diagram to Model Distance Between Cities 


There is a straight road leading from the town of Westborough to Agritown 30 miles east and 10 miles north. 
Partway down this road, it junctions with a second road, perpendicular to the first, leading to the town of 
Eastborough. If the town of Eastborough is located 20 miles directly east of the town of Westborough, how 
far is the road junction from Westborough? 


Solution: 


It might help here to draw a picture of the situation. See [link]. It would then be helpful to introduce a 
coordinate system. While we could place the origin anywhere, placing it at Westborough seems convenient. 
This puts Agritown at coordinates (30, 10),and Eastborough at (20, 0). 

Agritown 


(30, 10) 


(0, 0) 
Westborough 20 miles Eastborough 


Using this point along with the origin, we can find the slope of the line from Westborough to Agritown. 
Equation: 


Now we can write an equation to describe the road from Westborough to Agritown. 
Equation: 


From this, we can determine the perpendicular road to Eastborough will have slope m =— 3. Because the 
town of Eastborough is at the point (20, 0), we can find the equation. 


Equation: 
E(x) = -32+6 
0 = -—3(20)+6 Substitute (20, 0)into the equation. 
b = 60 
jie = Beta 


We can now find the coordinates of the junction of the roads by finding the intersection of these lines. Setting 
them equal, 
Equation: 


z 
Pa = 60 
10z = 180 
cas Substitute this back into W(z). 
y = Ws) 
= 3(18) 
= 6 


The roads intersect at the point (18, 6). Using the distance formula, we can now find the distance from 
Westborough to the junction. 


Equation: 
distance = ,/(e, a)" +(m—w 
Jas =) G0) 
= 18.974 miles 
Analysis 


One nice use of linear models is to take advantage of the fact that the graphs of these functions are lines. This 
means real-world applications discussing maps need linear functions to model the distances between reference 
points. 


Note: 
Exercise: 


Problem: 


There is a straight road leading from the town of Timpson to Ashburn 60 miles east and 12 miles north. 
Partway down the road, it junctions with a second road, perpendicular to the first, leading to the town of 
Garrison. If the town of Garrison is located 22 miles directly east of the town of Timpson, how far is the road 
junction from Timpson? 


Solution: 


21.15 miles 


Modeling a Set of Data with Linear Functions 


Real-world situations including two or more linear functions may be modeled with a system of linear equations. 
Remember, when solving a system of linear equations, we are looking for points the two lines have in common. 
Typically, there are three types of answers possible, as shown in [Link]. 


Exactly 
— one 
solution 
x x 
f g Infinitely g f 
many 
solutions 
’ No ' 
solutions 
(a) (b) (c) 


Note: 
Given a situation that represents a system of linear equations, write the system of equations and identify 


the solution. 


1. Identify the input and output of each linear model. 

2. Identify the slope and y-intercept of each linear model. 

3. Find the solution by setting the two linear functions equal to another and solving for z,or find the point of 
intersection on a graph. 


Example: 
Exercise: 


Problem: 
Building a System of Linear Models to Choose a Truck Rental Company 


Jamal is choosing between two truck-rental companies. The first, Keep on Trucking, Inc., charges an up-front 
fee of $20, then 59 cents a mile. The second, Move It Your Way, charges an up-front fee of $16, then 63 
cents a mile[footnote]. When will Keep on Trucking, Inc. be the better choice for Jamal? 

Rates retrieved Aug 2, 2010 from http://www.budgettruck.com and http://www.uhaul.com/ 


Solution: 


The two important quantities in this problem are the cost and the number of miles driven. Because we have 
two companies to consider, we will define two functions in [link]. 


Input d,distance driven in miles 


urns K(d) : cost, in dollars, for renting from Keep on Trucking 


M (d) cost, in dollars, for renting from Move It Your Way 


Initial Value Up-front fee: k (0) = 20 and M (0) = 16 


Rate of Change K(d) = $0.59 /mile and P(d) = $0.63 /mile 


A linear function is of the form f(x) = ma + b. Using the rates of change and initial charges, we can write 
the equations 
Equation: 


K(d) = 0.59d +20 
M(d) = 0.63d +16 


Using these equations, we can determine when Keep on Trucking, Inc., will be the better choice. Because all 
we have to make that decision from is the costs, we are looking for when Move It Your Way, will cost less, or 
when K(d) < M(d). The solution pathway will lead us to find the equations for the two functions, find the 
intersection, and then see where the K (d) function is smaller. 


These graphs are sketched in [link], with K (d) in blue. 
$ 


K(d) = 0.59d + 20 


M(d) = 0.63d + 16 


0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 


To find the intersection, we set the equations equal and solve: 


Equation: 
K(d) = M(d) 
0.59d+20 = 0.63d+ 16 
4 = 0.04d 
100 = d 
d = 100 


This tells us that the cost from the two companies will be the same if 100 miles are driven. Either by looking 
at the graph, or noting that K (d) is growing at a slower rate, we can conclude that Keep on Trucking, Inc. 
will be the cheaper price when more than 100 miles are driven, that isd > 100. 


Note: 
Access this online resource for additional instruction and practice with linear function models. 


e Interpreting a Linear Function 


Key Concepts 


e We can use the same problem strategies that we would use for any type of function. 

e When modeling and solving a problem, identify the variables and look for key values, including the slope and 
y-intercept. See [link]. 

e Draw a diagram, where appropriate. See [link] and [link]. 

e Check for reasonableness of the answer. 

e Linear models may be built by identifying or calculating the slope and using the y-intercept. 


o The x-intercept may be found by setting y = 0,which is setting the expression mz + b equal to 0. 

o The point of intersection of a system of linear equations is the point where the x- and y-values are the 
same. See [link]. 

o A graph of the system may be used to identify the points where one line falls below (or above) the other 
line. 


Section Exercises 


Verbal 


Exercise: 


Problem:Explain how to find the input variable in a word problem that uses a linear function. 


Solution: 
Determine the independent variable. This is the variable upon which the output depends. 


Exercise: 


Problem: Explain how to find the output variable in a word problem that uses a linear function. 


Exercise: 


Problem:Explain how to interpret the initial value in a word problem that uses a linear function. 


Solution: 
To determine the initial value, find the output when the input is equal to zero. 


Exercise: 


Problem:Explain how to determine the slope in a word problem that uses a linear function. 


Algebraic 


Exercise: 


Problem: 


Find the area of a parallelogram bounded by the y-axis, the line x = 3,the line f(a) = 1 + 2z,and the line 
parallel to f(x) passing through (2, 7). 


Solution: 


6 square units 
Exercise: 


Problem: 


Find the area of a triangle bounded by the x-axis, the line f(x) = 12- ¥z,and the line perpendicular to f(z) 
that passes through the origin. 
Exercise: 


Problem: 


_ 6 


Find the area of a triangle bounded by the y-axis, the line f(z) = 9-7 


that passes through the origin. 


z,and the line perpendicular to f(z) 


Solution: 


20.01 square units 
Exercise: 


Problem: 


Find the area of a parallelogram bounded by the x-axis, the line g(a) = 2,the line f(a) = 3a,and the line 
parallel to f(x) passing through (6, 1). 


For the following exercises, consider this scenario: A town’s population has been decreasing at a constant rate. In 
2010 the population was 5,900. By 2012 the population had dropped 4,700. Assume this trend continues. 
Exercise: 


Problem: Predict the population in 2016. 
Solution: 
2,300 

Exercise: 


Problem: Identify the year in which the population will reach 0. 


For the following exercises, consider this scenario: A town’s population has been increased at a constant rate. In 
2010 the population was 46,020. By 2012 the population had increased to 52,070. Assume this trend continues. 
Exercise: 


Problem: Predict the population in 2016. 


Solution: 


64,170 


Exercise: 


Problem: Identify the year in which the population will reach 75,000. 


For the following exercises, consider this scenario: A town has an initial population of 75,000. It grows at a 
constant rate of 2,500 per year for 5 years. 
Exercise: 


Problem: 


Find the linear function that models the town’s population P as a function of the year, t,where ¢ is the number 
of years since the model began. 


Solution: 
P(t) = 75,000 + 2500t 


Exercise: 


Problem:Find a reasonable domain and range for the function P. 

Exercise: 
Problem:If the function P is graphed, find and interpret the x- and y-intercepts. 
Solution: 


(—30, 0) Thirty years before the start of this model, the town had no citizens. (0, 75,000) Initially, the town 
had a population of 75,000. 


Exercise: 


Problem:If the function P is graphed, find and interpret the slope of the function. 
Exercise: 

Problem:When will the population reach 100,000? 

Solution: 

Ten years after the model began 
Exercise: 


Problem: What is the population in the year 12 years from the onset of the model? 


For the following exercises, consider this scenario: The weight of a newborn is 7.5 pounds. The baby gained one- 
half pound a month for its first year. 
Exercise: 


Problem: 

Find the linear function that models the baby’s weight W as a function of the age of the baby, in months, t. 
Solution: 

W(t) = 0.5¢ + 7.5 


Exercise: 


Problem:Find a reasonable domain and range for the function W. 


Exercise: 


Problem:If the function W is graphed, find and interpret the x- and y-intercepts. 
Solution: 


(—15, 0) : The x-intercept is not a plausible set of data for this model because it means the baby weighed 0 
pounds 15 months prior to birth. (0, 7.5): The baby weighed 7.5 pounds at birth. 


Exercise: 


Problem:If the function W is graphed, find and interpret the slope of the function. 
Exercise: 

Problem:When did the baby weight 10.4 pounds? 

Solution: 

At age 5.8 months 
Exercise: 


Problem: What is the output when the input is 6.2? 


For the following exercises, consider this scenario: The number of people afflicted with the common cold in the 
winter months steadily decreased by 205 each year from 2005 until 2010. In 2005, 12,025 people were inflicted. 
Exercise: 


Problem: 


Find the linear function that models the number of people inflicted with the common cold Cas a function of 
the year, t. 


Solution: 
C(t) = 12,025 — 205¢ 


Exercise: 


Problem:Find a reasonable domain and range for the function C. 


Exercise: 


Problem:If the function C’is graphed, find and interpret the x- and y-intercepts. 
Solution: 


(58. 7,0) : Inroughly 59 years, the number of people inflicted with the common cold would be 0. 
(0, 12, 025) Initially there were 12,025 people afflicted by the common cold. 


Exercise: 


Problem:If the function C'is graphed, find and interpret the slope of the function. 


Exercise: 


Problem:When will the output reach 0? 


Solution: 


2063 


Exercise: 


Problem:In what year will the number of people be 9,700? 


Graphical 


For the following exercises, use the graph in [link], which shows the profit, y,in thousands of dollars, of a company 
in a given year, t,where t represents the number of years since 1980. 


Exercise: 


Problem:Find the linear function y, where y depends on t,the number of years since 1980. 


Solution: 
y = —2t+180 


Exercise: 


Problem:Find and interpret the y-intercept. 


Exercise: 


Problem:Find and interpret the x-intercept. 
Solution: 


In 2070, the company’s profit will be zero. 


Exercise: 
Problem:Find and interpret the slope. 


For the following exercises, use the graph in [link], which shows the profit, y,in thousands of dollars, of a company 
in a given year, t,where t represents the number of years since 1980. 


500 » 


Exercise: 


Problem: Find the linear function y,where y depends on t,the number of years since 1980. 


Solution: 


y = 30t — 300 


Exercise: 


Problem:Find and interpret the y-intercept. 


Exercise: 


Problem:Find and interpret the x-intercept. 


Solution: 


(10, 0) In the year 1990, the company’s profits were zero 


Exercise: 


Problem:Find and interpret the slope. 


Numeric 


For the following exercises, use the median home values in Mississippi and Hawaii (adjusted for inflation) shown 


in [link]. Assume that the house values are changing linearly. 


Year Mississippi Hawaii 
1950 $25,200 


2000 $71,400 


Exercise: 


$74,400 


$272,700 


Problem:In which state have home values increased at a higher rate? 
Solution: 
Hawaii 


Exercise: 


Problem: If these trends were to continue, what would be the median home value in Mississippi in 2010? 
Exercise: 


Problem: 


If we assume the linear trend existed before 1950 and continues after 2000, the two states’ median house 
values will be (or were) equal in what year? (The answer might be absurd.) 


Solution: 


During the year 1933 


For the following exercises, use the median home values in Indiana and Alabama (adjusted for inflation) shown in 
[link]. Assume that the house values are changing linearly. 


Year Indiana Alabama 
1950 $37,700 $27,100 


2000 $94,300 $85,100 


Exercise: 


Problem:In which state have home values increased at a higher rate? 

Exercise: 
Problem:If these trends were to continue, what would be the median home value in Indiana in 2010? 
Solution: 


$105,620 
Exercise: 


Problem: 


If we assume the linear trend existed before 1950 and continues after 2000, the two states’ median house 
values will be (or were) equal in what year? (The answer might be absurd.) 


Real-World Applications 


Exercise: 


Problem: 


In 2004, a school population was 1001. By 2008 the population had grown to 1697. Assume the population is 
changing linearly. 


a. How much did the population grow between the year 2004 and 2008? 

b. How long did it take the population to grow from 1001 students to 1697 students? 
c. What is the average population growth per year? 

d. What was the population in the year 2000? 

e. Find an equation for the population, P,of the school t years after 2000. 

f. Using your equation, predict the population of the school in 2011. 


Solution: 


a. 696 people 

b. 4 years 

c. 174 people per year 
d. 305 people 

e. P(t) = 305 + 174t 

f. 2,219 people 


Exercise: 


Problem: 


In 2003, a town’s population was 1431. By 2007 the population had grown to 2134. Assume the population is 
changing linearly. 


a. How much did the population grow between the year 2003 and 2007? 

b. How long did it take the population to grow from 1431 people to 2134 people? 
c. What is the average population growth per year? 

d. What was the population in the year 2000? 

e. Find an equation for the population, P,of the townt years after 2000. 

f. Using your equation, predict the population of the town in 2014. 


Exercise: 


Problem: 


A phone company has a monthly cellular plan where a customer pays a flat monthly fee and then a certain 
amount of money per minute used on the phone. If a customer uses 410 minutes, the monthly cost will be 
$71.50. If the customer uses 720 minutes, the monthly cost will be $118. 


a. Find a linear equation for the monthly cost of the cell plan as a function of x, the number of monthly 
minutes used. 

b. Interpret the slope and y-intercept of the equation. 

c. Use your equation to find the total monthly cost if 687 minutes are used. 


Solution: 


a. C(x) = 0.15x + 10 
b. The flat monthly fee is $10 and there is a $0.15 fee for each additional minute used 
c. $113.05 


Exercise: 
Problem: 
A phone company has a monthly cellular data plan where a customer pays a flat monthly fee of $10 and then 


a certain amount of money per megabyte (MB) of data used on the phone. If a customer uses 20 MB, the 
monthly cost will be $11.20. If the customer uses 130 MB, the monthly cost will be $17.80. 


a. Find a linear equation for the monthly cost of the data plan as a function of z,the number of MB used. 
b. Interpret the slope and y-intercept of the equation. 
c. Use your equation to find the total monthly cost if 250 MB are used. 


Exercise: 


Problem: 


In 1991, the moose population in a park was measured to be 4,360. By 1999, the population was measured 
again to be 5,880. Assume the population continues to change linearly. 


a. Find a formula for the moose population, P since 1990. 
b. What does your model predict the moose population to be in 2003? 


Solution: 


P(t) = 190t + 4,360 
Exercise: 
Problem: 


In 2003, the owl population in a park was measured to be 340. By 2007, the population was measured again 
to be 285. The population changes linearly. Let the input be years since 1990. 


a. Find a formula for the owl population, P. Let the input be years since 2003. 
b. What does your model predict the owl population to be in 2012? 


Exercise: 
Problem: 


The Federal Helium Reserve held about 16 billion cubic feet of helium in 2010 and is being depleted by about 
2.1 billion cubic feet each year. 


a. Give a linear equation for the remaining federal helium reserves, R,in terms of t,the number of years 
since 2010. 

b. In 2015, what will the helium reserves be? 

c. If the rate of depletion doesn’t change, in what year will the Federal Helium Reserve be depleted? 


Solution: 


a. R(t\)= -2.1t + 16 
b. 5.5 billion cubic feet 
c. During the year 2017 


Exercise: 


Problem: 


Suppose the world’s oil reserves in 2014 are 1,820 billion barrels. If, on average, the total reserves are 
decreasing by 25 billion barrels of oil each year: 


a. Give a linear equation for the remaining oil reserves, in terms of t,the number of years since now. 
b. Seven years from now, what will the oil reserves be? 


c. If the rate at which the reserves are decreasing is constant, when will the world’s oil reserves be 
depleted? 


Exercise: 
Problem: 
You are choosing between two different prepaid cell phone plans. The first plan charges a rate of 26 cents per 
minute. The second plan charges a monthly fee of $19.95 plus 11 cents per minute. How many minutes would 
you have to use in a month in order for the second plan to be preferable? 


Solution: 


More than 133 minutes 
Exercise: 
Problem: 
You are choosing between two different window washing companies. The first charges $5 per window. The 


second charges a base fee of $40 plus $3 per window. How many windows would you need to have for the 
second company to be preferable? 


Exercise: 
Problem: When hired at a new job selling jewelry, you are given two pay options: 
Option A: Base salary of $17,000 a year with a commission of 12% of your sales 
Option B: Base salary of $20,000 a year with a commission of 5% of your sales 
How much jewelry would you need to sell for option A to produce a larger income? 
Solution: 
More than $42,857.14 worth of jewelry 
Exercise: 
Problem: When hired at a new job selling electronics, you are given two pay options: 
Option A: Base salary of $14,000 a year with a commission of 10% of your sales 
Option B: Base salary of $19,000 a year with a commission of 4% of your sales 
How much electronics would you need to sell for option A to produce a larger income? 
Exercise: 
Problem: When hired at a new job selling electronics, you are given two pay options: 


Option A: Base salary of $20,000 a year with a commission of 12% of your sales 


Option B: Base salary of $26,000 a year with a commission of 3% of your sales 
How much electronics would you need to sell for option A to produce a larger income? 
Solution: 
More than $66,666.67 in sales 

Exercise: 
Problem: When hired at a new job selling electronics, you are given two pay options: 
Option A: Base salary of $10,000 a year with a commission of 9% of your sales 
Option B: Base salary of $20,000 a year with a commission of 4% of your sales 


How much electronics would you need to sell for option A to produce a larger income? 


Quadratic Functions 
In this section, you will: 


e Recognize characteristics of parabolas. 

e Understand how the graph of a parabola is related to its quadratic function. 

e Determine a quadratic function’s minimum or maximum value. 

e Solve problems involving a quadratic function’s minimum or maximum value. 


An array of satellite dishes. (credit: Matthew Colvin de Valle, Flickr) 


Curved antennas, such as the ones shown in [link], are commonly used to focus 
microwaves and radio waves to transmit television and telephone signals, as well as 
satellite and spacecraft communication. The cross-section of the antenna is in the shape of 
a parabola, which can be described by a quadratic function. 


In this section, we will investigate quadratic functions, which frequently model problems 
involving area and projectile motion. Working with quadratic functions can be less 
complex than working with higher degree functions, so they provide a good opportunity 
for a detailed study of function behavior. 


Recognizing Characteristics of Parabolas 


The graph of a quadratic function is a U-shaped curve called a parabola. One important 
feature of the graph is that it has an extreme point, called the vertex. If the parabola opens 
up, the vertex represents the lowest point on the graph, or the minimum value of the 


quadratic function. If the parabola opens down, the vertex represents the highest point on 
the graph, or the maximum value. In either case, the vertex is a turning point on the graph. 
The graph is also symmetric with a vertical line drawn through the vertex, called the axis 
of symmetry. These features are illustrated in [link]. 
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The y-intercept is the point at which the parabola crosses the y-axis. The x-intercepts are 
the points at which the parabola crosses the x-axis. If they exist, the x-intercepts represent 
the zeros, or roots, of the quadratic function, the values of x at which y = 0. 


Example: 
Exercise: 


Problem: 
Identifying the Characteristics of a Parabola 


Determine the vertex, axis of symmetry, zeros, and y-intercept of the parabola 
shown in [link]. 


Solution: 


The vertex is the turning point of the graph. We can see that the vertex is at (3, 1). 
Because this parabola opens upward, the axis of symmetry is the vertical line that 
intersects the parabola at the vertex. So the axis of symmetry is x = 3. This parabola 
does not cross the x-axis, so it has no zeros. It crosses the y-axis at (0, 7) so this is 
the y-intercept. 


Understanding How the Graphs of Parabolas are Related to Their 
Quadratic Functions 


The general form of a quadratic function presents the function in the form 
Equation: 


f(z) = ax? + be +c 


where a, b, and care real numbers anda + 0. Ifa > 0, the parabola opens upward. If 
a < 0, the parabola opens downward. We can use the general form of a parabola to find 
the equation for the axis of symmetry. 


The axis of symmetry is defined by x = — 2. If we use the quadratic formula, 


ee ve to solve ax? + bx + c = 0 for the x-intercepts, or zeros, we find the 


i 
value of x halfway between them is always zx = — - , the equation for the axis of 
symmetry. 


[link] represents the graph of the quadratic function written in general form as 
y — x? + 42 + 3. In this form, a = 1,b = 4, andc = 3. Because a > 0, the parabola 


opens upward. The axis of symmetry isx = — re = —2. This also makes sense because 


we can see from the graph that the vertical line 2 = —2 divides the graph in half. The 
vertex always occurs along the axis of symmetry. For a parabola that opens upward, the 
vertex occurs at the lowest point on the graph, in this instance, (—2, —1). The x- 
intercepts, those points where the parabola crosses the z-axis, occur at (—3, 0) and 
(—1,0). 


y=x?+4x+3 
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The standard form of a quadratic function presents the function in the form 
Equation: 


where (h, k) is the vertex. Because the vertex appears in the standard form of the 
quadratic function, this form is also known as the vertex form of a quadratic function. 


As with the general form, ifa@ > 0, the parabola opens upward and the vertex is a 
minimum. If a < 0, the parabola opens downward, and the vertex is a maximum. [link] 
represents the graph of the quadratic function written in standard form as 

y = —3(a + 2)? +4. Since a—h = x + 2in this example, h = —2. In this form, 

a = —3,h = —2, andk = 4. Because a < 0, the parabola opens downward. The vertex 
is at (—2, 4). 


The standard form is useful for determining how the graph is transformed from the graph 
of y = x”. [link] is the graph of this basic function. 


Ifk > 0, the graph shifts upward, whereas if k < 0, the graph shifts downward. In [link], 
k > 0, so the graph is shifted 4 units upward. If h > 0, the graph shifts toward the right 
and if h < 0, the graph shifts to the left. In [link], h < 0, so the graph is shifted 2 units to 
the left. The magnitude of a indicates the stretch of the graph. If|a| > 1, the point 
associated with a particular z-value shifts farther from the x-axis, so the graph appears to 
become narrower, and there is a vertical stretch. But if |a] < 1, the point associated with 
a particular z-value shifts closer to the x-axis, so the graph appears to become wider, but 
in fact there is a vertical compression. In [link], |a| > 1, so the graph becomes narrower. 


The standard form and the general form are equivalent methods of describing the same 
function. We can see this by expanding out the general form and setting it equal to the 
standard form. 

Equation: 


a(a —h)*> +k az’ +be +c 
ax”? —2ahxz+ (ah? +k) = az?+br+c 


For the linear terms to be equal, the coefficients must be equal. 
Equation: 


—2ah = b, soh = age 
2a 


This is the axis of symmetry we defined earlier. Setting the constant terms equal: 
Equation: 


ah? +k = ¢ 
k = c—ah? 
= b \2 
Ca Oho) 
_ b2 


In practice, though, it is usually easier to remember that k is the output value of the 
function when the input ish, so f(h) = k. 


Note: 

Forms of Quadratic Functions 

A quadratic function is a polynomial function of degree two. The graph of a quadratic 
function is a parabola. 

The general form of a quadratic function is f(z) = ax? + bx + cwherea, b, andcare 
real numbers anda + 0. 

The standard form of a quadratic function is f(z) = a(a — h)? + kwherea + 0. 
The vertex (h, k) is located at 

Equation: 


Note: 
Given a graph of a quadratic function, write the equation of the function in general 
form. 


1. Identify the horizontal shift of the parabola; this value is h. Identify the vertical shift 
of the parabola; this value is k. 

2. Substitute the values of the horizontal and vertical shift for h and k. in the function 
fe) ae hy? +k. 


3. Substitute the values of any point, other than the vertex, on the graph of the parabola 
for x and f(z). 

4. Solve for the stretch factor, |a]. 

5. Expand and simplify to write in general form. 


Example: 
Exercise: 


Problem: 
Writing the Equation of a Quadratic Function from the Graph 


Write an equation for the quadratic function g in [link] as a transformation of 
ie) — az, and then expand the formula, and simplify terms to write the equation 
in general form. 


Solution: 


We can see the graph of g is the graph of f(x) = x? shifted to the left 2 and down 3, 
giving a formula in the form g(x) = a(x — (—2))” — 3 = a(a + 2)?-3. 


Substituting the coordinates of a point on the curve, such as (0, —1), we can solve 
for the stretch factor. 


Equation: 


= = OL =e 
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In standard form, the algebraic model for this graph is (g)z = +(# + De®, 


To write this in general polynomial form, we can expand the formula and simplify 
terms. 


Equation: 
g(t) = 4(@+2)?-3 
= $(x@+2)(x+2)-3 
= $(a?+42+4)-3 
= $x? + 2n+2-3 
= 5x? +2 —1 


Notice that the horizontal and vertical shifts of the basic graph of the quadratic 
function determine the location of the vertex of the parabola; the vertex is unaffected 
by stretches and compressions. 


Analysis 


We can check our work using the table feature on a graphing utility. First enter 
Y1 = 4(# + 2)” — 3. Next, select TBLSET, then use TblStart = 6 and ATbl = 2, 


and select TABLE. See [link]. 


x —6 —4 = 0 2 


y 5 =i = =I 5 


The ordered pairs in the table correspond to points on the graph. 


Note: 
Exercise: 


Problem: 


A coordinate grid has been superimposed over the quadratic path of a basketball in 
[link]. Find an equation for the path of the ball. Does the shooter make the basket? 
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(credit: modification of work by Dan Meyer) 


Solution: 


The path passes through the origin and has vertex at (—4, 7), so 
(h)z = G(a+ 4)” + 7. To make the shot, h (—7.5) would need to be about 4 but 
h(—7.5) = 1.64; he doesn’t make it. 


Note: 
Given a quadratic function in general form, find the vertex of the parabola. 


1. Identify a, b, and c. 
2. Find h, the x-coordinate of the vertex, by substituting a and b into h =— =. 


3. Find k, the y-coordinate of the vertex, by evaluating k = f (h) = f (- -). 


Example: 
Exercise: 


Problem: 
Finding the Vertex of a Quadratic Function 


Find the vertex of the quadratic function f(a) = 2x?—6z + 7. Rewrite the quadratic 
in standard form (vertex form). 


Solution: 


The horizontal coordinate of the vertex will be at 


h = 2 
Re ae6 
2(2) 
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The vertical coordinate of the vertex will be at 
k = f(h) 
= f(3) 
= 2(3)?-6(3)+7 
5 
= PSDP 


Rewriting into standard form, the stretch factor will be the same as the a in the 
original quadratic. First, find the horizontal coordinate of the vertex. Then find the 
vertical coordinate of the vertex. Substitute the values into standard form, using the " 
a" from the general form. 

Equation: 


ax? +ba+c 
f(x) = 2n?-62+7 
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The standard form of a quadratic function prior to writing the function then becomes 
the following: 
Equation: 


Analysis 


One reason we may want to identify the vertex of the parabola is that this point will 
inform us where the maximum or minimum value of the output occurs, k,and where it 
occurs, x. 


Note: 
Exercise: 


Problem: 


Given the equation g(x) = 13 + x? — 62, write the equation in general form and 
then in standard form. 


Solution: 


g(x) = x? — 6x + 13 in general form; g(a) = (a — 3)” + 4 in standard form 


Finding the Domain and Range of a Quadratic Function 


Any number can be the input value of a quadratic function. Therefore, the domain of any 
quadratic function is all real numbers. Because parabolas have a maximum or a minimum 
point, the range is restricted. Since the vertex of a parabola will be either a maximum or a 
minimum, the range will consist of all y-values greater than or equal to the y-coordinate at 
the turning point or less than or equal to the y-coordinate at the turning point, depending 
on whether the parabola opens up or down. 


Note: 

Domain and Range of a Quadratic Function 

The domain of any quadratic function is all real numbers unless the context of the 
function presents some restrictions. 

The range of a quadratic function written in general form f(x) = ax? + bx + cwitha 
positive a value is f(x) > f (-£), or [f (-£), oo); the range of a quadratic 


function written in general form with a negative a value is f(x) < f (- +), or 

(—00, f (—32)]- 
The range of a quadratic function written in standard form f(x) = a(x —h)” + kwitha 
positive a value is f(x) > k; the range of a quadratic function written in standard form 
with a negative a value is f(x) < k. 


Note: 
Given a quadratic function, find the domain and range. 


1. Identify the domain of any quadratic function as all real numbers. 

2. Determine whether a is positive or negative. If a is positive, the parabola has a 
minimum. If a is negative, the parabola has a maximum. 

3. Determine the maximum or minimum value of the parabola, k. 

4. If the parabola has a minimum, the range is given by f(x) > k, or [k, 00). If the 
parabola has a maximum, the range is given by f(a) < k, or (—oo, kl]. 


Example: 
Exercise: 


Problem: 
Finding the Domain and Range of a Quadratic Function 


Find the domain and range of f(2) = —5x? + 9x — 1. 


Solution: 
As with any quadratic function, the domain is all real numbers. 


Because a is negative, the parabola opens downward and has a maximum value. We 
need to determine the maximum value. We can begin by finding the z-value of the 
vertex. 

Equation: 


The maximum value is given by f(h). 


Equation: 


The range is f(x) < #, or (—oo, I. 


Note: 
Exercise: 


Problem:Find the domain and range of f(x) = 2(x — soe + 2. 


Solution: 


The domain is all real numbers. The range is f(x) > 4, or [-&, 00). 


Determining the Maximum and Minimum Values of Quadratic Functions 


The output of the quadratic function at the vertex is the maximum or minimum value of 


the function, depending on the orientation of the parabola. We can see the maximum and 
minimum values in [link]. 


Maximum value of 4 
occurs atx = —3 


(-3, 4) 


f(x) = (x — 2)? +1 


(a) (b) 


There are many real-world scenarios that involve finding the maximum or minimum value 
of a quadratic function, such as applications involving area and revenue. 


Example: 
Exercise: 


Problem: 
Finding the Maximum Value of a Quadratic Function 


A backyard farmer wants to enclose a rectangular space for a new garden within her 
fenced backyard. She has purchased 80 feet of wire fencing to enclose three sides, 
and she will use a section of the backyard fence as the fourth side. 


a. Find a formula for the area enclosed by the fence if the sides of fencing 
perpendicular to the existing fence have length L. 
b. What dimensions should she make her garden to maximize the enclosed area? 


Solution: 
Let’s use a diagram such as [link] to record the given information. It is also helpful 


to introduce a temporary variable, W, to represent the width of the garden and the 
length of the fence section parallel to the backyard fence. 


a. We know we have only 80 feet of fence available, and L + W + L = 80, or 
more simply, 2 + W = 80. This allows us to represent the width, W, in terms 
oi, 

Equation: 


W = 80-2L 
Now we are ready to write an equation for the area the fence encloses. We 


know the area of a rectangle is length multiplied by width, so 
Equation: 


aN 
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LW = L(80 — 2L) 
Al EL) = 80h or? 


This formula represents the area of the fence in terms of the variable length L. 
The function, written in general form, is 
Equation: 


A(L) = —2L? + 80L. 


b. The quadratic has a negative leading coefficient, so the graph will open 
downward, and the vertex will be the maximum value for the area. In finding 
the vertex, we must be careful because the equation is not written in standard 
polynomial form with decreasing powers. This is why we rewrote the function 
in general form above. Since a is the coefficient of the squared term, 

a = —2,b = 80, andc = 0. 


To find the vertex: 


Equation: 


b = 
ahs k = A(20) 
Wem a = g0(20) — 2(20)? 
20 — 800 


The maximum value of the function is an area of 800 square feet, which occurs 
when L = 20 feet. When the shorter sides are 20 feet, there is 40 feet of fencing left 
for the longer side. To maximize the area, she should enclose the garden so the two 
shorter sides have length 20 feet and the longer side parallel to the existing fence has 


length 40 feet. 


Analysis 


This problem also could be solved by graphing the quadratic function. We can see where 
the maximum area occurs on a graph of the quadratic function in [link]. 
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Given an application involving revenue, use a quadratic equation to find the 


maximum. 


1. Write a quadratic equation for a revenue function. 
2. Find the vertex of the quadratic equation. 
3. Determine the y-value of the vertex. 


Example: 
Exercise: 


Problem: 
Finding Maximum Revenue 


The unit price of an item affects its supply and demand. That is, if the unit price 
goes up, the demand for the item will usually decrease. For example, a local 
newspaper currently has 84,000 subscribers at a quarterly charge of $30. Market 
research has suggested that if the owners raise the price to $32, they would lose 
5,000 subscribers. Assuming that subscriptions are linearly related to the price, what 
price should the newspaper charge for a quarterly subscription to maximize their 
revenue? 


Solution: 


Revenue is the amount of money a company brings in. In this case, the revenue can 
be found by multiplying the price per subscription times the number of subscribers, 
or quantity. We can introduce variables, p for price per subscription and Q for 
quantity, giving us the equation Revenue = pQ. 


Because the number of subscribers changes with the price, we need to find a 
relationship between the variables. We know that currently p = 30 andQ = 84,000. 
We also know that if the price rises to $32, the newspaper would lose 5,000 
subscribers, giving a second pair of values, p = 32 andQ = 79,000. From this we 
can find a linear equation relating the two quantities. The slope will be 

Equation: 


79,000—84,000 
32—30 

_ 5,000 

2 


= —2,500 


This tells us the paper will lose 2,500 subscribers for each dollar they raise the price. 
We can then solve for the y-intercept. 
Equation: 


Q = —2500p+ 56 Substitute in the point Q = 84,000 and p = 30 
84,000 = —2500(30) +6 Solve for b 
b = 159,000 


This gives us the linear equation @ = —2,500p + 159,000 relating cost and 
subscribers. We now return to our revenue equation. 
Equation: 


Revenue = pQ 
Revenue = p(—2,500p + 159,000) 
Revenue = —2,500p? + 159,000p 


We now have a quadratic function for revenue as a function of the subscription 
charge. To find the price that will maximize revenue for the newspaper, we can find 
the vertex. 

Equation: 


4 159,000 
2(—2,500) 


= ols 


The model tells us that the maximum revenue will occur if the newspaper charges 
$31.80 for a subscription. To find what the maximum revenue is, we evaluate the 
revenue function. 

Equation: 


maximum revenue 


—2,500(31.8)” + 159,000(31.8) 
= 2,528,100 
Analysis 


This could also be solved by graphing the quadratic as in [link]. We can see the 
maximum revenue on a graph of the quadratic function. 


(31.80, 2,528,100) 


Revenue (S$) 


x 
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Finding the x- and y-Intercepts of a Quadratic Function 


Much as we did in the application problems above, we also need to find intercepts of 
quadratic equations for graphing parabolas. Recall that we find the y-intercept of a 
quadratic by evaluating the function at an input of zero, and we find the z-intercepts at 
locations where the output is zero. Notice in [link] that the number of x-intercepts can 
vary depending upon the location of the graph. 
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Number of x-intercepts of a parabola 


Note: 
Given a quadratic function f (x), find the y- and x-intercepts. 


1. Evaluate f (0) to find the y-intercept. 
2. Solve the quadratic equation f (x) = Oto find the x-intercepts. 


Example: 
Exercise: 


Problem: 
Finding the y- and x-Intercepts of a Parabola 


Find the y- and x-intercepts of the quadratic f(a) = 3x? + 5a — 2. 
Solution: 


We find the y-intercept by evaluating f (0). 
Equation: 


Oe Be (02 
= 9 
So the y-intercept is at (0, —2). 


For the x-intercepts, we find all solutions of f (x) = 0. 
Equation: 


0 = 32? +52 —2 


In this case, the quadratic can be factored easily, providing the simplest method for 
solution. 


Equation: 
0 = (3x — 1)(a# + 2) 
Equation: 
(p= —~ k = f(-1) 
Say = Yel ee( ae 


So the x-intercepts are at (4,0) and (—2, 0). 
Analysis 


By graphing the function, we can confirm that the graph crosses the y-axis at (0, —2). We 
can also confirm that the graph crosses the x-axis at (5, 0) and (—2, 0).See [link] 


Rewriting Quadratics in Standard Form 


In [link], the quadratic was easily solved by factoring. However, there are many quadratics 


that cannot be factored. We can solve these quadratics by first rewriting them in standard 
form. 


Note: 
Given a quadratic function, find the z-intercepts by rewriting in standard form. 


1. Substitute a and bintoh = — p 


2. Substitute x = h into the general form of the quadratic function to find k. 


3. Rewrite the quadratic in standard form using h and k. 
4. Solve for when the output of the function will be zero to find the x-intercepts. 


Example: 
Exercise: 


Problem: 
Finding the x-Intercepts of a Parabola 


Find the x-intercepts of the quadratic function f(x) = 2”? + 4x — 4. 


Solution: 


We begin by solving for when the output will be zero. 
Equation: 


0 = 227 +42 —4 


Because the quadratic is not easily factorable in this case, we solve for the intercepts 
by first rewriting the quadratic in standard form. 
Equation: 


We know that a = 2. Then we solve for hand k. 


Equation: 
h= -£ y= oe 
= oy = De) eee 
= — = 


So now we can rewrite in standard form. 
Equation: 


f(x) = 2(a+1)?-6 


We can now solve for when the output will be zero. 
Equation: 


0=2(x£+1)?-6 


6 = 2("+1)? 
3 =(x+1)? 
a+1=4V3 


g=—-14+73 


The graph has x-intercepts at (—1 — 3,0) and (—1 + V3, 0). 


We can check our work by graphing the given function on a graphing utility and 
observing the z-intercepts. See [link]. 


Analysis 


We could have achieved the same results using the quadratic formula. Identify 
a= 2,b=4andc= —4. 
Equation: 


—4+,/42—4(2)(—4) 
2(2) 


— 44/48 


4 
= ees /3(16) 
4 


= -14+ 3 


So the x-intercepts occur at (-1 = 3: 0) and (-1 Ha), 0). 


Note: 
Exercise: 


Problem: 


In a Try_It, we found the standard and general form for the function 
g(x) = 13 + 2” — 6x. Now find the y- and x-intercepts (if any). 


Solution: 


y-intercept at (0, 13), No z-intercepts 


Example: 
Exercise: 


Problem: 
Applying the Vertex and x-Intercepts of a Parabola 


A ball is thrown upward from the top of a 40 foot high building at a speed of 80 feet 
per second. The ball’s height above ground can be modeled by the equation 
H(t) = —16t? + 80¢ + 40. 


a. When does the ball reach the maximum height? 
b. What is the maximum height of the ball? 
c. When does the ball hit the ground? 


Solution: 


a. The ball reaches the maximum height at the vertex of the parabola. 


n 


Equation: 


The ball reaches a maximum height after 2.5 seconds. 


. To find the maximum height, find the y-coordinate of the vertex of the 
parabola. 
Equation: 
iH (—7,) 
== alls) 


—16(2.5)” + 80 (2.5) + 40 
= 140 


The ball reaches a maximum height of 140 feet. 
To find when the ball hits the ground, we need to determine when the height is 
zero, H (t) = 0. 


We use the quadratic formula. 
Equation: 


te epee ee 80” —4(—16) (40) 
2(—16) 


_— —80++/8960 
=80 


Because the square root does not simplify nicely, we can use a calculator to 
approximate the values of the solutions. 
Equation: 


t= Sy 5.458 or t= OEY SOO ~ _ 0.458 


The second answer is outside the reasonable domain of our model, so we 
conclude the ball will hit the ground after about 5.458 seconds. See [Link]. 
t 


150 


100 
(x from —1 to 6) 


50 


0423456 


Note that the graph does not represent the physical path of the ball upward and 
downward. Keep the quantities on each axis in mind while interpreting the 
graph. 


Note: 
Exercise: 


Problem: 
A rock is thrown upward from the top of a 112-foot high cliff overlooking the ocean 


at a speed of 96 feet per second. The rock’s height above ocean can be modeled by 
the equation H(t) = —16t? + 96t + 112. 


a. When does the rock reach the maximum height? 
b. What is the maximum height of the rock? 
c. When does the rock hit the ocean? 


Solution: 


3 seconds 256 feet 7 seconds 


Note: 
Access these online resources for additional instruction and practice with quadratic 
equations. 


Graphing Quadratic Functions in General Form 
Graphing Quadratic Functions in Standard Form 
Quadratic Function Review 

Characteristics of a Quadratic Function 


Key Equations 
general form of a quadratic function f(z) =ax* + br+c 
standard form of a quadratic function f(z) =a(a—h)? +k 
Key Concepts 


A polynomial function of degree two is called a quadratic function. 

The graph of a quadratic function is a parabola. A parabola is a U-shaped curve that 
can open either up or down. 

The axis of symmetry is the vertical line passing through the vertex. The zeros, or x- 
intercepts, are the points at which the parabola crosses the x-axis. The y-intercept is 
the point at which the parabola crosses the y-axis. See [link], [link], and [link]. 
Quadratic functions are often written in general form. Standard or vertex form is 
useful to easily identify the vertex of a parabola. Either form can be written from a 
graph. See [link]. 

The vertex can be found from an equation representing a quadratic function. See 
[link]. 

The domain of a quadratic function is all real numbers. The range varies with the 
function. See [link]. 

A quadratic function’s minimum or maximum value is given by the y-value of the 
vertex. 

The minimum or maximum value of a quadratic function can be used to determine 
the range of the function and to solve many kinds of real-world problems, including 
problems involving area and revenue. See [link] and [link]. 


e The vertex and the intercepts can be identified and interpreted to solve real-world 
problems. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem:Explain the advantage of writing a quadratic function in standard form. 
Solution: 
When written in that form, the vertex can be easily identified. 


Exercise: 


Problem: How can the vertex of a parabola be used in solving real-world problems? 
Exercise: 


Problem: 


Explain why the condition of a ~ Ois imposed in the definition of the quadratic 
function. 


Solution: 
If a = O then the function becomes a linear function. 


Exercise: 


Problem: What is another name for the standard form of a quadratic function? 
Exercise: 


Problem: 


What two algebraic methods can be used to find the horizontal intercepts of a 
quadratic function? 


Solution: 


If possible, we can use factoring. Otherwise, we can use the quadratic formula. 


Algebraic 
For the following exercises, rewrite the quadratic functions in standard form and give the 


vertex. 
Exercise: 


Problem: f (x) = x? — 12x + 32 


Exercise: 
Problem:g (x) = x* + 2x — 3 
Solution: 


f(a) = (a +1)” — 2, Vertex (—1, —4) 


Exercise: 


Problem: f(z) = x? — x 


Exercise: 
Problem: f(x) = x” + 5x — 2 
Solution: 


f(z) = (e+ By? — 33, Vertex (—3,- 


Exercise: 


ie) 
als 


) 


Problem:h (x) = 2x7 + 8x — 10 
Exercise: 

Problem:k (x) = 3x” — 6x — 9 

Solution: 

f(a) = 3(a — 1)? — 12, Vertex (1, —12) 


Exercise: 


Problem: f(x) = 2x7 — 6x 


Exercise: 


Problem: f(x) = 3x? — 5x —1 


Solution: 


For the following exercises, determine whether there is a minimum or maximum value to 
each quadratic function. Find the value and the axis of symmetry. 
Exercise: 

Problem:y (x) = 2x? + 10x + 12 


Exercise: 


Problem: f (x) = 2x — 10x + 4 


Solution: 


Minimum is — — and occurs at 3. Axis of symmetry isz = 2. 


Exercise: 


Problem: f(z) = —x” + 4x +3 


Exercise: 
Problem: f(z) = 427 + 2-1 


Solution: 


oo|H 


Minimum is — and occurs at — = Axis of symmetry isz = — 


Exercise: 


Problem:h (t) = —4t? + 6t — 1 


Exercise: 


Problem: f(z) = $27 + 32 +1 


Solution: 


Minimum is — t and occurs at —3. Axis of symmetry isz = —3. 


Exercise: 
Problem: f(x) = — 4a? — 2x +3 


For the following exercises, determine the domain and range of the quadratic function. 
Exercise: 


Problem: f(x) = (2 — 3)” +2 
Solution: 
Domain is (—o0o, 00). Range is [2, 00). 


Exercise: 


Problem: f (2) = —2(x + 3)* — 6 
Exercise: 

Problem: f(z) = x7 + 62 +4 

Solution: 

Domain is (—o0o, 00). Range is |—5, oo). 


Exercise: 


Problem: f(x) = 2x” — 4x + 2 
Exercise: 

Problem:k (x) = 3x? — 6x — 9 

Solution: 


Domain is (—oo, 00). Range is |—12, 00). 


For the following exercises, use the vertex (h, k) and a point on the graph (z, y) to find the 
general form of the equation of the quadratic function. 
Exercise: 


Problem: (h, k) = (2,0), (x, y) = (4,4) 
Exercise: 

Problem: (h, k) = (—2, —1), (x, y) = (—4, 3) 

Solution: 


f(z) = 2? +42+3 


Exercise: 


Problem: (h, k) = (0,1), (x, y) = (2,5) 
Exercise: 

Problem: (h, k) = (2,3), (x,y) = (5, 12) 

Solution: 


f(a) = 2° —4e +7 


Exercise: 


Problem: (h, k) = (—5, 3), (x, y) = (2,9) 


Exercise: 


Problem: (h, k) = (3, 2), (x,y) = (10, 1) 
Solution: 
89 
f(a) = ape? + a ag 
Exercise: 


Problem: (h, k) = (0,1), (x, y) = (1,0) 


Exercise: 
Problem: (h, k) = (1,0), (z, y) = (0,1) 


Solution: 


f(z) =a? —-2x2+1 


Graphical 


For the following exercises, sketch a graph of the quadratic function and give the vertex, 
axis of symmetry, and intercepts. 
Exercise: 


Problem: f(x) = x” — 2x 


Exercise: 
Problem: f(z) = x? — 6x — 1 


Solution: 


Vertex: (3, -10), axis of symmetry: x = 3, intercepts: (3 + Vv 10, 0) and 


(3 4/10; 0) 


Exercise: 


Problem: f(x) = x” — 5x — 6 


Exercise: 


Problem: f(z) = x? — 7z +3 


Solution: 


Vertex: (> —12) , axis of symmetry: x = 3 , intercept: ( 


(#40) 


Exercise: 


Problem: f(z) = —2x” + 5x — 8 


Exercise: 


Problem: f(z) = 4x? — 12x — 3 


Solution: 


S283 
2 ,0 


) 


For the following exercises, write the equation for the graphed quadratic function. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(z) = 27+ 22+3 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(z) = —3z? — 6x -1 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(x) =-Fa?-2+2 


Numeric 


For the following exercises, use the table of values that represent points on the graph of a 
quadratic function. By determining the vertex and axis of symmetry, find the general form 
of the equation of the quadratic function. 

Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(x) =27+22+1 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(a) = $4 22 
Exercise: 


Problem: 


Solution: 


fla) =22" 


Technology 


For the following exercises, use a calculator to find the answer. 
Exercise: 


Problem: 


Graph on the same set of axes the functions 
fiz) Se", f@)= 227 and fie) = Ge. 


What appears to be the effect of changing the coefficient? 
Solution: 


The value stretches or compresses the width of the graph. The greater the value, the 
narrower the graph. 


Exercise: 


Problem: 


Graph on the same set of axes f(x) = x”, f(x) = 2? + 2 and 
f(x) = x”, f(x) = x? + 5and f(x) = x? — 3. What appears to be the effect of 
adding a constant? 


Exercise: 


Problem: 


Graph on the same set of axes 


f(z) =a, f(x) = (@ — 2)’, f(a — 3)’, and f(x) = (w + 4)’. 
What appears to be the effect of adding or subtracting those numbers? 
Solution: 


The graph is shifted to the right or left (a horizontal shift). 
Exercise: 


Problem: 


The path of an object projected at a 45 degree angle with initial velocity of 80 feet 
per second is given by the function h(x) = a0y? x” + x where z is the horizontal 
distance traveled and h (x) is the height in feet. Use the TRACE feature of your 

calculator to determine the height of the object when it has traveled 100 feet away 


horizontally. 


Exercise: 


Problem: 


A suspension bridge can be modeled by the quadratic function h(x) = .00012? with 
—2000 < x < 2000 where |z| is the number of feet from the center and h (2) is 
height in feet. Use the TRACE feature of your calculator to estimate how far from 
the center does the bridge have a height of 100 feet. 


Solution: 


The suspension bridge has 1,000 feet distance from the center. 


Extensions 


For the following exercises, use the vertex of the graph of the quadratic function and the 
direction the graph opens to find the domain and range of the function. 
Exercise: 


Problem: Vertex (1, —2), opens up. 


Exercise: 


Problem: Vertex (—1, 2) opens down. 


Solution: 
Domain is (—oo, 00). Range is (—oo, 2]. 


Exercise: 


Problem: Vertex (—5, 11), opens down. 


Exercise: 


Problem: Vertex (— 100, 100), opens up. 
Solution: 


Domain: (—oo, oo) ; range: [100, co) 


For the following exercises, write the equation of the quadratic function that contains the 
given point and has the same shape as the given function. 
Exercise: 


Problem:Contains (1, 1) and has shape of f(x) = 2x7. Vertex is on the y-axis. 


Exercise: 


Problem:Contains (—1, 4) and has the shape of f(a) = 2x”. Vertex is on the y-axis. 


Solution: 
f(x) = 227 +2 


Exercise: 


Problem:Contains (2, 3) and has the shape of f(x) = 3x”. Vertex is on the y-axis. 


Exercise: 


Problem:Contains (1, —3) and has the shape of f(x) = —2?. Vertex is on the y-axis. 


Solution: 


f(a) = —2? -2 


Exercise: 


Problem:Contains (4, 3) and has the shape of f(x) = 5x7. Vertex is on the y-axis. 
Exercise: 


Problem: 
Contains (1, —6) has the shape of f(a) = 3a”. Vertex has x-coordinate of —1. 


Solution: 


f(x) = 3x? + 6x — 15 


Real-World Applications 


Exercise: 
Problem: 
Find the dimensions of the rectangular corral producing the greatest enclosed area 
given 200 feet of fencing. 
Exercise: 
Problem: 


Find the dimensions of the rectangular corral split into 2 pens of the same size 
producing the greatest possible enclosed area given 300 feet of fencing. 


Solution: 


75 feet by 50 feet 
Exercise: 
Problem: 


Find the dimensions of the rectangular corral producing the greatest enclosed area 
split into 3 pens of the same size given 500 feet of fencing. 


Exercise: 
Problem: 


Among all of the pairs of numbers whose sum is 6, find the pair with the largest 
product. What is the product? 


Solution: 


3 and 3; product is 9 
Exercise: 
Problem: 
Among all of the pairs of numbers whose difference is 12, find the pair with the 
smallest product. What is the product? 
Exercise: 
Problem: 
Suppose that the price per unit in dollars of a cell phone production is modeled by 
p = $45 — 0.01252, where z is in thousands of phones produced, and the revenue 


represented by thousands of dollars is R = x - p. Find the production level that will 
maximize revenue. 


Solution: 


The revenue reaches the maximum value when 1800 thousand phones are produced. 
Exercise: 

Problem: 

A rocket is launched in the air. Its height, in meters above sea level, as a function of 


time, in seconds, is given by h (t) = —4.9¢? + 229¢ + 234. Find the maximum 
height the rocket attains. 


Exercise: 


Problem: 


A ball is thrown in the air from the top of a building. Its height, in meters above 
ground, as a function of time, in seconds, is given by h (t) = —4.9¢? + 24t + 8. 
How long does it take to reach maximum height? 


Solution: 


2.449 seconds 


Exercise: 


Problem: 


A soccer stadium holds 62,000 spectators. With a ticket price of $11, the average 
attendance has been 26,000. When the price dropped to $9, the average attendance 
rose to 31,000. Assuming that attendance is linearly related to ticket price, what 
ticket price would maximize revenue? 


Exercise: 


Problem: 


A farmer finds that if she plants 75 trees per acre, each tree will yield 20 bushels of 
fruit. She estimates that for each additional tree planted per acre, the yield of each 
tree will decrease by 3 bushels. How many trees should she plant per acre to 
maximize her harvest? 


Solution: 


41 trees per acre 


Glossary 


axis of symmetry 
a vertical line drawn through the vertex of a parabola, that opens up or down, around 
which the parabola is symmetric; it is defined by x = — 2. 


general form of a quadratic function 
the function that describes a parabola, written in the form f(x) = ax? + br +c, 
where a, b, andcare real numbers anda + 0. 


roots 
in a given function, the values of x at which y = 0, also called zeros 


standard form of a quadratic function 
the function that describes a parabola, written in the form f(x) = a(a — h)? +k, 
where (h, k) is the vertex 


vertex 
the point at which a parabola changes direction, corresponding to the minimum or 
maximum value of the quadratic function 


vertex form of a quadratic function 
another name for the standard form of a quadratic function 


Zeros 
in a given function, the values of x at which y = 0, also called roots 


Power Functions and Polynomial Functions 
In this section, you will: 


Identify power functions. 

Identify end behavior of power functions. 

Identify polynomial functions. 

Identify the degree and leading coefficient of polynomial functions. 


(credit: Jason Bay, Flickr) 


Suppose a certain species of bird thrives on a small island. Its population over the 
last few years is shown in [link]. 


Year 2009 2010 2011 2012 2013 


Bird Population 


800 897 992 1,083 1, 169 


The population can be estimated using the function P(t) = —0.3¢? + 97t + 800, 
where P(t) represents the bird population on the island ¢ years after 2009. We can 
use this model to estimate the maximum bird population and when it will occur. We 
can also use this model to predict when the bird population will disappear from the 
island. In this section, we will examine functions that we can use to estimate and 
predict these types of changes. 


Identifying Power Functions 


Before we can understand the bird problem, it will be helpful to understand a 
different type of function. A power function is a function with a single term that is 
the product of a real number, a coefficient, and a variable raised to a fixed real 
number. 


As an example, consider functions for area or volume. The function for the area of a 
circle with radius 7 is 
Equation: 


and the function for the volume of a sphere with radius r is 
Equation: 


Both of these are examples of power functions because they consist of a coefficient, 
7 Or $n, multiplied by a variable r raised to a power. 


Note: 

Power Function 

A power function is a function that can be represented in the form 
Equation: 


f(a) = ka? 


where k and pare real numbers, and k is known as the coefficient. 


Note: 

Is f(x) = 2” a power function? 

No. A power function contains a variable base raised to a fixed power. This 
function has a constant base raised to a variable power. This is called an 
exponential function, not a power function. 


Example: 
Exercise: 


Problem: 
Identifying Power Functions 


Which of the following functions are power functions? 


fee Constant function 
Foe Identify function 

fGa) =" ie Quadratic function 

f@) =a" Cubic function 

feo — Reciprocal function 
see) an Reciprocal squared function 
Ae = eee Square root function 

Ce — ever Cube root function 


Solution: 
All of the listed functions are power functions. 


The constant and identity functions are power functions because they can be 
written as f(a) = x° and f(x) = 2’ respectively. 


The quadratic and cubic functions are power functions with whole number 
powers f(z) = x7 and f(z) = 2°. 


The reciprocal and reciprocal squared functions are power functions with 
negative whole number powers because they can be written as f(z) = 2 
aig (on 


1 


The square and cube root functions are power functions with fractional 
1 1 
powers because they can be written as f(x) = x? or f(z) = a2. 


Note: 
Exercise: 


Problem: Which functions are power functions? 


ea ee 


gz) = —a° +523 

225-1 
h(a) — 32244 
Solution: 


f(x) is a power function because it can be written as f(z) = 82°. The other 
functions are not power functions. 


Identifying End Behavior of Power Functions 


[link] shows the graphs of f(x) = x”, g(x) = x* andh(z) = 2°, which are all 
power functions with even, whole-number powers. Notice that these graphs have 
similar shapes, very much like that of the quadratic function in the toolkit. 
However, as the power increases, the graphs flatten somewhat near the origin and 
become steeper away from the origin. 


Even-power functions 


To describe the behavior as numbers become larger and larger, we use the idea of 
infinity. We use the symbol oo for positive infinity and —oo for negative infinity. 
When we say that “x approaches infinity,” which can be symbolically written as 
x — oo, we are describing a behavior; we are saying that x is increasing without 
bound. 


With the positive even-power function, as the input increases or decreases without 
bound, the output values become very large, positive numbers. Equivalently, we 
could describe this behavior by saying that as x approaches positive or negative 
infinity, the f (x) values increase without bound. In symbolic form, we could write 
Equation: 


as x — +00, f(x) oo 


[link] shows the graphs of f(z) = x°, g(a) = 2°,and h(x) = x’ which are all 
power functions with odd, whole-number powers. Notice that these graphs look 
similar to the cubic function in the toolkit. Again, as the power increases, the graphs 
flatten near the origin and become steeper away from the origin. 


Odd-power functions 


These examples illustrate that functions of the form f (x) = x” reveal symmetry of 
one kind or another. First, in [link] we see that even functions of the form 

f (x) = x", neven, are symmetric about the y-axis. In [link] we see that odd 
functions of the form f (x) = x”, n odd, are symmetric about the origin. 


For these odd power functions, as z approaches negative infinity, f (2) decreases 
without bound. As x approaches positive infinity, f (2) increases without bound. In 
symbolic form we write 

Equation: 


as x —> —oo, f(x)  —oo 
as z— 00, f(x) > co 


The behavior of the graph of a function as the input values get very small ( 
x —> —oo ) and get very large (2 — oo) is referred to as the end behavior of the 
function. We can use words or symbols to describe end behavior. 


[link] shows the end behavior of power functions in the form f(a) = kx” where n 
is a non-negative integer depending on the power and the constant. 


Positive 
constant 
k>0 


xX > -%, f(x) > x xX > —x, f(x) — —< 
and x > «, f(x) > and x > ~, f(x) — x» 


Negative 
constant 
k<0 


xX > —x, f(x) > X 2, f(x) 2 
and x > ~, f(x) > -<« and x > «, f(x) > -s 


Note: 


Given a power function f(x) = kx” where nis a non-negative integer, identify 
the end behavior. 


1. Determine whether the power is even or odd. 
2. Determine whether the constant is positive or negative. 
3. Use [link] to identify the end behavior. 


Example: 
Exercise: 


Problem: 
Identifying the End Behavior of a Power Function 


Describe the end behavior of the graph of f(z) = «°. 


Solution: 


The coefficient is 1 (positive) and the exponent of the power function is 8 (an 
even number). As x approaches infinity, the output (value of f(z) ) increases 
without bound. We write as 7 — oo, f(x) — oo. As approaches negative 
infinity, the output increases without bound. In symbolic form, as 

xz —> —oo, f(x) — oo. We can graphically represent the function as shown 
in [link]. 


Example: 
Exercise: 


Problem: 
Identifying the End Behavior of a Power Function. 


Describe the end behavior of the graph of f(z) = —2°. 


Solution: 


The exponent of the power function is 9 (an odd number). Because the 
coefficient is —1 (negative), the graph is the reflection about the x-axis of the 
graph of f(z) = «°. [link] shows that as x approaches infinity, the output 
decreases without bound. As x approaches negative infinity, the output 
increases without bound. In symbolic form, we would write 

Equation: 


as z —> —oo, f(x) > co 
as z — 00, f(x)  —oo 


Analysis 


We can check our work by using the table feature on a graphing utility. 


is f(z) 


x f (x) 


—10 1,000,000,000 
—5 1,953,125 

0 0 

fs) —1,953,125 

10 —1,000,000,000 


We can see from [link] that, when we substitute very small values for x, the output 
is very large, and when we substitute very large values for xz, the output is very 
small (meaning that it is a very large negative value). 


Note: 
Exercise: 


Problem:Describe in words and symbols the end behavior of f(z) = —52*. 


Solution: 


As x approaches positive or negative infinity, f (2) decreases without bound: 
asx —> +00, f(x) — —oo because of the negative coefficient. 


Identifying Polynomial Functions 


An oil pipeline bursts in the Gulf of Mexico, causing an oil slick in a roughly 
circular shape. The slick is currently 24 miles in radius, but that radius is increasing 
by 8 miles each week. We want to write a formula for the area covered by the oil 
slick by combining two functions. The radius r of the spill depends on the number 
of weeks w that have passed. This relationship is linear. 

Equation: 


r(w) = 24+ 8w 


We can combine this with the formula for the area A of a circle. 
Equation: 


A(r) = ar? 


Composing these functions gives a formula for the area in terms of weeks. 
Equation: 
A(w) = A(r(w)) 
A(24 + 8w) 
(24 + 8w)? 


Multiplying gives the formula. 
Equation: 


A(w) = 576m + 3847w + 647rw” 


This formula is an example of a polynomial function. A polynomial function 
consists of either zero or the sum of a finite number of non-zero terms, each of 
which is a product of a number, called the coefficient of the term, and a variable 
raised to a non-negative integer power. 


Note: 

Polynomial Functions 

Letn be a non-negative integer. A polynomial function is a function that can be 
written in the form 

Equation: 


f(x) =ana" +...4+ aox’? + a,x + a9 
This is called the general form of a polynomial function. Each a; is a coefficient 


and can be any real number, but a,, cannot = 0. Each expression a;z’ is a term of 
a polynomial function. 


Example: 
Exercise: 


Problem: 
Identifying Polynomial Functions 


Which of the following are polynomial functions? 


Equation: 
f(z) = 2a3-32+4 
g(t) = —a(x? — 4) 
h(x) = 5/x+2 
Solution: 


The first two functions are examples of polynomial functions because they 
can be written in the form f(z) = an,2" +... + agx? + a1xz +49, where 
the powers are non-negative integers and the coefficients are real numbers. 


¢ f(x) can be written as f(x) = 6x* + 4. 


e g(x) can be written as g(x) = —x° + 42. 
e h(a) cannot be written in this form and is therefore not a polynomial 
function. 


Identifying the Degree and Leading Coefficient of a Polynomial 
Function 


Because of the form of a polynomial function, we can see an infinite variety in the 
number of terms and the power of the variable. Although the order of the terms in 
the polynomial function is not important for performing operations, we typically 
arrange the terms in descending order of power, or in general form. The degree of 
the polynomial is the highest power of the variable that occurs in the polynomial; it 
is the power of the first variable if the function is in general form. The leading 
term is the term containing the highest power of the variable, or the term with the 
highest degree. The leading coefficient is the coefficient of the leading term. 


Note: 
Terminology of Polynomial Functions 
We often rearrange polynomials so that the powers are descending. 


Leading coefficient Degree 


f(x) = ax’ + ..... +a.x2-+axta 
(x) (xX 2x 1 0 


Leading term 


When a polynomial is written in this way, we say that it is in general form. 


Note: 
Given a polynomial function, identify the degree and leading coefficient. 


1. Find the highest power of x to determine the degree function. 
2. Identify the term containing the highest power of a to find the leading term. 
3. Identify the coefficient of the leading term. 


Example: 
Exercise: 


Problem: 
Identifying the Degree and Leading Coefficient of a Polynomial Function 


Identify the degree, leading term, and leading coefficient of the following 
polynomial functions. 
Equation: 


f(z) = 3+ 2a? - 423 
g(t) 5t° — 2t3 + 7t 
h(p) = 6p—p*—2 


Solution: 


For the function f (a), the highest power of z is 3, so the degree is 3. The 
leading term is the term containing that degree, —4x°. The leading coefficient 
is the coefficient of that term, —4. 


For the function g (¢), the highest power of tis 5, so the degree is 5. The 
leading term is the term containing that degree, 5t°. The leading coefficient is 
the coefficient of that term, 5. 


For the function h (p), the highest power of pis 3, so the degree is 3. The 
leading term is the term containing that degree, —p®. The leading coefficient 
is the coefficient of that term, —1. 


Note: 
Exercise: 


Problem: 


Identify the degree, leading term, and leading coefficient of the polynomial 
HG) = he = ae? = Fe. 


Solution: 


The degree is 6. The leading term is — x°. The leading coefficient is — 1. 


Identifying End Behavior of Polynomial Functions 


Knowing the degree of a polynomial function is useful in helping us predict its end 
behavior. To determine its end behavior, look at the leading term of the polynomial 
function. Because the power of the leading term is the highest, that term will grow 
significantly faster than the other terms as z gets very large or very small, so its 
behavior will dominate the graph. For any polynomial, the end behavior of the 
polynomial will match the end behavior of the power function consisting of the 
leading term. See [link]. 


Leading Graph of Polynomial 
Polynomial Function Term Function 


f(z) =5a* +223 -—2-4 5at 
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Leading Graph of Polynomial 
Polynomial Function Term Function 


Example: 
Exercise: 


Problem: 
Identifying End Behavior and Degree of a Polynomial Function 


Describe the end behavior and determine a possible degree of the polynomial 
function in [link]. 


Solution: 


As the input values z get very large, the output values f(a) increase without 
bound. As the input values x get very small, the output values f(x) decrease 
without bound. We can describe the end behavior symbolically by writing 
Equation: 


as z —> —oo, f(x)  —oo 
as z — 00, f(x) > co 


In words, we could say that as x values approach infinity, the function values 
approach infinity, and as x values approach negative infinity, the function 
values approach negative infinity. 


We can tell this graph has the shape of an odd degree power function that has 
not been reflected, so the degree of the polynomial creating this graph must be 
odd and the leading coefficient must be positive. 


Note: 
Exercise: 


Problem: 


Describe the end behavior, and determine a possible degree of the polynomial 
function in [link]. 


Solution: 


Asx — co, f(x) + —0o; as x + —oo, f(x) — —oo. It has the shape of 
an even degree power function with a negative coefficient. 


Example: 
Exercise: 


Problem: 
Identifying End Behavior and Degree of a Polynomial Function 


Given the function f(x) = —3x7(a — 1)(x + 4), express the function as a 
polynomial in general form, and determine the leading term, degree, and end 
behavior of the function. 


Solution: 


Obtain the general form by expanding the given expression for f (x). 
Equation: 
f(x) = —3a?(x2 —1)(2 +4) 
= —327 (a? + 3x — 4) 
SS ae) 5 (a 


The general form is f (x) = —3x* — 923 + 12x. The leading term is 
—3z*; therefore, the degree of the polynomial is 4. The degree is even (4) 
and the leading coefficient is negative (—3), so the end behavior is 
Equation: 


as z —> —oo, f(x)  —oo 
as z —> 00, f(x)  —oo 


Note: 
Exercise: 


Problem: 
Given the function f(z) = 0.2(a — 2)(a + 1)(a — 5), express the function 


as a polynomial in general form and determine the leading term, degree, and 
end behavior of the function. 


Solution: 


The leading term is 0.2%, so it is a degree 3 polynomial. As x approaches 
positive infinity, f (2) increases without bound; as x approaches negative 
infinity, f (a) decreases without bound. 


Identifying Local Behavior of Polynomial Functions 


In addition to the end behavior of polynomial functions, we are also interested in 
what happens in the “middle” of the function. In particular, we are interested in 

locations where graph behavior changes. A turning point is a point at which the 
function values change from increasing to decreasing or decreasing to increasing. 


We are also interested in the intercepts. As with all functions, the y-intercept is the 
point at which the graph intersects the vertical axis. The point corresponds to the 
coordinate pair in which the input value is zero. Because a polynomial is a function, 
only one output value corresponds to each input value so there can be only one y- 
intercept (0, ao). The x-intercepts occur at the input values that correspond to an 
output value of zero. It is possible to have more than one x-intercept. See [link]. 


x-intercepts 


2 turning points 


ra y-intercept 


Note: 

Intercepts and Turning Points of Polynomial Functions 

A turning point of a graph is a point at which the graph changes direction from 
increasing to decreasing or decreasing to increasing. The y-intercept is the point at 
which the function has an input value of zero. The x-intercepts are the points at 
which the output value is zero. 


Note: 
Given a polynomial function, determine the intercepts. 


1. Determine the y-intercept by setting « = 0 and finding the corresponding 
output value. 

2. Determine the x-intercepts by solving for the input values that yield an output 
value of zero. 


Example: 
Exercise: 


Problem: 
Determining the Intercepts of a Polynomial Function 


Given the polynomial function f(x) = (a — 2)(z+1)(# — 4), written in 
factored form for your convenience, determine the y- and x-intercepts. 


Solution: 


The y-intercept occurs when the input is zero so substitute O for x. 
Equation: 


f(0) = (0)* — 4(0)? — 45 
= —45 


The y-intercept is (0, 8). 


The x-intercepts occur when the output is zero. 
Equation: 


0 = (# — 2)(z + 1)(@ — 4) 


Equation: 
r—2 = 0 or rel => 0 or zr—A4 
fo — or i — sal or x 


The x-intercepts are (2,0), (—1,0), and (4, 0). 


We can see these intercepts on the graph of the function shown in [link]. 
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y-intercept (0, 8) A 


x-intercepts 
(—1, 0), (2, 0), and (4, 0) 


Example: 
Exercise: 


Problem: 
Determining the Intercepts of a Polynomial Function with Factoring 


Given the polynomial function f(x) = x* — 4x” — 45, determine the y- and 
x-intercepts. 


Solution: 


The y-intercept occurs when the input is zero. 
Equation: 


f(0) = (0)* —4(0)? — 45 
—45 
The y-intercept is (0, —45). 


The x-intercepts occur when the output is zero. To determine when the output 
is zero, we will need to factor the polynomial. 


Equation: 
f(z) = «*—4a2—45 

= (2? —9) (a? +5) 

= (x —3)(x+3) (2 +5) 
Equation: 

0 = (x — 3)(x + 3) (a? +5) 
Equation: 
eset or Qineen os ot or z2+5=0 
Cie or Ces or (no real solution) 


The x-intercepts are (3, 0) and (—3, 0). 


We can see these intercepts on the graph of the function shown in [link]. We 
can see that the function is even because f (x) = f (—z). 


x-intercepts 
(—3, 0) and 


— y-intercept 


(0, —45) 


Note: 
Exercise: 


Problem: 


Given the polynomial function f(x) = 2x* — 6x” — 20z, determine the y- 
and x-intercepts. 


Solution: 


y-intercept (0,0); x-intercepts (0,0), (—2,0), and(5, 0) 


Comparing Smooth and Continuous Graphs 


The degree of a polynomial function helps us to determine the number of x- 
intercepts and the number of turning points. A polynomial function of nth degree is 
the product of n factors, so it will have at most n roots or zeros, or x-intercepts. The 
graph of the polynomial function of degree n must have at most n— 1 turning points. 
This means the graph has at most one fewer turning point than the degree of the 
polynomial or one fewer than the number of factors. 


A continuous function has no breaks in its graph: the graph can be drawn without 
lifting the pen from the paper. A smooth curve is a graph that has no sharp corners. 
The turning points of a smooth graph must always occur at rounded curves. The 
graphs of polynomial functions are both continuous and smooth. 


Note: 

Intercepts and Turning Points of Polynomials 

A polynomial of degree n will have, at most, n x-intercepts andn — 1 turning 
points. 


Example: 
Exercise: 


Problem: 
Determining the Number of Intercepts and Turning Points of a 
Polynomial 


Without graphing the function, determine the local behavior of the function by 


finding the maximum number of x-intercepts and turning points for 
f(x) = —32!° + 4x7 — 24 + 223. 


Solution: 


The polynomial has a degree of 10, so there are at most 10 x-intercepts and at 
most 9 turning points. 


Note: 
Exercise: 


Problem: 


Without graphing the function, determine the maximum number of x- 
intercepts and turning points for f(z) = 108 — 132° — 8x* + 14x"? + 22°. 


Solution: 


There are at most 12 x-intercepts and at most 11 turning points. 


Example: 
Exercise: 


Problem: 
Drawing Conclusions about a Polynomial Function from the Graph 


What can we conclude about the polynomial represented by the graph shown 
in [link] based on its intercepts and turning points? 


Solution: 


The end behavior of the graph tells us this is the graph of an even-degree 
polynomial. See [link]. 


x-intercepts 


turning points 


The graph has 2 x-intercepts, suggesting a degree of 2 or greater, and 3 
turning points, suggesting a degree of 4 or greater. Based on this, it would be 
reasonable to conclude that the degree is even and at least 4. 


Note: 
Exercise: 


Problem: 


What can we conclude about the polynomial represented by the graph shown 
in [link] based on its intercepts and turning points? 


Solution: 


The end behavior indicates an odd-degree polynomial function; there are 3 x- 
intercepts and 2 turning points, so the degree is odd and at least 3. Because of 
the end behavior, we know that the lead coefficient must be negative. 


Example: 
Exercise: 


Problem: 
Drawing Conclusions about a Polynomial Function from the Factors 


Given the function f(z) = —4a (a + 3) (a — 4), determine the local 
behavior. 


Solution: 


The y-intercept is found by evaluating f(0). 
Equation: 


(OFC) Ose 
=o) 


The y-intercept is (0, 0). 


The x-intercepts are found by determining the zeros of the function. 
Equation: 


0 = —4z(ax + 3)(x — 4) 
Equation: 


ae or oes = 0 or a 
£-= 0 or x = —3 or x = 


The x-intercepts are (0,0), (—3, 0), and (4, 0). 


The degree is 3 so the graph has at most 2 turning points. 


Note: 
Exercise: 


Problem: 


Given the function f(a) = 0.2(a — 2)(a + 1)(a — 5), determine the local 
behavior. 


Solution: 


The z-intercepts are (2,0), (—1, 0),and (5, 0), the y-intercept is (0,2), and 
the graph has at most 2 turning points. 


Note: 
Access these online resources for additional instruction and practice with power 
and polynomial functions. 


Find Key_Information about a Given Polynomial Function 
End Behavior of a Polynomial Function 

Turning Points and x-intercepts of Polynomial Functions 
Least Possible Degree of a Polynomial Function 


Key Equations 


general form of a polynomial 


function f(a) =anz"+...+ az? + az + ao 


Key Concepts 


e A power function is a variable base raised to a number power. See [link]. 

e The behavior of a graph as the input decreases beyond bound and increases 
beyond bound is called the end behavior. 

e The end behavior depends on whether the power is even or odd. See [link] and 
[ink]. 

e A polynomial function is the sum of terms, each of which consists of a 
transformed power function with positive whole number power. See [link]. 

e The degree of a polynomial function is the highest power of the variable that 
occurs in a polynomial. The term containing the highest power of the variable 
is called the leading term. The coefficient of the leading term is called the 
leading coefficient. See [Link]. 

e The end behavior of a polynomial function is the same as the end behavior of 
the power function represented by the leading term of the function. See [link] 
and [link]. 

e A polynomial of degreen will have at mostn x-intercepts and at mostn — 1 
turning points. See [link], [link], [link], [link], and [link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 


Explain the difference between the coefficient of a power function and its 
degree. 


Solution: 


The coefficient of the power function is the real number that is multiplied by 
the variable raised to a power. The degree is the highest power appearing in the 
function. 


Exercise: 
Problem: 
If a polynomial function is in factored form, what would be a good first step in 
order to determine the degree of the function? 
Exercise: 
Problem: 


In general, explain the end behavior of a power function with odd degree if the 
leading coefficient is positive. 


Solution: 


Asa decreases without bound, so does f (a). As increases without bound, 
so does f (x). 

Exercise: 
Problem: 
What is the relationship between the degree of a polynomial function and the 
maximum number of turning points in its graph? 


Exercise: 


Problem: 


What can we conclude if, in general, the graph of a polynomial function 
exhibits the following end behavior? As x — —oo, f(x) — —oo andas 
xz — oo, f(x) > —oo. 


Solution: 


The polynomial function is of even degree and leading coefficient is negative. 


Algebraic 
For the following exercises, identify the function as a power function, a polynomial 


function, or neither. 
Exercise: 


Problem: f(x) = x° 
Exercise: 

Problem: f(x) = («?)° 

Solution: 


Power function 


Exercise: 


Problem: f(x) = x — x* 


Exercise: 


Problem: f(z) = — 


xe2—1 


Solution: 


Neither 


Exercise: 


Problem: f(x) = 2x (a + 2)(x — 1)” 
Exercise: 

Problem: f(x) = 37'! 

Solution: 


Neither 


For the following exercises, find the degree and leading coefficient for the given 
polynomial. 
Exercise: 


Problem:—3* 


Exercise: 


Problem:7 — 2x2 
Solution: 


Degree = 2, Coefficient = —2 


Exercise: 


Problem:—2? — 32° + x — 6 


Exercise: 
Problem:z (4 — x”) (2x + 1) 


Solution: 


Degree =4, Coefficient = —2 


Exercise: 


Problem:22(2x — 3)” 


For the following exercises, determine the end behavior of the functions. 
Exercise: 


Problem: f (x) = «* 


Solution: 


Asx — oo, f(x) > 00, asx > —o0, f(x) > co 


Exercise: 


Problem: f (x) = x° 
Exercise: 
Problem: f (x) = —x* 
Solution: 
Asx — —oo, f(x) > —oo, asx > 00, f(x)  —o0 


Exercise: 


Problem: f (x) = —°® 


Exercise: 


Problem: f(x) = —2x4 — 327+ 2-1 
Solution: 


Asx — —oo, f(x) 4 —oo, asx > 00, f(x)  —o0 


Exercise: 


Problem: f(x) = 3x7 + x — 2 


Exercise: 
Problem: f(z) = x? (2° — x + 1) 


Solution: 


Asx — oo, f(z) > 00, asx > —oo, f(x) > —0o 


Exercise: 
Problem: f(z) = (2 — x)’ 


For the following exercises, find the intercepts of the functions. 
Exercise: 


Problem: f (t) = 2 (t — 1) ((+ 2)(t — 3) 


Solution: 
y-intercept is (0, 12), t-intercepts are (1, 0); (— 2, 0); and (3, 0). 


Exercise: 


Problem:g (n) = —2 (3n — 1)(2n + 1) 
Exercise: 
Problem: f(z) = x* — 16 
Solution: 
y-intercept is (0, —16). x-intercepts are (2, 0) and (—2, 0). 


Exercise: 


Problem: f(z) = x° + 27 
Exercise: 

Problem: f(z) = x (a” — 2x — 8) 

Solution: 


y-intercept is (0, 0). x-intercepts are (0,0), (4,0), and (—2, 0). 


Exercise: 


Problem: f(x) = (x + 3) (4x? — 1) 


Graphical 


For the following exercises, determine the least possible degree of the polynomial 
function shown. 
Exercise: 


Problem: 


Solution: 


3 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


5 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


3 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


5 
Exercise: 


Problem: 


For the following exercises, determine whether the graph of the function provided 
is a graph of a polynomial function. If so, determine the number of turning points 
and the least possible degree for the function. 

Exercise: 


Problem: 


Solution: 


Yes. Number of turning points is 2. Least possible degree is 3. 


Exercise: 


Problem: 
y 
x 
Exercise: 
Problem: 
¥ 
x 
Solution: 


Yes. Number of turning points is 1. Least possible degree is 2. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Yes. Number of turning points is 0. Least possible degree is 1. 


Exercise: 


Problem: 
¥ 
x 
Exercise: 
Problem: 
y 
x 
Solution: 


Yes. Number of turning points is 0. Least possible degree is 1. 


Numeric 


For the following exercises, make a table to confirm the end behavior of the 
function. 
Exercise: 


Problem: f(x) = —x° 


Exercise: 


Problem: f(z) = x* — 52? 


Solution: 
x f (x) 
10 9,500 
100 99,950,000 
—10 9,500 
—100 99,950,000 


asx — —oo, f(x) > oo, asx > oo, f(x) > 00 


Exercise: 


Problem: f(z) = x?(1 — x)” 


Exercise: 
Problem: f(x) = (x — 1)(a — 2)(3 — z) 


Solution: 


10 504 
100 ~941,094 
~10 1,716 
~100 1,061,106 


asx —> —oo, f(x) > oo, asx > oo, f(x)  —o0 


Exercise: 


Problem: f(x) = 2g 


Technology 
For the following exercises, graph the polynomial functions using a calculator. 


Based on the graph, determine the intercepts and the end behavior. 
Exercise: 


Problem: f(x) = x°(x — 2) 


Solution: 


The y-intercept is (0, 0). The x-intercepts are (0, 0), (2, 0). 
Asx — —oo, f(x) > co, asx > ov, f(x) > co 


Exercise: 


Problem: f(x) = x(x — 3)(x + 3) 


Exercise: 
Problem: f(z) = «(14 — 2x)(10 — 2z) 


Solution: 


The y-intercept is (0,0) . The z-intercepts are (0, 0), (5, 0), (7, 0). 
Asx — —oo, f(x) 4 —oo, asx > oo, f(x) > 00 


Exercise: 


Problem: f(z) = x(14 — 2x)(10 — 2a)” 


Exercise: 


Problem: f(x) = x* — 16z 


Solution: 


The y-intercept is (0, 0). The x-intercept is (—4, 0), (0, 0), (4, 0). 
Asz — —oo, f(x) > —co, asx > 00, f(x) > co 


Exercise: 


Problem: f(a) = x° — 27 


Exercise: 
Problem: f(x) = x* — 81 


Solution: 


~100 


The y-intercept is (0, — 81). The x-intercept are (3, 0), (—3, 0). 
Asx — —oo, f(x) > co, asx > ov, f(x) > co 


Exercise: 


Problem: f(x) = —a? + x? + 2z 


Exercise: 


Problem: f(z) = x? — 2x7 — 15z 


Solution: 


The y-intercept is (0, 0). The x-intercepts are (—3, 0), (0, 0), (5, 0). 
Asx — —oo, f(x) 4 —oo, asx > on, f(x) > 00 


Exercise: 


Problem: f(x) = x° — 0.012 


Extensions 
For the following exercises, use the information about the graph of a polynomial 
function to determine the function. Assume the leading coefficient is 1 or —1. There 


may be more than one correct answer. 
Exercise: 


Problem: 

The y-intercept is (0, —4). The x-intercepts are (—2,0), (2,0). Degree is 2. 
End behavior: asx — —oo, f(x) — 00, asx > oo, f(x) > ov. 
Solution: 


f(z) =2°-4 
Exercise: 


Problem: 
The y-intercept is (0,9). The x-intercepts are (—3, 0), (3,0). Degree is 2. 


End behavior: asx — —oo, f(x) — —o0, asx — oo, f(x) — —oo. 
Exercise: 


Problem: 

The y-intercept is (0,0). The x-intercepts are (0,0), (2,0). Degree is 3. 
End behavior: asx — —oo, f(x)  —oo, asx — oo, f(x) > o. 
Solution: 


f(x) = 23 — 4a? + 4a 


Exercise: 


Problem: The y-intercept is (0, 1). The x-intercept is (1,0). Degree is 3. 


End behavior: asx — —oo, f(x) > 00, asx > co, f(x) — —oo. 


Exercise: 


Problem: The y-intercept is (0, 1). There is no x-intercept. Degree is 4. 
End behavior: asx — —oo, f(x) — 00, asx > oo, f(x) > ov. 


Solution: 


f(z) =a2*+1 


Real-World Applications 


For the following exercises, use the written statements to construct a polynomial 
function that represents the required information. 
Exercise: 


Problem: 
An oil slick is expanding as a circle. The radius of the circle is increasing at 


the rate of 20 meters per day. Express the area of the circle as a function of d, 
the number of days elapsed. 


Exercise: 


Problem: 


A cube has an edge of 3 feet. The edge is increasing at the rate of 2 feet per 
minute. Express the volume of the cube as a function of m, the number of 
minutes elapsed. 


Solution: 


V(m) = 8m? + 36m? + 54m + 27 


Exercise: 


Problem: 


A rectangle has a length of 10 inches and a width of 6 inches. If the length is 
increased by z inches and the width increased by twice that amount, express 
the area of the rectangle as a function of zx. 


Exercise: 
Problem: 
An open box is to be constructed by cutting out square corners of x-inch sides 


from a piece of cardboard 8 inches by 8 inches and then folding up the sides. 
Express the volume of the box as a function of x. 


Solution: 


V(x) = 4x3 — 32x? + 642 
Exercise: 
Problem: 
A rectangle is twice as long as it is wide. Squares of side 2 feet are cut out 


from each corner. Then the sides are folded up to make an open box. Express 
the volume of the box as a function of the width (a). 


Glossary 


coefficient 
a nonzero real number multiplied by a variable raised to an exponent 


continuous function 
a function whose graph can be drawn without lifting the pen from the paper 
because there are no breaks in the graph 


degree 
the highest power of the variable that occurs in a polynomial 


end behavior 
the behavior of the graph of a function as the input decreases without bound 


and increases without bound 


leading coefficient 


the coefficient of the leading term 


leading term 
the term containing the highest power of the variable 


polynomial function 
a function that consists of either zero or the sum of a finite number of non- 
zero terms, each of which is a product of a number, called the coefficient of the 
term, and a variable raised to a non-negative integer power. 


power function 
a function that can be represented in the form f(x) = ka? where kis a 
constant, the base is a variable, and the exponent, p, is a constant 


smooth curve 
a graph with no sharp comers 


term of a polynomial function 
any a,x’ of a polynomial function in the form 
f(a) =anz" +... + agx” + a12 + a9 


turning point 
the location at which the graph of a function changes direction 


Graphs of Polynomial Functions 
In this section, you will: 


e Recognize characteristics of graphs of polynomial functions. 

e Use factoring to find zeros of polynomial functions. 

e Identify zeros and their multiplicities. 

¢ Determine end behavior. 

e Understand the relationship between degree and turning points. 
¢ Graph polynomial functions. 

e Use the Intermediate Value Theorem. 


The revenue in millions of dollars for a fictional cable company from 2006 through 2013 is 
shown in [link]. 


Year 2006 2007 2008 2009 2010 2011 2012 2013 


Revenues 52.4 52.8 51.2 49.5 48.6 48.6 48.7 47.1 


The revenue can be modeled by the polynomial function 
Equation: 


R(t) = —0.037¢* + 1.414¢? — 19.777¢? + 118.696¢ — 205.332 


where FR represents the revenue in millions of dollars and ¢ represents the year, witht = 6 
corresponding to 2006. Over which intervals is the revenue for the company increasing? Over 
which intervals is the revenue for the company decreasing? These questions, along with many 
others, can be answered by examining the graph of the polynomial function. We have already 
explored the local behavior of quadratics, a special case of polynomials. In this section we will 
explore the local behavior of polynomials in general. 


Recognizing Characteristics of Graphs of Polynomial Functions 


Polynomial functions of degree 2 or more have graphs that do not have sharp corners; recall that 
these types of graphs are called smooth curves. Polynomial functions also display graphs that 
have no breaks. Curves with no breaks are called continuous. [link] shows a graph that represents 
a polynomial function and a graph that represents a function that is not a polynomial. 


Example: 
Exercise: 


Problem: 
Recognizing Polynomial Functions 


Which of the graphs in [link] represents a polynomial function? 


oS 


Wy x 


The graphs of f and hare graphs of polynomial functions. They are smooth and continuous. 


y 
x 
f 
y 
x 
h 
Solution: 


The graphs of g and kare graphs of functions that are not polynomials. The graph of 
function g has a sharp commer. The graph of function k is not continuous. 


Note: 
Do all polynomial functions have as their domain all real numbers? 
Yes. Any real number is a valid input for a polynomial function. 


Using Factoring to Find Zeros of Polynomial Functions 


Recall that if f is a polynomial function, the values of x for which f (2) = Oare called zeros of 
f. If the equation of the polynomial function can be factored, we can set each factor equal to zero 
and solve for the zeros. 


We can use this method to find z-intercepts because at the x-intercepts we find the input values 
when the output value is zero. For general polynomials, this can be a challenging prospect. While 
quadratics can be solved using the relatively simple quadratic formula, the corresponding 
formulas for cubic and fourth-degree polynomials are not simple enough to remember, and 
formulas do not exist for general higher-degree polynomials. Consequently, we will limit 
ourselves to three cases: 


1. The polynomial can be factored using known methods: greatest common factor and 
trinomial factoring. 

2. The polynomial is given in factored form. 

3. Technology is used to determine the intercepts. 


Note: 
Given a polynomial function f, find the x-intercepts by factoring. 


1, Set f(z), 0: 
2. If the polynomial function is not given in factored form: 


a. Factor out any common monomial factors. 
b. Factor any factorable binomials or trinomials. 


3. Set each factor equal to zero and solve to find the x-intercepts. 


Example: 
Exercise: 


Problem: 
Finding the x-Intercepts of a Polynomial Function by Factoring 


Find the x-intercepts of f(x) = x° — 3x4 + 22. 
Solution: 
We can attempt to factor this polynomial to find solutions for f (x) = 0. 


Equation: 


Factor out the greatest 
2 — 3o- 272 = 6 : 
common factor. 


x (ee = fe 2) — 10 Factor the trinomial. 
nel aes — 1) (a2 _ 2) = 0 Set each factor equal to zero. 
Equation: 
(27-1) = 0 (=2) = 0 
ze = 0 or ge o= 1 or go= 2 
a = 0 ct ce es EEN 


This gives us five x-intercepts: (0, 0), (1,0), (—1, 0), (2,0), and (—V2, 0). See [link]. 
We can see that this is an even function because it is symmetric about the y-axis. 


Example: 
Exercise: 


Problem: 
Finding the x-Intercepts of a Polynomial Function by Factoring 
Find the x-intercepts of f(z) = 2° — 52? —2 + 5. 


Solution: 


Find solutions for f(a) = 0 by factoring. 
Equation: 

a —5a*?-2+5 = 

a(2—5)—(2-5) = 

(a? — 1)( —5) 

(x + 1)(a@ — 1)(a — 5) 


Factor by grouping. 
Factor out the common factor. 


Factor the difference of squares. 


| 
ee eS 


Set each factor equal to zero. 


Equation: 


z+1= 0 or z—-l= 0 or 


There are three x-intercepts: (—1,0), (1,0), and (5,0). See [link]. 


Example: 
Exercise: 


Problem: 
Finding the y- and x-Intercepts of a Polynomial in Factored Form 


Find the y- and x-intercepts of g(x) = (a — 2)?(2x + 3). 
Solution: 


The y-intercept can be found by evaluating g (0). 
Equation: 


9(0) = (0—2)°(2(0) +3) 
= 12 
So the y-intercept is (0, 12). 


The x-intercepts can be found by solving g (x) = 0. 


Equation: 


(c—2) rao 


Equation: 
(c-2)? = 0 (Q22+3) = 0 
f= 2 = or eo —3 
ft 2 


So the x-intercepts are (2,0) and (— 3, 0). 
Analysis 
We can always check that our answers are reasonable by using a graphing calculator to graph the 


polynomial as shown in [link]. 
td 


9 
8 
7 
6 
5 
4 
3 
2 
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Example: 
Exercise: 


Problem: 
Finding the x-Intercepts of a Polynomial Function Using a Graph 
Find the x-intercepts of h(x) = 23+ 427+ 2 —6. 


Solution: 


This polynomial is not in factored form, has no common factors, and does not appear to be 
factorable using techniques previously discussed. Fortunately, we can use technology to 
find the intercepts. Keep in mind that some values make graphing difficult by hand. In these 
cases, we can take advantage of graphing utilities. 


Looking at the graph of this function, as shown in [link], it appears that there are x- 
intercepts atx = —3,—2, andl. 


+ 
3 


N+ 


We can check whether these are correct by substituting these values for x and verifying that 
Equation: 


Since h(x) = 2° + 4a”? + 2 — 6, we have: 
Equation: 


BB Pes) eo St bes oo 
A(—2) = (—2)?+4(-2)? + (-2) -6=-8+16-2-6=0 
A(1) = (1)? +4(1)?+ (1) -6=14+44+1-6=0 


Each x-intercept corresponds to a zero of the polynomial function and each zero yields a 
factor, SO we can now write the polynomial in factored form. 


Equation: 
h(a) = a3+4e?+2-6 
= (r+ 3)(4 + 2)(x —- 1) 
Note: 
Exercise: 


Problem:Find the y- and x-intercepts of the function f(x) = 2* — 19x? + 302. 


Solution: 


y-intercept (0, 0); x-intercepts (0,0), (—5, 0), (2,0), and (3, 0) 


Identifying Zeros and Their Multiplicities 


Graphs behave differently at various x-intercepts. Sometimes, the graph will cross over the 
horizontal axis at an intercept. Other times, the graph will touch the horizontal axis and "bounce' 
off. 


' 


Suppose, for example, we graph the function shown. 
Equation: 


f(x) = (@ + 3)(@ — 2)"(e@ +1)" 


Notice in [link] that the behavior of the function at each of the x-intercepts is different. 


Identifying the behavior of the graph at an x-intercept 
by examining the multiplicity of the zero. 


The x-intercept x = —3 is the solution of equation (x + 3) = 0. The graph passes directly 
through the x-intercept at z = —3. The factor is linear (has a degree of 1), so the behavior near 
the intercept is like that of a line—it passes directly through the intercept. We call this a single 
zero because the zero corresponds to a single factor of the function. 


The x-intercept x = 2 is the repeated solution of equation (2 — a = 0. The graph touches the 
axis at the intercept and changes direction. The factor is quadratic (degree 2), so the behavior near 
the intercept is like that of a quadratic—it bounces off of the horizontal axis at the intercept. 
Equation: 


(a — 2)? = (x — 2)(a — 2) 


The factor is repeated, that is, the factor (a — 2) appears twice. The number of times a given 
factor appears in the factored form of the equation of a polynomial is called the multiplicity. The 
zero associated with this factor, = 2, has multiplicity 2 because the factor (2 — 2) occurs 
twice. 


The x-intercept 2 = —1 is the repeated solution of factor (a + 1)* = 0. The graph passes through 
the axis at the intercept, but flattens out a bit first. This factor is cubic (degree 3), so the behavior 
near the intercept is like that of a cubic—with the same S-shape near the intercept as the toolkit 
function f (x) = x. We call this a triple zero, or a zero with multiplicity 3. 


For zeros with even multiplicities, the graphs touch or are tangent to the x-axis. For zeros with 
odd multiplicities, the graphs cross or intersect the x-axis. See [link] for examples of graphs of 
polynomial functions with multiplicity 1, 2, and 3. 


Single zero Zero with multiplicity 2 Zero with multiplicity 3 


For higher even powers, such as 4, 6, and 8, the graph will still touch and bounce off of the 
horizontal axis but, for each increasing even power, the graph will appear flatter as it approaches 
and leaves the x-axis. 


For higher odd powers, such as 5, 7, and 9, the graph will still cross through the horizontal axis, 
but for each increasing odd power, the graph will appear flatter as it approaches and leaves the x- 
axis. 


Note: 

Graphical Behavior of Polynomials at x-Intercepts 

If a polynomial contains a factor of the form (x — h)?, the behavior near the x-intercept h is 
determined by the power p. We say that x = his a zero of multiplicity p. 

The graph of a polynomial function will touch the x-axis at zeros with even multiplicities. The 
graph will cross the x-axis at zeros with odd multiplicities. 

The sum of the multiplicities is the degree of the polynomial function. 


Note: 
Given a graph of a polynomial function of degree n, identify the zeros and their 
multiplicities. 


1. If the graph crosses the x-axis and appears almost linear at the intercept, it is a single zero. 

2. If the graph touches the x-axis and bounces off of the axis, it is a zero with even 
multiplicity. 

3. If the graph crosses the x-axis at a zero, it is a zero with odd multiplicity. 

4. The sum of the multiplicities is n. 


Example: 
Exercise: 


Problem: 
Identifying Zeros and Their Multiplicities 


Use the graph of the function of degree 6 in [link] to identify the zeros of the function and 
their possible multiplicities. 


Solution: 
The polynomial function is of degree 6. The sum of the multiplicities must be 6. 


Starting from the left, the first zero occurs at x = —3. The graph touches the x-axis, so the 
multiplicity of the zero must be even. The zero of —3 most likely has multiplicity 2. 


The next zero occurs at z = —1. The graph looks almost linear at this point. This is a single 
zero of multiplicity 1. 


The last zero occurs at z = 4. The graph crosses the x-axis, so the multiplicity of the zero 
must be odd. We know that the multiplicity is likely 3 and that the sum of the multiplicities 
is 6. 


Note: 
Exercise: 


Problem: 


Use the graph of the function of degree 9 in [link] to identify the zeros of the function and 
their multiplicities. 


¥ 
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Solution: 


The graph has a zero of —5 with multiplicity 3, a zero of -1 with multiplicity 2, and a zero of 
3 with multiplicity 4. 


Determining End Behavior 


As we have already learned, the behavior of a graph of a polynomial function of the form 
Equation: 


f(z) = ane” + a al +... +a,x% + ao 


will either ultimately rise or fall asx increases without bound and will either rise or fall as x 
decreases without bound. This is because for very large inputs, say 100 or 1,000, the leading term 
dominates the size of the output. The same is true for very small inputs, say —100 or —1,000. 


Recall that we call this behavior the end behavior of a function. As we pointed out when 
discussing quadratic equations, when the leading term of a polynomial function, a,x”, is an even 
power function, as x increases or decreases without bound, f(a) increases without bound. When 
the leading term is an odd power function, as x decreases without bound, f(x) also decreases 
without bound; as z increases without bound, f(z) also increases without bound. If the leading 
term is negative, it will change the direction of the end behavior. [link] summarizes all four cases. 


Positive Leading Positive Leading 
Coefficient, a, > 0 Coefficient, a, > 0 
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¥ 
4 
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End Behavior: End Behavior: 
X —> ©, f(x) — 0 xX 3%, f(x) > 
X —> <0, F(x) 0 X — 0, f(x) + —~o 
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Negative Leading Negative Leading 
Coefficient, a, <0 Coefficient, a, <0 


y ‘4 


a 


\ 
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End Behavior: End Behavior: 
x >, f(x) — 0 xX > 2, f(x) — -20 
X 0, f(x) + -00 xX 3-0, f(x) > % 


Understanding the Relationship between Degree and Turning Points 


In addition to the end behavior, recall that we can analyze a polynomial function’s local behavior. 
It may have a turning point where the graph changes from increasing to decreasing (rising to 
falling) or decreasing to increasing (falling to rising). Look at the graph of the polynomial 
function f(z) = 24 — 2° — 4x? + 4z in [link]. The graph has three turning points. 


Increasing 


Decreasing 
Decreasing 


This function f is a 4" degree polynomial function and has 3 turning points. The maximum 


number of turning points of a polynomial function is always one less than the degree of the 
function. 


Note: 

Interpreting Turning Points 

A turning point is a point of the graph where the graph changes from increasing to decreasing 
(rising to falling) or decreasing to increasing (falling to rising). 

A polynomial of degree n will have at most n — 1 turning points. 


Example: 
Exercise: 


Problem: 
Finding the Maximum Number of Turning Points Using the Degree of a Polynomial 


Function 

Find the maximum number of turning points of each polynomial function. 
a, f(a) = —2z° + 42° — 32741 
b. f(x) = —(# — 1)? (1 + 22”) 

Solution: 


a. First, rewrite the polynomial function in descending order: 
f(z) = 42° — 2 — 32741 


Identify the degree of the polynomial function. This polynomial function is of degree 
De 


The maximum number of turning points is5 — 1 = 4. 


b. First, identify the leading term of the polynomial function if the function were 
expanded. 


f(x) = (x — 1)? (1 + 2x?) 
py = ~(x°) (2x?) -2x* 


Then, identify the degree of the polynomial function. This polynomial function is of 
degree 4. 


The maximum number of turning points is 4 — 1 = 3. 


Graphing Polynomial Functions 


We can use what we have learned about multiplicities, end behavior, and turning points to sketch 
graphs of polynomial functions. Let us put this all together and look at the steps required to graph 


polynomial functions. 


Note: 
Given a polynomial function, sketch the graph. 


1. Find the intercepts. 


2. Check for symmetry. If the function is an even function, its graph is symmetrical about the 


y-axis, that is, f (—x) = f (x). Ifa function is an odd function, its graph is symmetrical 
about the origin, that is, f(—x) = —f (x). 

3. Use the multiplicities of the zeros to determine the behavior of the polynomial at the z- 
intercepts. 

4. Determine the end behavior by examining the leading term. 

5. Use the end behavior and the behavior at the intercepts to sketch a graph. 

6. Ensure that the number of turning points does not exceed one less than the degree of the 
polynomial. 

7. Optionally, use technology to check the graph. 


Example: 


Exercise: 


Problem: 
Sketching the Graph of a Polynomial Function 


Sketch a graph of f(a) = —2(a + 3)?(a — 5). 

Solution: 

This graph has two x-intercepts. At = —3, the factor is squared, indicating a multiplicity 
of 2. The graph will bounce at this x-intercept. At xz = 5, the function has a multiplicity of 


one, indicating the graph will cross through the axis at this intercept. 


The y-intercept is found by evaluating f(0). 


Equation: 
iO) — 20-3) (0 — 5) 
= =2.9-(—5) 
90 


The y-intercept is (0, 90). 


Additionally, we can see the leading term, if this polynomial were multiplied out, would be 

— 2z°, so the end behavior is that of a vertically reflected cubic, with the outputs 
decreasing as the inputs approach infinity, and the outputs increasing as the inputs approach 
negative infinity. See [link]. 


To sketch this, we consider that: 


¢ Asx — —oo the function f(x) — 00, so we know the graph starts in the second 
quadrant and is decreasing toward the z-axis. 


° Since f (—a) = —2(—x + 3)” (—a-—5) is not equal to f (a), the graph does not 
display symmetry. 
e At (—3,0), the graph bounces off of the x-axis, so the function must start increasing. 


At (0,90), the graph crosses the y-axis at the y-intercept. See [link]. 


(—3, 0) 


Somewhere after this point, the graph must turn back down or start decreasing toward the 
horizontal axis because the graph passes through the next intercept at (5,0). See [link]. 


As x — oo the function f(z) — —oo, so we know the graph continues to decrease, and we 
can stop drawing the graph in the fourth quadrant. 


Using technology, we can create the graph for the polynomial function, shown in [link], and 
verify that the resulting graph looks like our sketch in [link]. 


“5 


“4 -3 


The complete graph of the polynomial function 
f(x) = —2(@ + 3)'(a —5) 


Note: 
Exercise: 


Problem:Sketch a graph of f(z) = +a(a — ese 


Solution: 


Using the Intermediate Value Theorem 


In some situations, we may know two points on a graph but not the zeros. If those two points are 
on opposite sides of the x-axis, we can confirm that there is a zero between them. Consider a 
polynomial function f whose graph is smooth and continuous. The Intermediate Value Theorem 
states that for two numbers a and bin the domain of f,ifa < bandf (a) ¥ f (6),then the function 
f takes on every value between f (a) and f (b). (While the theorem is intuitive, the proof is 
actually quite complicated and requires higher mathematics.) We can apply this theorem to a 
special case that is useful in graphing polynomial functions. If a point on the graph of a 
continuous function f at x = alies above the x-axis and another point at = blies below the x- 
axis, there must exist a third point between x = a and x = bwhere the graph crosses the x-axis. 
Call this point (c, f (c)). This means that we are assured there is a solution c where f (c) = 0. 


In other words, the Intermediate Value Theorem tells us that when a polynomial function changes 
from a negative value to a positive value, the function must cross the x-axis. [link] shows that 
there is a zero betweena and b. 


7 f(a) is 


negative 


Using the Intermediate Value Theorem to show there 
exists a Zero. 


Note: 
Intermediate Value Theorem 


Let f be a polynomial function. The Intermediate Value Theorem states that if f (a) and f (6) 
have opposite signs, then there exists at least one value c betweena andb for which f (c) = 0. 


Example: 
Exercise: 


Problem: 
Using the Intermediate Value Theorem 


Show that the function f(a) = x? — 5x? + 3a” + 6 has at least two real zeros between 
2 — leant, — 4. 


Solution: 


As a start, evaluate f(x) at the integer values z = 1, 2, 3,and 4. See [link]. 


x 1 2 3 4 

f(z) 5 0 —3 2 
We see that one zero occurs at z = 2. Also, since f(3) is negative and f(4) is positive, by 
the Intermediate Value Theorem, there must be at least one real zero between 3 and 4. 


We have shown that there are at least two real zeros between x = 1 andz = 4. 


Analysis 


We can also see on the graph of the function in [link] that there are two real zeros between z = 1 
andaz = 4. 


f(1) =5 
positive 


(4) = 2 


positive 


(3) = -3 
negative 


Note: 
Exercise: 


Problem: 


Show that the function f(x) = 7x° — 9a* — x” has at least one real zero between z = 1 and 
tas 


Solution: 


Because f is a polynomial function and since f(1) is negative and f(2) is positive, there is 
at least one real zero between x = landz = 2. 


Writing Formulas for Polynomial Functions 


Now that we know how to find zeros of polynomial functions, we can use them to write formulas 
based on graphs. Because a polynomial function written in factored form will have an x-intercept 


where each factor is equal to zero, we can form a function that will pass through a set of x- 
intercepts by introducing a corresponding set of factors. 


Note: 

Factored Form of Polynomials 

If a polynomial of lowest degree p has horizontal intercepts atx = 21, %2,...,%n, then the 
polynomial can be written in the factored form: f(x) = a(x — x1)"'(x — x2)”--+ (x — 2p)" 
where the powers p; on each factor can be determined by the behavior of the graph at the 


corresponding intercept, and the stretch factor a can be determined given a value of the function 
other than the x-intercept. 


Note: 
Given a graph of a polynomial function, write a formula for the function. 


1. Identify the x-intercepts of the graph to find the factors of the polynomial. 


2. Examine the behavior of the graph at the x-intercepts to determine the multiplicity of each 
factor. 


3. Find the polynomial of least degree containing all the factors found in the previous step. 


4. Use any other point on the graph (the y-intercept may be easiest) to determine the stretch 
factor. 


Example: 
Exercise: 


Problem: 
Writing a Formula for a Polynomial Function from the Graph 


Write a formula for the polynomial function shown in [link]. 


Solution: 


This graph has three x-intercepts: x = —3, 2, and 5. The y-intercept is located at (0,2). At 
x = —3andz = 5, the graph passes through the axis linearly, suggesting the 
corresponding factors of the polynomial will be linear. At = 2, the graph bounces at the 
intercept, suggesting the corresponding factor of the polynomial will be second degree 
(quadratic). Together, this gives us 

Equation: 


f(x) = a(@ + 3)(2 — 2)’(@ — 5) 
To determine the stretch factor, we utilize another point on the graph. We will use the y- 


intercept (0,—2), to solve fora. 
Equation: 


The graphed polynomial appears to represent the function 
fe) = 4 (w+ 3)(@ —2)"(@ - 5). 


Note: 
Exercise: 


Problem:Given the graph shown in [link], write a formula for the function shown. 


Solution: 


fe) =—s(@ = 2) (@ +1) @—4) 


Using Local and Global Extrema 


With quadratics, we were able to algebraically find the maximum or minimum value of the 
function by finding the vertex. For general polynomials, finding these turning points is not 
possible without more advanced techniques from calculus. Even then, finding where extrema 
occur can still be algebraically challenging. For now, we will estimate the locations of turning 
points using technology to generate a graph. 


Each turning point represents a local minimum or maximum. Sometimes, a turning point is the 
highest or lowest point on the entire graph. In these cases, we say that the turning point is a 
global maximum or a global minimum. These are also referred to as the absolute maximum and 
absolute minimum values of the function. 


Note: 

Local and Global Extrema 

A local maximum or local minimum at x = a (sometimes called the relative maximum or 
minimum, respectively) is the output at the highest or lowest point on the graph in an open 
interval around x = a. If a function has a local maximum ata, then f(a) > f(x) for all x in an 
open interval around x = a. If a function has a local minimum ata, then f(a) < f(«) for all x in 
an open interval around z = a. 

A global maximum or global minimum is the output at the highest or lowest point of the 
function. If a function has a global maximum at a, then f(a) > f(x) for all z. If a function has 
a global minimum ata, then f(a) < f(z) for all x. 


We can see the difference between local and global extrema in [link]. 


Global 
Local maximum 


maximum 


minimum 


Note: 

Do all polynomial functions have a global minimum or maximum? 

No. Only polynomial functions of even degree have a global minimum or maximum. For 
example, f (2) = x has neither a global maximum nor a global minimum. 


Example: 
Exercise: 


Problem: 
Using Local Extrema to Solve Applications 


An open-top box is to be constructed by cutting out squares from each corner of a 14 cm by 
20 cm sheet of plastic and then folding up the sides. Find the size of squares that should be 
cut out to maximize the volume enclosed by the box. 


Solution: 


We will start this problem by drawing a picture like that in [link], labeling the width of the 
cut-out squares with a variable, w. 


Notice that after a square is cut out from each end, it leaves a (14 — 2w) cm by (20 — 2w) 
cm rectangle for the base of the box, and the box will be wcm tall. This gives the volume 
Equation: 


V(w) = (20—- 2w)(14 — 2w)w 
= 280w — 68w? + 4w? 


Notice, since the factors arew, 20—2w and 14—2w, the three zeros are 10, 7, and 0, 
respectively. Because a height of 0 cm is not reasonable, we consider the only the zeros 10 
and 7. The shortest side is 14 and we are cutting off two squares, so values w may take on 
are greater than zero or less than 7. This means we will restrict the domain of this function 
to0 < w < 7. Using technology to sketch the graph of V (w) on this reasonable domain, we 
get a graph like that in [link]. We can use this graph to estimate the maximum value for the 
volume, restricted to values for w that are reasonable for this problem—values from 0 to 7. 
V(w) 


From this graph, we turn our focus to only the portion on the reasonable domain, |0, 7]. We 
can estimate the maximum value to be around 340 cubic cm, which occurs when the 
squares are about 2.75 cm on each side. To improve this estimate, we could use advanced 
features of our technology, if available, or simply change our window to zoom in on our 
graph to produce [link]. 

v(w) 


340 
339 
338 
337 
336 
335 
334 
333 
332 
331 


330 w 
24 25 26 27 28 25 3 


From this zoomed-in view, we can refine our estimate for the maximum volume to about 
339 cubic cm, when the squares measure approximately 2.7 cm on each side. 


Note: 
Exercise: 


Problem: 


Use technology to find the maximum and minimum values on the interval |—1, 4] of the 
function f(x) = —0.2(a — 2)°(# + 1)?(a — 4). 


Solution: 


The minimum occurs at approximately the point (0, —6.5), and the maximum occurs at 
approximately the point (3.5, 7). 


Note: 


Access the following online resource for additional instruction and practice with graphing 
polynomial functions. 


e Intermediate Value Theorem 


Key Concepts 


e Polynomial functions of degree 2 or more are smooth, continuous functions. See [link]. 

e To find the zeros of a polynomial function, if it can be factored, factor the function and set 
each factor equal to zero. See [link], [link], and [link]. 

e Another way to find the z-intercepts of a polynomial function is to graph the function and 
identify the points at which the graph crosses the z-axis. See [link]. 

e The multiplicity of a zero determines how the graph behaves at the z-intercepts. See [link]. 

e The graph of a polynomial will cross the horizontal axis at a zero with odd multiplicity. 

e The graph of a polynomial will touch the horizontal axis at a zero with even multiplicity. 

e The end behavior of a polynomial function depends on the leading term. 

e The graph of a polynomial function changes direction at its turning points. 

e A polynomial function of degree n has at mostn — 1 turning points. See [link]. 

e To graph polynomial functions, find the zeros and their multiplicities, determine the end 
behavior, and ensure that the final graph has at most n — 1 turning points. See [link] and 
[link]. 

¢ Graphing a polynomial function helps to estimate local and global extremas. See [link]. 

¢ The Intermediate Value Theorem tells us that if f(a) and f(b) have opposite signs, then 
there exists at least one valuec betweena andb for which f (c) = 0. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


What is the difference between an x-intercept and a zero of a polynomial function f? 


Solution: 
The x-intercept is where the graph of the function crosses the z-axis, and the zero of the 
function is the input value for which f(x) = 0. 
Exercise: 
Problem: 


If a polynomial function of degreen has n distinct zeros, what do you know about the graph 
of the function? 


Exercise: 


Problem: 
Explain how the Intermediate Value Theorem can assist us in finding a zero of a function. 
Solution: 


If we evaluate the function ata and at b and the sign of the function value changes, then we 
know a zero exists between a and b. 


Exercise: 


Problem:Explain how the factored form of the polynomial helps us in graphing it. 
Exercise: 


Problem: 


If the graph of a polynomial just touches the x-axis and then changes direction, what can we 
conclude about the factored form of the polynomial? 


Solution: 


There will be a factor raised to an even power. 


Algebraic 


For the following exercises, find the x- or t-intercepts of the polynomial functions. 
Exercise: 


Problem: C (t) = 2 (t — 4) (+ 1)(t — 6) 


Exercise: 


Problem: C (t) = 3(¢+ 2) (t — 3)(t+ 5) 
Solution: 


(—2, 0), (3, 0), (—5, 0) 


Exercise: 


Problem: C (t) = 4t(t — 2)°(t + 1) 


Exercise: 


Problem: C(t) = 2t (t — 3)(t + 1)” 


Solution: 


(3, 0), (—1, 0), (0,0) 


Exercise: 


Problem: C (t) = 2¢* — 8t? + 6t? 
Exercise: 

Problem: C (t) = 4t* + 12¢? — 40¢? 

Solution: 


(0,0), (—5,0), (2,0) 


Exercise: 


Problem: f(x) = x4 — x? 
Exercise: 

Problem: f(x) = x° + x? — 20x 

Solution: 


(0,0), (—5,0), (4,0) 


Exercise: 


Problem: f(x) = x? + 627 — 7x 


Exercise: 
Problem: f(z) = x° + 2? — 4x — 4 


Solution: 


(2,0), (—2,0), (—1,0) 


Exercise: 


Problem: f(x) = x° + 2x” — 9x — 18 


Exercise: 


Problem: f(z) = 2x? — x? — 82 + 4 


Solution: 


(—2,0), (2,0), (4,0) 


Exercise: 


Problem: f(x) = x° — 7x* — 8 


Exercise: 
Problem: f(x) = 2x4 + 62? — 8 


Solution: 


(1,0), (—1,0) 


Exercise: 


Problem: f(z) = x — 327-2 +3 


Exercise: 


Problem: f(z) = x° — 2x4 — 32? 
Solution: 


(0,0), (3,0), (—V3, 0) 


Exercise: 


Problem: f(x) = x° — 3x* — 4a” 


Exercise: 


Problem: f(z) = x° — 52? + 4x 
Solution: 


(0,0), (1,0), (—1,0), (2,0), (—2,0) 


For the following exercises, use the Intermediate Value Theorem to confirm that the given 
polynomial has at least one zero within the given interval. 
Exercise: 


Problem: f(x) = xz® — 9x, betweena = —4 andz = —2. 


Exercise: 


Problem: f(z) = x* — 9x, betweenz = 2 andz = 4. 


Solution: 


f (2) =-10 and f (4) = 28. Sign change confirms. 


Exercise: 


Problem: f(x) = z° — 2x, betweenz = 1 andz = 2. 


Exercise: 


Problem: f(z) = —z*+ 4, betweenz =1 andx=3. 


Solution: 


f (1) =3 and f (3) =—77. Sign change confirms. 


Exercise: 


Problem: f(x) = —2a2° — x, betweenz =~—1 anda = 1. 


Exercise: 


Problem: f(z) = x* — 100z + 2, betweenx = 0.01 andz = 0.1 
Solution: 


f (0.01) = 1.000001 and f (0.1) =—7.999. Sign change confirms. 


For the following exercises, find the zeros and give the multiplicity of each. 
Exercise: 


Problem: f(x) = (x + 2)°(« — 3)’ 
Exercise: 
Problem: f(«) = 2?(2x + 3)°(« — 4)’ 
Solution: 
0 with multiplicity 2, — 3 with multiplicity 5, 4 with multiplicity 2 


Exercise: 


Problem: f(x) = x°(x — 1)° (a + 2) 


Exercise: 


Problem: f(x) = x? (a” + 4x + 4) 
Solution: 
0 with multiplicity 2, -2 with multiplicity 2 


Exercise: 


Problem: f(x) = (2x + 1)° (9u” — 6x + 1) 
Exercise: 

Problem: f(x) = (3 + 2)” (a? — 10x + 25) 

Solution: 

—2 with multiplicity 5,5 with multiplicity 2 


Exercise: 


Problem: f(x) = x (4a? — 12x + 9) (x? + 8a + 16) 
Exercise: 
Problem: f(z) = x° — x° — 224 
Solution: 
0 with multiplicity 4, 2 with multiplicity 1,—1 with multiplicity 1 


Exercise: 


Problem: f(x) = 32* + 6x + 32 
Exercise: 

Problem: f(z) = 42° — 12x* + 92° 

Solution: 

2 with multiplicity 2, 0 with multiplicity 3 


Exercise: 


Problem: f(x) = 2x4 (x? — 4x? + 4a) 


Exercise: 


Problem: f(x) = 4x* (9x* — 122° + 42”) 
Solution: 


0 with multiplicity 6, 3 with multiplicity 2 


Graphical 


For the following exercises, graph the polynomial functions. Note z- and y-intercepts, 
multiplicity, and end behavior. 
Exercise: 


Problem: f (x) = (x + 3)°(x — 2) 
Exercise: 

Problem:g (x) = ( + 4)(a — 1)” 

Solution: 


x-intercepts, (1, 0) with multiplicity 2, (—4, 0) with multiplicity 1, y-intercept (0, 4 ). As 
xz — —oo, f(x) > —o0, asx > 00, f(z) > oo. 


g(x) 


Exercise: 


Problem:h (x) = (x — 1)*(x + 3) 


Exercise: 


Problem:k (x) = (a — 3)°(a — 2)’ 


Solution: 


x-intercepts (3, 0) with multiplicity 3, (2,0) with multiplicity 2, y-intercept (0,— 108). As 
xz — —oo, f(z) 4 —oo, asx > oo, f(x) > o. 


k(x) 


Exercise: 


Problem:m (x) = —2z (x — 1)(z + 3) 
Exercise: 

Problem:n (x) = —3z (x + 2)(x — 4) 

Solution: 


(4,0) with multiplicity 1, y-intercept (0, 0). As 
xz — —o0, f(x) > 00, asx > oo, f(x) > —ow. 


n(x) 


For the following exercises, use the graphs to write the formula for a polynomial function of least 
degree. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


jz = —2(2 — 3)(2 + 1)(x + 3) 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


f(z) = ¢(@ + 2)°(@ — 3) 
Exercise: 


Problem: 


f(x) 


For the following exercises, use the graph to identify zeros and multiplicity. 
Exercise: 


Problem: 


Solution: 


—4, -2, 1, 3 with multiplicity 1 
Exercise: 


Problem: 


Exercise: 


Problem: 


“5 -4 -3 -2 -1:0 
ae | 


Solution: 


—2, 3 each with multiplicity 2 
Exercise: 


Problem: 


For the following exercises, use the given information about the polynomial graph to write the 
equation. 
Exercise: 


Problem:Degree 3. Zeros atz = —2, x = 1, and = 3. y-intercept at (0, —4). 
Solution: 


f(x) = —4 (2 + 2)(x — 1)(# — 3) 


Exercise: 


Problem:Degree 3. Zeros atz =—5, « = —2,and x = 1.y-intercept at (0, 6) 
Exercise: 


Problem: 


Degree 5. Roots of multiplicity 2 atz = 3 andz = 1 , anda root of multiplicity 1 at 
xz = ~3. y-intercept at (0, 9) 


Solution: 
f(z) = 3 (@ — 3)°(@ -1)°(@ + 3) 


Exercise: 


Problem: 


Degree 4. Root of multiplicity 2 atz = 4, and a roots of multiplicity 1 atz = landz = —2. 
y-intercept at (0, —3). 


Exercise: 


Problem: 

Degree 5. Double zero at x = 1, and triple zero at x = 3. Passes through the point (2, 15). 
Solution: 

f(x) = —15(a — 1)°(x — 3)° 


Exercise: 


Problem:Degree 3. Zeros atz = 4,2 = 3,and x = 2.y-intercept at (0, —24). 


Exercise: 


Problem:Degree 3. Zeros atz = —3, x = —2 andx = 1. y-intercept at (0, 12). 


Solution: 


f(x) = —2 (@ + 3) (a + 2) (a — 1) 


Exercise: 


Problem: 


Degree 5. Roots of multiplicity 2 atz = —3 andz = 2 anda root of multiplicity 1 at 
f= 2. 


y-intercept at (0, 4). 
Exercise: 


Problem: 

Degree 4. Roots of multiplicity 2 atz = + and roots of multiplicity 1 atz = 6andz = —2. 
y-intercept at (0,18). 

Solution: 

f(a) = —$(22 — 1) (« — 6) (2 +2) 


Exercise: 


Problem:Double zero at = —3 and triple zero at x = 0. Passes through the point (1, 32). 


Technology 
For the following exercises, use a calculator to approximate local minima and maxima or the 


global minimum and maximum. 
Exercise: 


Problem: f(x) = x*? — 2-1 
Solution: 
local max (—.58, —-.62), local min (.58, —1.38) 


Exercise: 


Problem: f(x) = 2x? — 3x — 1 
Exercise: 

Problem: f(x) = x*+ x 

Solution: 


global min (— .63, —.47) 


Exercise: 


Problem: f(z) = —x* + 3x — 2 
Exercise: 

Problem: f(z) = x*— 2° +1 

Solution: 


global min (.75, .89) 


Extensions 


For the following exercises, use the graphs to write a polynomial function of least degree. 
Exercise: 


Problem: 


Exercise: 


Problem: 


“600 ~400 ~2p0 200 400 600 


Solution: 


f(x) = (a — 500)"(x + 200) 
Exercise: 


Problem: 


f(x) 


~400 b ~200 ~100 


1-105 


Real-World Applications 


For the following exercises, write the polynomial function that models the given situation. 


Exercise: 


Problem: 


A rectangle has a length of 10 units and a width of 8 units. Squares of by x units are cut 
out of each corner, and then the sides are folded up to create an open box. Express the 


volume of the box as a polynomial function in terms of x. 


Solution: 


f(z) = 42 — 362? + 80x 
Exercise: 


Problem: 


Consider the same rectangle of the preceding problem. Squares of 2x by 2x units are cut out 
of each corner. Express the volume of the box as a polynomial in terms of z. 


Exercise: 


Problem: 


A square has sides of 12 units. Squaresz +1 byz +1 units are cut out of each corner, 
and then the sides are folded up to create an open box. Express the volume of the box as a 
function in terms of z. 


Solution: 


f(x) = 4x3 — 362? + 60z + 100 
Exercise: 
Problem: 
A cylinder has a radius of x + 2 units and a height of 3 units greater. Express the volume of 
the cylinder as a polynomial function. 
Exercise: 


Problem: 


A right circular cone has a radius of 32 + 6 and a height 3 units less. Express the volume of 
the cone as a polynomial function. The volume of a cone is V = +nr’h for radius r and 


3 
height h. 
Solution: 


f(z) = r(9x3 + 45a? + 72x + 36) 


Glossary 


global maximum 
highest turning point on a graph; f(a) where f(a) > f(a) for all. 


global minimum 
lowest turning point on a graph; f(a) where f(a) < f(a) forallz. 


Intermediate Value Theorem 
for two numbers a and b in the domain of f, ifa < b andf (a) ¥ f(b), then the function 
f takes on every value between f (a) and f (6); specifically, when a polynomial function 
changes from a negative value to a positive value, the function must cross the z-axis 


multiplicity 
the number of times a given factor appears in the factored form of the equation of a 
polynomial; if a polynomial contains a factor of the form (2 — h)’, x = his a zero of 
multiplicity p. 


Introduction 
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micrograph of 
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(credit: 
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Focus in on a square centimeter of your skin. Look closer. Closer still. If you could look closely 
enough, you would see hundreds of thousands of microscopic organisms. They are bacteria, and they 
are not only on your skin, but in your mouth, nose, and even your intestines. In fact, the bacterial 
cells in your body at any given moment outnumber your own cells. But that is no reason to feel bad 
about yourself. While some bacteria can cause illness, many are healthy and even essential to the 
body. 


Bacteria commonly reproduce through a process called binary fission, during which one bacterial cell 
splits into two. When conditions are right, bacteria can reproduce very quickly. Unlike humans and 
other complex organisms, the time required to form a new generation of bacteria is often a matter of 
minutes or hours, as opposed to days or years.[ footnote | 


Todar, PhD, Kenneth. Todar's Online Textbook of Bacteriology. 
http://textbookofbacteriology.net/growth_3.html. 


For simplicity’s sake, suppose we begin with a culture of one bacterial cell that can divide every hour. 
[link] shows the number of bacterial cells at the end of each subsequent hour. We see that the single 
bacterial cell leads to over one thousand bacterial cells in just ten hours! And if we were to 
extrapolate the table to twenty-four hours, we would have over 16 million! 


Hour 0 1 2 3 4 5 6 7, 8 9 10 


Bacteria 1 2 4 8 16 32 64 128 256 512 1024 


In this chapter, we will explore exponential functions, which can be used for, among other things, 
modeling growth patterns such as those found in bacteria. We will also investigate logarithmic 
functions, which are closely related to exponential functions. Both types of functions have numerous 
real-world applications when it comes to modeling and interpreting data. 


Exponential Functions 
In this section, you will: 


e Evaluate exponential functions. 

e Find the equation of an exponential function. 
e Use compound interest formulas. 

e Evaluate exponential functions with base e. 


India is the second most populous country in the world with a population of about 1.25 billion people in 
2013. The population is growing at a rate of about 1.2 % each year[footnote]. If this rate continues, the 
population of India will exceed China’s population by the year 2031.When populations grow rapidly, we 
often say that the growth is “exponential,” meaning that something is growing very rapidly. To a 
mathematician, however, the term exponential growth has a very specific meaning. In this section, we will 
take a look at exponential functions, which model this kind of rapid growth. 
http://;www.worldometers.info/world-population/. Accessed February 24, 2014. 


Identifying Exponential Functions 


When exploring linear growth, we observed a constant rate of change—a constant number by which the 
output increased for each unit increase in input. For example, in the equation f(x) = 3x + 4,the slope tells 
us the output increases by 3 each time the input increases by 1. The scenario in the India population example 
is different because we have a percent change per unit time (rather than a constant change) in the number of 
people. 


Defining an Exponential Function 


A study found that the percent of the population who are vegans in the United States doubled from 2009 to 
2011. In 2011, 2.5% of the population was vegan, adhering to a diet that does not include any animal 
products—no meat, poultry, fish, dairy, or eggs. If this rate continues, vegans will make up 10% of the U.S. 
population in 2015, 40% in 2019, and 80% in 2021. 


What exactly does it mean to grow exponentially? What does the word double have in common with percent 
increase? People toss these words around errantly. Are these words used correctly? The words certainly 
appear frequently in the media. 


e Percent change refers to a change based on a percent of the original amount. 

e Exponential growth refers to an increase based on a constant multiplicative rate of change over equal 
increments of time, that is, a percent increase of the original amount over time. 

Exponential decay refers to a decrease based on a constant multiplicative rate of change over equal 
increments of time, that is, a percent decrease of the original amount over time. 


For us to gain a clear understanding of exponential growth, let us contrast exponential growth with linear 
growth. We will construct two functions. The first function is exponential. We will start with an input of 0, 
and increase each input by 1. We will double the corresponding consecutive outputs. The second function is 
linear. We will start with an input of 0, and increase each input by 1. We will add 2 to the corresponding 
consecutive outputs. See [link]. 


0 1 0 
1 2 2 
2 4 4 
3 8 6 
4 16 8 
5 32 10 
6 64 12 


From [link] we can infer that for these two functions, exponential growth dwarfs linear growth. 


e Exponential growth refers to the original value from the range increases by the same percentage over 
equal increments found in the domain. 

e Linear growth refers to the original value from the range increases by the same amount over equal 
increments found in the domain. 


Apparently, the difference between “the same percentage” and “the same amount” is quite significant. For 
exponential growth, over equal increments, the constant multiplicative rate of change resulted in doubling 
the output whenever the input increased by one. For linear growth, the constant additive rate of change over 
equal increments resulted in adding 2 to the output whenever the input was increased by one. 


The general form of the exponential function is f(z) = ab*, where ais any nonzero number, bis a positive 
real number not equal to 1. 


e Ifb > 1,the function grows at a rate proportional to its size. 
e If0 <6 <1, the function decays at a rate proportional to its size. 


Let’s look at the function f(a) = 2” from our example. We will create a table ({link]) to determine the 
corresponding outputs over an interval in the domain from —3 to 3. 


f(2)=2 | 2ea=q | 22=5 | 2t=F | ®=1 | at=2 | =4 | =8 


Let us examine the graph of f by plotting the ordered pairs we observe on the table in [link], and then make 
a few observations. 


Let’s define the behavior of the graph of the exponential function f(z) = 2” and highlight some its key 
characteristics. 


the domain is (—co, co), 

the range is (0, co), 

as xz — 00, f(x) > ov, 

as z —> —oo, f(x) > 0, 

f(z) is always increasing, 

the graph of f(a) will never touch the x-axis because base two raised to any exponent never has the 
result of zero. 

y = Ois the horizontal asymptote. 

the y-intercept is 1. 


Note: 

Exponential Function 

For any real number z,an exponential function is a function with the form 
Equation: 


{eal 


where 


ais a non-zero real number called the initial value and 

bis any positive real number such that b £ 1. 

The domain of f is all real numbers. 

The range of f is all positive real numbers ifa > 0. 

The range of f is all negative real numbers if a < 0. 

The y-intercept is (0, a),and the horizontal asymptote is y = 0. 


Example: 
Exercise: 


Problem: 
Identifying Exponential Functions 


Which of the following equations are not exponential functions? 


$ (x) — 43(2-2) 
 g(z)= 2° 

» A(z) = (3) 

© i(x) = (—2)" 


Solution: 


By definition, an exponential function has a constant as a base and an independent variable as an 
exponent. Thus, g(x) = x* does not represent an exponential function because the base is an 


independent variable. In fact, g(x) = x? is a power function. 


Recall that the base b of an exponential function is always a positive constant, and b # 1. Thus, 
j(x) = (—2)* does not represent an exponential function because the base, —2, is less than 0. 


Note: 
Exercise: 


Problem: Which of the following equations represent exponential functions? 


Solution: 


g(x) = 0.875” andj(x) = 1095.6 7” represent exponential functions. 


Evaluating Exponential Functions 


Recall that the base of an exponential function must be a positive real number other than 1.Why do we limit 
the base bto positive values? To ensure that the outputs will be real numbers. Observe what happens if the 


base is not positive: 


e Letb = —9andz = $. Then f(x) = f (+) - (—9)? = V/—9,which is not a real number. 


Why do we limit the base to positive values other than 1?Because base 1 results in the constant function. 
Observe what happens if the base is 1 : 


¢ Letb = 1. Then f(x) = 1” = 1 for any value of z. 


To evaluate an exponential function with the form f(z) = b”,we simply substitute x with the given value, 
and calculate the resulting power. For example: 


Let f(x) = 2”. What is f(3)? 
Equation: 


f(3) =2° Substitute a = 3. 
=8 Evaluate the power. 


To evaluate an exponential function with a form other than the basic form, it is important to follow the order 
of operations. For example: 


Let f(x) = 30(2)”. What is f(3)? 
Equation: 


30(2)” 

f (3) =30(2)? Substitute x = 3. 
30(8) Simplify the power first. 
240 Multiply. 


Note that if the order of operations were not followed, the result would be incorrect: 
Equation: 


f(3) = 30(2)* 4 60° = 216,000 


Example: 
Exercise: 


Problem: 
Evaluating Exponential Functions 


Let f (a) = 5(3)"**. Evaluate f (2) without using a calculator. 


Solution: 


Follow the order of operations. Be sure to pay attention to the parentheses. 
Equation: 


) 
f(2) =5(3)?"* Substitute a = 2. 
(3)? Add the exponents. 
(27) Simplify the power. 
35 Multiply. 


Note: 
Exercise: 


Problem: Let f (x) = 8(1.2)” °. Evaluate f (3) using a calculator. Round to four decimal places. 


Solution: 


5.9506 


Defining Exponential Growth 


Because the output of exponential functions increases very rapidly, the term “exponential growth” is often 
used in everyday language to describe anything that grows or increases rapidly. However, exponential 
growth can be defined more precisely in a mathematical sense. If the growth rate is proportional to the 
amount present, the function models exponential growth. 


Note: 

Exponential Growth 

A function that models exponential growth grows by a rate proportional to the amount present. For any 
real number z and any positive real numbers a and bsuch that b ~ 1,an exponential growth function has the 
form 

Equation: 


(2) — ab" 
where 


e ais the initial or starting value of the function. 
e bis the growth factor or growth multiplier per unit z. 


In more general terms, we have an exponential function, in which a constant base is raised to a variable 
exponent. To differentiate between linear and exponential functions, let’s consider two companies, A and B. 
Company A has 100 stores and expands by opening 50 new stores a year, so its growth can be represented 
by the function A (2) = 100 + 50x. Company B has 100 stores and expands by increasing the number of 
stores by 50% each year, so its growth can be represented by the function B(x) = 100(1 + 0.5)”. 


A few years of growth for these companies are illustrated in [link]. 


Year, x Stores, Company A Stores, Company B 


0 100 + 50(0) = 100 100(1 + 0.5)° = 100 
1 100 + 50 (1) = 150 100(1 + 0.5)’ = 150 
2 100 + 50 (2) = 200 100(1 + 0.5)” = 225 
3 100 + 50(3) = 250 100(1 + 0.5)° = 337.5 
x A(x) = 100 + 502 B(x) = 100(1 + 0.5)” 


The graphs comparing the number of stores for each company over a five-year period are shown in [link]. 
We can see that, with exponential growth, the number of stores increases much more rapidly than with linear 
growth. 
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350 


B(x) = 100(1 + 0.5) 
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175 
150 
125 
100 


Years 


The graph shows the numbers of stores Companies A 
and B opened over a five-year period. 


Notice that the domain for both functions is [0, oo),and the range for both functions is [100, 00). After year 
1, Company B always has more stores than Company A. 


Now we will turn our attention to the function representing the number of stores for Company B, 

B(x) = 100(1 + 0.5)”. In this exponential function, 100 represents the initial number of stores, 0.50 
represents the growth rate, and1 + 0.5 = 1.5 represents the growth factor. Generalizing further, we can 
write this function as B(x) = 100(1.5)*,where 100 is the initial value, 1.5 is called the base, and z is called 
the exponent. 


Example: 
Exercise: 


Problem: 
Evaluating a Real-World Exponential Model 


At the beginning of this section, we learned that the population of India was about 1.25 billion in the 
year 2013, with an annual growth rate of about 1.2 %. This situation is represented by the growth 
function P(t) = 1.25(1.012)*, where ¢ is the number of years since 2013. To the nearest thousandth, 
what will the population of India be in 2031? 


Solution: 


To estimate the population in 2031, we evaluate the models fort = 18, because 2031 is 18 years after 
2013. Rounding to the nearest thousandth, 
Equation: 


P(18) = 1.25(1.012)'* ~ 1.549 


There will be about 1.549 billion people in India in the year 2031. 


Note: 
Exercise: 


Problem: 


The population of China was about 1.39 billion in the year 2013, with an annual growth rate of about 
0.6%. This situation is represented by the growth function P(t) = 1.39(1.006)’, where t is the 
number of years since 2013.To the nearest thousandth, what will the population of China be for the 
year 2031? How does this compare to the population prediction we made for India in [link]? 


Solution: 


About 1.548 billion people; by the year 2031, India’s population will exceed China’s by about 0.001 
billion, or 1 million people. 


Finding Equations of Exponential Functions 


In the previous examples, we were given an exponential function, which we then evaluated for a given input. 
Sometimes we are given information about an exponential function without knowing the function explicitly. 
We must use the information to first write the form of the function, then determine the constants a and b,and 
evaluate the function. 


Note: 
Given two data points, write an exponential model. 


1. If one of the data points has the form (0, a), then ais the initial value. Using a, substitute the second 
point into the equation f(x) = a(b)”, and solve for b. 

2. If neither of the data points have the form (0, a), substitute both points into two equations with the 
form f(x) = a(b)”. Solve the resulting system of two equations in two unknowns to find a and b. 


3. Using the a and b found in the steps above, write the exponential function in the form f(x) = a(b)”. 


Example: 
Exercise: 


Problem: 
Writing an Exponential Model When the Initial Value Is Known 


In 2006, 80 deer were introduced into a wildlife refuge. By 2012, the population had grown to 180 
deer. The population was growing exponentially. Write an algebraic function V(t) representing the 
population (V) of deer over time t. 


Solution: 


We let our independent variable ¢ be the number of years after 2006. Thus, the information given in the 
problem can be written as input-output pairs: (0, 80) and (6, 180). Notice that by choosing our input 
variable to be measured as years after 2006, we have given ourselves the initial value for the function, 
a = 80. We can now substitute the second point into the equation V(t) = 80b’'to findb : 

Equation: 


N(t) = 80b! 
180 = 800° Substitute using point (6, 180). 
¢ =08 Divide and write in lowest terms. 
al 
b= (4) 7 Isolate b using properties of exponents. 
b 1.1447 Round to 4 decimal places. 


NOTE: Unless otherwise stated, do not round any intermediate calculations. Then round the final 
answer to four places for the remainder of this section. 


The exponential model for the population of deer is N(t) = 80(1.1447)'. (Note that this exponential 
function models short-term growth. As the inputs gets large, the output will get increasingly larger, so 
much so that the model may not be useful in the long term.) 


We can graph our model to observe the population growth of deer in the refuge over time. Notice that 
the graph in [link] passes through the initial points given in the problem, (0, 80) and (6, 180). We 
can also see that the domain for the function is [0, 00) and the range for the function is [80, 00). 


Deer Population 


40+ 

20+ 
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Graph showing the population of deer over time, 
N(t) = 80(1.1447)",t years after 2006 


Note: 
Exercise: 


Problem: 


A wolf population is growing exponentially. In 2011, 129 wolves were counted. By 2013, the 
population had reached 236 wolves. What two points can be used to derive an exponential equation 
modeling this situation? Write the equation representing the population N of wolves over time t. 


Solution: 


(0, 129) and (2,236); N(t) = 129(1.3526)' 


Example: 
Exercise: 


Problem: 
Writing an Exponential Model When the Initial Value is Not Known 


Find an exponential function that passes through the points (—2, 6) and (2, 1). 
Solution: 


Because we don’t have the initial value, we substitute both points into an equation of the form 
f(x) = ab", and then solve the system for a and b. 


¢ Substituting (—2, 6) gives6 = ab? 
¢ Substituting (2, 1) gives 1 = ab? 


Use the first equation to solve for ain terms of b : 


5, =a ___ Divide. 
= 6b? _ Use properties of exponents to rewrite the denominator. 


Substitute a in the second equation, and solve for 6 : 


1 = ab? 
1 = 6b*b? = 6b* Substitute a. 
1 
1\4 : . 
b= ah Use properties of exponents to isolate b. 
b ~ 0.6389 Round 4 decimal places. 


Use the value of bin the first equation to solve for the value ofa : 
a = 6b* ~ 6(0.6389)? ~ 2.4492 
Thus, the equation is f(x) = 2.4492(0.6389)”. 
We can graph our model to check our work. Notice that the graph in [link] passes through the initial 


points given in the problem, (—2, 6) and (2, 1). The graph is an example of an exponential decay 
function. 


f(x) 


“3 "2 “1 0 14 2 3 4 =5 


The graph of f(x) = 2.4492(0.6389)* models 
exponential decay. 


Note: 
Exercise: 


Problem: 


Given the two points (1,3) and (2, 4.5),find the equation of the exponential function that passes 
through these two points. 


Solution: 


f(w) = 2(1.5)° 


Note: 

Do two points always determine a unique exponential function? 

Yes, provided the two points are either both above the x-axis or both below the x-axis and have different x- 
coordinates. But keep in mind that we also need to know that the graph is, in fact, an exponential function. 
Not every graph that looks exponential really is exponential. We need to know the graph is based on a 
model that shows the same percent growth with each unit increase in x, which in many real world cases 
involves time. 


Note: 


Given the graph of an exponential function, write its equation. 


1. First, identify two points on the graph. Choose the y-intercept as one of the two points whenever 
possible. Try to choose points that are as far apart as possible to reduce round-off error. 

2. If one of the data points is the y-intercept (0, a), then a is the initial value. Using a, substitute the 
second point into the equation f(x) = a(b)”, and solve for b. 

3. If neither of the data points have the form (0, a), substitute both points into two equations with the 
form f(z) = a(b)”. Solve the resulting system of two equations in two unknowns to finda and b. 

4, Write the exponential function, f(x) = a(b)”. 


Example: 
Exercise: 


Problem: 
Writing an Exponential Function Given Its Graph 
Find an equation for the exponential function graphed in [link]. 
f(x) 
4 
21+ 


18+ 
15+ 
12+ 
gt 
6+ 


x 
“3!5 -3 -2!5 -2 -1)5 -1 -O!5 0 O05 41 15 2 25 3 35 
Solution: 


We can choose the y-intercept of the graph, (0,3), as our first point. This gives us the initial value, 
a = 3. Next, choose a point on the curve some distance away from (0, 3) that has integer coordinates. 
One such point is (2, 12). 


Equation: 
y = ab” Write the general form of an exponential equation. 
y = 3b” Substitute the initial value 3 for a. 
12 = 367 Substitute in 12 for y and 2 for a. 
4= 6 Divide by 3. 


bee? Take the square root. 


Because we restrict ourselves to positive values of b, we will use b = 2. Substitute a and b into the 
standard form to yield the equation f(x) = 3(2)*. 


Note: 
Exercise: 


Problem: Find an equation for the exponential function graphed in [link]. 


Solution: 


fa) = J 2( v2) . Answers may vary due to round-off error. The answer should be very close to 
1.4142(1.4142)”. 


Note: 
Given two points on the curve of an exponential function, use a graphing calculator to find the 
equation. 


1. Press [STAT]. 

2. Clear any existing entries in columns L1 or L2. 

3. In L1, enter the x-coordinates given. 

4. In L2, enter the corresponding y-coordinates. 

5. Press [STAT] again. Cursor right to CALC, scroll down to ExpReg (Exponential Regression), and 
press [ENTER]. 

6. The screen displays the values of a and b in the exponential equation y = a - b”. 


Example: 
Exercise: 


Problem: 
Using a Graphing Calculator to Find an Exponential Function 


Use a graphing calculator to find the exponential equation that includes the points (2, 24.8) and 
(5, 198.4). 


Solution: 


Follow the guidelines above. First press [STAT], [EDIT], [1: Edit...], and clear the lists L1 and L2. 
Next, in the L1 column, enter the x-coordinates, 2 and 5. Do the same in the L2 column for the y- 
coordinates, 24.8 and 198.4. 


Now press [STAT], [CALC], [0: ExpReg] and press [ENTER]. The values a = 6.2 and b = 2 will be 
displayed. The exponential equation is y = 6.2 - 2”. 


Note: 
Exercise: 


Problem: 


Use a graphing calculator to find the exponential equation that includes the points (3, 75.98) and (6, 
481.07). 


Solution: 


y © 12- 1.85" 


Applying the Compound-Interest Formula 


Savings instruments in which earnings are continually reinvested, such as mutual funds and retirement 
accounts, use compound interest. The term compounding refers to interest earned not only on the original 
value, but on the accumulated value of the account. 


The annual percentage rate (APR) of an account, also called the nominal rate, is the yearly interest rate 
earned by an investment account. The term nominal is used when the compounding occurs a number of 
times other than once per year. In fact, when interest is compounded more than once a year, the effective 
interest rate ends up being greater than the nominal rate! This is a powerful tool for investing. 


We can calculate the compound interest using the compound interest formula, which is an exponential 


function of the variables time ?¢, principal P, APR, and number of compounding periods in a yearn : 
Equation: 


A(t) = P(1+ *\" 


For example, observe [link], which shows the result of investing $1,000 at 10% for one year. Notice how the 
value of the account increases as the compounding frequency increases. 


Frequency 
Annually 
Semiannually 
Quarterly 
Monthly 


Daily 


Note: 


The Compound Interest Formula 


Value after 1 year 
$1100 

$1102.50 
$1103.81 
$1104.71 


$1105.16 


Compound interest can be calculated using the formula 


Equation: 


where 


e A(t) is the account value, 

e tis measured in years, 

P is the starting amount of the account, often called the principal, or more generally present value, 
r is the annual percentage rate (APR) expressed as a decimal, and 

nis the number of compounding periods in one year. 


Example: 
Exercise: 


Problem: 


Calculating Compound Interest 


A(t) = P(1 4 ny" 


If we invest $3,000 in an investment account paying 3% interest compounded quarterly, how much 


will the account be worth in 10 years? 


Solution: 


Because we are starting with $3,000, P = 3000. Our interest rate is 3%, sor = 0.03. Because we are 
compounding quarterly, we are compounding 4 times per year, son = 4. We want to know the value of 
the account in 10 years, so we are looking for A (10),the value whent = 10. 


Equation: 


A(t) 


=e 
A(10) = 3000(1 + 223 


Use the compound interest formula. 


Substitute using given values. 
Round to two decimal places. 


The account will be worth about $4,045.05 in 10 years. 


Note: 
Exercise: 


Problem: 


An initial investment of $100,000 at 12% interest is compounded weekly (use 52 weeks in a year). 
What will the investment be worth in 30 years? 


Solution: 


about $3,644,675.88 


Example: 
Exercise: 


Problem: 
Using the Compound Interest Formula to Solve for the Principal 


A 529 Plan is a college-savings plan that allows relatives to invest money to pay for a child’s future 
college tuition; the account grows tax-free. Lily wants to set up a 529 account for her new 
granddaughter and wants the account to grow to $40,000 over 18 years. She believes the account will 
earn 6% compounded semi-annually (twice a year). To the nearest dollar, how much will Lily need to 
invest in the account now? 


Solution: 
The nominal interest rate is 6%, sor = 0.06. Interest is compounded twice a year, sok = 2. 


We want to find the initial investment, P, needed so that the value of the account will be worth 
$40,000 in 18 years. Substitute the given values into the compound interest formula, and solve for P. 
Equation: 


A(t) =P(i+ a)" Use the compound interest formula. 
40,000 =P(1+ ues Substitute using given values A, r, n, and t. 
40,000 = P(1.03)*° Simplify. 
aa = IP Isolate P. 
P x $13,801 Divide and round to the nearest dollar. 


Lily will need to invest $13,801 to have $40,000 in 18 years. 


Note: 
Exercise: 


Problem: 


Refer to [link]. To the nearest dollar, how much would Lily need to invest if the account is 
compounded quarterly? 


Solution: 


$13,693 


Evaluating Functions with Base e 


As we Saw earlier, the amount earned on an account increases as the compounding frequency increases. 
[link] shows that the increase from annual to semi-annual compounding is larger than the increase from 
monthly to daily compounding. This might lead us to ask whether this pattern will continue. 


Examine the value of $1 invested at 100% interest for 1 year, compounded at various frequencies, listed in 
[link]. 


Frequency A(n) = (1+ =)" Value 
Annually (1+ 4)’ $2 
Semiannually (1+ 1)? $2.25 
Quarterly (1+ 4)* $2.441406 
Monthly G44)? $2.613035 
Daily ie $2.714567 
Hourly (inet $2.718127 
Once per minute (1+ se605 ei $2.718279 
Once per second (1+ a $2.718282 


These values appear to be approaching a limit as n increases without bound. In fact, as n gets larger and 
larger, the expression (1 + +)" approaches a number used so frequently in mathematics that it has its own 
name: the letter e. This value is an irrational number, which means that its decimal expansion goes on 
forever without repeating. Its approximation to six decimal places is shown below. 


Note: 

The Number e 

The letter e represents the irrational number 
Equation: 


1 n 
(1 + =) , as n increases without bound 
n 


The letter e is used as a base for many real-world exponential models. To work with base e, we use the 
approximation, e 2.718282. The constant was named by the Swiss mathematician Leonhard Euler 
(1707-1783) who first investigated and discovered many of its properties. 


Example: 
Exercise: 


Problem: 
Using a Calculator to Find Powers of e 


Calculate e* 4. Round to five decimal places. 
Solution: 


On a calculator, press the button labeled [e*]. The window shows [e * (|. Type 3.14 and then close 
parenthesis, [)]. Press [ENTER]. Rounding to 5 decimal places, e?!4 ~ 23.10387. Caution: Many 
scientific calculators have an “Exp” button, which is used to enter numbers in scientific notation. It is 
not used to find powers of e. 


Note: 
Exercise: 


Problem: Use a calculator to finde~°>. Round to five decimal places. 
Solution: 


e 9) ~ 0.60653 


Investigating Continuous Growth 


So far we have worked with rational bases for exponential functions. For most real-world phenomena, 
however, e is used as the base for exponential functions. Exponential models that use e as the base are called 
continuous growth or decay models. We see these models in finance, computer science, and most of the 
sciences, such as physics, toxicology, and fluid dynamics. 


Note: 
The Continuous Growth/Decay Formula 


For all real numbers ¢,and all positive numbers a andr,continuous growth or decay is represented by the 
formula 
Equation: 


A(t) = ae™ 
where 


e ais the initial value, 
e ris the continuous growth rate per unit time, 
e andtis the elapsed time. 


If r > 0, then the formula represents continuous growth. If r < 0, then the formula represents continuous 
decay. 

For business applications, the continuous growth formula is called the continuous compounding formula 
and takes the form 

Equation: 


where 


e Pis the principal or the initial invested, 
e ris the growth or interest rate per unit time, 
e and tis the period or term of the investment. 


Note: 
Given the initial value, rate of growth or decay, and time ft, solve a continuous growth or decay 
function. 


1. Use the information in the problem to determine a, the initial value of the function. 
2. Use the information in the problem to determine the growth rate r. 


a. If the problem refers to continuous growth, thenr > 0. 
b. If the problem refers to continuous decay, thenr < 0. 


3. Use the information in the problem to determine the time ¢. 
4. Substitute the given information into the continuous growth formula and solve for A(t). 


Example: 
Exercise: 


Problem: 
Calculating Continuous Growth 


A person invested $1,000 in an account earning a nominal 10% per year compounded continuously. 
How much was in the account at the end of one year? 


Solution: 


Since the account is growing in value, this is a continuous compounding problem with growth rate 
r = 0.10. The initial investment was $1,000, so P = 1000. We use the continuous compounding 
formula to find the value after ¢ = 1 year: 


Equation: 
At\ = Per Use the continuous compounding formula. 
= 1000(e)°? Substitute known values for P, r, and t. 
~ 1105.17 Use a calculator to approximate. 


The account is worth $1,105.17 after one year. 


Note: 
Exercise: 


Problem: 


A person invests $100,000 at a nominal 12% interest per year compounded continuously. What will be 
the value of the investment in 30 years? 


Solution: 


$3,659,823.44 


Example: 
Exercise: 


Problem: 
Calculating Continuous Decay 


Radon-222 decays at a continuous rate of 17.3% per day. How much will 100 mg of Radon-222 decay 
to in 3 days? 


Solution: 
Since the substance is decaying, the rate, 17.3 %, is negative. So,r = — 0.173. The initial amount of 


radon-222 was 100 mg, soa = 100. We use the continuous decay formula to find the value after t = 3 
days: 


Equation: 
A(t) =ae™ Use the continuous growth formula. 
= 100e 480) Substitute known values for a, r, and t. 
= 59.5115 Use a calculator to approximate. 


So 59.5115 mg of radon-222 will remain. 


Note: 
Exercise: 


Problem: Using the data in [link], how much radon-222 will remain after one year? 


Solution: 


3.77E-26 (This is calculator notation for the number written as 3.77 x 10~7° in scientific notation. 
While the output of an exponential function is never zero, this number is so close to zero that for all 
practical purposes we can accept zero as the answer.) 


Note: 


Access these online resources for additional instruction and practice with exponential functions. 


e Exponential Growth Function 


¢ Compound Interest 


Key Equations 


definition of the 
exponential function 


definition of exponential 
growth 


compound interest 
formula 


continuous growth 
formula 


Key Concepts 


f(z) = b”, where b>0,b41 


f(z) = ab’, wherea > 0,b>0,b41 


A(t) = P(1+ i , where 

A(t) is the account value at time t 

t is the number of years 

P is the initial investment, often called the principal 

r is the annual percentage rate (APR), or nominal rate 


n is the number of compounding periods in one year 


A(t) = ae”, where 

tis the number of unit time periods of growth 

ais the starting amount (in the continuous compounding formula a is 
replaced with P, the principal) 

eis the mathematical constant, e © 2.718282 


e An exponential function is defined as a function with a positive constant other than 1 raised to a 
variable exponent. See [link]. 

e A function is evaluated by solving at a specific value. See [link] and [link]. 

e An exponential model can be found when the growth rate and initial value are known. See [link]. 

e An exponential model can be found when the two data points from the model are known. See [link]. 

e An exponential model can be found using two data points from the graph of the model. See [link]. 

e An exponential model can be found using two data points from the graph and a calculator. See [link]. 

e The value of an account at any time ¢ can be calculated using the compound interest formula when the 
principal, annual interest rate, and compounding periods are known. See [link]. 

e The initial investment of an account can be found using the compound interest formula when the value 
of the account, annual interest rate, compounding periods, and life span of the account are known. See 
Uink]. 

e The number e is a mathematical constant often used as the base of real world exponential growth and 
decay models. Its decimal approximation is e + 2.718282. 

¢ Scientific and graphing calculators have the key [e”] or [exp(a)] for calculating powers of e. See [link]. 

e Continuous growth or decay models are exponential models that use e as the base. Continuous growth 
and decay models can be found when the initial value and growth or decay rate are known. See [link] 
and [link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 


Explain why the values of an increasing exponential function will eventually overtake the values of an 
increasing linear function. 


Solution: 
Linear functions have a constant rate of change. Exponential functions increase based on a percent of 
the original. 

Exercise: 
Problem: 
Given a formula for an exponential function, is it possible to determine whether the function grows or 
decays exponentially just by looking at the formula? Explain. 

Exercise: 
Problem: 
The Oxford Dictionary defines the word nominal as a value that is “stated or expressed but not 
necessarily corresponding exactly to the real value.”[footnote] Develop a reasonable argument for why 
the term nominal rate is used to describe the annual percentage rate of an investment account that 


compounds interest. 
Oxford Dictionary. http://oxforddictionaries.com/us/definition/american_english/nomina. 


Solution: 


When interest is compounded, the percentage of interest earned to principal ends up being greater than 
the annual percentage rate for the investment account. Thus, the annual percentage rate does not 


necessarily correspond to the real interest earned, which is the very definition of nominal. 


Algebraic 


For the following exercises, identify whether the statement represents an exponential function. Explain. 
Exercise: 


Problem: The average annual population increase of a pack of wolves is 25. 


Exercise: 


Problem: A population of bacteria decreases by a factor of + every 24 hours. 


Solution: 
exponential; the population decreases by a proportional rate. . 


Exercise: 


Problem: The value of a coin collection has increased by 3.25 % annually over the last 20 years. 
Exercise: 


Problem: 


For each training session, a personal trainer charges his clients $5 less than the previous training 
session. 


Solution: 


not exponential; the charge decreases by a constant amount each visit, so the statement represents a 
linear function. . 


Exercise: 
Problem: The height of a projectile at time t is represented by the function h(t) = —4.9¢? + 18t + 40. 


For the following exercises, consider this scenario: For each yeart,the population of a forest of trees is 
represented by the function A(t) = 115(1.025)*. In a neighboring forest, the population of the same type of 
tree is represented by the function B(t) = 82(1.029)*. (Round answers to the nearest whole number.) 
Exercise: 


Problem: Which forest’s population is growing at a faster rate? 
Solution: 


The forest represented by the function B(t) = 82(1.029)’. 


Exercise: 


Problem: Which forest had a greater number of trees initially? By how many? 


Exercise: 


Problem: 


Assuming the population growth models continue to represent the growth of the forests, which forest 
will have a greater number of trees after 20 years? By how many? 


Solution: 


After ¢ = 20 years, forest A will have 43 more trees than forest B. 
Exercise: 
Problem: 
Assuming the population growth models continue to represent the growth of the forests, which forest 
will have a greater number of trees after 100 years? By how many? 
Exercise: 
Problem: 
Discuss the above results from the previous four exercises. Assuming the population growth models 
continue to represent the growth of the forests, which forest will have the greater number of trees in the 


long run? Why? What are some factors that might influence the long-term validity of the exponential 
growth model? 


Solution: 


Answers will vary. Sample response: For a number of years, the population of forest A will 
increasingly exceed forest B, but because forest B actually grows at a faster rate, the population will 
eventually become larger than forest A and will remain that way as long as the population growth 
models hold. Some factors that might influence the long-term validity of the exponential growth model 
are drought, an epidemic that culls the population, and other environmental and biological factors. 


For the following exercises, determine whether the equation represents exponential growth, exponential 
decay, or neither. Explain. 
Exercise: 


Problem: y = 300(1 — t)° 


Exercise: 


Problem: y = 220(1.06)” 


Solution: 


exponential growth; The growth factor, 1.06, is greater than 1. 


Exercise: 


Problem: y = 16.5(1.025)* 


Exercise: 


Problem: y = 11, 701(0.97)' 


Solution: 


exponential decay; The decay factor, 0.97, is between 0 and 1. 


For the following exercises, find the formula for an exponential function that passes through the two points 
given. 
Exercise: 


Problem: (0, 6) and (3, 750) 


Exercise: 


Problem: (0, 2000) and (2, 20) 


Solution: 


f(x) = 2000(0.1)* 


Exercise: 


Problem: (—1, 3) and (3, 24) 


Exercise: 
Problem: (—2, 6) and (3, 1) 


Solution: 


Exercise: 
Problem: (3, 1) and (5, 4) 


For the following exercises, determine whether the table could represent a function that is linear, 
exponential, or neither. If it appears to be exponential, find a function that passes through the points. 
Exercise: 


Problem: 
x 1 2 3 4 
f(z) 70 40 10 -20 


Solution: 


Linear 
Exercise: 


Problem: 


h(a) 70 


Exercise: 


Problem: 


m(x) 80 


Solution: 


Neither 
Exercise: 


Problem: 


f(z) 10 


Exercise: 


Problem: 


49 


61 


20 


34.3 


42.9 


40 


24.01 


25.61 


80 


g(x) -3.25 2 7.25 12.5 


Solution: 


Linear 


For the following exercises, use the compound interest formula, A(t) = Pl + mye 
Exercise: 


Problem: 


After a certain number of years, the value of an investment account is represented by the equation 


10, 250(1 + ote) What is the value of the account? 


Exercise: 


Problem: What was the initial deposit made to the account in the previous exercise? 


Solution: 


$10, 250 


Exercise: 


Problem: How many years had the account from the previous exercise been accumulating interest? 
Exercise: 


Problem: 


An account is opened with an initial deposit of $6,500 and earns 3.6 % interest compounded semi- 
annually. What will the account be worth in 20 years? 


Solution: 


$13, 268.58 
Exercise: 


Problem: 


How much more would the account in the previous exercise have been worth if the interest were 
compounding weekly? 


Exercise: 


Problem: Solve the compound interest formula for the principal, P. 
Solution: 


P=A(t)-(1+2)™ 


Exercise: 


Problem: 


Use the formula found in the previous exercise to calculate the initial deposit of an account that is 
worth $14, 472.74 after earning 5.5 % interest compounded monthly for 5 years. (Round to the nearest 
dollar.) 


Exercise: 


Problem: 


How much more would the account in the previous two exercises be worth if it were earning interest 
for 5 more years? 


Solution: 


$4,572.56 
Exercise: 


Problem: 


Use properties of rational exponents to solve the compound interest formula for the interest rate, r. 
Exercise: 


Problem: 


Use the formula found in the previous exercise to calculate the interest rate for an account that was 
compounded semi-annually, had an initial deposit of $9,000 and was worth $13,373.53 after 10 years. 


Solution: 


4% 
Exercise: 


Problem: 


Use the formula found in the previous exercise to calculate the interest rate for an account that was 
compounded monthly, had an initial deposit of $5,500, and was worth $38,455 after 30 years. 


For the following exercises, determine whether the equation represents continuous growth, continuous 
decay, or neither. Explain. 
Exercise: 


Problem: y = 3742(e)”’™ 


Solution: 


continuous growth; the growth rate is greater than 0. 


Exercise: 


Problem: y = 150(e) 


Exercise: 


Problem: y = 2.25(e) ~* 


Solution: 


continuous decay; the growth rate is less than 0. 
Exercise: 


Problem: 


Suppose an investment account is opened with an initial deposit of $12, 000 earning 7.2 % interest 
compounded continuously. How much will the account be worth after 30 years? 


Exercise: 


Problem: 


How much less would the account from Exercise 42 be worth after 30 years if it were compounded 
monthly instead? 


Solution: 


$669.42 


Numeric 


For the following exercises, evaluate each function. Round answers to four decimal places, if necessary. 
Exercise: 


Problem: f(x) = 2(5)”, for f (—3) 


Exercise: 


Problem: f(x) = —4?**%, for f (—1) 


Solution: 


f(-1) =~4 


Exercise: 


Problem: f(x) = e’, for f (3) 
Exercise: 

Problem: f(x) = —2e', for f (—1) 

Solution: 


f(—1) ~ —0.2707 


Exercise: 


Problem: f(x) = 2.7(4) "** + 1.5, forf (—2) 
Exercise: 


Problem: f(x) = 1.2e?* — 0.3, for f (3) 


Solution: 
f(3) © 483.8146 


Exercise: 


Problem: f(x) = —2(3) * + 3, for f (2) 


Technology 
For the following exercises, use a graphing calculator to find the equation of an exponential function given 


the points on the curve. 
Exercise: 


Problem: (0, 3) and (3, 375) 
Solution: 


y=3-5" 


Exercise: 


Problem: (3, 222.62) and (10, 77.456) 


Exercise: 


Problem: (20, 29.495) and (150, 730.89) 


Solution: 
y = 18- 1.025” 


Exercise: 


Problem: (5, 2.909) and (13, 0.005) 


Exercise: 


Problem: (11,310.035) and (25,356.3652) 


Solution: 


y © 0.21.95" 


Extensions 


Exercise: 
Problem: 


The annual percentage yield (APY) of an investment account is a representation of the actual interest 
rate earned on a compounding account. It is based on a compounding period of one year. Show that the 


APY of an account that compounds monthly can be found with the formula APY = (1 + +) Bee 
Exercise: 

Problem: 

Repeat the previous exercise to find the formula for the APY of an account that compounds daily. Use 


the results from this and the previous exercise to develop a function I(n) for the APY of any account 
that compounds n times per year. 


Solution: 


a alta) allt) 
APY = A(t) = (1+ 355) = 365 = (1+ s& 


a a a 


Exercise: 
Problem: 
Recall that an exponential function is any equation written in the form f(a) = a - b® such that a and b 


are positive numbers and b # 1. Any positive number 6 can be written as b = e” for some value of n. 
Use this fact to rewrite the formula for an exponential function that uses the number e as a base. 


Exercise: 
Problem: 
In an exponential decay function, the base of the exponent is a value between 0 and 1. Thus, for some 
number b > 1, the exponential decay function can be written as f(z) =a- (+)°. Use this formula, 


along with the fact that b = e”, to show that an exponential decay function takes the form 
f(z) = a(e) "for some positive number n. 


Solution: 


Let f be the exponential decay function f(z) = a- (4)° such that b > 1. Then for some number 


zx 
n>0,f(x) =a- (¢)° = a(b-t)* = a((e")*) =a(e")” =a(e) ™. 
Exercise: 
Problem: 
The formula for the amount A in an investment account with a nominal interest rate r at any time t is 
given by A(t) = a(e)™,where ais the amount of principal initially deposited into an account that 


compounds continuously. Prove that the percentage of interest earned to principal at any time ¢ can be 
calculated with the formula I(t) = e” — 1. 


Real-World Applications 


Exercise: 
Problem: 


The fox population in a certain region has an annual growth rate of 9% per year. In the year 2012, there 
were 23,900 fox counted in the area. What is the fox population predicted to be in the year 2020? 


Solution: 


47, 622 fox 
Exercise: 
Problem: 
A scientist begins with 100 milligrams of a radioactive substance that decays exponentially. After 35 
hours, 50mg of the substance remains. How many milligrams will remain after 54 hours? 
Exercise: 
Problem: 
In the year 1985, a house was valued at $110,000. By the year 2005, the value had appreciated to 


$145,000. What was the annual growth rate between 1985 and 2005? Assume that the value continued 
to grow by the same percentage. What was the value of the house in the year 2010? 


Solution: 


1.39%; $155, 368.09 
Exercise: 
Problem: 
A car was valued at $38,000 in the year 2007. By 2013, the value had depreciated to $11,000 If the 
car’s value continues to drop by the same percentage, what will it be worth by 2017? 
Exercise: 
Problem: 


Jamal wants to save $54,000 for a down payment on a home. How much will he need to invest in an 
account with 8.2% APR, compounding daily, in order to reach his goal in 5 years? 


Solution: 


$35, 838.76 
Exercise: 
Problem: 
Kyoko has $10,000 that she wants to invest. Her bank has several investment accounts to choose from, 
all compounding daily. Her goal is to have $15,000 by the time she finishes graduate school in 6 years. 


To the nearest hundredth of a percent, what should her minimum annual interest rate be in order to 
reach her goal? (Hint: solve the compound interest formula for the interest rate.) 


Exercise: 


Problem: 


Alyssa opened a retirement account with 7.25% APR in the year 2000. Her initial deposit was $13,500. 
How much will the account be worth in 2025 if interest compounds monthly? How much more would 
she make if interest compounded continuously? 


Solution: 


$82, 247.78; $449.75 
Exercise: 


Problem: 


An investment account with an annual interest rate of 7% was opened with an initial deposit of $4,000 
Compare the values of the account after 9 years when the interest is compounded annually, quarterly, 
monthly, and continuously. 


Glossary 


annual percentage rate (APR) 
the yearly interest rate earned by an investment account, also called nominal rate 


compound interest 
interest earned on the total balance, not just the principal 


exponential growth 
a model that grows by a rate proportional to the amount present 


nominal rate 
the yearly interest rate earned by an investment account, also called annual percentage rate 


Graphs of Exponential Functions 


e Graph exponential functions. 
e Graph exponential functions using transformations. 


As we discussed in the previous section, exponential functions are used for many real-world 
applications such as finance, forensics, computer science, and most of the life sciences. Working with an 
equation that describes a real-world situation gives us a method for making predictions. Most of the 
time, however, the equation itself is not enough. We learn a lot about things by seeing their pictorial 
representations, and that is exactly why graphing exponential equations is a powerful tool. It gives us 
another layer of insight for predicting future events. 


Graphing Exponential Functions 
Before we begin graphing, it is helpful to review the behavior of exponential growth. Recall the table of 


values for a function of the form f(z) = b” whose base is greater than one. We’lI use the function 
f(x) = 2%. Observe how the output values in [link] change as the input increases by 1. 


x —3 —2 —1 0 1 2 3 


f(x) = 2° 3 


ale 

rele 
— 
bo 
— 
(o.0) 


Each output value is the product of the previous output and the base, 2. We call the base 2 the constant 
ratio. In fact, for any exponential function with the form f(x) = ab’, bis the constant ratio of the 


function. This means that as the input increases by 1, the output value will be the product of the base 
and the previous output, regardless of the value of a. 


Notice from the table that 


e the output values are positive for all values of z; 
e as z increases, the output values increase without bound; and 
e as x decreases, the output values grow smaller, approaching zero. 


[link] shows the exponential growth function f(x) = 2°. 


The x-axis is an asymptote. 


Notice that the graph gets close to the x-axis, but never 
touches it. 


The domain of f(x) = 2” is all real numbers, the range is (0, oo), and the horizontal asymptote is 
y= 0. 


To get a sense of the behavior of exponential decay, we can create a table of values for a function of 
the form f(x) = b” whose base is between zero and one. We’II use the function g(x) = (+) *. Observe 
how the output values in [link] change as the input increases by 1. 


x = 29 =i 0 1 2 3 
g(a) = (>)* 8 4 2 1 < 1 1 


Again, because the input is increasing by 1, each output value is the product of the previous output and 
the base, or constant ratio 7. 


Notice from the table that 


e the output values are positive for all values of z; 
e as z increases, the output values grow smaller, approaching zero; and 
e as zx decreases, the output values grow without bound. 


[link] shows the exponential decay function, g(z) = (3)°. 


g(x) 


J 
o 


yo wht TO DN DO CO 


The x-axis is an asymptote 


The domain of g(x) = (+)” is all real numbers, the range is (0, 00),and the horizontal asymptote is 
y= 0. 


Note: 
Characteristics of the Graph of the Parent Function f(x) = 6” 
An exponential function with the form f(x) = b*, b > 0,6 ¥ 1,has these characteristics: 


e one-to-one function 

e horizontal asymptote: y = 0 
domain: (— 00, 00) 

range: (0, oo) 

x-intercept: none 
y-intercept: (0, 1) 
increasing ifb > 1 
decreasing ifb < 1 


[link] compares the graphs of exponential growth and decay functions. 


Note: 
Given an exponential function of the form f(z) = b* graph the function. 


1. Create a table of points. 

2. Plot at least 3 point from the table, including the y-intercept (0, 1). 

3. Draw a smooth curve through the points. 

4. State the domain, (—oo, oo),the range, (0, 00),and the horizontal asymptote, y = 0. 


Example: 
Exercise: 


Problem: 
Sketching the Graph of an Exponential Function of the Form f(x) = b* 


Sketch a graph of f(x) = 0.25%. State the domain, range, and asymptote. 
Solution: 
Before graphing, identify the behavior and create a table of points for the graph. 


e Since b = 0.25 is between zero and one, we know the function is decreasing. The left tail of 
the graph will increase without bound, and the right tail will approach the asymptote y = 0. 
e Create a table of points as in [link]. 


z 3 2 1 0 1 2 3 


fe) 025" 64 16 + 1 0.25 0.0625 0.015625 


¢ Plot the y-intercept, (0, 1),along with two other points. We can use (—1, 4) and (1, 0.25). 


Draw a smooth curve connecting the points as in [link]. 
f(x) 


(—1, 4) 


f(x) = 0.25* 


The domain is (—oo, 00); the range is (0, 00); the horizontal asymptote is y = 0. 


Note: 
Exercise: 


Problem: Sketch the graph of f(a) = 4”. State the domain, range, and asymptote. 
Solution: 


The domain is (—oo, 00); the range is (0, 00); the horizontal asymptote is y = 0. 


Graphing Transformations of Exponential Functions 


Transformations of exponential graphs behave similarly to those of other functions. Just as with other 
parent functions, we can apply the four types of transformations—shifts, reflections, stretches, and 
compressions—to the parent function f(a) = b® without loss of shape. For instance, just as the 
quadratic function maintains its parabolic shape when shifted, reflected, stretched, or compressed, the 
exponential function also maintains its general shape regardless of the transformations applied. 


Graphing a Vertical Shift 


The first transformation occurs when we add a constant d to the parent function f(x) = b*, giving us a 
vertical shift d units in the same direction as the sign. For example, if we begin by graphing a parent 
function, f(a) = 2”, we can then graph two vertical shifts alongside it, using d = 3 : the upward shift, 
g(x) = 2” + 3 and the downward shift, h(a) = 2” — 3. Both vertical shifts are shown in [link]. 


g(x) = 2% + 3 


Observe the results of shifting f(x) = 2” vertically: 


¢ The domain, (—o0o, oo) remains unchanged. 
¢ When the function is shifted up 3 units to g(x) = 27+ 3: 


o The y-intercept shifts up 3 units to (0, 4). 
o The asymptote shifts up 3 units toy = 3. 
o The range becomes (3, 00). 


¢ When the function is shifted down 3 units to h(x) = 2” — 3: 


o The y-intercept shifts down 3 units to (0, —2). 
o The asymptote also shifts down 3 units toy = —3. 
o The range becomes (—3, 00). 


Graphing a Horizontal Shift 


The next transformation occurs when we add a constant c to the input of the parent function f(a) = 6”, 
giving us a horizontal shift c units in the opposite direction of the sign. For example, if we begin by 
graphing the parent function f(a) = 2”, we can then graph two horizontal shifts alongside it, using 


c = 8: the shift left, g(x) = 27*°, and the shift right, h(x) = 27~°. Both horizontal shifts are shown 
in [link]. 


h(x) = 2*-3 


Observe the results of shifting f(x) = 2” horizontally: 


e The domain, (—oo, oo),remains unchanged. 
e The asymptote, y = 0,remains unchanged. 
e The y-intercept shifts such that: 


o When the function is shifted left 3 units to g(x) = 2”*3 the y-intercept becomes (0, 8). This 
is because 27*? = (8)2*,so the initial value of the function is 8. 


o When the function is shifted right 3 units to h(x) = 27-3 ,the y-intercept becomes (0, a): 


Again, see that 27~% = (+)2,so the initial value of the function is = 


Note: 
Shifts of the Parent Function f(x) = b* 
For any constants c and d,the function f(x) = 6" + dshifts the parent function f(x) = b* 


e vertically dunits, in the same direction of the sign of d. 

e horizontally c units, in the opposite direction of the sign ofc. 
e The y-intercept becomes (0, b° + d). 

e The horizontal asymptote becomes y = d. 

¢ The range becomes (d, oo). 

¢ The domain, (—oo, oo),remains unchanged. 


Note: 
Given an exponential function with the form f(x) = b**° + d,graph the translation. 


1. Draw the horizontal asymptote y = d. 

2. Identify the shift as (—c,d). Shift the graph of f(a) = b* left cunits if cis positive, and right c 
units ifc is negative. 

3. Shift the graph of f(a) = b* up d units if dis positive, and down d units if dis negative. 

4. State the domain, (—oo, oo),the range, (d, oo),and the horizontal asymptote y = d. 


Example: 
Exercise: 


Problem: 
Graphing a Shift of an Exponential Function 


Graph f(x) = 27+! — 3. State the domain, range, and asymptote. 

Solution: 

We have an exponential equation of the form f(x) = b**¢ + d, withb = 2,c = 1, andd = —3. 
Draw the horizontal asymptote y = d, so draw y = —3. 

Identify the shift as (—c, d), so the shift is (—1, —3). 


Shift the graph of f(x) = b* left 1 units and down 3 units. 
f(x) 


f(x) = 2x+1-3 


The domain is (—oo, 00); the range is (—3, 00); the horizontal asymptote is y = —3. 


Note: 
Exercise: 


Problem: Graph f(x) = 2*~' + 3. State domain, range, and asymptote. 


Solution: 


The domain is (—oo, 00); the range is (3, 00); the horizontal asymptote is y = 3. 


f(x) 
ry 
10+ 
f(x) = 2X-14+3 
y=3 
1+ 
+4 —__4+__+_+—_}-_+—1_+ — or 
4-3-2190 42 3 4 5 
=—q+ 
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Note: 
Given an equation of the form f(z) = b**¢ + dfor z, use a graphing calculator to approximate 
the solution. 


Press [Y=]. Enter the given exponential equation in the line headed “Y=”. 

Enter the given value for f(z) in the line headed “Y=”. 

Press [WINDOW]. Adjust the y-axis so that it includes the value entered for “Y=”. 

Press [GRAPH] to observe the graph of the exponential function along with the line for the 
specified value of f(x). 

To find the value of x,we compute the point of intersection. Press [2ND] then [CALC]. Select 
“intersect” and press [ENTER] three times. The point of intersection gives the value of x for the 
indicated value of the function. 


Example: 
Exercise: 


Problem: 
Approximating the Solution of an Exponential Equation 


Solve 42 = 1.2(5)* + 2.8 graphically. Round to the nearest thousandth. 


Solution: 


Press [Y=] and enter 1.2(5)” + 2.8 next to Yy=. Then enter 42 next to Y2=. For a window, use the 
values —3 to 3 for x and —5 to 55 for y. Press [GRAPH]. The graphs should intersect somewhere 
Meare — 2. 


For a better approximation, press [2ND] then [CALC]. Select [5: intersect] and press [ENTER] 
three times. The x-coordinate of the point of intersection is displayed as 2.1661943. (Your answer 
may be different if you use a different window or use a different value for Guess?) To the nearest 
thousandth, x + 2.166. 


Note: 
Exercise: 


Problem: Solve 4 = 7.85(1.15)” — 2.27 graphically. Round to the nearest thousandth. 


Solution: 


x ~ —1.608 


Graphing a Stretch or Compression 


While horizontal and vertical shifts involve adding constants to the input or to the function itself, a 
stretch or compression occurs when we multiply the parent function f(z) = b” by a constant |a| > 0. 
For example, if we begin by graphing the parent function f(x) = 2”,we can then graph the stretch, 
using a = 3,to get g(x) = 3(2)” as shown on the left in [link], and the compression, using a = F to get 
h(a) = +(2)* as shown on the right in [link]. 


Vertical Stretch Vertical Compression 


A ote) = 32) i 
6} f(x) = 2* 
5+ 
47 h(x) = 3(2)* 
3 
y=0 
15 ak a ear x x 
4 3 2 "1 1 2 3 
4 
(a) (b) 


(a) g(x) = 3(2)” stretches the graph of f(x) = 2° vertically by a factor of 3. (b) h(x) = +(2)* 
compresses the graph of f(x) = 2° vertically by a factor of a 


Note: 
Stretches and Compressions of the Parent Function f(x) = b” 
For any factor a > 0,the function f(z) = a(b)* 


¢ is stretched vertically by a factor of aif |a| > 1. 

¢ is compressed vertically by a factor of aif |a| < 1. 

¢ has a y-intercept of (0, a). 

e has a horizontal asymptote at y = 0, a range of (0, 00), and a domain of (—o0o, 00), which are 
unchanged from the parent function. 


Example: 
Exercise: 


Problem: Graphing the Stretch of an Exponential Function 
Sketch a graph of f(x) = 4(4)”*. State the domain, range, and asymptote. 


Solution: 


Before graphing, identify the behavior and key points on the graph. 


¢ Since b = + is between zero and one, the left tail of the graph will increase without bound as 
x decreases, and the right tail will approach the x-axis as x increases. 

* Sincea = 4,the graph of f(x) = (4) will be stretched by a factor of 4. 

e Create a table of points as shown in [link]. 


1 
f(x) = a(5 > 32 16 8 4 2 1 0.5 


¢ Plot the y-intercept, (0, 4),along with two other points. We can use (—1, 8) and (1, 2). 


Draw a smooth curve connecting the points, as shown in [link]. 
f(x) 


The domain is (—co, 00); the range is (0, 00); the horizontal asymptote is y = 0. 


Note: 
Exercise: 


Problem: Sketch the graph of f(x) = + (4)”. State the domain, range, and asymptote. 


Solution: 


The domain is (—co, 00); the range is (0, 00); the horizontal asymptote is y = 0. 


f(x) 


fix) = 5 (4) 


Graphing Reflections 


In addition to shifting, compressing, and stretching a graph, we can also reflect it about the x-axis or the 
y-axis. When we multiply the parent function f(a) = b* by —1,we get a reflection about the x-axis. 
When we multiply the input by —1,we get a reflection about the y-axis. For example, if we begin by 
graphing the parent function f(2) = 27, we can then graph the two reflections alongside it. The 
reflection about the x-axis, g(x) = —2*,is shown on the left side of [link], and the reflection about the 


y-axis h(x) = 2~*, is shown on the right side of [link]. 


Reflection about the x-axis Reflection about the y-axis 


y 


(a) g(x) = —2* reflects the graph of f(a) = 2” about the x-axis. (b) g(x) = 2-* reflects the graph 
of f(x) = 2” about the y-axis. 


Note: 
Reflections of the Parent Function f(x) = b* 
The function f(z) = —b* 


¢ reflects the parent function f(x) = b” about the x-axis. 

e has ay-intercept of (0, —1). 

e has a range of (—oo, 0). 

¢ has a horizontal asymptote at y = 0 and domain of (—oo, oo0),which are unchanged from the 
parent function. 


The function f(z) = b-* 


¢ reflects the parent function f(z) = b” about the y-axis. 
e has ay-intercept of (0,1), a horizontal asymptote at y = 0, a range of (0, 00), and a domain of 
(—co, 00), which are unchanged from the parent function. 


Example: 
Exercise: 


Problem: 
Writing and Graphing the Reflection of an Exponential Function 


Find and graph the equation for a function, g(zx),that reflects f(x) = (+)° about the x-axis. State 
its domain, range, and asymptote. 


Solution: 


Since we want to reflect the parent function f(x) = (+) * about the x-axis, we multiply f(x) by 


— 1to get, g(x) = — (4)°. Next we create a table of points as in [link]. 
x =3 =2 =I 0 1 2 3 
1 x 
Ac) = — (J) —64 —16 4 1 0.25 —0.0625 —0.0156 


Plot the y-intercept, (0, —1),along with two other points. We can use (—1, —4) and (1, —0.25). 


Draw a smooth curve connecting the points: 
g(x) 


The domain is (—oo, oo); the range is (—oo, 0); the horizontal asymptote is y = 0. 


Note: 
Exercise: 


Problem: 


Find and graph the equation for a function, g(x), that reflects f(z) = 1.25” about the y-axis. State 
its domain, range, and asymptote. 


Solution: 


The domain is (—oo, 00); the range is (0, 00); the horizontal asymptote is y = 0. 


g(x) = 1.25-* 


Summarizing Translations of the Exponential Function 


Now that we have worked with each type of translation for the exponential function, we can summarize 
them in [link] to arrive at the general equation for translating exponential functions. 


Translations of the Parent Function f(x) = b” 


Translation Form 


Translations of the Parent Function f(x) = b” 
Translation Form 


Shift 


— Arte 
¢ Horizontally c units to the left dead 


¢ Vertically d units up 


Stretch and Compress 


¢ Stretch if |a| > 1 f@)=al* 
e Compression if0 < |a| <1 


Reflect about the x-axis f(x) = -b” 
= 1 
Reflect about the y-axis fea i= (5) 
General equation for all translations f(x) =ab***+d 
Note: 


Translations of Exponential Functions 
A translation of an exponential function has the form 
Equation: 


f(z) =ab***+d 
Where the parent function, y = b”, b > 1,is 


e shifted horizontally c units to the left. 

e stretched vertically by a factor of |a| if |a| > 0. 

* compressed vertically by a factor of |a| if 0 < |a| < 1. 
¢ shifted vertically d units. 


e reflected about the x-axis whena < 0. 


Note the order of the shifts, transformations, and reflections follow the order of operations. 


Example: 
Exercise: 


Problem: Writing a Function from a Description 


Write the equation for the function described below. Give the horizontal asymptote, the domain, 
and the range. 


¢ f(x) =e” is vertically stretched by a factor of 2, reflected across the y-axis, and then shifted 
up 4 units. 


Solution: 


We want to find an equation of the general form f(x) = ab**¢ + d. We use the description 
provided to find a, b, c, and d. 


¢ We are given the parent function f(z) = e*, sob =e. 

e The function is stretched by a factor of 2, soa = 2. 

¢ The function is reflected about the y-axis. We replace x with — x to get:e ”. 
¢ The graph is shifted vertically 4 units, sod = 4. 


Substituting in the general form we get, 
Equation: 
fle) =ab?¥ +d 
=e 7H 44 
=e *+4 


The domain is (—oo, co); the range is (4, 00); the horizontal asymptote is y = 4. 


Note: 
Exercise: 


Problem: 


Write the equation for function described below. Give the horizontal asymptote, the domain, and 
the range. 


e f(x) =e” is compressed vertically by a factor of + reflected across the x-axis and then 
shifted down 2 units. 


Solution: 


f(x) = —Fe® — 2; the domain is (—o0o, oo); the range is (—oo, 2); the horizontal asymptote is 


y 


= 2. 


Note: 
Access this online resource for additional instruction and practice with graphing exponential functions. 


¢ Graph Exponential Functions 


Key Equations 


General Form for the Translation of the Parent Function f(x) = b” f(z) =ab***+d 


Key Concepts 


The graph of the function f(z) = b” has ay-intercept at (0, 1),domain (—oo, 0o),range (0, 00), 
and horizontal asymptote y = 0. See [link]. 

If b > 1,the function is increasing. The left tail of the graph will approach the asymptote y = 0, 
and the right tail will increase without bound. 

If0 < 6 < 1, the function is decreasing. The left tail of the graph will increase without bound, and 
the right tail will approach the asymptote y = 0. 

The equation f(z) = b® + drepresents a vertical shift of the parent function f(x) = b”. 

The equation f(z) = 6”** represents a horizontal shift of the parent function f(z) = b”. See 
Link]. 

Approximate solutions of the equation f(a) = b**¢ + dcan be found using a graphing calculator. 
See [link]. 

The equation f(z) = ab", where a > 0, represents a vertical stretch if |a| > 1 or compression if 
0 < |a| < lof the parent function f(z) = b”. See [link]. 

When the parent function f(z) = b® is multiplied by — 1,the result, f(z) = —b”, is a reflection 
about the x-axis. When the input is multiplied by — 1,the result, f(z) = b-*, is a reflection about 
the y-axis. See [link]. 

All translations of the exponential function can be summarized by the general equation 

f(x) = ab**¢ + d. See [link]. 

Using the general equation f(z) = ab**¢ + d, we can write the equation of a function given its 
description. See [link]. 


Section Exercises 


Verbal 


Exercise: 
Problem: 


What role does the horizontal asymptote of an exponential function play in telling us about the end 
behavior of the graph? 


Solution: 


An asymptote is a line that the graph of a function approaches, as z either increases or decreases 
without bound. The horizontal asymptote of an exponential function tells us the limit of the 
function’s values as the independent variable gets either extremely large or extremely small. 


Exercise: 


Problem: 


What is the advantage of knowing how to recognize transformations of the graph of a parent 
function algebraically? 


Algebraic 


Exercise: 
Problem: 


The graph of f(x) = 3° is reflected about the y-axis and stretched vertically by a factor of 4. What 
is the equation of the new function, g(x)? State its y-intercept, domain, and range. 


Solution: 


g(x) = 4(3) *; y-intercept: (0,4); Domain: all real numbers; Range: all real numbers greater than 
0. 
Exercise: 


Problem: 


The graph of f(x) = (+) ~" is reflected about the y-axis and compressed vertically by a factor of 

re What is the equation of the new function, g(a)? State its y-intercept, domain, and range. 
Exercise: 

Problem: 


The graph of f(x) = 10* is reflected about the x-axis and shifted upward 7 units. What is the 
equation of the new function, g(x)? State its y-intercept, domain, and range. 


Solution: 


g(x) = —10” + 7; y-intercept: (0,6); Domain: all real numbers; Range: all real numbers less 
than 7. 


Exercise: 


Problem: 


The graph of f(z) = (1.68)” is shifted right 3 units, stretched vertically by a factor of 2, reflected 
about the x-axis, and then shifted downward 3 units. What is the equation of the new function, 
g(a)? State its y-intercept (to the nearest thousandth), domain, and range. 


Exercise: 


Problem: 


The graph of f(x) = 2(+) *~20 +s shifted downward 4 units, and then shifted left 2 units, stretched 
vertically by a factor of 4, and reflected about the x-axis. What is the equation of the new function, 
g(a)? State its y-intercept, domain, and range. 


Solution: 


g(x) = 2(4)"; y-intercept: (0, 2); Domain: all real numbers; Range: all real numbers greater 
than 0. 


Graphical 
For the following exercises, graph the function and its reflection about the y-axis on the same axes, and 


give the y-intercept. 
Exercise: 


Problem: f(x) = 3(+)° 


Exercise: 


Problem: g(x) = —2(0.25)” 


Solution: 


1 
r : x 
OO, 4 a Se oe m2 3 4 5 
g(—x) = —2(0.25)-* if g(x) = —2(0.25)* 
2 


y-intercept: (0, —2) 


Exercise: 
Problem: h(x) = 6(1.75) * 


For the following exercises, graph each set of functions on the same axes. 
Exercise: 


Problem: f(z) = 3(+)*,g(z) = 3(2)*,andh(x) = 3(4)* 


Solution: 


f(x) = 3(2)« 


“43 24 
f(x) = (4 4 


Exercise: 
Problem: f(x) = ;(3)",g(z) = 2(3)”,and h(x) = 4(3)* 


For the following exercises, match each function with one of the graphs in [link]. 


Exercise: 


Problem: f (x) = 2(0.69)* 
Solution: 


B 


Exercise: 


Problem: f (x) = 2(1.28)* 


Exercise: 


Problem: f (x) = 2(0.81)* 
Solution: 


A 


Exercise: 


Problem: jf (x) = 4(1.28)* 


Exercise: 
Problem: f (x) = 2(1.59)* 


Solution: 


E 


Exercise: 
Problem: jf (x) = 4(0.69)* 


For the following exercises, use the graphs shown in [link]. All have the form f (a) = ab’. 


Exercise: 


Problem: Which graph has the largest value for b? 


Solution: 
D 


Exercise: 


Problem: Which graph has the smallest value for b? 
Exercise: 
Problem: Which graph has the largest value for a? 


Solution: 


C 


Exercise: 


Problem: Which graph has the smallest value for a? 


For the following exercises, graph the function and its reflection about the x-axis on the same axes. 
Exercise: 


Problem: f(z) = +(4)” 


Solution: 


f(x) = 54" 


Exercise: 


Problem: f(x) = 3(0.75)* —1 


Exercise: 
Problem: f(x) = —4(2)* + 2 


Solution: 


—f(x) = 4(2)* - 2 


x 
123 4 5 


f(x) = —4(2) + 2 


For the following exercises, graph the transformation of f(x) = 2”. Give the horizontal asymptote, the 
domain, and the range. 
Exercise: 


Problem: f (x) = 2-* 
Exercise: 
Problem: h (x) = 2% + 3 


Solution: 


+ 
x 
"S| 453.2 51 OF 1 23-45 


Horizontal asymptote: h(x) = 3; Domain: all real numbers; Range: all real numbers strictly 
greater than 3. 


Exercise: 


Problem: f (x) = 27? 


For the following exercises, describe the end behavior of the graphs of the functions. 
Exercise: 


Problem: f (x) = —5(4)" — 1 
Solution: 


As x — oo, f (x) > —00; 
As x — —o0, f(x) > -1 


Exercise: 


Problem: f (x) = 3(4)° — 2 
Exercise: 

Problem: f (x) = 3(4) * +2 

Solution: 


As x — oo, f (x) > 2; 
As z — —oo, f (4) > co 


For the following exercises, start with the graph of f (x) = 4*. Then write a function that results from 
the given transformation. 
Exercise: 


Problem: Shift f(x) 4 units upward 


Exercise: 


Problem: Shift f(z) 3 units downward 


Solution: 


f(a)=4"-3 


Exercise: 


Problem: Shift f(z) 2 units left 


Exercise: 


Problem: Shift f(z) 5 units right 


Solution: 


fle) = 4 


Exercise: 


Problem: Reflect f(z) about the x-axis 


Exercise: 


Problem: Reflect f(z) about the y-axis 
Solution: 
f(a)=4% 
For the following exercises, each graph is a transformation of y = 2”. Write an equation describing the 


transformation. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


y= —-27 43 


Exercise: 


Problem: 


For the following exercises, find an exponential equation for the graph. 
Exercise: 


Problem: 


Solution: 


y = —2(3)" +7 


Exercise: 


Problem: 


Numeric 


For the following exercises, evaluate the exponential functions for the indicated value of zx. 
Exercise: 


Problem: g(x) = 4(7)"? for g(6). 
Solution: 
9(6) = 800 + + © 800.3333 


Exercise: 


Problem: f(x) = 4(2)” * — 2 for f(5). 


Exercise: 


Solution: 


h(—7) = —58 


Technology 
For the following exercises, use a graphing calculator to approximate the solutions of the equation. 


Round to the nearest thousandth. 
Exercise: 


Problem: —50 = —(4)° 
Exercise: 
. tL Pryt 
Problem: 116 = + (+) 
Solution: 


a@& —2.953 


Exercise: 
Problem: 12 = 2(3)” + 1 
Exercise: 
Problem: 5 = eo ae —2 
Solution: 


x —0.222 


Exercise: 


Problem: —30 = —4(2)*? + 2 


Extensions 


Exercise: 
Problem: 


x 


Explore and discuss the graphs of F(x) = (b)” and G(x) = (+). Then make a conjecture about 
the relationship between the graphs of the functions b* and (+) * for any real number b > 0. 


Solution: 


The graph of G(x) = (+) * is the refelction about the y-axis of the graph of F(«) = 6”; For any 
real number b > O and function f(x) = b*,the graph of (+) * is the the reflection about the y-axis, 
F(-2). 


Exercise: 


Problem: Prove the conjecture made in the previous exercise. 
Exercise: 
Problem: 
Explore and discuss the graphs of f(x) = 4”, g(x) = 4° ?,and h(x) = (45 )4®. Then make a 


ee 


if )o? for any real 


conjecture about the relationship between the graphs of the functions b” and ( 
number n and real number b > 0. 


Solution: 


The graphs of g(x) and h(z) are the same and are a horizontal shift to the right of the graph of 
f(x); For any real number n, real number b > 0, and function f(z) = 6”, the graph of ()b° is 
the horizontal shift f(a@ — 7). 


Exercise: 


Problem: Prove the conjecture made in the previous exercise. 


Logarithmic Functions 
In this section, you will: 


¢ Convert from logarithmic to exponential form. 
¢ Convert from exponential to logarithmic form. 
e Evaluate logarithms. 

e Use common logarithms. 

e Use natural logarithms. 


Devastation of March 11, 2011 earthquake in Honshu, 
Japan. (credit: Daniel Pierce) 


In 2010, a major earthquake struck Haiti, destroying or damaging over 
285,000 homes[footnote]. One year later, another, stronger earthquake 
devastated Honshu, Japan, destroying or damaging over 332,000 buildings, 
[footnote] like those shown in [link]. Even though both caused substantial 
damage, the earthquake in 2011 was 100 times stronger than the earthquake 
in Haiti. How do we know? The magnitudes of earthquakes are measured 
on a scale known as the Richter Scale. The Haitian earthquake registered a 


7.0 on the Richter Scale[footnote] whereas the Japanese earthquake 
registered a 9.0.[footnote ] 
http://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010rja6/#sum 
mary. Accessed 3/4/2013. 
http://earthquake.usgs.gov/earthquakes/eqinthenews/2011/uscO001xgp/#su 
mmary. Accessed 3/4/2013. 
http://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010rja6/. 
Accessed 3/4/2013. 
http://earthquake.usgs.gov/earthquakes/eqinthenews/2011/usc0001xgp/#det 
ails. Accessed 3/4/2013. 


The Richter Scale is a base-ten logarithmic scale. In other words, an 
earthquake of magnitude 8 is not twice as great as an earthquake of 
magnitude 4. It is 10° 4 = 10* = 10,000 times as great! In this lesson, we 
will investigate the nature of the Richter Scale and the base-ten function 
upon which it depends. 


Converting from Logarithmic to Exponential Form 


In order to analyze the magnitude of earthquakes or compare the 
magnitudes of two different earthquakes, we need to be able to convert 
between logarithmic and exponential form. For example, suppose the 
amount of energy released from one earthquake were 500 times greater than 
the amount of energy released from another. We want to calculate the 
difference in magnitude. The equation that represents this problem is 

10° = 500, where z represents the difference in magnitudes on the Richter 
Scale. How would we solve for x? 


We have not yet learned a method for solving exponential equations. None 
of the algebraic tools discussed so far is sufficient to solve 10” = 500. We 
know that 10? = 100 and 10? = 1000, so it is clear that z must be some 
value between 2 and 3, since y = 10” is increasing. We can examine a 
graph, as in [link], to better estimate the solution. 


x 
O05 1 15 2 25 3 


Estimating from a graph, however, is imprecise. To find an algebraic 
solution, we must introduce a new function. Observe that the graph in [link] 
passes the horizontal line test. The exponential function y = 6” is one-to- 
one, so its inverse, x — b” is also a function. As is the case with all inverse 
functions, we simply interchange z and y and solve for yto find the inverse 
function. To represent y as a function of x, we use a logarithmic function of 
the form y = log, (a). The base b logarithm of a number is the exponent 
by which we must raise b to get that number. 


We read a logarithmic expression as, “The logarithm with base 6 of x is 
equal to y,” or, simplified, “log base b of x is y.” We can also say, “braised 
to the power of yis z,” because logs are exponents. For example, the base 2 
logarithm of 32 is 5, because 5 is the exponent we must apply to 2 to get 32. 
Since 2° = 32, we can write log.32 = 5. We read this as “log base 2 of 32 
is 5.” 


We can express the relationship between logarithmic form and its 
corresponding exponential form as follows: 
Equation: 


log, (x) =yo Dv =2,b>0,b41 


Note that the base bis always positive. 


=~ ; 
logy(X)=y bp shee =X 
to 


Because logarithm is a function, it is most correctly written as log, (x), 
using parentheses to denote function evaluation, just as we would with 
f(a). However, when the input is a single variable or number, it is 
common to see the parentheses dropped and the expression written without 
parentheses, as log,xz. Note that many calculators require parentheses 
around the z. 


We can illustrate the notation of logarithms as follows: 


rN 
log, (c) = a means b? =c 
to 


Notice that, comparing the logarithm function and the exponential function, 
the input and the output are switched. This means y = log, (x) and y = b* 
are inverse functions. 


Note: 

Definition of the Logarithmic Function 

A logarithm base 6 of a positive number z satisfies the following 
definition. 


hora = Uub = yb a. 
Equation: 


y = log, (x) is equivalent to b” = x 
where, 


e we read log, (x) as, “the logarithm with base b of x” or the “log base b 
of x. 
e the logarithm y is the exponent to which b must be raised to get x. 


Also, since the logarithmic and exponential functions switch the x and y 
values, the domain and range of the exponential function are interchanged 
for the logarithmic function. Therefore, 


e the domain of the logarithm function with base 6 is (0, 00). 
e the range of the logarithm function with base b is (—oo, oo). 


Note: 

Can we take the logarithm of a negative number? 

No. Because the base of an exponential function is always positive, no 
power of that base can ever be negative. We can never take the logarithm 
of a negative number. Also, we cannot take the logarithm of zero. 
Calculators may output a log of a negative number when in complex mode, 
but the log of a negative number is not a real number. 


Note: 
Given an equation in logarithmic form log, (x) = y, convert it to 
exponential form. 


1. Examine the equation y = log,(x) and identify b, y, andz. 
2. Rewrite log,(x) = yas bY = za. 


Example: 
Exercise: 


Problem: 
Converting from Logarithmic Form to Exponential Form 


Write the following logarithmic equations in exponential form. 


a. loge (v6) = 5 
b. logs (9) = 2 


Solution: 


First, identify the values of b, y, andx. Then, write the equation in the 
form.b9 =z. 


6 a and x = V6. Therefore, the equation 
logs (v6) = + is equivalent to 


blog. (Gi =2 


Here, b = 3, y = 2, and x = 9. Therefore, the equation 
log; (9) = 2 is equivalent to 37 = 9. 


Note: 
Exercise: 


Problem: 


Write the following logarithmic equations in exponential form. 


a. logg (1,000,000) = 6 
b. log; (25) = 2 


Solution: 


a. logy, (1,000, 000) = 6 is equivalent to 10° = 1, 000, 000 
b. logs (25) = 2is equivalent to5? = 25 


Converting from Exponential to Logarithmic Form 


To convert from exponents to logarithms, we follow the same steps in 
reverse. We identify the base b,exponent x,and output y. Then we write 
x = log, (y). 


Example: 
Exercise: 


Problem: 
Converting from Exponential Form to Logarithmic Form 


Write the following exponential equations in logarithmic form. 


a2? =8 

b. 52 = 25 
oe asl 

ee 10,000 


Solution: 


First, identify the values of b, y, andz. Then, write the equation in the 
form x = log, (y). 


a2°=8 


Here, b = 2, = 3,and y = 8. Therefore, the equation 2° = 8 is 
equivalent to log,(8) = 3. 
er? 


Here, b = 5, = 2,and y = 25. Therefore, the equation 5? = 25 
is equivalent to log;(25) = 2. 


ae el 
c. 10°" = aR000 
i ; 
Here, b = 10,2 = —4,and y = 70.000 Therefore, the equation 
=a! 1 é 1 
10°" = ipoo0 is equivalent to logio(apgo9 ) = —4: 
Note: 
Exercise: 
Problem: 


Write the following exponential equations in logarithmic form. 


a3 — 9 
begs —sl25 
= eee 
Cue 1 > 
Solution: 
a. 3? = 9is equivalent to log, (9) = 2 
ye =e is equivalent to log;(125) = 3 
c. 2-1 = $ is equivalent to log,(+) = —1 


Evaluating Logarithms 


Knowing the squares, cubes, and roots of numbers allows us to evaluate 
many logarithms mentally. For example, consider log,8. We ask, “To what 
exponent must 2 be raised in order to get 8?” Because we already know 
23 = 8, it follows that log,8 = 3. 


Now consider solving log49 and log;27 mentally. 


e¢ We ask, “To what exponent must 7 be raised in order to get 49?” We 
know 7” = 49. Therefore, log, 49 = 2 

¢ We ask, “To what exponent must 3 be raised in order to get 27?” We 
know 3° = 27. Therefore, log, 27 = 3 


Even some seemingly more complicated logarithms can be evaluated 
without a calculator. For example, let’s evaluate log a 4 mentally. 


e We ask, “To what exponent must be raised in order to get re ” We 


2 
know 2? = 4and3? = 9,so (+) = <. Therefore, log 2 (a) = 2: 


Note: 
Given a logarithm of the form y = log, (),evaluate it mentally. 


1. Rewrite the argument x as a power of b: bY = x. 
2. Use previous knowledge of powers of b identify y by asking, “To what 
exponent should b be raised in order to get x?” 


Example: 
Exercise: 


Problem: 
Solving Logarithms Mentally 


Solve y = log, (64) without using a calculator. 
Solution: 


First we rewrite the logarithm in exponential form: 4¥ = 64. Next, we 
ask, “To what exponent must 4 be raised in order to get 64?” 


We know 
Equation: 


4° = 64 


Therefore, 
Equation: 


log ,(64) = 3 


Note: 
Exercise: 


Problem: Solve y = log,,, (11) without using a calculator. 
Solution: 


logy; (11) = + (recalling that 121 = (121)? =e) 


Example: 


Exercise: 


Problem: 
Evaluating the Logarithm of a Reciprocal 


Evaluate y = log, (s7) without using a calculator. 
Solution: 


First we rewrite the logarithm in exponential form: 34 = 7: Next 
we ask, “To what exponent must 3 be raised in order to ia ee ee 


We know 3° = 27,but what must we do to get the Fee es =? 


Recall from working with exponents that b-* = ae We use this 
information to write 
Equation: 


Therefore, logs (+) =. 


Note: 
Exercise: 


Problem: Evaluate y = log, co without using a calculator. 


Solution: 


logs i=) =—) 


Using Common Logarithms 


Sometimes we may see a logarithm written without a base. In this case, we 
assume that the base is 10. In other words, the expression log (x) means 
log 19 (2). We call a base-10 logarithm a common logarithm. Common 
logarithms are used to measure the Richter Scale mentioned at the 
beginning of the section. Scales for measuring the brightness of stars and 
the pH of acids and bases also use common logarithms. 


Note: 

Definition of the Common Logarithm 

A common logarithm is a logarithm with base 10. We write log ,, (x) 
simply as log (2). The common logarithm of a positive number z satisfies 
the following definition. 

Fore. 0) 

Equation: 


y = log (z) is equivalent to 10¥ = x 
We read log (2) as, “the logarithm with base 10 of x ” or “log base 10 of x. 


be) 


The logarithm y is the exponent to which 10 must be raised to get x. 


Note: 
Given a common logarithm of the form y = log (zx), evaluate it 
mentally. 


1. Rewrite the argument x as a power of 10: 104% = z. 
2. Use previous knowledge of powers of 10 to identify y by asking, “To 
what exponent must 10 be raised in order to get x?” 


Example: 
Exercise: 


Problem: 
Finding the Value of a Common Logarithm Mentally 


Evaluate y = log(1000) without using a calculator. 

Solution: 

First we rewrite the logarithm in exponential form: 107 = 1000. Next, 
we ask, “To what exponent must 10 be raised in order to get 1000?” 
We know 

Equation: 


10° = 1000 


Therefore, log (1000) = 3. 


Note: 
Exercise: 


Problem: Evaluate y = log(1,000,000). 


Solution: 


log(1, 000, 000) = 6 


Note: 
Given a common logarithm with the form y = log (x),evaluate it using 
a calculator. 


1. Press [LOG]. 
2. Enter the value given for x,followed by [) ]. 
3. Press [ENTER]. 


Example: 
Exercise: 


Problem: 
Finding the Value of a Common Logarithm Using a Calculator 


Evaluate y = log (321) to four decimal places using a calculator. 


Solution: 


e Press [LOG]. 
e Enter 321, followed by [) ]. 
e Press [ENTER]. 


Rounding to four decimal places, log (321) ~ 2.5065. 
Analysis 
Note that 10? = 100 and that 10° = 1000. Since 321 is between 100 and 
1000, we know that log (321) must be between log (100) and log (1000). 


This gives us the following: 
Equation: 


100 < 321 =< _ 41000 
2 < 2.5065 < 3 


Note: 
Exercise: 


Problem: 


Evaluate y = log (123) to four decimal places using a calculator. 


Solution: 


log (123) = 2.0899 


Example: 
Exercise: 


Problem: 
Rewriting and Solving a Real-World Exponential Model 


The amount of energy released from one earthquake was 500 times 
greater than the amount of energy released from another. The equation 
10* = 500 represents this situation, where x is the difference in 
magnitudes on the Richter Scale. To the nearest thousandth, what was 
the difference in magnitudes? 


Solution: 


We begin by rewriting the exponential equation in logarithmic form. 
Equation: 
10” =500 
log (500) =a Use the definition of the common log. 


Next we evaluate the logarithm using a calculator: 


e Press [LOG]. 

e Enter 500,followed by [) ]. 

e Press [ENTER]. 

¢ To the nearest thousandth, log (500) ~ 2.699. 


The difference in magnitudes was about 2.699. 


Note: 
Exercise: 


Problem: 


The amount of energy released from one earthquake was 8,500 times 
greater than the amount of energy released from another. The equation 
10* = 8500 represents this situation, where x is the difference in 
magnitudes on the Richter Scale. To the nearest thousandth, what was 
the difference in magnitudes? 


Solution: 


The difference in magnitudes was about 3.929. 


Using Natural Logarithms 


The most frequently used base for logarithms is e. Base e logarithms are 
important in calculus and some scientific applications; they are called 
natural logarithms. The base e logarithm, log, (x), has its own notation, 


In(). 


Most values of In (x) can be found only using a calculator. The major 
exception is that, because the logarithm of 1 is always 0 in any base, 

In 1 = O. For other natural logarithms, we can use the In key that can be 
found on most scientific calculators. We can also find the natural logarithm 
of any power of e using the inverse property of logarithms. 


Note: 
Definition of the Natural Logarithm 


A natural logarithm is a logarithm with base e. We write log, (x) simply 
as In (x). The natural logarithm of a positive number z satisfies the 
following definition. 

FOL 0. 

Equation: 


y = In(z) is equivalent to e’ = x 


We read In (x) as, “the logarithm with base e of x” or “the natural 

logarithm of x.” 

The logarithm y is the exponent to which e must be raised to get z. 

Since the functions y = e” and y = In (a) are inverse functions, 
In (e”) = «for allz ande ™@)= x forax > 0. 


Note: 
Given a natural logarithm with the form y = In (2), evaluate it using a 
calculator. 


1. Press [LN]. 
2. Enter the value given for x, followed by [ ) ]. 
3. Press [ENTER]. 


Example: 
Exercise: 


Problem: 
Evaluating a Natural Logarithm Using a Calculator 


Evaluate y = In (500) to four decimal places using a calculator. 
Solution: 


e Press [LN]. 


e Enter 500,followed by [) ]. 
e Press [ENTER]. 


Rounding to four decimal places, In(500) ~ 6.2146 


Note: 
Exercise: 


Problem: Evaluate In(—500). 


Solution: 


It is not possible to take the logarithm of a negative number in the set 
of real numbers. 


Note: 
Access this online resource for additional instruction and practice with 
logarithms. 


e Introduction to Logarithms 


Key Equations 


Definition of the logarithmic For c >0,b6>0,b1, 
function y = log, (2) if and only if bY = z. 


Definition of the common For xz > 0,y = log (a) if and only 


logarithm if 10% = z. 
Definition of the natural For z > 0,y = In (a) if and only if 
logarithm Ca: 

Key Concepts 


The inverse of an exponential function is a logarithmic function, and 
the inverse of a logarithmic function is an exponential function. 
Logarithmic equations can be written in an equivalent exponential 
form, using the definition of a logarithm. See [link]. 

Exponential equations can be written in their equivalent logarithmic 
form using the definition of a logarithm See [link]. 

Logarithmic functions with base bcan be evaluated mentally using 
previous knowledge of powers of b. See [link] and [link]. 

Common logarithms can be evaluated mentally using previous 
knowledge of powers of 10. See [link]. 

When common logarithms cannot be evaluated mentally, a calculator 
can be used. See [link]. 

Real-world exponential problems with base 10 can be rewritten as a 
common logarithm and then evaluated using a calculator. See [link]. 
Natural logarithms can be evaluated using a calculator [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


What is a base b logarithm? Discuss the meaning by interpreting each 
part of the equivalent equations b¥ = x andlog,z = y for 
b> 0,0 1. 


Solution: 


A logarithm is an exponent. Specifically, it is the exponent to which a 
base bis raised to produce a given value. In the expressions given, the 
base bhas the same value. The exponent, y,in the expression b¥ can 
also be written as the logarithm, log,z,and the value of z is the result 
of raising b to the power of y. 


Exercise: 
Problem: 
How is the logarithmic function f(z) = log, related to the 


exponential function g(x) = b”? What is the result of composing these 
two functions? 


Exercise: 
Problem: 


How can the logarithmic equation log,z = ybe solved for x using the 
properties of exponents? 


Solution: 


Since the equation of a logarithm is equivalent to an exponential 
equation, the logarithm can be converted to the exponential equation 
bY = a, and then properties of exponents can be applied to solve for x. 


Exercise: 
Problem: 
Discuss the meaning of the common logarithm. What is its relationship 
to a logarithm with base b, and how does the notation differ? 
Exercise: 
Problem: 


Discuss the meaning of the natural logarithm. What is its relationship 
to a logarithm with base b, and how does the notation differ? 


Solution: 


The natural logarithm is a special case of the logarithm with base b in 
that the natural log always has base e. Rather than notating the natural 
logarithm as log, (),the notation used is In (2). 


Algebraic 


For the following exercises, rewrite each equation in exponential form. 
Exercise: 


Problem: log,(q) = ™ 
Exercise: 
Problem: log ,(b) = c 


Solution: 
ar = 5 


Exercise: 


Problem: log,, (y) = x 
Exercise: 


Problem: log,, (64) = y 


Solution: 


xz’ = 64 


Exercise: 


Problem: log, (xz) = —11 
Exercise: 

Problem: log; (a) = 6 

Solution: 


15°=a 


Exercise: 


Problem: log, (137) = x 


Exercise: 


Problem: log,; (142) =a 


Solution: 


13% = 142 


Exercise: 


Problem: log(v) = ¢ 


Exercise: 


Problem: In(w) = n 
Solution: 
er Sy 


For the following exercises, rewrite each equation in logarithmic form. 
Exercise: 


Problem: 4° = y 


Exercise: 


Problem: c’ = k 


Solution: 


log.(k) = d 


Exercise: 


Problem: m ’ = n 


Exercise: 
Problem: 19° = y 
Solution: 


logigy = & 


Exercise: 


Problem: 2% = y 


Exercise: 


Problem: n* = 103 


Solution: 


log,, (103) = 4 


Exercise: 


Problem: (z)" = 


Exercise: 


» at — 39 
Problem: y* = 355 


Solution: 
39.) _ 
log, (joo) = 2 


Exercise: 


Problem: 10° = b 


Exercise: 


Problem: e* = h 
Solution: 
In(h) =k 
For the following exercises, solve for z by converting the logarithmic 


equation to exponential form. 
Exercise: 


Problem: log;(x) = 2 


Exercise: 


Problem: log,(xz) = —3 
Solution: 


= =. Sl 
A oe = 3 


Exercise: 


Problem: log; (x) = 2 


Exercise: 


Problem: log, (x) = 3 


Solution: 


z= 3° =27 


Exercise: 


Problem: log,(x) = 6 


Exercise: 


Problem: logy(x) = 5 


Solution: 


g=97 —3 


Exercise: 


Problem: log,,(x) = 2 


Exercise: 


Problem: log, (x) = —3 


Solution: 
= A=e >, <1 
z=6 "= 3% 
Exercise: 


Problem: log(x) = 3 


Exercise: 


Problem: In(x) = 2 


Solution: 


xg = e* 


For the following exercises, use the definition of common and natural 
logarithms to simplify. 
Exercise: 


Problem: log(100°) 


Exercise: 


Problem: 10!28(2) 


Solution: 
32 


Exercise: 


Problem: 2log(.0001) 


Exercise: 


Problem: e!2(1-°%) 


Solution: 
1.06 


Exercise: 


Problem: In (eons) 


Exercise: 


Problem: e!2(9-!25) 4 4 


Solution: 


14.125 


Numeric 


For the following exercises, evaluate the base b logarithmic expression 
without using a calculator. 
Exercise: 


Problem: log, (=) 
Exercise: 


Problem: log, (6) 


Solution: 


bole 


Exercise: 


Problem: log, (+) +4 


Exercise: 


Problem: 6log,(4) 


Solution: 


4 


For the following exercises, evaluate the common logarithmic expression 
without using a calculator. 
Exercise: 


Problem: log(10, 000) 


Exercise: 


Problem: log(0.001) 


Solution: 


—3 


Exercise: 


Problem: log(1) + 7 


Exercise: 


Problem: 2log(100-*) 
Solution: 
—12 
For the following exercises, evaluate the natural logarithmic expression 


without using a calculator. 
Exercise: 


Problem: In(e*) 


Exercise: 


Problem: 1n(1) 


Solution: 


0 


Exercise: 


Problem: In(e~°-??°) — 3 


Exercise: 


Problem: 251n(e = ) 


Solution: 


10 


Technology 
For the following exercises, evaluate each expression using a calculator. 


Round to the nearest thousandth. 
Exercise: 


Problem: log(0.04) 


Exercise: 


Problem: In(15) 


Solution: 


2.708 


Exercise: 


Problem: ln (+) 


Exercise: 


Problem: log(/2) 


Solution: 


0.151 


Exercise: 


Problem: In(\/2) 


Extensions 


Exercise: 
Problem: 


Is x = Oin the domain of the function f(z) = log(x)? If so, what is 
the value of the function when x = 0? Verify the result. 


Solution: 


No, the function has no defined value for x = 0. To verify, suppose 
x = Ois in the domain of the function f(z) = log(x). Then there is 
some number n such that n = log(0). Rewriting as an exponential 
equation gives: 10” = 0, which is impossible since no such real 
number n exists. Therefore, x = O is not the domain of the function 


f(x) = log(z). 
Exercise: 
Problem: 
Is f(x) = Oin the range of the function f(z) = log(x)? If so, for what 
value of x? Verify the result. 


Exercise: 


Problem: 


Is there a number z such that In z = 2? If so, what is that number? 
Verify the result. 


Solution: 


Yes. Suppose there exists a real number x such that In x = 2. 
Rewriting as an exponential equation gives x = e”, which is a real 
number. To verify, let 2 = e”. Then, by definition, 

lite) = Ain (67) = 2. 


Exercise: 


Problem: Is the following true: ony = —1? Verify the result. 
alor 


Exercise: 


se 
Problem: Is the following true: = Mees 1.725? Verify the result. 


Solution: 


Real-World Applications 


Exercise: 


Problem: 


The exposure index J for a 35 millimeter camera is a measurement of 
the amount of light that hits the film. It is determined by the equation 


EI = log, (£) , where f is the “f-stop” setting on the camera, and t 


is the exposure time in seconds. Suppose the f-stop setting is 8 and the 
desired exposure time is 2 seconds. What will the resulting exposure 
index be? 


Exercise: 
Problem: 
Refer to the previous exercise. Suppose the light meter on a camera 


indicates an FJ of — 2, and the desired exposure time is 16 seconds. 
What should the f-stop setting be? 


Solution: 


2 
Exercise: 


Problem: 


The intensity levels I of two earthquakes measured on a seismograph 
can be compared by the formula log 3 = M, — M2 where M is the 


magnitude given by the Richter Scale. In August 2009, an earthquake 
of magnitude 6.1 hit Honshu, Japan. In March 2011, that same region 
experienced yet another, more devastating earthquake, this time with a 
magnitude of 9.0.[footnote] How many times greater was the intensity 
of the 2011 earthquake? Round to the nearest whole number. 
http://earthquake.usgs.gov/earthquakes/world/historical.php. Accessed 
3/4/2014. 


Glossary 


common logarithm 


the exponent to which 10 must be raised to get x; logy) (a) is written 
simply as log (a). 


logarithm 
the exponent to which b must be raised to get x; written y = log, (x) 


natural logarithm 
the exponent to which the number e must be raised to get x; log, (x) is 
written as In (x). 


Graphs of Logarithmic Functions 
In this section, you will: 


e Identify the domain of a logarithmic function. 
¢ Graph logarithmic functions. 


In Graphs of Exponential Functions, we saw how creating a graphical representation of an exponential model 
gives us another layer of insight for predicting future events. How do logarithmic graphs give us insight into 
situations? Because every logarithmic function is the inverse function of an exponential function, we can 
think of every output on a logarithmic graph as the input for the corresponding inverse exponential equation. 
In other words, logarithms give the cause for an effect. 


To illustrate, suppose we invest $2500 in an account that offers an annual interest rate of 5 %,compounded 
continuously. We already know that the balance in our account for any year¢ can be found with the equation 
A = 2500e°, 


But what if we wanted to know the year for any balance? We would need to create a corresponding new 
function by interchanging the input and the output; thus we would need to create a logarithmic model for this 
situation. By graphing the model, we can see the output (year) for any input (account balance). For instance, 
what if we wanted to know how many years it would take for our initial investment to double? [link] shows 
this point on the logarithmic graph. 

Logarithmic Model Showing Years as a Function of the Balance in the Account 


The balance reaches 
$5000 near year 14 


+ + 


+ + + + i + + + i + + + + + eet 
2000 2500 3000 3500 4000 4500 5000 5500 #6000 


Account Balance 


+ + + | 
0 500 1000 1500 


In this section we will discuss the values for which a logarithmic function is defined, and then turn our 
attention to graphing the family of logarithmic functions. 


Finding the Domain of a Logarithmic Function 


Before working with graphs, we will take a look at the domain (the set of input values) for which the 
logarithmic function is defined. 


Recall that the exponential function is defined as y = b* for any real number z and constant b > 0,b £ 1, 
where 


¢ The domain of yis (—oo, 00). 


¢ The range of yis (0, co). 


In the last section we learned that the logarithmic function y = log, («) is the inverse of the exponential 
function y = b*. So, as inverse functions: 


e The domain of y = log, (2) is the range of y = 6” : (0, 00). 
e The range of y = log, (x) is the domain of y = b” : (—oo, ov). 


Transformations of the parent function y = log, (x) behave similarly to those of other functions. Just as with 
other parent functions, we can apply the four types of transformations—shifts, stretches, compressions, and 
reflections—to the parent function without loss of shape. 


In Graphs of Exponential Functions we saw that certain transformations can change the range of y = b*. 
Similarly, applying transformations to the parent function y = log, (x) can change the domain. When finding 
the domain of a logarithmic function, therefore, it is important to remember that the domain consists only of 
positive real numbers. That is, the argument of the logarithmic function must be greater than zero. 


For example, consider f(x) = log, (2x — 3). This function is defined for any values of x such that the 
argument, in this case 2x — 3, is greater than zero. To find the domain, we set up an inequality and solve for 
Mie 


Equation: 
2x —3>0 Show the argument greater than zero. 
20> 3 Add 3. 
z>1.5 Divide by 2. 


In interval notation, the domain of f(x) = log, (2a — 3) is (1.5, oo). 


Note: 
Given a logarithmic function, identify the domain. 


1. Set up an inequality showing the argument greater than zero. 
2. Solve for z. 
3. Write the domain in interval notation. 


Example: 
Exercise: 


Problem: 
Identifying the Domain of a Logarithmic Shift 


What is the domain of f(x) = log,(a + 3)? 
Solution: 
The logarithmic function is defined only when the input is positive, so this function is defined when 


xz +3 > 0. Solving this inequality, 
Equation: 


r+3>0 The input must be positive. 
BS 3! Subtract 3. 


The domain of f(x) = log,(x + 3) is (—3, 00). 


Note: 
Exercise: 


Problem: What is the domain of f(x) = log;(a — 2) + 1? 


Solution: 


(2, 00) 


Example: 
Exercise: 


Problem: 
Identifying the Domain of a Logarithmic Shift and Reflection 


What is the domain of f(x) = log(5 — 2x)? 


Solution: 


The logarithmic function is defined only when the input is positive, so this function is defined when 


5-2z > 0. Solving this inequality, 


Equation: 
5 — 22 >0 The input must be positive. 
— 22 >—-5 Subtract 5. 
ie << 3 Divide by — 2 and switch the inequality. 


The domain of f(x) = log(5 — 2x) is (—00, 3). 


Note: 
Exercise: 


Problem: What is the domain of f(x) = log(x — 5) + 2? 


Solution: 


(5, 00) 


Graphing Logarithmic Functions 


Now that we have a feel for the set of values for which a logarithmic function is defined, we move on to 
graphing logarithmic functions. The family of logarithmic functions includes the parent function 
y = log, (z) along with all its transformations: shifts, stretches, compressions, and reflections. 


We begin with the parent function y = log, (2). Because every logarithmic function of this form is the 
inverse of an exponential function with the form y = b*, their graphs will be reflections of each other across 


the line y = z. To illustrate this, we can observe the relationship between the input and output values of 
y = 2” and its equivalent z = log,(y) in [link]. 


x —3 —2 —1 0 1 2 3 
w=y z i + 1 2 4 8 
log, (y) =z —3 —2 -1 0 1 2 3 


Using the inputs and outputs from [link], we can build another table to observe the relationship between 
points on the graphs of the inverse functions f(x) = 2" and g(x) = log,(x). See [link]. 


f(x) = 2° (-3, =) (—2, +) (—1, 4) (0,1) (1, 2) (2,4) (3,8) 
g(x) —s log, (z) er —3) Ce —2) Ga —1) (1, 0) (2, 1) (4, 2) (8, 3) 


As we’d expect, the x- and y-coordinates are reversed for the inverse functions. [link] shows the graph of f 
and g. 


Notice that the graphs of f (xz) = 2” and 
g(x) = log, (a) are reflections about the line y = a. 


Observe the following from the graph: 


e f(x) = 2”has ay-intercept at (0, 1) and g(x) = log, (z) has an x- intercept at (1,0). 
¢ The domain of f(z) = 2”, (—oo, oo), is the same as the range of g(x) = log, (z). 
¢ The range of f(x) = 2”, (0, 00), is the same as the domain of g(x) = log, («). 


Note: 
Characteristics of the Graph of the Parent Function, f(x) = log, (2) : 
For any real number a and constant b > 0,b ~ 1, we can see the following characteristics in the graph of 


f(z) = log, (x) : 


one-to-one function 

vertical asymptote: z = 0 

domain: (0, 00) 

range: (—oo, oo) 

x-intercept: (1,0) and key point (0, 1) 
y-intercept: none 

increasing ifb > 1 

decreasing if0 <b< 1 


See [link]. 


f(x) F(x) 


f(x) = log, (x) 
b> 


[link] shows how changing the base b in f(x) = log, (a) can affect the graphs. Observe that the graphs 
compress vertically as the value of the base increases. (Note: recall that the function In («) has base 


e = 2.718.) 
y 

‘ logs (x) 
$ In (x) 

2 

| 

: 0g (x) 
0 x 


The graphs of three logarithmic functions with different 
bases, all greater than 1. 


Note: 
Given a logarithmic function with the form f(z) = log, (xz), graph the function. 


1. Draw and label the vertical asymptote, x = 0. 

2. Plot the x-intercept, (1,0). 

3. Plot the key point (6, 1). 

4. Draw a smooth curve through the points. 

5. State the domain, (0, 00),the range, (—00,00),and the vertical asymptote, x = 0. 


Example: 
Exercise: 


Problem: 
Graphing a Logarithmic Function with the Form f(x) = log,(x). 


Graph f(x) = log; (a). State the domain, range, and asymptote. 
Solution: 


Before graphing, identify the behavior and key points for the graph. 


Since b = 5 is greater than one, we know the function is increasing. The left tail of the graph will 
approach the vertical asymptote z = 0, and the right tail will increase slowly without bound. 
The x-intercept is (1, 0). 

The key point (5, 1) is on the graph. 

We draw and label the asymptote, plot and label the points, and draw a smooth curve through the 
points (see [link]). 


f(x) 
4 

f(x) = logs (x) 
3 
2 
‘ (5, 1) 


The domain is (0, 00), the range is (—oo, oo), and the vertical asymptote is z = 0. 


Note: 
Exercise: 


Problem: Graph f(x) = log1(z). State the domain, range, and asymptote. 


Solution: 


The domain is (0, 0co),the range is (—oo, 00), and the vertical asymptote is ¢ = 0. 


Graphing Transformations of Logarithmic Functions 


As we mentioned in the beginning of the section, transformations of logarithmic graphs behave similarly to 
those of other parent functions. We can shift, stretch, compress, and reflect the parent function y = log, (x) 
without loss of shape. 


Graphing a Horizontal Shift of f(x) = log,(x) 


When a constant cis added to the input of the parent function f(x) = log»(zx), the result is a horizontal shift 
cunits in the opposite direction of the sign onc. To visualize horizontal shifts, we can observe the general 
graph of the parent functionf(x) = log, (x) and for c > 0 alongside the shift left, g(x) = log, (a + c), and 
the shift right, h(a) = log, (x — c). See [link]. 


Shift left Shift right 
g(x) = log,(x + c) h(x) = log,(x — c) 


«The asymptote changes to x = —c. «The asymptote changes to x = c. 
*The domain changes to (—c, «). *The domain changes to (c, ~). 
¢The range remains (~~, °%). *The range remains (~~, %). 


Note: 
Horizontal Shifts of the Parent Function f(z) = log, (x) 
For any constant c,the function f(x) = log, (x + c) 


¢ shifts the parent function y = log, (x) left c units ifc > 0. 
e shifts the parent function y = log, (x) right cunits ifc < 0. 
e has the vertical asymptote x = —c. 

¢ has domain (—c, oo). 

e has range (—oo, 00). 


Note: 
Given a logarithmic function with the form f(x) = log, (z + c), graph the translation. 


1. Identify the horizontal shift: 


a. Ifc > O,shift the graph of f(x) = log, (a) left c units. 
b. Ifc < 0,shift the graph of f(x) = log, (a) right c units. 


2. Draw the vertical asymptote x = —c. 

3. Identify three key points from the parent function. Find new coordinates for the shifted functions by 
subtracting c from the x coordinate. 

4. Label the three points. 

5. The Domain is (—c, o0),the range is (—oo, 00), and the vertical asymptote is x = —c. 


Example: 
Exercise: 


Problem: 
Graphing a Horizontal Shift of the Parent Function y = log;(x) 


Sketch the horizontal shift f(a) = log;(a — 2) alongside its parent function. Include the key points and 
asymptotes on the graph. State the domain, range, and asymptote. 


Solution: 

Since the function is f(z) = logs(x — 2), we notice z + (—2) = a-2. 

Thus c = —2,soc < 0. This means we will shift the function f(z) = log,() right 2 units. 
The vertical asymptote is x = —(—2) ora = 2. 

Consider the three key points from the parent function, i= —1) (1, 0) and (3, 1): 

The new coordinates are found by adding 2 to the x coordinates. 

Label the points ce —1),(3,0),and (5, 1). 


The domain is (2, 00),the range is (—oo, oo), and the vertical asymptote is z = 2. 


Note: 
Exercise: 


Problem: 


Sketch a graph of f(x) = log3(a + 4) alongside its parent function. Include the key points and 
asymptotes on the graph. State the domain, range, and asymptote. 


Solution: 


The domain is (—4, o0),the range (—oo, 00), and the asymptote x =—4. 


Graphing a Vertical Shift of y = log,(x) 


When a constant dis added to the parent function f(x) = log, (x),the result is a vertical shift d units in the 
direction of the sign ond. To visualize vertical shifts, we can observe the general graph of the parent 
function f(x) = log, (x) alongside the shift up, g(x) = log, (x) + dand the shift down, 

h(x) = log, (x) — d.See [link]. 


Shift up Shift down 
g(x) = log, (x) + d h(x) = log,(x) — d 


g(x) = log, (x) + d 


f(x) = logy (x) 
(b1 = a 1) 


f(x) = log, (x) (b+ * 9, 1) 


h(x) = log, (x) — d 


*The asymptote remains x = 0. *The asymptote remains x = 0. 
*The domain remains to (0, ~). *The domain remains to (0, ~). 
*The range remains (—, «). *The range remains (—, ~). 


Note: 
Vertical Shifts of the Parent Function y = log, (x) 
For any constant d,the function f(a) = log, (x) +d 


¢ shifts the parent function y = log, (x) up dunits if d > 0. 

¢ shifts the parent function y = log, (x) downd units ifd < 0. 
e has the vertical asymptote z = 0. 

¢ has domain (0, 00). 

¢ has range (—oo, 00). 


Note: 
Given a logarithmic function with the form f(z) = log, (x) + d, graph the translation. 


1. Identify the vertical shift: 


o Ifd > 0, shift the graph of f(x) = log, (x) upd units. 
o Ifd < 0, shift the graph of f(x) = log, (z)downd units. 


2. Draw the vertical asymptote z = 0. 

3. Identify three key points from the parent function. Find new coordinates for the shifted functions by 
adding d to the y coordinate. 

4, Label the three points. 

5. The domain is (0,00),the range is (—o0o,00),and the vertical asymptote is x = 0. 


Example: 
Exercise: 


Problem: 
Graphing a Vertical Shift of the Parent Function y = log,(x) 


Sketch a graph of f(x) = log;(a) — 2 alongside its parent function. Include the key points and 
asymptote on the graph. State the domain, range, and asymptote. 


Solution: 

Since the function is f(z) = log;(x) — 2,we will notice d =— 2. Thus d < 0. 

This means we will shift the function f(x) = log;(a) down 2 units. 

The vertical asymptote is z = 0. 

Consider the three key points from the parent function, (}, —1) ele) candles): 
The new coordinates are found by subtracting 2 from the y coordinates. 

Label the points len. —3),(1, —2), and (3, —1). 


The domain is (0, 00),the range is (—oo, co), and the vertical asymptote is x = 0. 


y = logs (x) 


The domain is (0, 00),the range is (—oo, co), and the vertical asymptote is z = 0. 


Note: 
Exercise: 


Problem: 


Sketch a graph of f(x) = log,(x) + 2 alongside its parent function. Include the key points and 
asymptote on the graph. State the domain, range, and asymptote. 


Solution: 


The domain is (0, 00),the range is (—oo, co), and the vertical asymptote is z = 0. 


Graphing Stretches and Compressions of y = log,(x) 


When the parent function f(a) = log, («) is multiplied by a constant a > 0, the result is a vertical stretch or 
compression of the original graph. To visualize stretches and compressions, we set a > 1 and observe the 
general graph of the parent function f(z) = log, () alongside the vertical stretch, g(z) = alog, (x) and the 
vertical compression, h(x) = + log, (z).See [link]. 


Vertical Stretch Vertical Compression 
g(x) = alog,(x), a > 1 h(x) = +1og,(x), a> 1 


g(x) = alog, (x) 


i =< ioghs f(x) = log, (x) 


h(x) = +log, (x) 


*The asymptote remains x = 0. *The asymptote remains x = 0. 
*The x-intercept remains (1, 0). *The x-intercept remains (1, 0). 
*The domain remains (0, °). *The domain remains (0, °). 
¢The range remains (~~, ~). ¢The range remains (~~, ~). 


Note: 
Vertical Stretches and Compressions of the Parent Function y = log, (x) 
For any constanta > 1,the function f(x) = alog, (x) 


stretches the parent function y = log, («) vertically by a factor ofaifa > 1. 
compresses the parent function y = log, («) vertically by a factor ofaif0 <a <1. 
has the vertical asymptote z = 0. 

has the x-intercept (1, 0). 

has domain (0, oo). 

has range (—oo, oo). 


Note: 
Given a logarithmic function with the form f(z) = alog, (x),a > 0,graph the translation. 


1. 


Identify the vertical stretch or compressions: 


o If|a| > 1,the graph of f(x) = log, (z) is stretched by a factor of a units. 
° If|a| < 1,the graph of f(x) = log, (x) is compressed by a factor of a units. 


2. Draw the vertical asymptote x = 0. 

3. Identify three key points from the parent function. Find new coordinates for the shifted functions by 
multiplying the y coordinates by a. 

4. Label the three points. 

5. The domain is (0, co),the range is (—oo, oo), and the vertical asymptote is x = 0. 


Example: 
Exercise: 


Problem: 
Graphing a Stretch or Compression of the Parent Function y = log,(x) 


Sketch a graph of f(x) = 2log,(z) alongside its parent function. Include the key points and asymptote 
on the graph. State the domain, range, and asymptote. 


Solution: 

Since the function is f(z) = 2log,(x),we will noticea = 2. 

This means we will stretch the function f(x) = log,(x) by a factor of 2. 

The vertical asymptote isz = 0. 

Consider the three key points from the parent function, (+) —1) lO) ame i(4y)) 
The new coordinates are found by multiplying the y coordinates by 2. 

Label the points (4, —2),(1, 0) , and (4, 2). 


The domain is (0, 00), the range is (—oo, 00 ), and the vertical asymptote is z = 0. See [link]. 


on f(x) = 2log, (x) 


y = log, (x) 


The domain is (0, 00), the range is (—oo, oo), and the vertical asymptote is z = 0. 


Note: 
Exercise: 


Problem: 


Sketch a graph of f(z) = + log,(z) alongside its parent function. Include the key points and 
asymptote on the graph. State the domain, range, and asymptote. 


Solution: 


y = loga (x) 
F(x) = log, (x) 


The domain is (0, 00),the range is (—oo, oo), and the vertical asymptote is z = 0. 


Example: 
Exercise: 


Problem: 
Combining a Shift and a Stretch 


Sketch a graph of f(z) = 5log(a + 2). State the domain, range, and asymptote. 
Solution: 


Remember: what happens inside parentheses happens first. First, we move the graph left 2 units, then 
stretch the function vertically by a factor of 5, as in [link]. The vertical asymptote will be shifted to 

x = —2. The x-intercept will be (—1,0). The domain will be (—2, 00). Two points will help give the 
shape of the graph: (—1, 0) and (8,5 ). We chose x = 8as the x-coordinate of one point to graph 
because when z = 8, x + 2 = 10, the base of the common logarithm. 


y = 5log(x + 2) 


1 
y = log(x) 


2 


The domain is (—2, o0),the range is (—0o, oo), and the vertical asymptote isa = —2. 


Note: 
Exercise: 


Problem: 


Sketch a graph of the function f(z) = 3 log(a — 2) + 1. State the domain, range, and asymptote. 


Solution: 


PTrtt Tritt 


The domain is (2, 00),the range is (—co, oo), and the vertical asymptote is z = 2. 


Graphing Reflections of f(x) = log,(x) 


When the parent function f(z) = log, (x) is multiplied by —1,the result is a reflection about the x-axis. 

When the input is multiplied by —1,the result is a reflection about the y-axis. To visualize reflections, we 
restrict b > 1, and observe the general graph of the parent function f(z) = log, (x) alongside the reflection 
about the x-axis, g(z) = —log, (x) and the reflection about the y-axis, h(x) = log, (—2). 


Reflection about the x-axis 
g(x) = log, (x), b > 1 


f(x) = logy (x) 


g(x) = —log, (x) 


*The reflected function is decreasing as x moves 
from zero to infinity. 


*The asymptote remains x = 0. 
*The x-intercept remains (1, 0). 
*The key point changes to (b~+, 1) 
*The domain remains (0, ~). 

*The range remains (—~, ~). 


Note: 
Reflections of the Parent Function y = log, (x) 
The function f(x) = —log, (x) 


Reflection about the y-axis 
h(x) = log,(—x), b> 1 


f(x) = log, (x) 


*The reflected function is decreasing as x moves 
from negative infinity to zero. 


*The asymptote remains x = 0. 
*The x-intercept changes to (—1, 0). 
*The key point changes to (—b, 1) 
*The domain changes to (—~, 0). 
*The range remains (—*, ~). 


¢ reflects the parent function y = log, («) about the x-axis. 


¢ has domain, (0, co), range, (—oo, oo), and vertical asymptote, z = 0, which are unchanged from the 
parent function. 


The function f(x) = log, (—2) 


¢ reflects the parent function y = log, (a) about the y-axis. 
¢ has domain (—oo, 0). 
e has range, (—oo, oo), and vertical asymptote, « = 0, which are unchanged from the parent function. 


Note: 
Given a logarithmic function with the parent function f(z) = log, (x), graph a translation. 


If f(x) = —log,(2) If f(x) = log,(—2) 
1. Draw the vertical asymptote, z = 0. 1. Draw the vertical asymptote, x = 0. 
2. Plot the x-intercept, (1, 0). 2. Plot the x-intercept, (1, 0). 
3. Reflect the graph of the parent function 3. Reflect the graph of the parent function 
f(x) = log, (x) about the x-axis. f(x) = log, (x) about the y-axis. 
4. Draw a smooth curve through the points. 4, Draw a smooth curve through the points. 
5. State the domain, (0, co), the range, 5. State the domain, (—oo, 0), the range, 
(—oo, oo), and the vertical asymptote (—oco, oo), and the vertical asymptote 
ae = (0), a= 0, 
Example: 
Exercise: 
Problem: 


Graphing a Reflection of a Logarithmic Function 


Sketch a graph of f(z) = log(—) alongside its parent function. Include the key points and asymptote 
on the graph. State the domain, range, and asymptote. 


Solution: 
Before graphing f(x) = log(—z), identify the behavior and key points for the graph. 


e Since b = 10is greater than one, we know that the parent function is increasing. Since the input 
value is multiplied by —1,f is a reflection of the parent graph about the y-axis. Thus, 
f(x) = log(—z) will be decreasing as z moves from negative infinity to zero, and the right tail of 
the graph will approach the vertical asymptote z = 0. 

¢ The x-intercept is (—1,0). 

e We draw and label the asymptote, plot and label the points, and draw a smooth curve through the 
points. 


y 


f(x) = log (—x) y = log(x) 
(—10, 0) (10, 0) 


The domain is (—oo, 0),the range is (—0o, co), and the vertical asymptote is z = 0. 


Note: 
Exercise: 


Problem: Graph f(x) = —log(—z). State the domain, range, and asymptote. 


Solution: 


“10 9 8 YY 6 5 


The domain is (—oo, 0),the range is (—oo, oo), and the vertical asymptote is x = 0. 


Note: 
Given a logarithmic equation, use a graphing calculator to approximate solutions. 


1. Press [Y=]. Enter the given logarithm equation or equations as Y,= and, if needed, Y>=. 

2. Press [GRAPH] to observe the graphs of the curves and use [WINDOW] to find an appropriate view 
of the graphs, including their point(s) of intersection. 

3. To find the value of x, we compute the point of intersection. Press [2ND] then [CALC]. Select 
“intersect” and press [ENTER] three times. The point of intersection gives the value of ,for the 
point(s) of intersection. 


Example: 
Exercise: 


Problem: 
Approximating the Solution of a Logarithmic Equation 


Solve 41n (x) + 1 = —21n (a — 1) graphically. Round to the nearest thousandth. 


Solution: 


Press [Y=] and enter 41n (x) + 1next to Yy=. Then enter — 2 In (x — 1) next to Y9=. For a window, 
use the values 0 to 5 for x and —10 to 10 for y. Press [GRAPH]. The graphs should intersect 
somewhere a little to right of z = 1. 


For a better approximation, press [2ND] then [CALC]. Select [5: intersect] and press [ENTER] three 
times. The x-coordinate of the point of intersection is displayed as 1.3385297. (Your answer may be 
different if you use a different window or use a different value for Guess?) So, to the nearest 
thousandth, « + 1.339. 


Note: 
Exercise: 


Problem: Solve 5 log (x + 2) = 4 — log (zx) graphically. Round to the nearest thousandth. 


Solution: 


x = 3.049 


Summarizing Translations of the Logarithmic Function 


Now that we have worked with each type of translation for the logarithmic function, we can summarize each 
in [link] to arrive at the general equation for translating exponential functions. 


Translations of the Parent Function y = log, (z) 


Translation Form 
Shift 
¢ Horizontally c units to the left y = log,(x+c)+d 


e Vertically d units up 


Stretch and Compress 


¢ Stretch if ja] >1 y = alog, (x) 
¢ Compression if |a| < 1 


Reflect about the x-axis y = —log, (x) 

Reflect about the y-axis y = log, (—2) 

General equation for all translations y = alog,(a +c) +d 
Note: 


Translations of Logarithmic Functions 
All translations of the parent logarithmic function, y = log, (a), have the form 
Equation: 


f(x) = alog, (x +c) +d 
where the parent function, y = log, (x), b > 1,is 


e shifted vertically up d units. 


shifted horizontally to the left c units. 

¢ stretched vertically by a factor of |a| if |a| > 0. 

* compressed vertically by a factor of |a|if0 < |a| <1. 
reflected about the x-axis whena < 0. 


For f (x) = log (—2), the graph of the parent function is reflected about the y-axis. 


Example: 
Exercise: 


Problem: 
Finding the Vertical Asymptote of a Logarithm Graph 


What is the vertical asymptote of f(x) = —2log;(x + 4) + 5? 
Solution: 


The vertical asymptote is ata = —4. 
Analysis 


The coefficient, the base, and the upward translation do not affect the asymptote. The shift of the curve 4 
units to the left shifts the vertical asymptote tox = —4. 


Note: 
Exercise: 


Problem: What is the vertical asymptote of f(z) = 3 + In(a — 1)? 


Solution: 


x= 1 


Example: 
Exercise: 


Problem: 
Finding the Equation from a Graph 


Find a possible equation for the common logarithmic function graphed in [link]. 


Solution: 


This graph has a vertical asymptote at 2 = —2 and has been vertically reflected. We do not know yet the 
vertical shift or the vertical stretch. We know so far that the equation will have form: 


Equation: 


f(x) = —alog(x+2)+k 


It appears the graph passes through the points (—1, 1) and (2,—1). Substituting (1, 1), 


Equation: 


1 = —alog(-1+2)+k 
1 = —alog(1) +k 
l=k 


Next, substituting in (2,—1), 
Equation: 


—1= —alog(2+2)+1 
—2 = —alog(4) 


a) 
log(4) 


2 


This gives us the equation f(x) =— bay log(x +2)+1. 


Analysis 


Substitute (—1, 1). 
Arithmetic. 
log(1) = 0. 


Plug in (2, —1). 
Arithmetic. 


Solve for a. 


We can verify this answer by comparing the function values in [link] with the points on the graph in [Link]. 


x = 0 1 2 3 


f(x) 1 0) —0.58496 -1 —1.3219 
x 4 5 6 7 8 
f(z) —1.5850 —1.8074 =) —2.1699 —2.3219 
Note: 
Exercise: 


Problem: Give the equation of the natural logarithm graphed in [link]. 
f(x) 


Solution: 


f(x) = 2In(# +3) -1 


Note: 

Is it possible to tell the domain and range and describe the end behavior of a function just by looking 
at the graph? 

Yes, if we know the function is a general logarithmic function. For example, look at the graph in [link], The 
graph approaches x = —3 (or thereabouts) more and more closely, soz = —3is, or is very close to, the 
vertical asymptote. It approaches from the right, so the domain is all points to the right, {x | z > —3}. The 
range, as with all general logarithmic functions, is all real numbers. And we can see the end behavior 
because the graph goes down as it goes left and up as it goes right. The end behavior is that as 

xz — —3", f(x)  —ooand as z — ov, f(x) > oo. 


Note: 
Access these online resources for additional instruction and practice with graphing logarithms. 


¢ Graph an Exponential Function and Logarithmic Function 
e Match Graphs with Exponential and Logarithmic Functions 
e Find the Domain of Logarithmic Functions 


Key Equations 


General Form for the Translation of the Parent Logarithmic Function 


f(z) = log, (x) f(z) = alog,(x +c) +d 


Key Concepts 


To find the domain of a logarithmic function, set up an inequality showing the argument greater than 

zero, and solve for x. See [link] and [link] 

The graph of the parent function f(x) = log, (x) has an x-intercept at (1, 0),domain (0, oo),range 
(—oo, co), vertical asymptote z = 0,and 


o ifb > 1,the function is increasing. 
o if0 < 6 < 1, the function is decreasing. 


See [link]. 
The equation f(x) = log, (x + c) shifts the parent function y = log, (x) horizontally 


° leftcunits ifc > 0. 
o right cunits ifc < 0. 


See [link]. 
The equation f(x) = log, (x) + dshifts the parent function y = log, (a) vertically 


° up dunits ifd > 0. 
© downd units ifd < 0. 


See [link]. 
For any constant a > 0, the equation f(x) = alog, (x) 


© stretches the parent function y = log, (x) vertically by a factor of aif |a| > 1. 
© compresses the parent function y = log, (x) vertically by a factor of aif |a| < 1. 


See [link] and [link]. 
When the parent function y = log, (x) is multiplied by — 1, the result is a reflection about the x-axis. 
When the input is multiplied by — 1, the result is a reflection about the y-axis. 


o The equation f(z) = —log, (x) represents a reflection of the parent function about the x-axis. 


o The equation f(z) = log, (—2) represents a reflection of the parent function about the y-axis. 
See [link]. 


o A graphing calculator may be used to approximate solutions to some logarithmic equations See 
[link]. 


e All translations of the logarithmic function can be summarized by the general equation 
f(x) = alog, (x + c) + d. See [link]. 
¢ Given an equation with the general form f(x) = alog, (x + c) + d,we can identify the vertical 
asymptote z = —c for the transformation. See [link]. 


e Using the general equation f(x) = alog, (2 + c) + d,we can write the equation of a logarithmic 
function given its graph. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


The inverse of every logarithmic function is an exponential function and vice-versa. What does this tell 
us about the relationship between the coordinates of the points on the graphs of each? 


Solution: 
Since the functions are inverses, their graphs are mirror images about the line y = z. So for every point 


(a, b) on the graph of a logarithmic function, there is a corresponding point (6, a) on the graph of its 
inverse exponential function. 


Exercise: 


Problem: What type(s) of translation(s), if any, affect the range of a logarithmic function? 
Exercise: 

Problem: What type(s) of translation(s), if any, affect the domain of a logarithmic function? 

Solution: 


Shifting the function right or left and reflecting the function about the y-axis will affect its domain. 


Exercise: 


Problem: Consider the general logarithmic function f(x) = log, (x). Why can’t x be zero? 
Exercise: 

Problem: Does the graph of a general logarithmic function have a horizontal asymptote? Explain. 

Solution: 


No. A horizontal asymptote would suggest a limit on the range, and the range of any logarithmic 
function in general form is all real numbers. 


Algebraic 


For the following exercises, state the domain and range of the function. 
Exercise: 


Problem: f(z) = log; (x + 4) 


Exercise: 


Problem: h(x) = In (> — 2) 
Solution: 
Domain: (—00, +); Range: (—oo, co) 


Exercise: 


Problem: g(x) = log, (2x + 9) — 2 


Exercise: 
Problem: h(z) = In (4% +17) —5 


Solution: 


Domain: (—+2, 00); Range: (—oo, oo) 


Exercise: 
Problem: f(z) = log, (12 — 3x) — 3 


For the following exercises, state the domain and the vertical asymptote of the function. 
Exercise: 


Problem: f(x) = log,(x — 5) 
Solution: 


Domain: (5,00); Vertical asymptote: z = 5 


Exercise: 


Problem: g(x) = In(3 — z) 


Exercise: 


Problem: f(x) = log(3z + 1) 


Solution: 


Domain: (-4, oo); Vertical asymptote: = -+ 
Exercise: 

Problem: f(x) = 3log(—x) + 2 
Exercise: 

Problem: g(x) = —In(3z + 9) —7 

Solution: 

Domain: (—3, 00); Vertical asymptote: x = —3 


For the following exercises, state the domain, vertical asymptote, and end behavior of the function. 
Exercise: 


Problem: f(z) = In (2 — z) 
Exercise: 
Problem: f(z) = log (x es >) 


Solution: 


Domain: (2,00); 
Vertical asymptote: 2 = 3; End behavior: as x > (2)", f(x) — —oo and as « > oo, f(x) > 00 


Exercise: 


Problem: h(x) = — log (3a — 4) +3 


Exercise: 


Problem: g(x) = In (2x + 6) — 5 
Solution: 


Domain: (—3, 00); Vertical asymptote: = —3; 
End behavior: as x — —3*, f(x) + —oo and as x — 00, f(x) + 00 


Exercise: 
Problem: f(z) = log, (15 — 5x2) + 6 


For the following exercises, state the domain, range, and x- and y-intercepts, if they exist. If they do not exist, 
write DNE. 
Exercise: 


Problem: h(x) = log,(«—1)+1 


Solution: 


Domain: (1, 00); Range: (—oo, 00); Vertical asymptote: x = 1; x-intercept: (3,0); y-intercept: DNE 


Exercise: 


Problem: f(z) = log (5a + 10) +3 


Exercise: 
Problem: g(x) = In (—x) — 2 
Solution: 


Domain: (—oo, 0); Range: (—oo, 00); Vertical asymptote: x = 0; x-intercept: (—e?, 0); y-intercept: 
DNE 


Exercise: 


Problem: f(z) = log, (x + 2) —5 


Exercise: 
Problem: h(z) = 3ln (zx) — 9 
Solution: 


Domain: (0,00); Range: (—oo, 00); Vertical asymptote: x = 0; x-intercept: (e*,0); y-intercept: 
DNE 


Graphical 


For the following exercises, match each function in [link] with the letter corresponding to its graph. 


Exercise: 


Problem: d(z) = log (x) 


Exercise: 
Problem: f(z) = ln(z) 


Solution: 


B 


Exercise: 


Problem: 9(x) = log, (x) 


Exercise: 
Problem: h(x) = log, (x) 


Solution: 


C 


Exercise: 
Problem: j(x) = log); (x) 


For the following exercises, match each function in [link] with the letter corresponding to its graph. 


Frew fF OD 


Exercise: 
Problem: f(z) = log1 (x) 


Solution: 


B 


Exercise: 


Problem: g(x) = log, (x) 


Exercise: 
Problem: h(x) = logs (x) 


Solution: 


C 


For the following exercises, sketch the graphs of each pair of functions on the same axis. 
Exercise: 


Problem: f(z) = log(«) and g(x) = 10” 


Exercise: 
Problem: f(x) = log(zx) and g(x) = log: (z) 


Solution: 


f(x) = log(x) 


x 
1\2 3 4 5 6 7 8 9 10 


g(x) = log (x) 


Exercise: 


Problem: f(z) = log,(x) and g(x) = In(z) 


Exercise: 
Problem: f(z) = e* and g(x) = In(z) 


Solution: 


For the following exercises, match each function in [link] with the letter corresponding to its graph. 


Exercise: 


Problem: f(z) = log, (—x + 2) 


Exercise: 


Problem: g(x) = —log, (x + 2) 
Solution: 


Cc 


Exercise: 
Problem: h(x) = log, (x + 2) 


For the following exercises, sketch the graph of the indicated function. 
Exercise: 


Problem: f(x) = log,(x + 2) 


Solution: 


Exercise: 


Problem: f(x) = 2 log(zx) 


Exercise: 
Problem: f(x) = ln(—z) 


Solution: 


Exercise: 


Problem: g(x) = log (4x + 16) + 4 


Exercise: 
Problem: g(x) = log (6 — 3x) + 1 


Solution: 


Exercise: 
Problem: h(x) = —4In(z+1)—3 


For the following exercises, write a logarithmic equation corresponding to the graph shown. 
Exercise: 


Problem: Use y = log,(z) as the parent function. 


Solution: 


f(x) = log,(—(# — 1) 


Exercise: 


Problem: Use f(z) = log;(z) as the parent function. 


Exercise: 


Problem: Use f(x) = log,(z) as the parent function. 


Solution: 


f(a) = Blog,(x +2) 


Exercise: 


Problem: Use f(z) = log;(z) as the parent function. 


Technology 


For the following exercises, use a graphing calculator to find approximate solutions to each equation. 
Exercise: 


Problem: log (z — 1) + 2 =In(a—1) +2 


Solution: 


p= 2 


Exercise: 


Problem: log (2z — 3) + 2 = — log (2a — 3) +5 


Exercise: 


Problem: In (z — 2) = —In(z +1) 
Solution: 


x = 2.303 


Exercise: 


Problem: 2 In (5x +1) = $In(—5z) +1 


Exercise: 
Problem: Flog (1-2) =log(x+1)+ ¥ 


Solution: 


x =~ —0.472 


Extensions 


Exercise: 


Problem: 


Let b be any positive real number such that b 4 1. What must log,1 be equal to? Verify the result. 
Exercise: 
Problem: 


Explore and discuss the graphs of f(z) = log: (x) and g(x) = —log, (x). Make a conjecture based on 
2 
the result. 


Solution: 


The graphs of f(x) = log 1 (a) and g(x) = —log, (x) appear to be the same; Conjecture: for any 
positive base b £ 1, log, (x) = logs (a). 


Exercise: 


Problem: Prove the conjecture made in the previous exercise. 


Exercise: 
Problem: What is the domain of the function f(z) = In (4)? Discuss the result. 


Solution: 


Recall that the argument of a logarithmic function must be positive, so we determine where — >0. 


From the graph of the function f (#) = = — , note that the graph lies above the x-axis on the interval 


(—oo, —2) and again to the right of the vertical asymptote, that is (4, co). Therefore, the domain is 
(—oo, —2) U (4, 00). 


Exercise: 


Problem: 


Use properties of exponents to find the x-intercepts of the function f(x) = log iz + 4a + 4) 
algebraically. Show the steps for solving, and then verify the result by graphing the function. 


Logarithmic Properties 
In this section, you will: 


e Use the product rule for logarithms. 

e Use the quotient rule for logarithms. 

e Use the power rule for logarithms. 

e Expand logarithmic expressions. 

¢ Condense logarithmic expressions. 

e Use the change-of-base formula for logarithms. 


The pH of hydrochloric 
acid is tested with litmus 
paper. (credit: David 
Berardan) 


In chemistry, pH is used as a measure of the acidity or alkalinity of a substance. The pH scale runs from 0 to 14. 
Substances with a pH less than 7 are considered acidic, and substances with a pH greater than 7 are said to be 
alkaline. Our bodies, for instance, must maintain a pH close to 7.35 in order for enzymes to work properly. To get a 
feel for what is acidic and what is alkaline, consider the following pH levels of some common substances: 


e Battery acid: 0.8 

e Stomach acid: 2.7 

e Orange juice: 3.3 

e Pure water: 7 (at 25° C) 

e Human blood: 7.35 

e Fresh coconut: 7.8 

e Sodium hydroxide (lye): 14 


To determine whether a solution is acidic or alkaline, we find its pH, which is a measure of the number of active 
positive hydrogen ions in the solution. The pH is defined by the following formula, where a is the concentration of 
hydrogen ion in the solution 

Equation: 


pH = — log([H*]) 


= ne (ah) 


The equivalence of — log ([H~]) and log ( al ) is one of the logarithm properties we will examine in this 


section. 


Using the Product Rule for Logarithms 


Recall that the logarithmic and exponential functions “undo” each other. This means that logarithms have similar 
properties to exponents. Some important properties of logarithms are given here. First, the following properties are 
easy to prove. 

Equation: 


log, 1=0 


For example, log;1 = 0 since 5° = 1. Andlogs5 = 1since5' = 5. 


Next, we have the inverse property. 
Equation: 


log,(b") = x 


posit — rr > 0 


For example, to evaluate log (100),we can rewrite the logarithm as log, (107), and then apply the inverse 
property log, (b”) = a to get log, (10”) = 2. 


To evaluate e!™(”) we can rewrite the logarithm as e!°%”, and then apply the inverse property b!°%* = x to get 
log.7 —_ 7 
eee! = 7, 


Finally, we have the one-to-one property. 
Equation: 


log,M = log,N if and only if M = N 


We can use the one-to-one property to solve the equation log; (3z) = log; (2x + 5) for z. Since the bases are the 
same, we can apply the one-to-one property by setting the arguments equal and solving for z : 
Equation: 


3x =22+5 Set the arguments equal. 
z=65 Subtract 22. 


But what about the equation log, (3x) + log; (2% + 5) = 2? The one-to-one property does not help us in this 
instance. Before we can solve an equation like this, we need a method for combining terms on the left side of the 
equation. 


Recall that we use the product rule of exponents to combine the product of exponents by adding: x°x° = 27+. We 
have a similar property for logarithms, called the product rule for logarithms, which says that the logarithm of a 
product is equal to a sum of logarithms. Because logs are exponents, and we multiply like bases, we can add the 
exponents. We will use the inverse property to derive the product rule below. 


Given any real number 2 and positive real numbers M/, N, and b, where b ¥ 1, we will show 
Equation: 


log, (MN)=log, (M) + log, (NV). 


Let m = log,M andn = log,N. In exponential form, these equations are b™ = M andb” = N. It follows that 
Equation: 


log,(MN) = log, (bb”) Substitute for M and N. 
= log, (b™*”) Apply the product rule for exponents. 
=min Apply the inverse property of logs. 


= log, (M) + log,(N) Substitute for m and n. 


Note that repeated applications of the product rule for logarithms allow us to simplify the logarithm of the product 
of any number of factors. For example, consider log,(wayz). Using the product rule for logarithms, we can 
rewrite this logarithm of a product as the sum of logarithms of its factors: 

Equation: 


log,(wxyz) = log,w + log,x + log,y + log,z 


Note: 

The Product Rule for Logarithms 

The product rule for logarithms can be used to simplify a logarithm of a product by rewriting it as a sum of 
individual logarithms. 

Equation: 


log,(MN) = log, (M) + log, (NV) for b > 0 


Note: 
Given the logarithm of a product, use the product rule of logarithms to write an equivalent sum of 
logarithms. 


1. Factor the argument completely, expressing each whole number factor as a product of primes. 
2. Write the equivalent expression by summing the logarithms of each factor. 


Example: 
Exercise: 


Problem: 
Using the Product Rule for Logarithms 


Expand log; (30a (3a + 4)). 
Solution: 


We begin by factoring the argument completely, expressing 30 as a product of primes. 
Equation: 


log; (30x (32 + 4)) = log; (2-3-5-a- (34+ 4)) 


Next we write the equivalent equation by summing the logarithms of each factor. 
Equation: 


logs (30x (3 + 4)) = log; (2) + logs (3) + logs (5) + logs (x) + logs (3 + 4) 


Note: 
Exercise: 


Problem: Expand log,(8k). 


Solution: 


log,2 + log,2 + log,2 + log,k = 3log,2 + log,k 


Using the Quotient Rule for Logarithms 


For quotients, we have a similar rule for logarithms. Recall that we use the quotient rule of exponents to combine 
the quotient of exponents by subtracting: =F = a2* >. The quotient rule for logarithms says that the logarithm of 


a quotient is equal to a difference of logarithms. Just as with the product rule, we can use the inverse property to 
derive the quotient rule. 


Given any real number x and positive real numbers M,N, and b, where b ¥ 1, we will show 
Equation: 


log, (=) =log, (M) — log, (N). 


Let m = log,M andn = log,NV. In exponential form, these equations are b” = M andb” = N. It follows that 
Equation: 


log, (4) = log, (=) Substitute for M and N. 
= log, (b™”) Apply the quotient rule for exponents. 
=m—n Apply the inverse property of logs. 


= log, (M) — log, (NV) Substitute for m and n. 


2 a . . . . 
For example, to expand log ( = Gx ) ,we must first express the quotient in lowest terms. Factoring and canceling 
+9 
we get, 
Equation: 


log (22282 | = log ( = mae ) Factor the numerator and denominator. 
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= log (22) Cancel the common factors. 


Next we apply the quotient rule by subtracting the logarithm of the denominator from the logarithm of the 
numerator. Then we apply the product rule. 
Equation: 


log (22) = log(2a) — log(3) 
= log(2) + log(x) — log(3) 


Note: 

The Quotient Rule for Logarithms 

The quotient rule for logarithms can be used to simplify a logarithm or a quotient by rewriting it as the 
difference of individual logarithms. 

Equation: 


M 
log, (¥) = log,M — log,N 


Note: 
Given the logarithm of a quotient, use the quotient rule of logarithms to write an equivalent difference of 
logarithms. 


1. Express the argument in lowest terms by factoring the numerator and denominator and canceling common 
terms. 

2. Write the equivalent expression by subtracting the logarithm of the denominator from the logarithm of the 
numerator. 

3. Check to see that each term is fully expanded. If not, apply the product rule for logarithms to expand 
completely. 


Example: 
Exercise: 


Problem: 
Using the Quotient Rule for Logarithms 


Expand logy ( mete!) ) 


(3a+4)(2—a) )* 
Solution: 


First we note that the quotient is factored and in lowest terms, so we apply the quotient rule. 
Equation: 


15a2(# — 1) a 
logs (qm ) = toes (152(# ~ 1)) ~ tog (82 + 4)2— 2) 


Notice that the resulting terms are logarithms of products. To expand completely, we apply the product rule, 
noting that the prime factors of the factor 15 are 3 and 5. 
Equation: 


log,(15x(x — 1)) — log((3a + 4)(2 — x)) = [log,(3) + log,(5) + log,(x) + logs(x — 1)] — [log,(3a + 4) 
= log,(3) + log,(5) + log,(x) + log,(a — 1) — log,(3a + 4) — logs 


Analysis 


There are exceptions to consider in this and later examples. First, because denominators must never be zero, this 
expression is not defined for 2 = —F anda = 2. Also, since the argument of a logarithm must be positive, we 


note as we observe the expanded logarithm, that z > 0,7 > 1,z > = and x < 2. Combining these conditions 
is beyond the scope of this section, and we will not consider them here or in subsequent exercises. 


Note: 
Exercise: 


Problem: Expand log; (fy) : 


Solution: 


log; (x + 3) — log; (w — 1) — log; (x — 2) 


Using the Power Rule for Logarithms 


We’ve explored the product rule and the quotient rule, but how can we take the logarithm of a power, such as 2”? 
One method is as follows: 
Equation: 


log, (2) = log, (x - 2) 
= log,x + log,r 
= 2log,x 


Notice that we used the product rule for logarithms to find a solution for the example above. By doing so, we have 
derived the power rule for logarithms, which says that the log of a power is equal to the exponent times the log 
of the base. Keep in mind that, although the input to a logarithm may not be written as a power, we may be able to 
change it to a power. For example, 

Equation: 


100=10? V3=37 +t=e! 


Note: 

The Power Rule for Logarithms 

The power rule for logarithms can be used to simplify the logarithm of a power by rewriting it as the product of 
the exponent times the logarithm of the base. 

Equation: 


log, (M”) = nlog,M 


Note: 


Given the logarithm of a power, use the power rule of logarithms to write an equivalent product of a factor 
and a logarithm. 


1. Express the argument as a power, if needed. 
2. Write the equivalent expression by multiplying the exponent times the logarithm of the base. 


Example: 
Exercise: 


Problem: 
Expanding a Logarithm with Powers 


Expand log,2z°. 

Solution: 

The argument is already written as a power, so we identify the exponent, 5, and the base, x, and rewrite the 
equivalent expression by multiplying the exponent times the logarithm of the base. 


Equation: 


logy (x°) = d5logox 


Note: 
Exercise: 


Problem: Expand In z?. 
Solution: 


Dainese 


Example: 
Exercise: 


Problem: 
Rewriting an Expression as a Power before Using the Power Rule 


Expand log; (25) using the power rule for logs. 

Solution: 

Expressing the argument as a power, we get log, (25) = log; (57); 

Next we identify the exponent, 2, and the base, 5, and rewrite the equivalent expression by multiplying the 
exponent times the logarithm of the base. 


Equation: 


log; (5”) = 2log; (5) 


Note: 
Exercise: 


Problem: Expand In (=). 


Solution: 


—2|n(x) 


Example: 
Exercise: 


Problem: 
Using the Power Rule in Reverse 


Rewrite 4 n(x) using the power rule for logs to a single logarithm with a leading coefficient of 1. 
Solution: 


Because the logarithm of a power is the product of the exponent times the logarithm of the base, it follows 
that the product of a number and a logarithm can be written as a power. For the expression 4 In(«) ,we 
identify the factor, 4, as the exponent and the argument, z, as the base, and rewrite the product as a logarithm 
of a power: 4 n(x) = In(z*). 


Note: 
Exercise: 


Problem: Rewrite 2log,4 using the power rule for logs to a single logarithm with a leading coefficient of 1. 


Solution: 


log,16 


Expanding Logarithmic Expressions 


Taken together, the product rule, quotient rule, and power rule are often called “laws of logs.” Sometimes we apply 
more than one rule in order to simplify an expression. For example: 
Equation: 


log, () = log, (6x) — logyy 
= log,6 + log,x — log,y 


We can use the power rule to expand logarithmic expressions involving negative and fractional exponents. Here is 
an alternate proof of the quotient rule for logarithms using the fact that a reciprocal is a negative power: 
Equation: 


log, (4) = log, (AC?) 
= log, (A) + log, (C™) 
= log,A + (—1)log,C 
= log,A = log,C 
We can also apply the product rule to express a sum or difference of logarithms as the logarithm of a product. 
With practice, we can look at a logarithmic expression and expand it mentally, writing the final answer. 


Remember, however, that we can only do this with products, quotients, powers, and roots—never with addition or 
subtraction inside the argument of the logarithm. 


Example: 
Exercise: 


Problem: 
Expanding Logarithms Using Product, Quotient, and Power Rules 


Rewrite In (=) as a sum or difference of logs. 


Solution: 


First, because we have a quotient of two expressions, we can use the quotient rule: 
Equation: 


i" (=) Sine eines 


Then seeing the product in the first term, we use the product rule: 
Equation: 


In (x*y) —In(7) =In (c’) + In(y) — In(7) 


Finally, we use the power rule on the first term: 
Equation: 


In (x*) + In(y) — In(7) = 41n(z) + In(y) — In(7) 


Note: 
Exercise: 


Problem: Expand log (=F). 


Solution: 


2loga + 3logy — 4log z 


Example: 
Exercise: 


Problem: 


Using the Power Rule for Logarithms to Simplify the Logarithm of a Radical Expression 


Expand log (/z). 


Solution: 
Equation: 


Note: 
Exercise: 


Problem: Expand In (w2?). 


Solution: 


2 
3 ing 


Note: 
Can we expand In 


(Ge ae y’)? 


No. There is no way to expand the logarithm of a sum or difference inside the argument of the logarithm. 


Example: 
Exercise: 


Problem: 


Expanding Complex Logarithmic Expressions 


Expand log, ( 


Solution: 


6423(4r+1) 
(2%—1) ) 


We can expand by applying the Product and Quotient Rules. 


Equation: 


log, ( 64a3(4a+1) 


(2z—1) 


) = log,64 + 


+ loggx? + log,(4x + 1) —log,(2z —1) Apply the Quotient Rule. 


= log,2® + loggx? + log,(4% + 1) —log,(2z—1) Simplify by writing 64 as 2°. 


= 6log,2 + 


+ 3log,x + log,(4¢ + 1) — log,(2a —1) Apply the Power Rule. 


Note: 
Exercise: 


Problem: Expand In (eas | 


Solution: 


Condensing Logarithmic Expressions 


We can use the rules of logarithms we just learned to condense sums, differences, and products with the same base 
as a single logarithm. It is important to remember that the logarithms must have the same base to be combined. We 
will learn later how to change the base of any logarithm before condensing. 


Note: 
Given a sum, difference, or product of logarithms with the same base, write an equivalent expression as a 
single logarithm. 


1. Apply the power property first. Identify terms that are products of factors and a logarithm, and rewrite each 
as the logarithm of a power. 

2. Next apply the product property. Rewrite sums of logarithms as the logarithm of a product. 

3. Apply the quotient property last. Rewrite differences of logarithms as the logarithm of a quotient. 


Example: 
Exercise: 


Problem: 
Using the Product and Quotient Rules to Combine Logarithms 


Write log; (5) + logs (8) — logs (2) as a single logarithm. 
Solution: 


Using the product and quotient rules 
Equation: 


logs (5) + log; (8) = logs (5 - 8) = logs (40) 


This reduces our original expression to 
Equation: 
log;(40) — log;(2) 


Then, using the quotient rule 
Equation: 


40 
log (40) ~ logs (2) = 1ogs ( >) = 108s (20) 


Note: 
Exercise: 


Problem: Condense log 3 — log4 + log 5 — log6. 
Solution: 


log (32); can also be written log (3) by reducing the fraction to lowest terms. 


Example: 
Exercise: 


Problem: 
Condensing Complex Logarithmic Expressions 


Condense log, (x?) + log, (a — 1) — 3log, ((2 ae ae 


Solution: 


We apply the power rule first: 
Equation: 


1 — 
log, (x?) 4 5 log, (x — 1) — 3log, ((2 dt 3)’) = log, (x?) + log, (vz = 1) — log, ((2 dt 3)°) 
Next we apply the product rule to the sum: 
Equation: 


log, (x?) + log, (vz-1) — log, ((2 + 3)°) = log, (<?vz—1) — log, ((@ + 3)°) 


Finally, we apply the quotient rule to the difference: 


Equation: 
2 
Ve— I 
log, (ve — 1) — logy ((2 + 3)°) = iy 
(a +3) 
Note: 
Exercise: 


Problem: Rewrite log (5) + 0.5 log (a) — log (7a — 1) + 3 log (x — 1) as a single logarithm. 


Solution: 


Example: 
Exercise: 


Problem: 
Rewriting as a Single Logarithm 


Rewrite 2 log x — 4log(x + 5) + log (3a + 5) asa single logarithm. 


Solution: 


We apply the power rule first: 
Equation: 


log(a + 5) 4 ~log(3 + 5) = log (x) — log (x + 5)* + log (3 4k 5”) 


Next we rearrange and apply the product rule to the sum: 


Equation: 
log (x?) — log (x + 5)* + log ((32 a 5)" ) 
Equation: 
= log (z”) + log ((3 5)" ) log (x + 5)* 
Equation: 


= log(2?(32 | 5)" ) log (x + 5)* 


Finally, we apply the quotient rule to the difference: 


Equation: 
zi ear 5) 
= log(2*(32 + 5)” ) log(x 4 ge eats 
(a +5) 
Note: 
Exercise: 


Problem: Condense 4(3 log (x) + log (x + 5) — log (2x + 3)). 


Solution: 


a?(2+5)* é é 
Gray! ; this answer could also be written log 
x 


(2%+3) 


x3(a-+5) y 


Example: 
Exercise: 


Problem: 
Applying of the Laws of Logs 


Recall that, in chemistry, pH = — log|H™~]. If the concentration of hydrogen ions in a liquid is doubled, 
what is the effect on pH? 


Solution: 


Suppose C is the original concentration of hydrogen ions, and P is the original pH of the liquid. Then 
P =—log(C). If the concentration is doubled, the new concentration is 2C’. Then the pH of the new liquid is 
Equation: 


pH = — log (2C) 
Using the product rule of logs 
Equation: 
pH = — log (2C) = — (log(2) + log(C)) = — log(2) — log(C) 
Since P =—log(C),the new pH is 
Equation: 


pH = P — log(2) = P — 0.301 


When the concentration of hydrogen ions is doubled, the pH decreases by about 0.301. 


Note: 
Exercise: 


Problem: How does the pH change when the concentration of positive hydrogen ions is decreased by half? 
Solution: 


The pH increases by about 0.301. 


Using the Change-of-Base Formula for Logarithms 
Most calculators can evaluate only common and natural logs. In order to evaluate logarithms with a base other than 
10 or e,we use the change-of-base formula to rewrite the logarithm as the quotient of logarithms of any other 


base; when using a calculator, we would change them to common or natural logs. 


To derive the change-of-base formula, we use the one-to-one property and power rule for logarithms. 


Given any positive real numbers M, b, and n, wheren £1 andb # 1,we show 
Equation: 


] 
log, M= 


Let y = log,M. By taking the log base n of both sides of the equation, we arrive at an exponential form, namely 
b¥ = M. It follows that 
Equation: 


log, (bY) = log,M Apply the one-to-one property. 
ylog,b = log,M Apply the power rule for logarithms. 
log, M 


y a Isolate y. 
log M = a Substitute for y. 


For example, to evaluate log;36 using a calculator, we must first rewrite the expression as a quotient of common or 
natural logs. We will use the common log. 


Equation: 
log;36 = ae Apply the change of base formula using base 10. 
sx 2.2266 Use acalculator to evaluate to 4 decimal places. 
Note: 


The Change-of-Base Formula 

The change-of-base formula can be used to evaluate a logarithm with any base. 
For any positive real numbers M, b, andn, wheren 4 1 andb £1, 

Equation: 


It follows that the change-of-base formula can be used to rewrite a logarithm with any base as the quotient of 
common or natural logs. 


Equation: 
In M 
log, M = —— 
Pee ath 
and 
Equation: 
log M 
log, M = —-— 
ee logb 
Note: 


Given a logarithm with the form log, /, use the change-of-base formula to rewrite it as a quotient of logs 
with any positive basen, wheren + 1. 


1. Determine the new base n, remembering that the common log, log (), has base 10, and the natural log, 
In (x), has base e. 
2. Rewrite the log as a quotient using the change-of-base formula 


a. The numerator of the quotient will be a logarithm with base n and argument VM. 
b. The denominator of the quotient will be a logarithm with base n and argument b. 


Example: 
Exercise: 


Problem: 
Changing Logarithmic Expressions to Expressions Involving Only Natural Logs 


Change log;3 to a quotient of natural logarithms. 

Solution: 

Because we will be expressing log,3 as a quotient of natural logarithms, the new base, n = e. 

We rewrite the log as a quotient using the change-of-base formula. The numerator of the quotient will be the 


natural log with argument 3. The denominator of the quotient will be the natural log with argument 5. 
Equation: 


log,M = ni 
logs3 = ins 


Note: 
Exercise: 


Problem: Change log, ;8 to a quotient of natural logarithms. 


Solution: 


In8 
In 0.5 


Note: 
Can we change common logarithms to natural logarithms? 


Yes. Remember that log 9 means log ,9. So, log 9 = im. : 


Example: 
Exercise: 


Problem: 
Using the Change-of-Base Formula with a Calculator 


Evaluate log,(10) using the change-of-base formula with a calculator. 


Solution: 


According to the change-of-base formula, we can rewrite the log base 2 as a logarithm of any other base. 
Since our calculators can evaluate the natural log, we might choose to use the natural logarithm, which is the 


log base e. 
Equation: 
log.10 = 2¥ Apply the change of base formula using base e. 
= 3.3219 Use acalculator to evaluate to 4 decimal places. 
Note: 
Exercise: 


Problem: Evaluate log; (100) using the change-of-base formula. 


Solution: 


In100 ~, 4.6051 _ 
Ind “~ 1.6094 —_ 2.861 


Note: 
Access these online resources for additional instruction and practice with laws of logarithms. 


e The Properties of Logarithms 
Expand Logarithmic Expressions 
Evaluate a Natural Logarithmic Expression 


Key Equations 

The Product Rule for Logarithms log,(MN) = log, (M) + log, (NV) 

The Quotient Rule for Logarithms log, (+f) = log,M — log,N 

The Power Rule for Logarithms log, (M") = nlog,M 

The Change-of-Base Formula log, M= ae n>0,n41,b41 
Key Concepts 


e We can use the product rule of logarithms to rewrite the log of a product as a sum of logarithms. See [link]. 


e We can use the quotient rule of logarithms to rewrite the log of a quotient as a difference of logarithms. See 
[link]. 

e We can use the power rule for logarithms to rewrite the log of a power as the product of the exponent and the 
log of its base. See [link], [link], and [link]. 

e We can use the product rule, the quotient rule, and the power rule together to combine or expand a logarithm 
with a complex input. See [link], [link], and [link]. 

e The rules of logarithms can also be used to condense sums, differences, and products with the same base as a 
single logarithm. See [link], [link], [link], and [link]. 

e We can convert a logarithm with any base to a quotient of logarithms with any other base using the change- 
of-base formula. See [link]. 

e The change-of-base formula is often used to rewrite a logarithm with a base other than 10 and e as the 
quotient of natural or common logs. That way a calculator can be used to evaluate. See [link]. 


Section Exercises 


Verbal 
Exercise: 
Problem: How does the power rule for logarithms help when solving logarithms with the form log, (vz)? 


Solution: 


Any root expression can be rewritten as an expression with a rational exponent so that the power rule can be 
1 
applied, making the logarithm easier to calculate. Thus, log, (« r) = +log,(z). 


Exercise: 


Problem: What does the change-of-base formula do? Why is it useful when using a calculator? 


Algebraic 
For the following exercises, expand each logarithm as much as possible. Rewrite each expression as a sum, 


difference, or product of logs. 
Exercise: 


Problem: log, (7x - 2y) 


Solution: 


log, (2) + log, (7) + log, (x) + log, (y) 
Exercise: 


Problem: 1n (3ab - 5c) 


Exercise: 


Problem: log, (3) 


Solution: 


log, (13) — log, (17) 


Exercise: 


Problem: log, ( 


& Je le 
eee 


Exercise: 


Problem: In (<r) 


Solution: 


—k1n(4) 


Exercise: 
Problem: log, (y”) 


For the following exercises, condense to a single logarithm if possible. 
Exercise: 


Problem: In (7) + In (x) + In (y) 


Solution: 


In (72zy) 


Exercise: 


Problem: log;(2) + log3(a) + log;(11) + log;(b) 


Exercise: 


Problem: log,(28) — log,(7) 


Solution: 


log,(4) 


Exercise: 


Problem: In (a) — In (d) — In (c) 


Exercise: 


) 


NR 


Problem: —log, ( 


Solution: 


log, (7) 


Exercise: 
Problem: +In (8) 


For the following exercises, use the properties of logarithms to expand each logarithm as much as possible. 
Rewrite each expression as a sum, difference, or product of logs. 


Exercise: 


gh) 13 
Problem: log ( = ) 


Solution: 


15 log(x) + 13 log(y) — 19 log(z) 


Exercise: 


Problem: In ( 


a2 
«,) 
Exercise: 
Problem: log (Vay) 
Solution: 


$-log(x) — 2 log(y) 


Exercise: 


Problem: In (v,/ 75) 


Exercise: 


Problem: log (ey 245) 
Solution: 
3 log(x) + Stlog(y) 


For the following exercises, condense each expression to a single logarithm using the properties of logarithms. 
Exercise: 


Problem: log (2z*) + log (32°) 


Exercise: 
Problem: In(6z’) — In(3z”) 
Solution: 


In(2z’) 


Exercise: 


Problem: 2 log(z) + 3 log(# + 1) 


Exercise: 


Problem: log(x) — +log(y) + 3 log(z) 


Solution: 
a2 
log (25) 
Exercise: 


log;(a) , log,(b) 
3 : 3 


Problem: 4log, (c) 4 


For the following exercises, rewrite each expression as an equivalent ratio of logs using the indicated base. 
Exercise: 


Problem: log, (15) to base e 


Solution: 


log; (15) = a 


Exercise: 
Problem: log, , (55.875) to base 10 


For the following exercises, suppose log; (6) = aand log, (11) = b. Use the change-of-base formula along with 
properties of logarithms to rewrite each expression in terms of a and b. Show the steps for solving. 
Exercise: 


Problem: log,, (5) 


Solution: 


logs (5 
logy, (5) = ai = . 


Exercise: 


Problem: log, (55) 


Exercise: 


Problem: log,, (4) 


Solution: 


(f)= logs(tr) __ logs(6)—logs(11) __ a—b 
log,(11) 


Numeric 


For the following exercises, use properties of logarithms to evaluate without using a calculator. 
Exercise: 


Problem: log; (4) — 3log; (3) 


Exercise: 


Problem: 6log, (2) + a 
Solution: 
3 

Exercise: 


Problem: 2log, (3) — 4log, (3) + logy (35) 


For the following exercises, use the change-of-base formula to evaluate each expression as a quotient of natural 
logs. Use a calculator to approximate each to five decimal places. 
Exercise: 


Problem: log; (22) 


Solution: 
2.81359 


Exercise: 


Problem: logs (65) 


Exercise: 


Problem: log, (5.38) 


Solution: 
0.93913 


Exercise: 


Problem: log, (+) 


Exercise: 
Problem: log: (4.7) 


Solution: 


—2.23266 


Extensions 


Exercise: 


Problem: 


Use the product rule for logarithms to find all x values such that log, (2x + 6) + log,,(# + 2) = 2. Show 
the steps for solving. 


Exercise: 


Problem: 


Use the quotient rule for logarithms to find all x values such that log, (x + 2) — log, (x — 3) = 1. Show the 
steps for solving. 


Solution: 


x = 4; By the quotient rule:logg (a + 2) — logs (a — 3) = log, (23) = 1. 


Rewriting as an exponential equation and solving for z : 


61 _— &£+2 


=4 


8 OO. SO 
| 
8 
t 
a 
coz) 
8 
a 
aa 
co 


Checking, we find that log, (4 + 2) — log, (4 — 3) = log, (6) — log, (1) is defined, sox = 4. 
Exercise: 
Problem: 
Can the power property of logarithms be derived from the power property of exponents using the equation 
b* = m? If not, explain why. If so, show the derivation. 
Exercise: 


Problem: Prove that log, (n) = in. for any positive integers b > landn > 1. 


Solution: 


Let band n be positive integers greater than 1. Then, by the change-of-base formula, 


— logi(r) _ _ 1 
log, (”) = tn.) = Tosh: 


Exercise: 


Problem: Does logs, (2401) = log; (7)? Verify the claim algebraically. 


Glossary 


change-of-base formula 
a formula for converting a logarithm with any base to a quotient of logarithms with any other base. 


power rule for logarithms 


a tule of logarithms that states that the log of a power is equal to the product of the exponent and the log of its 
base 


product rule for logarithms 
a tule of logarithms that states that the log of a product is equal to a sum of logarithms 


quotient rule for logarithms 
a rule of logarithms that states that the log of a quotient is equal to a difference of logarithms 


Exponential and Logarithmic Equations 
In this section, you will: 


e Use like bases to solve exponential equations. 

e Use logarithms to solve exponential equations. 

e Use the definition of a logarithm to solve logarithmic equations. 

e Use the one-to-one property of logarithms to solve logarithmic equations. 
Solve applied problems involving exponential and logarithmic equations. 


Wild rabbits in Australia. The rabbit population grew 
so quickly in Australia that the event became known as 
the “rabbit plague.” (credit: Richard Taylor, Flickr) 


In 1859, an Australian landowner named Thomas Austin released 24 rabbits into the wild for hunting. Because 
Australia had few predators and ample food, the rabbit population exploded. In fewer than ten years, the rabbit 
population numbered in the millions. 


Uncontrolled population growth, as in the wild rabbits in Australia, can be modeled with exponential functions. 
Equations resulting from those exponential functions can be solved to analyze and make predictions about 
exponential growth. In this section, we will learn techniques for solving exponential functions. 


Using Like Bases to Solve Exponential Equations 


The first technique involves two functions with like bases. Recall that the one-to-one property of exponential 
functions tells us that, for any real numbers b, S, and7’, whereb > 0, b 4 1,0° = b7 if and only if S = T. 


In other words, when an exponential equation has the same base on each side, the exponents must be equal. This 
also applies when the exponents are algebraic expressions. Therefore, we can solve many exponential equations by 
using the rules of exponents to rewrite each side as a power with the same base. Then, we use the fact that 
exponential functions are one-to-one to set the exponents equal to one another, and solve for the unknown. 


For example, consider the equation 34*~? = x. To solve for z, we use the division property of exponents to 
rewrite the right side so that both sides have the common base, 3. Then we apply the one-to-one property of 
exponents by setting the exponents equal to one another and solving for z : 

Equation: 


g4e-7 3 Rewrite 3 as 3'. 

Use the division property of exponents. 

4x —7 =2x—1 Apply the one-to-one property of exponents. 
22 =6 Subtract 2x and add 7 to both sides. 
x =3 Divide by 3. 


Note: 

Using the One-to-One Property of Exponential Functions to Solve Exponential Equations 
For any algebraic expressions S and T’,, and any positive real number b ¥ 1, 

Equation: 


b° = b" if and only if S=T 


Note: 
Given an exponential equation with the form b° — b', where S and T are algebraic expressions with an 
unknown, solve for the unknown. 


1. Use the rules of exponents to simplify, if necessary, so that the resulting equation has the formb* = b7. 
2. Use the one-to-one property to set the exponents equal. 
3. Solve the resulting equation, S = T, for the unknown. 


Example: 
Exercise: 


Problem: 
Solving an Exponential Equation with a Common Base 


Solve 27-1 = 22¢-4, 


Solution: 
Equation: 
De The common base is 2. 
ae — Il = ee = 4! By the one-to-one property the exponents must be equal. 


¢=8 Solve for z. 


Note: 
Exercise: 


Problem: Solve 57” = 5°**?. 


Solution: 


Rewriting Equations So All Powers Have the Same Base 


Sometimes the common base for an exponential equation is not explicitly shown. In these cases, we simply rewrite 
the terms in the equation as powers with a common base, and solve using the one-to-one property. 


For example, consider the equation 256 = 47—°. We can rewrite both sides of this equation as a power of 2. Then 
we apply the rules of exponents, along with the one-to-one property, to solve fora : 


Equation: 
256 = 47-5 
eS (2”) ot Rewrite each side as a power with base 2. 
25 = 1928 —10 Use the one-to-one property of exponents. 
8 = 2x — 10 Apply the one-to-one property of exponents. 
18 = 2a Add 10 to both sides. 
r=9 Divide by 2. 
Note: 


Given an exponential equation with unlike bases, use the one-to-one property to solve it. 


1. Rewrite each side in the equation as a power with a common base. 

2. Use the rules of exponents to simplify, if necessary, so that the resulting equation has the formb* = b?. 
3. Use the one-to-one property to set the exponents equal. 

4. Solve the resulting equation, S = T, for the unknown. 


Example: 
Exercise: 


Problem: 
Solving Equations by Rewriting Them to Have a Common Base 


Solve 8¢+2 = 167*1. 


Solution: 
Equation: 


(ine = (\e Write 8 and 16 as powers of 2. 


To take a power of a power, multiply exponents. 


3z+6=42-+4 Use the one-to-one property to set the exponents equal. 
SD Solve for xz. 


Note: 
Exercise: 


Problem: Solve 57? = 25°**?. 


Solution: 


Toll 


Example: 
Exercise: 


Problem: 
Solving Equations by Rewriting Roots with Fractional Exponents to Have a Common Base 


Solve 25% = 2. 


Solution: 
Equation: 
25°27 Write the square root of 2 asa power of 2. 
ie = + Use the one-to-one property. 
g= i Solve for zx. 
Note: 
Exercise: 


Problem: Solve 5” = J 5. 
Solution: 


rl 
= 5 


Note: 
Do all exponential equations have a solution? If not, how can we tell if there is a solution during the 


problem-solving process? 
No. Recall that the range of an exponential function is always positive. While solving the equation, we may obtain 


an expression that is undefined. 


Example: 
Exercise: 


Problem: 
Solving an Equation with Positive and Negative Powers 


Solve 37+! = —2. 


Solution: 


This equation has no solution. There is no real value of x that will make the equation a true statement 
because any power of a positive number is positive. 


Analysis 


[link] shows that the two graphs do not cross so the left side is never equal to the right side. Thus the equation has 
no solution. 


y= 3 + 1) 


They do not cross. 


Note: 
Exercise: 


Problem: Solve 2” = —100. 
Solution: 


The equation has no solution. 


Solving Exponential Equations Using Logarithms 
Sometimes the terms of an exponential equation cannot be rewritten with a common base. In these cases, we solve 


by taking the logarithm of each side. Recall, since log (a) = log (b) is equivalent toa = b, we may apply 
logarithms with the same base on both sides of an exponential equation. 


Note: 
Given an exponential equation in which a common base cannot be found, solve for the unknown. 


1. Apply the logarithm of both sides of the equation. 


a. If one of the terms in the equation has base 10, use the common logarithm. 


b. If none of the terms in the equation has base 10, use the natural logarithm. 


2. Use the rules of logarithms to solve for the unknown. 


Example: 
Exercise: 


Problem: 
Solving an Equation Containing Powers of Different Bases 


Solve 5°+2 = 47. 


Solution: 
Equation: 
Be ie Ae There is no easy way to get the powers to have the same base. 
i532 4? Take In of both sides. 
(e+ 2)m5=aln4 Use laws of logs. 
zin5+2In5=a2ln4 Use the distributive law. 
zin5—almn4=—21n5 Get terms containing x on one side, terms without x on the other. 
z(In5 —In4) = —21n5 On the left hand side, factor out an z. 
xin (4) =In (=) Use the laws of logs. 
piss 
bs ay Divide by the coefficient of a. 
4 
Note: 
Exercise: 


Problem: Solve 2” = 37*1. 


Solution: 
aa sins) 
aS In(?/3) 
Note: 


Is there any way to solve 2% = 37? 
Yes. The solution is 0. 


Equations Containing e 


One common type of exponential equations are those with base e. This constant occurs again and again in nature, 
in mathematics, in science, in engineering, and in finance. When we have an equation with a base e on either side, 
we can use the natural logarithm to solve it. 


Note: 
Given an equation of the form y — Ae™, solve for t. 


1. Divide both sides of the equation by A. 
2. Apply the natural logarithm of both sides of the equation. 
3. Divide both sides of the equation by k. 


Example: 
Exercise: 


Problem: 
Solve an Equation of the Form y = Ae“ 


Solve 100 = 20e. 


Solution: 
Equation: 
100 = 20e 
eg Divide by the coefficient of the power. 
In5 = 2t Take In of both sides. Use the fact that In(z) and e” are inverse functions. 
¢ = me Divide by the coefficient of t. 
Analysis 


Using laws of logs, we can also write this answer in the form t = In /5.1f we want a decimal approximation of 
the answer, we use a calculator. 


Note: 
Exercise: 


Problem: Solve 3e°" = 11. 


Solution: 


t =2In (24) or In(24)’ 


Note: 

Does every equation of the form y = Ae™ have a solution? 

No. There is a solution whenk # 0,and when y and A are either both 0 or neither 0, and they have the same sign. 
An example of an equation with this form that has no solution is 2 = —3e°. 


Example: 
Exercise: 


Problem: 


Solving an Equation That Can Be Simplified to the Form y = Ae“ 


Solve 4e2" + 5 = 12. 


Solution: 
Equation: 
4e** +5 = 12 
4e2t — 7 Combine like terms. 
Cr ft Divide by the coefficient of the power. 
2x = 1n t) Take In of both sides. 
r= sin (+) Solve for z. 
Note: 
Exercise: 


Problem: Solve 3 + e7 = 7e”*. 


Solution: 


é=lkn (+) = —+ln (2) 


Extraneous Solutions 


Sometimes the methods used to solve an equation introduce an extraneous solution, which is a solution that is 
correct algebraically but does not satisfy the conditions of the original equation. One such situation arises in 
solving when the logarithm is taken on both sides of the equation. In such cases, remember that the argument of 
the logarithm must be positive. If the number we are evaluating in a logarithm function is negative, there is no 
output. 


Example: 
Exercise: 


Problem: 
Solving Exponential Functions in Quadratic Form 


Solve e27 — e* = 56. 


Solution: 
Equation: 


eoete” = 56 


e* —e*— 56 =0 Get one side of the equation equal to zero. 
(e7 + 7)(e7 —8) =0 Factor by the FOIL method. 
ev +7 = Oore”—8=0 If a product is zero, then one factor must be zero. 
e” = —Tore” =8 Isolate the exponentials. 
e* = Reject the equation in which the power equals a negative n 
x =In8 Solve the equation in which the power equals a positive nw 
Analysis 


When we plan to use factoring to solve a problem, we always get zero on one side of the equation, because zero 
has the unique property that when a product is zero, one or both of the factors must be zero. We reject the 
equation e” = —7 because a positive number never equals a negative number. The solution In(—7) is not a real 
number, and in the real number system this solution is rejected as an extraneous solution. 


Note: 
Exercise: 


Problem: Solve e2* = e* + 2. 
Solution: 


ay == lin 


Note: 

Does every logarithmic equation have a solution? 

No. Keep in mind that we can only apply the logarithm to a positive number. Always check for extraneous 
solutions. 


Using the Definition of a Logarithm to Solve Logarithmic Equations 


We have already seen that every logarithmic equation log, (x) = yis equivalent to the exponential equation 
bY = x. We can use this fact, along with the rules of logarithms, to solve logarithmic equations where the 
argument is an algebraic expression. 


For example, consider the equation log, (2) + log, (3a — 5) = 3. To solve this equation, we can use rules of 
logarithms to rewrite the left side in compact form and then apply the definition of logs to solve fora : 
Equation: 


logs (2) + logs(3a — 5) =3 


log,(2(3a — 5)) =3 Apply the product rule of logarithms. 
log)(6x — 10) =3 Distribute. 
23 = 6x — 10 Apply the definition of a logarithm. 
8 = 6x — 10 Calculate 2°. 
18 = 6z Add 10 to both sides. 


r=3 Divide by 6. 


Note: 
Using the Definition of a Logarithm to Solve Logarithmic Equations 
For any algebraic expression $ and real numbers b andc,whereb > 0, b £1, 


Equation: 
log,(S) = c if and only if b° = $ 


Example: 
Exercise: 


Problem: 
Using Algebra to Solve a Logarithmic Equation 


Solve2Inz+3 = 7. 


Solution: 
Equation: 
2ina+3=7 
2Inzx =4 Subtract 3. 
Inz =2 Divide by 2. 
xz —e* Rewrite in exponential form. 

Note: 
Exercise: 


Problem: Solve 6 + Inz = 10. 


Solution: 


Lu e€ 


Example: 
Exercise: 


Problem: 
Using Algebra Before and After Using the Definition of the Natural Logarithm 


Solve 2 In(6x) = 7. 


Solution: 
Equation: 


In(6x) = 5 Divide by 2. 
6x =e(z) Use the definition of In. 
e(z) Divide by 6. 


Note: 
Exercise: 


Problem: Solve 2 In(zx + 1) = 10. 


Solution: 


z=e—1 


Example: 
Exercise: 


Problem: 
Using a Graph to Understand the Solution to a Logarithmic Equation 


Solve Inz = 3. 


Solution: 
Equation: 


Inz =3 


z—e°* Use the definition of the natural logarithm. 


[link] represents the graph of the equation. On the graph, the x-coordinate of the point at which the two 
graphs intersect is close to 20. In other words e? = 20. A calculator gives a better approximation: 
e* ~ 20.0855. 


y 

sf 

y=3 (20.0855, 3) 
(e%, 3) 


—o ; i ; t : ‘ + t Lex 
2 4 6 8 10 12 14 16 18 20 22 


The graphs of y = In z and y = 3 cross at the point 
(e°, 3), which is approximately (20.0855, 3). 


Note: 
Exercise: 


Problem: 


Use a graphing calculator to estimate the approximate solution to the logarithmic equation 2” = 1000 to 2 
decimal places. 


Solution: 


40 FS OY 


Using the One-to-One Property of Logarithms to Solve Logarithmic Equations 


As with exponential equations, we can use the one-to-one property to solve logarithmic equations. The one-to-one 
property of logarithmic functions tells us that, for any real numbers z > 0, S > 0, J’ > Oand any positive real 
number b, where b ¥ 1, 

Equation: 


log,S = log,T if and only if S=T. 


For example, 
Equation: 


If logs(x — 1) = log, (8), then —1=8. 


So, if — 1 = 8,then we can solve for z,and we get z = 9. To check, we can substitute zx = 9 into the original 
equation: log, (9 — 1) = log, (8) = 3. In other words, when a logarithmic equation has the same base on each 
side, the arguments must be equal. This also applies when the arguments are algebraic expressions. Therefore, 
when given an equation with logs of the same base on each side, we can use rules of logarithms to rewrite each 
side as a single logarithm. Then we use the fact that logarithmic functions are one-to-one to set the arguments 
equal to one another and solve for the unknown. 


For example, consider the equation log (3a — 2) — log (2) = log (x + 4). To solve this equation, we can use the 
rules of logarithms to rewrite the left side as a single logarithm, and then apply the one-to-one property to solve for 
Le: 

Equation: 


log(3a — 2) — log(2) = log(x + 4) 
log (422) =log(z#+4) Apply the quotient rule of logarithms. 


a2 =a2+A4 Apply the one to one property of a logarithm. 
32 —-2=22+8 Multiply both sides of the equation by 2. 
z= 10 Subtract 2x and add 2. 


To check the result, substitute x = 10 into log (3a — 2) — log (2) = log (x + 4). 
Equation: 


log(3(10) — 2) — log(2) = log((10) + 4) 
log(28) — log(2) = log(14) 
log (33) = log(14) The solution checks. 


Note: 

Using the One-to-One Property of Logarithms to Solve Logarithmic Equations 

For any algebraic expressions S and T and any positive real number b, where b # 1, 
Equation: 


log,S = log,T if and only if $= T 


Note, when solving an equation involving logarithms, always check to see if the answer is correct or if it is an 
extraneous solution. 


Note: 
Given an equation containing logarithms, solve it using the one-to-one property. 


1. Use the rules of logarithms to combine like terms, if necessary, so that the resulting equation has the form 
log, S = log,T. 

2. Use the one-to-one property to set the arguments equal. 

3. Solve the resulting equation, S = T, for the unknown. 


Example: 
Exercise: 


Problem: 
Solving an Equation Using the One-to-One Property of Logarithms 


Solve In(x”) = In(2z + 3). 


Solution: 
Equation: 
In(z?) = In(2z + 3) 
ee Use the one-to-one property of the logarithm. 
z*—22-3=0 Get zero on one side before factoring. 
(¢—3)(e +1) =0 Factor using FOIL. 
x—3—Oorzg+1—0 If a product is zero, one of the factors must be zero. 
x—s3orr — —1 Solve for zx. 
Analysis 


There are two solutions: 3 or —1. The solution —1 is negative, but it checks when substituted into the original 
equation because the argument of the logarithm functions is still positive. 


Note: 


Exercise: 


Problem: Solve In(x?) = In1. 


Solution: 


p= lore =—=ll 


Solving Applied Problems Using Exponential and Logarithmic Equations 


In previous sections, we learned the properties and rules for both exponential and logarithmic functions. We have 
seen that any exponential function can be written as a logarithmic function and vice versa. We have used 
exponents to solve logarithmic equations and logarithms to solve exponential equations. We are now ready to 
combine our skills to solve equations that model real-world situations, whether the unknown is in an exponent or 


in the argument of a logarithm. 


One such application is in science, in calculating the time it takes for half of the unstable material in a sample of a 
radioactive substance to decay, called its half-life. [link] lists the half-life for several of the more common 


radioactive substances. 


Substance 
gallium-67 
cobalt-60 
technetium-99m 
americium-241 
carbon-14 


uranium-235 


Use 

nuclear medicine 
manufacturing 
nuclear medicine 
construction 
archeological dating 


atomic power 


Half-life 
80 hours 
5.3 years 

6 hours 
432 years 
5,715 years 


703,800,000 years 


We can see how widely the half-lives for these substances vary. Knowing the half-life of a substance allows us to 
calculate the amount remaining after a specified time. We can use the formula for radioactive decay: 


Equation: 


where 


A(t) = Age 
AGH Ae 
A(t) = Ao( 
A(t) = Ao( 


e Ag is the amount initially present 


e Tis the half-life of the substance 
e tis the time period over which the substance is studied 
e yis the amount of the substance present after time t 


Example: 
Exercise: 


Problem: 
Using the Formula for Radioactive Decay to Find the Quantity of a Substance 


How long will it take for ten percent of a 1000-gram sample of uranium-235 to decay? 


Solution: 
Equation: 
= In(0.5) 
y = 1000e 703,800,000 © 
900 = 1000e soon" After 10% decays, 900 grams are left. 
0.9 = ¢ manna Divide by 1000. 
In(0.9) = In (_7smom :) Take In of both sides. 
1n(0.5 
In(0.9) = scat In(e”) = M 
t = 703,800,000 x siysy years Solve for t. 
t © 106,979,777 years 
Analysis 


Ten percent of 1000 grams is 100 grams. If 100 grams decay, the amount of uranium-235 remaining is 900 grams. 


Note: 
Exercise: 


Problem: 
How long will it take before twenty percent of our 1000-gram sample of uranium-235 has decayed? 


Solution: 


In(0.8) 
In(0.5) 


t = 703, 800,000 x years © 226,572,993 years. 


Note: 
Access these online resources for additional instruction and practice with exponential and logarithmic equations. 


Solving Logarithmic Equations 
Solving Exponential Equations with Logarithms 


Key Equations 


One-to-one property for exponential 


For any algebraic expressions S and T’ and any positive real 
number b, where 


mmenone pS — BF if and only if $ = T. 
For any algebraic expression S and positive real numbers b and c, 
Definition of a logarithm where b 4 1, 


One-to-one property for logarithmic 
functions 


log,(S) = cif and only if b° = S. 


For any algebraic expressions S and T and any positive real number 
b, where b 1, 
log,S = log,T if and only if S = T. 


Key Concepts 


We can solve many exponential equations by using the rules of exponents to rewrite each side as a power with 
the same base. Then we use the fact that exponential functions are one-to-one to set the exponents equal to 
one another and solve for the unknown. 

When we are given an exponential equation where the bases are explicitly shown as being equal, set the 
exponents equal to one another and solve for the unknown. See [link]. 

When we are given an exponential equation where the bases are not explicitly shown as being equal, rewrite 
each side of the equation as powers of the same base, then set the exponents equal to one another and solve 
for the unknown. See [link], [link], and [link]. 

When an exponential equation cannot be rewritten with a common base, solve by taking the logarithm of each 
side. See [link]. 

We can solve exponential equations with base e,by applying the natural logarithm of both sides because 
exponential and logarithmic functions are inverses of each other. See [link] and [link]. 

After solving an exponential equation, check each solution in the original equation to find and eliminate any 
extraneous solutions. See [link]. 

When given an equation of the form log,(S) = c, where Sis an algebraic expression, we can use the 
definition of a logarithm to rewrite the equation as the equivalent exponential equation b° = S, and solve for 
the unknown. See [link] and [link]. 

We can also use graphing to solve equations with the form log,(S) = c. We graph both equations 

y = log,(S) and y = con the same coordinate plane and identify the solution as the x-value of the 
intersecting point. See [link]. 

When given an equation of the form log,S = log,T’, where S and T are algebraic expressions, we can use the 
one-to-one property of logarithms to solve the equation S = T for the unknown. See [link]. 

Combining the skills learned in this and previous sections, we can solve equations that model real world 
situations, whether the unknown is in an exponent or in the argument of a logarithm. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: How can an exponential equation be solved? 


Solution: 
Determine first if the equation can be rewritten so that each side uses the same base. If so, the exponents can 


be set equal to each other. If the equation cannot be rewritten so that each side uses the same base, then apply 
the logarithm to each side and use properties of logarithms to solve. 


Exercise: 


Problem: When does an extraneous solution occur? How can an extraneous solution be recognized? 
Exercise: 

Problem: 

When can the one-to-one property of logarithms be used to solve an equation? When can it not be used? 

Solution: 

The one-to-one property can be used if both sides of the equation can be rewritten as a single logarithm with 

the same base. If so, the arguments can be set equal to each other, and the resulting equation can be solved 


algebraically. The one-to-one property cannot be used when each side of the equation cannot be rewritten as a 
single logarithm with the same base. 


Algebraic 


For the following exercises, use like bases to solve the exponential equation. 
Exercise: 


Problem: 4-2"-2 = 4-” 


Exercise: 


Problem: 64 - 4°" = 16 
Solution: 


LS 


wl 


Exercise: 


Problem: 377+! . 37 = 243 


Exercise: 


Problem: 2~°” - + = ort? 


Solution: 
n=-l 


Exercise: 


Problem: 625 - 537+? = 125 


Exercise: 


Problem: Se = 2167-° 


Solution: 
_ 6 
aes 


Exercise: 


Problem: (ay -8 = 26 


For the following exercises, use logarithms to solve. 
Exercise: 


Problem: 9% 1° = 1 
Solution: 
xz =10 


Exercise: 


Problem: 2e°* = 13 
Exercise: 
Problem: e”*!° — 10 = —42 
Solution: 
No solution 


Exercise: 


Problem: 2 - 109% = 29 


Exercise: 


Problem: —8 - 102+’ — 7 = —24 


Solution: 
p=log (x) —7 


Exercise: 


Problem: 7e°”° + 5 = —89 


Exercise: 


Problem: e °* + 6 = 44 


Solution: 


Exercise: 


Problem: —5e9*—® — 8 = —62 


Exercise: 


Problem: —6e°**® + 2 = —74 


Solution: 


n()-8 


i — 


Exercise: 


Problem: 27+! = 52*>! 


Exercise: 


Problem: e2” — e* — 132 = 0 
Solution: 


xz =Iln12 


Exercise: 


Problem: 7¢8**® — 5 = —95 


Exercise: 


Problem: 10c°**? + 2 = 8 


Solution: 


Exercise: 


Problem: 4e°**? — 7 = 53 


Exercise: 


Problem: 8e-°*-? — 4 = —90 
Solution: 


no solution 


Exercise: 


Problem: 327+! = 77-2 


Exercise: 


Problem: e2* — e*? — 6 = 0 


Solution: 


2 =1n (3) 


Exercise: 
Problem: 3e2-** + 6 = —31 


For the following exercises, use the definition of a logarithm to rewrite the equation as an exponential equation. 
Exercise: 


Problem: log (=z) = —2 


Solution: 
eee 
10° = 100 
Exercise: 


Problem: log35, (18) = > 


For the following exercises, use the definition of a logarithm to solve the equation. 
Exercise: 


Problem: 5log7n = 10 


Solution: 


n= 49 


Exercise: 


Problem: —8logyx = 16 


Exercise: 


Problem: 4 + log, (9k) = 2 
Solution: 

=e 
R36 


Exercise: 


Problem: 2 log (8n + 4) + 6 = 10 


Exercise: 
Problem: 10 — 41n (9 — 8x) = 6 


Solution: 


8 


For the following exercises, use the one-to-one property of logarithms to solve. 
Exercise: 


Problem: In (10 — 3x) = In (—4z) 
Exercise: 
Problem: log, (5n — 2) = log;3 (8 — 5n) 


Solution: 


m= 


Exercise: 


Problem: log (x + 3) — log (x) = log (74) 


Exercise: 
Problem: In (—3z) = In (x? — 6z) 


Solution: 


No solution 


Exercise: 


Problem: log, (6 — m) = logy3m 


Exercise: 
Problem: In (a — 2) — In (a) = In (54) 
Solution: 


No solution 


Exercise: 


Problem: log, (2n? — 14n) = logy (—45 + n?) 


Exercise: 


Problem: In (x? — 10) + In (9) = In (10) 


Solution: 


4 rn 


ran 
w|5 


For the following exercises, solve each equation for x. 
Exercise: 


Problem: log(x + 12) = log(x) + log(12) 


Exercise: 


Problem: In(x) + In(x — 3) = In(7z) 


Solution: 
“:=10 


Exercise: 


Problem: log,(7z + 6) = 3 
Exercise: 
Problem: In (7) + In (2 — 4x”) = In (14) 
Solution: 
z=0 


Exercise: 


Problem: log, (x + 6) — logs (x) = log, (58) 
Exercise: 
Problem: In (3) — In (3 — 3) = In (4) 
Solution: 
3 


c= | 


Exercise: 


Problem: log; (3x) — log, (6) = log; (77) 


Graphical 
For the following exercises, solve the equation for x,if there is a solution. Then graph both sides of the equation, 


and observe the point of intersection (if it exists) to verify the solution. 
Exercise: 


Problem: logy (x) — 5 = —4 
Solution: 


z=9 


Exercise: 


Problem: log; (x) + 3 = 2 


Exercise: 


Problem: In (37) = 2 
Solution: 


2 
=, CF py 
r= > mw 2.5 


Exercise: 


Problem: In (z — 5) = 1 


Exercise: 


Problem: log (4) + log (—5ax) = 2 
Solution: 


£=—5 


2 ede i oe a 


Exercise: 


Problem: —7 + log; (4— x) = —6 


Exercise: 
Problem: In (4% — 10) — 6 = —5 


Solution: 


2. HCRIO 25, 
= 2410 ~ 3.2 


x 
123 4 5 6 7 8 9 10 


Exercise: 


Problem: log (4 — 2x) = log (—4z) 


Exercise: 
Problem: log,, (—2x? — 7x) = log, (x — 2) 


Solution: 


No solution 


Exercise: 


Problem: In (2x + 9) = In (—5z) 


Exercise: 
Problem: log, (3 — x) = logy (4x — 8) 


Solution: 


Exercise: 


Problem: log (x? + 13) = log (7x + 3) 


Exercise: 


Problem: mi — log (x — 9) = log (44) 


Solution: 


++ +} Hh x 
EB 2 4 6 8 1012 14 


2 


Exercise: 
Problem: In (x) — In(z + 3) = In(6) 


For the following exercises, solve for the indicated value, and graph the situation showing the solution point. 
Exercise: 


Problem: 


An account with an initial deposit of $6,500 earns 7.25 % annual interest, compounded continuously. How 
much will the account be worth after 20 years? 


Solution: 


about $27, 710.24 


(20, 27710.24) 


15,000 f(x) = 6500¢°-9725x 


x 
2 4 6 8 10 12 14 16 18 20 22 24 


Exercise: 


Problem: 


The formula for measuring sound intensity in decibels D is defined by the equation D = 10 log (+) , where 


Tis the intensity of the sound in watts per square meter and Jp = 10” is the lowest level of sound that the 
average person can hear. How many decibels are emitted from a jet plane with a sound intensity of 8.3 - 10° 
watts per square meter? 


Exercise: 


Problem: 


The population of a small town is modeled by the equation P = 1650e°-*« where t is measured in years. In 
approximately how many years will the town’s population reach 20,000? 


Solution: 


about 5 years 


(5, 20,000) 


Technology 


For the following exercises, solve each equation by rewriting the exponential expression using the indicated 
logarithm. Then use a calculator to approximate the variable to 3 decimal places. 
Exercise: 


Problem: 1000(1.03)* = 5000 using the common log. 


Exercise: 


Problem: e*” = 17 using the natural log 


Solution: 


In(17) 


07) ~~ 0.567 


Exercise: 


Problem: 3(1.04)*” = 8 using the common log 
Exercise: 
Problem: 3*7~> = 38 using the common log 


Solution: 


__ log(38)+5 log(3) 


= Re 2.078 


Exercise: 


Problem: 50e~°!”“ = 10 using the natural log 


For the following exercises, use a calculator to solve the equation. Unless indicated otherwise, round all answers to 
the nearest ten-thousandth. 
Exercise: 


Problem: 7e2*—> + 7.9 = 47 
Solution: 


x 2.2401 


Exercise: 


Problem: Jn (3) + In (4.4% + 6.8) = 2 


Exercise: 


Problem: log (—0.7z — 9) = 1 + 5 log (5) 
Solution: 


x ~ —44655. 7143 
Exercise: 

Problem: 

Atmospheric pressure P in pounds per square inch is represented by the formula P = 14.7e~°?!*, where z is 


the number of miles above sea level. To the nearest foot, how high is the peak of a mountain with an 
atmospheric pressure of 8.369 pounds per square inch? (Hint: there are 5280 feet in a mile) 


Exercise: 


Problem: 


The magnitude M of an earthquake is represented by the equation M = Slog (4) where F& is the amount of 


energy released by the earthquake in joules and Ky = 10* is the assigned minimal measure released by an 
earthquake. To the nearest hundredth, what would the magnitude be of an earthquake releasing 1.4 - 101% 
joules of energy? 


Solution: 


about 5.83 


Extensions 


Exercise: 


Problem: 


Use the definition of a logarithm along with the one-to-one property of logarithms to prove that b!°%»* = x. 
Exercise: 
Problem: 


Recall the formula for continually compounding interest, y = Ae*. Use the definition of a logarithm along 
with properties of logarithms to solve the formula for time such that ¢ is equal to a single logarithm. 


Solution: 


t= In ((4)*) 
Exercise: 


Problem: 


Recall the compound interest formula A = a(1 + +) “ Use the definition of a logarithm along with 
properties of logarithms to solve the formula for time t. 


Exercise: 


Problem: 


Newton’s Law of Cooling states that the temperature 7’ of an object at any time t can be described by the 
equation T = T, + (Tp — Die, where 7’, is the temperature of the surrounding environment, To is the 
initial temperature of the object, and kis the cooling rate. Use the definition of a logarithm along with 
properties of logarithms to solve the formula for time ¢ such that ¢ is equal to a single logarithm. 


Solution: 
t 
22 T-T, 
r=in((%) *) 


Glossary 


extraneous solution 
a solution introduced while solving an equation that does not satisfy the conditions of the original equation 


Exponential and Logarithmic Models 
In this section, you will: 


¢ Model exponential growth and decay. 

e Use Newton’s Law of Cooling. 

e Use logistic-growth models. 

¢ Choose an appropriate model for data. 
e Express an exponential model in base e. 


A nuclear research reactor inside 
the Neely Nuclear Research Center 
on the Georgia Institute of 
Technology campus (credit: 
Georgia Tech Research Institute) 


We have already explored some basic applications of exponential and logarithmic functions. In this section, we 
explore some important applications in more depth, including radioactive isotopes and Newton’s Law of Cooling. 


Modeling Exponential Growth and Decay 


In real-world applications, we need to model the behavior of a function. In mathematical modeling, we choose a 
familiar general function with properties that suggest that it will model the real-world phenomenon we wish to 
analyze. In the case of rapid growth, we may choose the exponential growth function: 

Equation: 


y= Age™ 


where Ag is equal to the value at time zero, e is Euler’s constant, and k is a positive constant that determines the 
rate (percentage) of growth. We may use the exponential growth function in applications involving doubling time, 
the time it takes for a quantity to double. Such phenomena as wildlife populations, financial investments, 
biological samples, and natural resources may exhibit growth based on a doubling time. In some applications, 
however, as we will see when we discuss the logistic equation, the logistic model sometimes fits the data better 
than the exponential model. 


On the other hand, if a quantity is falling rapidly toward zero, without ever reaching zero, then we should probably 
choose the exponential decay model. Again, we have the form y = Age where Ao is the starting value, and e is 
Euler’s constant. Now k is a negative constant that determines the rate of decay. We may use the exponential decay 
model when we are calculating half-life, or the time it takes for a substance to exponentially decay to half of its 
original quantity. We use half-life in applications involving radioactive isotopes. 


In our choice of a function to serve as a mathematical model, we often use data points gathered by careful 
observation and measurement to construct points on a graph and hope we can recognize the shape of the graph. 
Exponential growth and decay graphs have a distinctive shape, as we can see in [link] and [link]. It is important to 
remember that, although parts of each of the two graphs seem to lie on the x-axis, they are really a tiny distance 
above the x-axis. 


A graph showing exponential growth. The equation is 
y = 2e**. 


A oranh chawingd avnoaneantial daraw Tha anniatinn ic 
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y= se". 


Exponential growth and decay often involve very large or very small numbers. To describe these numbers, we 
often use orders of magnitude. The order of magnitude is the power of ten, when the number is expressed in 
scientific notation, with one digit to the left of the decimal. For example, the distance to the nearest star, Proxima 
Centauri, measured in kilometers, is 40,113,497,200,000 kilometers. Expressed in scientific notation, this is 
4.01134972 x 1013. So, we could describe this number as having order of magnitude 10°. 


Note: 
Characteristics of the Exponential Function, y = Age™ 
An exponential function with the form y = Age has the following characteristics: 


one-to-one function 

horizontal asymptote: y = 0 
domain: (— 00, oo) 

range: (0, 00) 

x intercept: none 

y-intercept: (0, Ao) 

increasing if k > 0 (see [link]) 
decreasing if k < 0 (see [link]) 


An exponential function models exponential growth when k > 0 and exponential 
decay when k < 0. 


Example: 
Exercise: 


Problem: 
Graphing Exponential Growth 


A population of bacteria doubles every hour. If the culture started with 10 bacteria, graph the population as a 
function of time. 


Solution: 


When an amount grows at a fixed percent per unit time, the growth is exponential. To find Ag we use the fact 
that Ao is the amount at time zero, so Ap = 10. To find k, use the fact that after one hour (t = 1) the 
population doubles from 10 to 20. The formula is derived as follows 

Equation: 


20 = 10e*? 
2=e§ Divide by 10 
In2=k Take the natural logarithm 


so k = In(2). Thus the equation we want to graph is y = 10e"™2)¢ = 10(e™2)’ = 10 - 2¢. The graph is 
shown in [link]. 
200 
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The graph of y = 10e2)t 


Analysis 


The population of bacteria after ten hours is 10,240. We could describe this amount is being of the order of 
magnitude 10’. The population of bacteria after twenty hours is 10,485,760 which is of the order of magnitude 
10" so we could say that the population has increased by three orders of magnitude in ten hours. 


Half-Life 


We now turn to exponential decay. One of the common terms associated with exponential decay, as stated above, 
is half-life, the length of time it takes an exponentially decaying quantity to decrease to half its original amount. 
Every radioactive isotope has a half-life, and the process describing the exponential decay of an isotope is called 
radioactive decay. 


To find the half-life of a function describing exponential decay, solve the following equation: 
Equation: 


1 
540 = A,e*™ 


We find that the half-life depends only on the constant & and not on the starting quantity Ao. 


The formula is derived as follows 
Equation: 


$ = et Divide by Apo. 

>) =kt Take the natural log. 
—In(2) = kt Apply laws of logarithms. 
=t Divide by k. 


Since t, the time, is positive, k must, as expected, be negative. This gives us the half-life formula 
Equation: 


In(2) 
k 


Note: 
Given the half-life, find the decay rate. 


1. Write A = A,e*. 
2. Replace A by 5 Apo and replace t by the given half-life. 
3. Solve to find k. Express k as an exact value (do not round). 


In(2) 
ra 


Note: It is also possible to find the decay rate using k = — 


Example: 
Exercise: 


Problem: 
Finding the Function that Describes Radioactive Decay 


The half-life of carbon-14 is 5,730 years. Express the amount of carbon-14 remaining as a function of time, 
(Bs 


Solution: 


This formula is derived as follows. 
Equation: 


A = Age The continuous growth formula. 
0.5Ao = Ape**”° Substitute the half-life for t and 0.5.Ao for f(t). 


ree Divide by Ap. 
In(0.5) = 5730k Take the natural log of both sides. 
k= oe Divide by the coefficient of k. 


In 


( (0.5) 
A Age 3730 


)e Substitute for r in the continuous growth formula. 


1n(0.5) 
The function that describes this continuous decay is f(t) = Are 220 ye We observe that the coefficient of ¢, 
In(0.5) 


57an 1.2097 x 10~* is negative, as expected in the case of exponential decay. 


Note: 
Exercise: 


Problem: 


The half-life of plutonium-244 is 80,000,000 years. Find function gives the amount of carbon-14 remaining 
as a function of time, measured in years. 


Solution: 


f(t) = Agee nue 


Radiocarbon Dating 


The formula for radioactive decay is important in radiocarbon dating, which is used to calculate the approximate 
date a plant or animal died. Radiocarbon dating was discovered in 1949 by Willard Libby, who won a Nobel Prize 
for his discovery. It compares the difference between the ratio of two isotopes of carbon in an organic artifact or 
fossil to the ratio of those two isotopes in the air. It is believed to be accurate to within about 1% error for plants or 
animals that died within the last 60,000 years. 


Carbon-14 is a radioactive isotope of carbon that has a half-life of 5,730 years. It occurs in small quantities in the 
carbon dioxide in the air we breathe. Most of the carbon on Earth is carbon-12, which has an atomic weight of 12 
and is not radioactive. Scientists have determined the ratio of carbon-14 to carbon-12 in the air for the last 60,000 
years, using tree rings and other organic samples of known dates—although the ratio has changed slightly over the 
centuries. 


As long as a plant or animal is alive, the ratio of the two isotopes of carbon in its body is close to the ratio in the 
atmosphere. When it dies, the carbon-14 in its body decays and is not replaced. By comparing the ratio of carbon- 
14 to carbon-12 in a decaying sample to the known ratio in the atmosphere, the date the plant or animal died can be 
approximated. 


Since the half-life of carbon-14 is 5,730 years, the formula for the amount of carbon-14 remaining after ¢ years is 
Equation: 


In(0.5) 


Aw Age (ast)! 


where 


e Ais the amount of carbon-14 remaining 
e Ag is the amount of carbon-14 when the plant or animal began decaying. 


This formula is derived as follows: 


Equation: 
A= Age The continuous growth formula. 
0.5Ay = Ape*5”8° Substitute the half-life for t and 0.5.Ao for f(t). 
0.5. S22 Divide by Ao. 
In(0.5) = 5730k Take the natural log of both sides. 
k= m0) Divide by the coefficient of k. 


In(0.5 


A= re a )e Substitute for r in the continuous growth formula. 


To find the age of an object, we solve this equation for ¢ : 


Equation: 
A 
In ( Ay ) 


'= 9.000121 


Out of necessity, we neglect here the many details that a scientist takes into consideration when doing carbon-14 
dating, and we only look at the basic formula. The ratio of carbon-14 to carbon-12 in the atmosphere is 
approximately 0.0000000001%. Let r be the ratio of carbon-14 to carbon-12 in the organic artifact or fossil to be 
dated, determined by a method called liquid scintillation. From the equation A ~ Age~°-9°!?!¢ we know the ratio 
of the percentage of carbon-14 in the object we are dating to the percentage of carbon-14 in the atmosphere is 
r= + ~ e 9.000121t We solve this equation for t, to get 


Equation: 


In (r) 


ee 
—0.000121 


Note: 
Given the percentage of carbon-14 in an object, determine its age. 


1. Express the given percentage of carbon-14 as an equivalent decimal, k. 
In( 


2. Substitute for k in the equation t = —s and solve for the age, t. 


Example: 
Exercise: 


Problem: 
Finding the Age of a Bone 


A bone fragment is found that contains 20% of its original carbon-14. To the nearest year, how old is the 
bone? 


Solution: 


We substitute 20% = 0.20 for kin the equation and solve fort : 


Equation: 
t= a Use the general form of the equation. 
__ In(0.20) : 
= Sma Substitute for r. 
= 13301 Round to the nearest year. 


The bone fragment is about 13,301 years old. 
Analysis 
The instruments that measure the percentage of carbon-14 are extremely sensitive and, as we mention above, a 


scientist will need to do much more work than we did in order to be satisfied. Even so, carbon dating is only 
accurate to about 1%, so this age should be given as 13,301 years + 1% or 13,301 years + 133 years. 


Note: 
Exercise: 


Problem: 


Cesium-137 has a half-life of about 30 years. If we begin with 200 mg of cesium-137, will it take more or 
less than 230 years until only 1 milligram remains? 


Solution: 


less than 230 years, 229.3157 to be exact 


Calculating Doubling Time 


For decaying quantities, we determined how long it took for half of a substance to decay. For growing quantities, 
we might want to find out how long it takes for a quantity to double. As we mentioned above, the time it takes for 
a quantity to double is called the doubling time. 


Given the basic exponential growth equation A = Aye™, doubling time can be found by solving for when the 
original quantity has doubled, that is, by solving 2Ap = Age™. 


The formula is derived as follows: 
Equation: 
2A = Ape 
2=e* Divide by Apo. 
In2=kt Take the natural logarithm. 
t= in Divide by the coefficient of t. 


Thus the doubling time is 
Equation: 


Example: 
Exercise: 


Problem: 
Finding a Function That Describes Exponential Growth 


According to Moore’s Law, the doubling time for the number of transistors that can be put on a computer 
chip is approximately two years. Give a function that describes this behavior. 


Solution: 


The formula is derived as follows: 


Equation: 
E= =e The doubling time formula. 
= m2 Use a doubling time of two years. 
k= m2 Multiply by k and divide by 2. 
A = Age?" Substitute k into the continuous growth formula. 


In2 
The function is Age? ©. 


Note: 
Exercise: 


Problem: 


Recent data suggests that, as of 2013, the rate of growth predicted by Moore’s Law no longer holds. Growth 
has slowed to a doubling time of approximately three years. Find the new function that takes that longer 
doubling time into account. 


Solution: 


f(t) = Ave?* 


Using Newton’s Law of Cooling 


Exponential decay can also be applied to temperature. When a hot object is left in surrounding air that is at a lower 
temperature, the object’s temperature will decrease exponentially, leveling off as it approaches the surrounding air 
temperature. On a graph of the temperature function, the leveling off will correspond to a horizontal asymptote at 
the temperature of the surrounding air. Unless the room temperature is zero, this will correspond to a vertical shift 
of the generic exponential decay function. This translation leads to Newton’s Law of Cooling, the scientific 
formula for temperature as a function of time as an object’s temperature is equalized with the ambient temperature 
Equation: 


T(t) = ae" + T, 


This formula is derived as follows: 
Equation: 


T(t) = Ab“ + T, 

T(t) = Ae™) + T, Laws of logarithms. 

T(t) = Ae*™? + T, Laws of logarithms. 

T(t) = Ae™ + T, Rename the constant c In }, calling it k. 


Note: 

Newton’s Law of Cooling 

The temperature of an object, T’, in surrounding air with temperature 7’, will behave according to the formula 
Equation: 


T(t) = Ae* +T, 
where 


e tis time 
e Ais the difference between the initial temperature of the object and the surroundings 
e kis a constant, the continuous rate of cooling of the object 


Note: 
Given a set of conditions, apply Newton’s Law of Cooling. 


1. Set T, equal to the y-coordinate of the horizontal asymptote (usually the ambient temperature). 

2. Substitute the given values into the continuous growth formula T(t) = Ae* + T, to find the parameters A 
and k. 

3. Substitute in the desired time to find the temperature or the desired temperature to find the time. 


Example: 
Exercise: 


Problem: 
Using Newton’s Law of Cooling 


A cheesecake is taken out of the oven with an ideal internal temperature of 165 °F, and is placed into a35°F 
refrigerator. After 10 minutes, the cheesecake has cooled to 150°F. If we must wait until the cheesecake has 
cooled to 70°F before we eat it, how long will we have to wait? 


Solution: 
Because the surrounding air temperature in the refrigerator is 35 degrees, the cheesecake’s temperature will 
decay exponentially toward 35, following the equation 
Equation: 
P(e Ae 235, 


We know the initial temperature was 165, so T(0) = 165. 
Equation: 


165 = Ae’ +35 Substitute (0, 165). 
A= 130 Solve for A. 


We were given another data point, 7(10) = 150, which we can use to solve for k. 


Equation: 
150 = 130e*!° + 35 Substitute (10, 150). 
115 = 130e*1° Subtract 35. 
te = elk Divide by 130. 
In (433) = 10k Take the natural log of both sides. 


k = Gs) ~ 9.0123 Divide by the coefficient of k. 


This gives us the equation for the cooling of the cheesecake: T(t) = 130e°°!?% + 35. 


Now we can solve for the time it will take for the temperature to cool to 70 degrees. 
Equation: 


70 = 130e~°8' + 35 Substitute in 70 for T(t). 


Shs IS0ene ae Subtract 35. 
Soe ee Divide by 130. 
In( =) = —0.0123¢ Take the natural log of both sides 
n( 3 
t = “40 ~ 106.68 Divide by the coefficient of t. 


It will take about 107 minutes, or one hour and 47 minutes, for the cheesecake to cool to 70°F. 


Note: 
Exercise: 


Problem: 


A pitcher of water at 40 degrees Fahrenheit is placed into a 70 degree room. One hour later, the temperature 
has risen to 45 degrees. How long will it take for the temperature to rise to 60 degrees? 


Solution: 


6.026 hours 


Using Logistic Growth Models 


Exponential growth cannot continue forever. Exponential models, while they may be useful in the short term, tend 
to fall apart the longer they continue. Consider an aspiring writer who writes a single line on day one and plans to 
double the number of lines she writes each day for a month. By the end of the month, she must write over 17 
billion lines, or one-half-billion pages. It is impractical, if not impossible, for anyone to write that much in such a 
short period of time. Eventually, an exponential model must begin to approach some limiting value, and then the 
growth is forced to slow. For this reason, it is often better to use a model with an upper bound instead of an 


exponential growth model, though the exponential growth model is still useful over a short term, before 
approaching the limiting value. 


The logistic growth model is approximately exponential at first, but it has a reduced rate of growth as the output 
approaches the model’s upper bound, called the carrying capacity. For constants a, b, and c, the logistic growth 
of a population over time x is represented by the model 

Equation: 


_ c 
14+ ae 


f(z) 


The graph in [link] shows how the growth rate changes over time. The graph increases from left to right, but the 
growth rate only increases until it reaches its point of maximum growth rate, at which point the rate of increase 
decreases. 


(0, 


Point of maximum growth 


Initial value of population 


=X 


Note: 

Logistic Growth 

The logistic growth model is 
Equation: 


where 


c 
1+a 


e cis the carrying capacity, or limiting value 
e bis a constant determined by the rate of growth. 


is the initial value 


Example: 
Exercise: 


Problem: 


Using the Logistic-Growth Model 


An influenza epidemic spreads through a population rapidly, at a rate that depends on two factors: The more 
people who have the flu, the more rapidly it spreads, and also the more uninfected people there are, the more 
rapidly it spreads. These two factors make the logistic model a good one to study the spread of 
communicable diseases. And, clearly, there is a maximum value for the number of people infected: the entire 
population. 


For example, at time ¢ = 0 there is one person in a community of 1,000 people who has the flu. So, in that 
community, at most 1,000 people can have the flu. Researchers find that for this particular strain of the flu, 
the logistic growth constant is b = 0.6030. Estimate the number of people in this community who will have 
had this flu after ten days. Predict how many people in this community will have had this flu after a long 
period of time has passed. 


Solution: 


We substitute the given data into the logistic growth model 

Equation: 

c 
62)) SS 

H(z) 1+ae— 


Because at most 1,000 people, the entire population of the community, can get the flu, we know the limiting 
value isc = 1000. To find a,we use the formula that the number of cases at time ¢ = Ois ae = 1, from 
which it follows that a = 999.This model predicts that, after ten days, the number of people who have had 


the fluis f(x) = =e = 293.8. Because the actual number must be a whole number (a person has 


either had the flu or not) we round to 294. In the long term, the number of people who will contract the flu is 
the limiting value, c = 1000. 


Analysis 


Remember that, because we are dealing with a virus, we cannot predict with certainty the number of people 
infected. The model only approximates the number of people infected and will not give us exact or actual values. 


The graph in [link] gives a good picture of how this model fits the data. 
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The graph of f(x) = on 


Note: 
Exercise: 


Problem: Using the model in [link], estimate the number of cases of flu on day 15. 
Solution: 


895 cases on day 15 


Choosing an Appropriate Model for Data 


Now that we have discussed various mathematical models, we need to learn how to choose the appropriate model 
for the raw data we have. Many factors influence the choice of a mathematical model, among which are 
experience, scientific laws, and patterns in the data itself. Not all data can be described by elementary functions. 
Sometimes, a function is chosen that approximates the data over a given interval. For instance, suppose data were 
gathered on the number of homes bought in the United States from the years 1960 to 2013. After plotting these 
data in a scatter plot, we notice that the shape of the data from the years 2000 to 2013 follow a logarithmic curve. 
We could restrict the interval from 2000 to 2010, apply regression analysis using a logarithmic model, and use it to 
predict the number of home buyers for the year 2015. 


Three kinds of functions that are often useful in mathematical models are linear functions, exponential functions, 
and logarithmic functions. If the data lies on a straight line, or seems to lie approximately along a straight line, a 
linear model may be best. If the data is non-linear, we often consider an exponential or logarithmic model, though 
other models, such as quadratic models, may also be considered. 


In choosing between an exponential model and a logarithmic model, we look at the way the data curves. This is 
called the concavity. If we draw a line between two data points, and all (or most) of the data between those two 
points lies above that line, we say the curve is concave down. We can think of it as a bowl that bends downward 
and therefore cannot hold water. If all (or most) of the data between those two points lies below the line, we say 
the curve is concave up. In this case, we can think of a bowl that bends upward and can therefore hold water. An 
exponential curve, whether rising or falling, whether representing growth or decay, is always concave up away 
from its horizontal asymptote. A logarithmic curve is always concave away from its vertical asymptote. In the case 
of positive data, which is the most common case, an exponential curve is always concave up, and a logarithmic 
curve always concave down. 


A logistic curve changes concavity. It starts out concave up and then changes to concave down beyond a certain 
point, called a point of inflection. 


After using the graph to help us choose a type of function to use as a model, we substitute points, and solve to find 
the parameters. We reduce round-off error by choosing points as far apart as possible. 


Example: 
Exercise: 


Problem: 
Choosing a Mathematical Model 


Does a linear, exponential, logarithmic, or logistic model best fit the values listed in [link]? Find the model, 
and use a graph to check your choice. 


x 1 2 3 4 5 6 7 8 9 


y 0 1.386 2.197 Posl/T/3) 3.219 3.584 3.892 4.159 4.394 


Solution: 


First, plot the data on a graph as in [link]. For the purpose of graphing, round the data to two significant 
digits. 
y 
5.5 
5+ 


4.5+ 


Clearly, the points do not lie on a straight line, so we reject a linear model. If we draw a line between any two 
of the points, most or all of the points between those two points lie above the line, so the graph is concave 
down, suggesting a logarithmic model. We can try y = aln(bz). Plugging in the first point, (1,0), gives 

0 = alnb. We reject the case that a = 0 (if it were, all outputs would be 0), so we know In(b) = 0. Thus 

b = Landy = aln(x). Next we can use the point (9,4.394) to solve fora : 


Equation: 
y =aln(z) 
4.394 = aln(9) 
4.394 
a= in(9) 
Becausea = +3%4 ~ 2,an appropriate model for the data is y = 2 In (x). 


To check the accuracy of the model, we graph the function together with the given points as in [link]. 


x 
O 414 2 3 4 5 6 7 8 9 10 


The graph of y = 2Inz. 


We can conclude that the model is a good fit to the data. 
Compare [link] to the graph of y = In (a”) shown in [link]. 


y 
5.5 


x 
0 4 2 3 4 5 6 7 8 9 10 


The graph of y = In (2?) 


The graphs appear to be identical when z > 0. A quick check confirms this conclusion: 
y= ine?) — 2 ine) tore > 0) 


However, if x < 0, the graph of y = In (x7) includes a “extra” branch, as shown in [link]. This occurs 
because, while y = 2 In (a) cannot have negative values in the domain (as such values would force the 
argument to be negative), the function y = In (z) can have negative domain values. 


Note: 
Exercise: 


Problem: Does a linear, exponential, or logarithmic model best fit the data in [link]? Find the model. 


x 1 2 3 4 5 6 7 8 9 


y 3.297 5.437 8.963 14.778 24.365 40.172 66.231 109.196 180.034 


Solution: 


Exponential. y = 2e°>*, 


Expressing an Exponential Model in Base e 


While powers and logarithms of any base can be used in modeling, the two most common bases are 10 ande. In 


science and mathematics, the base e is often preferred. We can use laws of exponents and laws of logarithms to 
change any base to base e. 


Note: 
Given a model with the form y = ab", change it to the form y = Age". 


1. Rewrite y = ab" as y = ae), 
2. Use the power rule of logarithms to rewrite y as y = ae* In(b) — gelnd)z 
3. Note thata = Agandk = In (8) in the equation y = Age**. 


Example: 
Exercise: 


Problem: 
Changing to base e 


Change the function y = 2.5(3.1)* so that this same function is written in the form y = Aye”. 
Solution: 


The formula is derived as follows 


Equation: 
= Jeol oal) 
= 2.5e@"") Insert exponential and its inverse. 
= 2.5e7™31 Laws of logs. 
= 2.5e("3.1) Commutative law of multiplication 
Note: 
Exercise: 


Problem: Change the function y = 3(0.5)* to one having eas the base. 


Solution: 


y= 3e(n0.5)a 


Note: 

Access these online resources for additional instruction and practice with exponential and logarithmic models. 
Logarithm Application — pH 

Exponential Model — Age Using Half-Life 

Newton’s Law of Cooling 

Exponential Growth Given Doubling Time 

Exponential Growth — Find Initial Amount Given Doubling ‘Time 


Key Equations 


Half-life formula If A = Age”, k < 0, the half-life is ¢ = — a) : 


Ao 
~~ —0.000121 * 


Carbon-14 dating _ in(4) 


Apo is the amount of carbon-14 when the plant or animal died 
A is the amount of carbon-14 remaining today 
t is the age of the fossil in years 


Doubling time If A = Ape*, k > 0, the doubling time is t = 22 
formula k 
Newton’s Law of T(t) = Ae + T,, where T;, is the ambient temperature, A — T(0) — T;, and k is 
Cooling the continuous rate of cooling. 
Key Concepts 


The basic exponential function is f(a) = ab’. If b > 1,we have exponential growth; if0 < b < 1, we have 
exponential decay. 

We can also write this formula in terms of continuous growth as A = Age**, where Ag is the starting value. If 
Ag is positive, then we have exponential growth when k > 0 and exponential decay when k < 0. See [link]. 
In general, we solve problems involving exponential growth or decay in two steps. First, we set up a model 
and use the model to find the parameters. Then we use the formula with these parameters to predict growth 
and decay. See [link]. 

We can find the age, t, of an organic artifact by measuring the amount, k, of carbon-14 remaining in the 


—ne to solve fort. See [link]. 


Given a substance’s doubling time or half-time, we can find a function that represents its exponential growth 
or decay. See [link]. 

We can use Newton’s Law of Cooling to find how long it will take for a cooling object to reach a desired 
temperature, or to find what temperature an object will be after a given time. See [link]. 

We can use logistic growth functions to model real-world situations where the rate of growth changes over 
time, such as population growth, spread of disease, and spread of rumors. See [link]. 

We can use real-world data gathered over time to observe trends. Knowledge of linear, exponential, 
logarithmic, and logistic graphs help us to develop models that best fit our data. See [link]. 

Any exponential function with the form y = ab” can be rewritten as an equivalent exponential function with 
the form y = Age** where k = Inb. See [link]. 


artifact and using the formulat = 


Section Exercises 


Verbal 


Exercise: 


Problem: 


With what kind of exponential model would half-life be associated? What role does half-life play in these 
models? 


Solution: 


Half-life is a measure of decay and is thus associated with exponential decay models. The half-life of a 
substance or quantity is the amount of time it takes for half of the initial amount of that substance or quantity 
to decay. 


Exercise: 


Problem: 


What is carbon dating? Why does it work? Give an example in which carbon dating would be useful. 


Exercise: 


Problem: 


With what kind of exponential model would doubling time be associated? What role does doubling time play 
in these models? 


Solution: 


Doubling time is a measure of growth and is thus associated with exponential growth models. The doubling 
time of a substance or quantity is the amount of time it takes for the initial amount of that substance or 
quantity to double in size. 


Exercise: 
Problem: 
Define Newton’s Law of Cooling. Then name at least three real-world situations where Newton’s Law of 
Cooling would be applied. 


Exercise: 


Problem: What is an order of magnitude? Why are orders of magnitude useful? Give an example to explain. 


Solution: 


An order of magnitude is the nearest power of ten by which a quantity exponentially grows. It is also an 
approximate position on a logarithmic scale; Sample response: Orders of magnitude are useful when making 
comparisons between numbers that differ by a great amount. For example, the mass of Saturn is 95 times 
greater than the mass of Earth. This is the same as saying that the mass of Saturn is about 10” times, or 2 
orders of magnitude greater, than the mass of Earth. 


Numeric 


Exercise: 


Problem: 


The temperature of an object in degrees Fahrenheit after t minutes is represented by the equation 
T(t) = 68e~°-°174t + 72. To the nearest degree, what is the temperature of the object after one and a half 
hours? 


150 


For the following exercises, use the logistic growth model f(x) = = =37>,- 


Exercise: 


Problem:Find and interpret f(0). Round to the nearest tenth. 


Solution: 


f(0) + 16.7; The amount initially present is about 16.7 units. 


Exercise: 


Problem:Find and interpret f(4). Round to the nearest tenth. 


Exercise: 


Problem:Find the carrying capacity. 


Solution: 


150 


Exercise: 


Problem:Graph the model. 
Exercise: 
Problem: 


Determine whether the data from the table could best be represented as a function that is linear, exponential, 
or logarithmic. Then write a formula for a model that represents the data. 


x f(x) 

2. 0.694 

-1 0.833 

0 1 

1 1.2 

2 1.44 

3 1.728 

4 2.074 

5 2.488 
Solution: 


exponential; f(a) = 1.2” 


Exercise: 


Problem: Rewrite f(z) = 1.68(0.65)” as an exponential equation with base e to five significant digits. 


Technology 


For the following exercises, enter the data from each table into a graphing calculator and graph the resulting scatter 
plots. Determine whether the data from the table could represent a function that is linear, exponential, or 
logarithmic. 

Exercise: 


Problem: 


10 


Solution: 
logarithmic 


f(x) 
104 

9+ e 
8+ a * 


ts 2 


os 
0 4.59 3245 © 7 -@ 3 40 


Exercise: 


Problem: 


x 


10 


Exercise: 


Problem: 


12 


13 


Solution: 


logarithmic 


7.166 


10.32 


12.383 


= 


9 
o V4 


Exercise: 


Problem: 


Or 


+ + + +X 


10 11 12 13 


For the following exercises, use a graphing calculator and this scenario: the population of a fish farm int years is 
1000 
149e-0.6t * 


modeled by the equation P (t) = 
Exercise: 


Problem:Graph the function. 


Solution: 


i + + + tet 
-20-16-12 -8 -4 9 4 8g 12 16 20 
-100 


Exercise: 


Problem: What is the initial population of fish? 


Exercise: 


Problem:To the nearest tenth, what is the doubling time for the fish population? 


Solution: 


about 1.4 years 


Exercise: 


Problem:To the nearest whole number, what will the fish population be after 2 years? 


Exercise: 


Problem: To the nearest tenth, how long will it take for the population to reach 900? 
Solution: 


about 7.3 years 


Exercise: 


Problem: What is the carrying capacity for the fish population? Justify your answer using the graph of P. 


Extensions 
Exercise: 
Problem: 


A substance has a half-life of 2.045 minutes. If the initial amount of the substance was 132.8 grams, how 
many half-lives will have passed before the substance decays to 8.3 grams? What is the total time of decay? 


Solution: 


4 half-lives; 8.18 minutes 
Exercise: 
Problem: 


The formula for an increasing population is given by P(t) = Pye” where Pp is the initial population and 
r > 0. Derive a general formula for the time ¢ it takes for the population to increase by a factor of M. 


Exercise: 


Problem: 


Recall the formula for calculating the magnitude of an earthquake, M = log (<). Show each step for 


solving this equation algebraically for the seismic moment S. 


Solution: 


S 4,3 
S 10 2 
S = $9102 
Exercise: 
Problem: 
What is the y-intercept of the logistic growth model y = reread Show the steps for calculation. What does 


this point tell us about the population? 


Exercise: 


Problem:Prove that b® = e”'"(°) for positive b 4 1. 
Solution: 


Let y = b* for some non-negative real number bsuch that b 1. Then, 


In(y) = In(@") 
In(y) = x In(b) 
ela(y) =e" In(0) 


y=et In(b) 


Real-World Applications 


For the following exercises, use this scenario: A doctor prescribes 125 milligrams of a therapeutic drug that decays 
by about 30% each hour. 
Exercise: 


Problem: To the nearest hour, what is the half-life of the drug? 
Exercise: 
Problem: 
Write an exponential model representing the amount of the drug remaining in the patient’s system after t 


hours. Then use the formula to find the amount of the drug that would remain in the patient’s system after 3 
hours. Round to the nearest milligram. 


Solution: 
A = 125e(—°-3567t). 4 ~ 43 mg 


Exercise: 


Problem: 


Using the model found in the previous exercise, find f (10) and interpret the result. Round to the nearest 
hundredth. 


For the following exercises, use this scenario: A tumor is injected with 0.5 grams of Iodine-125, which has a decay 
rate of 1.15% per day. 
Exercise: 


Problem:To the nearest day, how long will it take for half of the Ilodine-125 to decay? 


Solution: 


about 60 days 
Exercise: 
Problem: 
Write an exponential model representing the amount of Iodine-125 remaining in the tumor after ¢ days. Then 


use the formula to find the amount of Iodine-125 that would remain in the tumor after 60 days. Round to the 
nearest tenth of a gram. 


Exercise: 


Problem: 


A scientist begins with 250 grams of a radioactive substance. After 250 minutes, the sample has decayed to 32 
grams. Rounding to five significant digits, write an exponential equation representing this situation. To the 
nearest minute, what is the half-life of this substance? 


Solution: 


f(t) = 250e(-900914+); half-life: about 76 minutes 


Exercise: 


Problem: 
The half-life of Radium-226 is 1590 years. What is the annual decay rate? Express the decimal result to four 
significant digits and the percentage to two significant digits. 
Exercise: 
Problem: 


The half-life of Erbium-165 is 10.4 hours. What is the hourly decay rate? Express the decimal result to four 
significant digits and the percentage to two significant digits. 


Solution: 


r = —0.0667, So the hourly decay rate is about 6.67 % 
Exercise: 

Problem: 

A wooden artifact from an archeological dig contains 60 percent of the carbon-14 that is present in living 

trees. To the nearest year, about how many years old is the artifact? (The half-life of carbon-14 is 5730 years.) 
Exercise: 

Problem: 

A research student is working with a culture of bacteria that doubles in size every twenty minutes. The initial 


population count was 1350 bacteria. Rounding to five significant digits, write an exponential equation 
representing this situation. To the nearest whole number, what is the population size after 3 hours? 


Solution: 


f(t) = 1350e(0-34660). after 3 hours: P(180) ~ 691, 200 


For the following exercises, use this scenario: A biologist recorded a count of 360 bacteria present in a culture after 
5 minutes and 1000 bacteria present after 20 minutes. 
Exercise: 


Problem:To the nearest whole number, what was the initial population in the culture? 
Exercise: 
Problem: 


Rounding to six significant digits, write an exponential equation representing this situation. To the nearest 
minute, how long did it take the population to double? 


Solution: 


f(t) = 256e(0.068110t). doubling time: about 10 minutes 


For the following exercises, use this scenario: A pot of boiling soup with an internal temperature of 100° 
Fahrenheit was taken off the stove to cool in a69° F room. After fifteen minutes, the internal temperature of the 
soup was 95° F. 

Exercise: 


Problem: Use Newton’s Law of Cooling to write a formula that models this situation. 


Exercise: 


Problem:To the nearest minute, how long will it take the soup to cool to 80° F? 
Solution: 


about 88 minutes 


Exercise: 
Problem:To the nearest degree, what will the temperature be after 2 and a half hours? 


For the following exercises, use this scenario: A turkey is taken out of the oven with an internal temperature of 
165°F and is allowed to cool in a 75°F room. After half an hour, the internal temperature of the turkey is 145°F. 
Exercise: 


Problem: Write a formula that models this situation. 
Solution: 


T(t) = 90e(— 9.008377!) + 75, where ¢ is in minutes. 


Exercise: 


Problem:To the nearest degree, what will the temperature be after 50 minutes? 
Exercise: 

Problem:To the nearest minute, how long will it take the turkey to cool to110° F? 

Solution: 


about 113 minutes 


For the following exercises, find the value of the number shown on each logarithmic scale. Round all answers to 
the nearest thousandth. 
Exercise: 


Problem: 
log (x) 
“3 4 .°3251-0.1 2 3 4 5 
Exercise: 
Problem: 
log (x) 


§6§ 473212103123 4 5 


Solution: 


log (x) = 1.5; x = 31.623 


Exercise: 


Problem: 


Plot each set of approximate values of intensity of sounds on a logarithmic scale: Whisper: 10~1° x, 
-19-4.W. tor 192 W 
Vacuum: 10°"; Jet: 10° oa 
Exercise: 


Problem: 


Recall the formula for calculating the magnitude of an earthquake, M = 2 log (£). One earthquake has 


magnitude 3.9 on the MMS scale. If a second earthquake has 750 times as much energy as the first, find the 
magnitude of the second quake. Round to the nearest hundredth. 


Solution: 


MMS magnitude: 5.82 


4 3 : nae A _ 500 ‘ 
For the following exercises, use this scenario: The equation N (t) = [p4ge-0 models the number of people in a 
town who have heard a rumor after t days. 

Exercise: 


Problem:How many people started the rumor? 
Exercise: 
Problem:To the nearest whole number, how many people will have heard the rumor after 3 days? 
Solution: 
N(3) + 71 


Exercise: 


Problem: As ¢ increases without bound, what value does N (t) approach? Interpret your answer. 


For the following exercise, choose the correct answer choice. 
Exercise: 


Problem: 

A doctor and injects a patient with 13 milligrams of radioactive dye that decays exponentially. After 12 
minutes, there are 4.75 milligrams of dye remaining in the patient’s system. Which is an appropriate model 
for this situation? 


A. f (t) = 13(0.0805)' 
: ( ) = 13¢9-9195¢ 


Solution: 


C 


Glossary 


carrying capacity 
in a logistic model, the limiting value of the output 


doubling time 
the time it takes for a quantity to double 


half-life 
the length of time it takes for a substance to exponentially decay to half of its original quantity 


logistic growth model 
a function of the form f(x) = 


izaes Where =f; is the initial value, cis the carrying capacity, or limiting 


value, and bis a constant determined by the rate of growth 


Newton’s Law of Cooling 
the scientific formula for temperature as a function of time as an object’s temperature is equalized with the 
ambient temperature 


order of magnitude 
the power of ten, when a number is expressed in scientific notation, with one non-zero digit to the left of the 
decimal 


Introduction 
class="introduction" 


The tide 
rises and 
falls at 
regular, 
predictabl 
e intervals. 
(credit: 
Andrea 
Schaffer, 
Flickr) 


Life is dense with phenomena that repeat in regular intervals. Each day, for 
example, the tides rise and fall in response to the gravitational pull of the 
moon. Similarly, the progression from day to night occurs as a result of 


Earth’s rotation, and the pattern of the seasons repeats in response to Earth’s 
revolution around the sun. Outside of nature, many stocks that mirror a 
company’s profits are influenced by changes in the economic business 
cycle. 


In mathematics, a function that repeats its values in regular intervals is 
known as a periodic function. The graphs of such functions show a general 
shape reflective of a pattern that keeps repeating. This means the graph of 
the function has the same output at exactly the same place in every cycle. 
And this translates to all the cycles of the function having exactly the same 
length. So, if we know all the details of one full cycle of a true periodic 
function, then we know the state of the function’s outputs at all times, future 
and past. In this chapter, we will investigate various examples of periodic 
functions. 


Angles 
In this section you will: 


e Draw angles in standard position. 

¢ Convert between degrees and radians. 

e Find coterminal angles. 

e Find the length of a circular arc. 

e Use linear and angular speed to describe motion on a circular path. 


A golfer swings to hit a ball over a sand trap and onto the green. An airline pilot maneuvers a 
plane toward a narrow runway. A dress designer creates the latest fashion. What do they all have 
in common? They all work with angles, and so do all of us at one time or another. Sometimes we 
need to measure angles exactly with instruments. Other times we estimate them or judge them by 
eye. Either way, the proper angle can make the difference between success and failure in many 
undertakings. In this section, we will examine properties of angles. 


Drawing Angles in Standard Position 


Properly defining an angle first requires that we define a ray. A ray is a directed line segment. It 
consists of one point on a line and all points extending in one direction from that point. The first 
point is called the endpoint of the ray. We can refer to a specific ray by stating its endpoint and 


— 
any other point on it. The ray in [link] can be named as ray EF, or in symbol form EF’. 


Ray EF 


Endpoint 
E 


An angle is the union of two rays having a common endpoint. The endpoint is called the vertex of 
— 

the angle, and the two rays are the sides of the angle. The angle in [link] is formed from &D and 

— 


EF . Angles can be named using a point on each ray and the vertex, such as angle DEF, or in 
symbol form 7DEF. 


Angle DEF 


E 
Vertex 


Greek letters are often used as variables for the measure of an angle. [link] is a list of Greek letters 
commonly used to represent angles, and a sample angle is shown in [link]. 


theta phi alpha beta gamma 


Angle theta, shown as 70 


Angle creation is a dynamic process. We start with two rays lying on top of one another. We leave 
one fixed in place, and rotate the other. The fixed ray is the initial side, and the rotated ray is the 
terminal side. In order to identify the different sides, we indicate the rotation with a small arrow 
close to the vertex as in [link]. 


Terminal side 


Vertex = 
Initial side 


As we discussed at the beginning of the section, there are many applications for angles, but in 
order to use them correctly, we must be able to measure them. The measure of an angle is the 
amount of rotation from the initial side to the terminal side. Probably the most familiar unit of 
angle measurement is the degree. One degree is ur of a circular rotation, so a complete circular 
rotation contains 360 degrees. An angle measured in degrees should always include the unit 
“degrees” after the number, or include the degree symbol”. For example, 90 degrees = 90°. 


To formalize our work, we will begin by drawing angles on an x-y coordinate plane. Angles can 
occur in any position on the coordinate plane, but for the purpose of comparison, the convention is 
to illustrate them in the same position whenever possible. An angle is in standard position if its 
vertex is located at the origin, and its initial side extends along the positive x-axis. See [link]. 


Standard Position 
y 


Terminal 
side 


Initial side 


If the angle is measured in a counterclockwise direction from the initial side to the terminal side, 
the angle is said to be a positive angle. If the angle is measured in a clockwise direction, the angle 
is said to be a negative angle. 


Drawing an angle in standard position always starts the same way—draw the initial side along the 
positive x-axis. To place the terminal side of the angle, we must calculate the fraction of a full 
rotation the angle represents. We do that by dividing the angle measure in degrees by 360°. For 
example, to draw a 90° angle, we calculate that “- = i. So, the terminal side will be one- 
fourth of the way around the circle, moving counterclockwise from the positive x-axis. To draw a 
360° angle, we calculate that ae = 1. So the terminal side will be 1 complete rotation around 
the circle, moving counterclockwise from the positive x-axis. In this case, the initial side and the 
terminal side overlap. See [link]. 


Drawing a 90° angle Drawing a 360° angle 
- y 


Terminal 
side 
360° 


Initial side 


Initial side 


Terminal 
side 


Since we define an angle in standard position by its terminal side, we have a special type of angle 
whose terminal side lies on an axis, a quadrantal angle. This type of angle can have a measure of 
0°, 90°, 180°, 270° or 360°. See [link]. 


ll I ll | Il I ll I 
90° 180° 270° 
0° 
Ill IV lll IV Il IV Ill IV 


Quadrantal angles have a terminal side that lies along an axis. Examples are shown. 


Note: 

Quadrantal Angles 

An angle is a quadrantal angle if its terminal side lies on an axis, including0° , 90°, 180°, 270°, 
or 360°. 


Note: 
Given an angle measure in degrees, draw the angle in standard position. 


1. Express the angle measure as a fraction of 360°. 

2. Reduce the fraction to simplest form. 

3. Draw an angle that contains that same fraction of the circle, beginning on the positive x-axis 
and moving counterclockwise for positive angles and clockwise for negative angles. 


Example: 
Exercise: 


Problem: 
Drawing an Angle in Standard Position Measured in Degrees 


a. Sketch an angle of 30° in standard position. 
b. Sketch an angle of —135° in standard position. 
Solution: 


a. Divide the angle measure by 360°. 
Equation: 


To rewrite the fraction in a more familiar fraction, we can recognize that 
Equation: 


One-twelfth equals one-third of a quarter, so by dividing a quarter rotation into thirds, 
we can sketch a line at 30° ,as in [link]. 


b. Divide the angle measure by 360°. 
Equation: 


In this case, we can recognize that 
Equation: 


Three-eighths is one and one-half times a quarter, so we place a line by moving 
clockwise one full quarter and one-half of another quarter, as in [link]. 


—135° 


Note: 
Exercise: 


Problem:Show an angle of 240° on a circle in standard position. 


Solution: 


240° 


Converting Between Degrees and Radians 


Dividing a circle into 360 parts is an arbitrary choice, although it creates the familiar degree 
measurement. We may choose other ways to divide a circle. To find another unit, think of the 
process of drawing a circle. Imagine that you stop before the circle is completed. The portion that 
you drew is referred to as an arc. An arc may be a portion of a full circle, a full circle, or more 
than a full circle, represented by more than one full rotation. The length of the arc around an entire 
circle is called the circumference of that circle. 


The circumference of a circle is C' = 27r. If we divide both sides of this equation by r,we create 
the ratio of the circumference, which is always 277,to the radius, regardless of the length of the 
radius. So the circumference of any circle is 27 ~ 6.28 times the length of the radius. That means 
that if we took a string as long as the radius and used it to measure consecutive lengths around the 
circumference, there would be room for six full string-lengths and a little more than a quarter of a 
seventh, as shown in [link]. 


Fractional 
piece 


6 


This brings us to our new angle measure. One radian is the measure of a central angle of a circle 
that intercepts an arc equal in length to the radius of that circle. A central angle is an angle formed 
at the center of a circle by two radii. Because the total circumference equals 27 times the radius, a 
full circular rotation is 27 radians. 


Equation: 
27radians = 360° 
mradians = so = 180° 
lradian = 18° ~ 57.3° 


See [link]. Note that when an angle is described without a specific unit, it refers to radian measure. 
For example, an angle measure of 3 indicates 3 radians. In fact, radian measure is dimensionless, 


since it is the quotient of a length (circumference) divided by a length (radius) and the length units 
cancel. 


The angle ¢ sweeps out a measure of one radian. Note 
that the length of the intercepted arc is the same as the 
length of the radius of the circle. 


Relating Arc Lengths to Radius 


An arc length s is the length of the curve along the arc. Just as the full circumference of a circle 
always has a constant ratio to the radius, the arc length produced by any given angle also has a 
constant relation to the radius, regardless of the length of the radius. 


This ratio, called the radian measure, is the same regardless of the radius of the circle—it depends 
only on the angle. This property allows us to define a measure of any angle as the ratio of the arc 
length s to the radius r. See [link]. 

Equation: 


3 |» 


Ifs =r,then@ = = = 1 radian. 


2 radians—,_ 


1 radian 
2r 


0, 27 
1 radian 
(s =r) 
3+7 
radians 
1 + radians “~ 2 + aradians 
(a) (b) (c) 


(a) In an angle of 1 radian, the arc length s equals the radius r. (b) An angle of 2 radians has 
an arc length s = 2r. (c) A full revolution is 27,or about 6.28 radians. 


To elaborate on this idea, consider two circles, one with radius 2 and the other with radius 3. 
Recall the circumference of a circle is C = 27r,where r is the radius. The smaller circle then has 
circumference 27(2) = 47 and the larger has circumference 27(3) = 67. Now we draw a 45° 
angle on the two circles, as in [link]. 


45° = - radians 


A 45° angle contains one-eighth of the circumference 
of a circle, regardless of the radius. 


Notice what happens if we find the ratio of the arc length divided by the radius of the circle. 


Equation: 


pope 


Smaller circle: 2 


pS) 


I 


Larger circle: 


Bl Ale 
» 


[oo 
es| a r| 


Since both ratios are 4-7, the angle measures of both circles are the same, even though the arc 
length and radius differ. 


Note: 

Radians 

One radian is the measure of the central angle of a circle such that the length of the arc between 
the initial side and the terminal side is equal to the radius of the circle. A full revolution (360° ) 
equals 27 radians. A half revolution (180° ) is equivalent to 7 radians. 

The radian measure of an angle is the ratio of the length of the arc subtended by the angle to the 
radius of the circle. In other words, if s is the length of an arc of a circle, andr is the radius of the 
circle, then the central angle containing that arc measures * radians. In a circle of radius 1, the 


radian measure corresponds to the length of the arc. 


Note: 
A measure of 1 radian looks to be about 60°. Is that correct? 
Yes. It is approximately 57.3°. Because 27 radians equals360° , 1radian equals aM Oreo % 


Using Radians 


Because radian measure is the ratio of two lengths, it is a unitless measure. For example, in [link], 
suppose the radius were 2 inches and the distance along the arc were also 2 inches. When we 
calculate the radian measure of the angle, the “inches” cancel, and we have a result without units. 
Therefore, it is not necessary to write the label “radians” after a radian measure, and if we see an 
angle that is not labeled with “degrees” or the degree symbol, we can assume that it is a radian 
measure. 


Considering the most basic case, the unit circle (a circle with radius 1), we know that 1 rotation 
equals 360 degrees, 360° .We can also track one rotation around a circle by finding the 
circumference, C' = 2r,and for the unit circleC' = 27. These two different ways to rotate 
around a circle give us a way to convert from degrees to radians. 

Equation: 


lrotation = 360° = 27 radians 


1 rotation = 180° 


z 7 radians 
i 
4 


rotation = 90° = = radians 


Identifying Special Angles Measured in Radians 


In addition to knowing the measurements in degrees and radians of a quarter revolution, a half 
revolution, and a full revolution, there are other frequently encountered angles in one revolution of 
a circle with which we should be familiar. It is common to encounter multiples of 30, 45, 60, and 
90 degrees. These values are shown in [link]. Memorizing these angles will be very useful as we 
study the properties associated with angles. 


90° 


180° 


210° 330° 


225° 315° 
240° | 300° 


270° 


Commonly encountered angles measured in degrees 


Now, we can list the corresponding radian values for the common measures of a circle 
corresponding to those listed in [link], which are shown in [link]. Be sure you can verify each of 
these measures. 


7 180° 


io 


8 rola 


270° 
3m 
2 


o|y 


60° 
45° 


30° 


NS) 


5 


0° 27 


Commonly encountered angles measured in radians 


Example: 
Exercise: 


Problem: 


Finding a Radian Measure 


Find the radian measure of one-third of a full rotation. 


Solution: 


For any circle, the arc length along such a rotation would be one-third of the circumference. 


We know that 
Equation: 


So, 
Equation: 


1 rotation = 27r 


The radian measure would be the arc length divided by the radius. 


Equation: 
: nr 
radian measure = _3 
i 
a= 2rr 
— 3r 
a Pie 
= 
Note: 
Exercise: 


Problem: Find the radian measure of three-fourths of a full rotation. 


Solution: 


3n 
5 


Converting Between Radians and Degrees 


Because degrees and radians both measure angles, we need to be able to convert between them. 
We can easily do so using a proportion where 0 is the measure of the angle in degrees and Op is the 
measure of the angle in radians. 

Equation: 


This proportion shows that the measure of angle @ in degrees divided by 180 equals the measure of 
angle 8 in radians divided by z. Or, phrased another way, degrees is to 180 as radians is to 7. 
Equation: 


Degrees _ Radians 


180 T 


Note: 


Converting between Radians and Degrees 
To convert between degrees and radians, use the proportion 


Equation: 
6 < OR 
180 
Example: 
Exercise: 
Problem: 


Converting Radians to Degrees 


Convert each radian measure to degrees. 


Waly 


Al. 
b. 
Solution: 


Because we are given radians and we want degrees, we should set up a proportion and solve 
it. 


a. We use the proportion, substituting the given information. 


Equation: 
BRS gees 
US ep 
UNE Passe 
iQ ~~ iF 
tu) 
mae 
=P 5" 
b. We use the proportion, substituting the given information. 
Equation: 
pi aap meas es 
ie) a 
ae ee 
130 eT 
__3(180) 
0 US 
Ce i 


Note: 
Exercise: 


Problem:Convert — _ radians to degrees. 


Solution: 


—135° 


Example: 
Exercise: 


Problem: 
Converting Degrees to Radians 


Convert 15 degrees to radians. 


Solution: 


In this example, we start with degrees and want radians, so we again set up a proportion, but 
we substitute the given information into a different part of the proportion. 
Equation: 


0 Ir 
180 @ 

Gta none OR. 
180 T 
Wye 

180 OR 
1 Op 


Analysis 
Another way to think about this problem is by remembering that 30° = ¢. Because 


15° = +(30°),we can find that = (4) is 4. 


Note: 
Exercise: 


Problem: Convert 126° to radians. 


Solution: 


iad 
10 


Finding Coterminal Angles 


Converting between degrees and radians can make working with angles easier in some 
applications. For other applications, we may need another type of conversion. Negative angles and 
angles greater than a full revolution are more awkward to work with than those in the range of 0° 
to 360° ,or 0 to 27. It would be convenient to replace those out-of-range angles with a 
corresponding angle within the range of a single revolution. 


It is possible for more than one angle to have the same terminal side. Look at [link]. The angle of 
140° is a positive angle, measured counterclockwise. The angle of —220° is a negative angle, 
measured clockwise. But both angles have the same terminal side. If two angles in standard 
position have the same terminal side, they are coterminal angles. Every angle greater than 360° or 
less than 0° is coterminal with an angle between 0° and 360° ,and it is often more convenient to 
find the coterminal angle within the range of 0° to 360° than to work with an angle that is outside 
that range. 


140° 


—220° 


An angle of 140° and an angle of —220° are coterminal 
angles. 


Any angle has infinitely many coterminal angles because each time we add 360° to that angle—or 
subtract 360° from it—the resulting value has a terminal side in the same location. For example, 
100° and 460° are coterminal for this reason, as is —260°. 


An angle’s reference angle is the measure of the smallest, positive, acute angle ¢t formed by the 
terminal side of the angle ¢ and the horizontal axis. Thus positive reference angles have terminal 
sides that lie in the first quadrant and can be used as models for angles in other quadrants. See 
[link] for examples of reference angles for angles in different quadrants. 


Quadrant | Quadrant Il Quadrant Ill Quadrant IV 


Wl IV 
Y Y Y 
t=t =f f t=2r-t 
= t — 180° = 360° -t 


Note: 

Coterminal and Reference Angles 

Coterminal angles are two angles in standard position that have the same terminal side. 

An angle’s reference angle is the size of the smallest acute angle, t’,formed by the terminal side 
of the angle ¢ and the horizontal axis. 


Note: 
Given an angle greater than 360’ ,find a coterminal angle between 0° and 360° 


1. Subtract 360° from the given angle. 

2. If the result is still greater than 360° ,subtract 360° again till the result is between 0° and 
360°. 

3. The resulting angle is coterminal with the original angle. 


Example: 
Exercise: 


Problem: 
Finding an Angle Coterminal with an Angle of Measure Greater Than 360° 


Find the least positive angle 6 that is coterminal with an angle measuring 800° ,where 
0° <0 < 360°. 


Solution: 
An angle with measure 800° is coterminal with an angle with measure 800 — 360 = 440°, 


but 440° is still greater than 360° ,so we subtract 360° again to find another coterminal 
angle: 440 — 360 = 80°. 


The angle 9 = 80° is coterminal with 800°. To put it another way, 800° equals 80° plus two 
full rotations, as shown in [link]. 


Note: 
Exercise: 


Problem: 
Find an angle a that is coterminal with an angle measuring 870° ,where0° < a < 360°. 
Solution: 


oe = 10” 


Note: 


Given an angle with measure less than 0° ,find a coterminal angle having a measure between 
0° and 360°. 


1. Add 360° to the given angle. 
2. If the result is still less than 0° ,add 360° again until the result is between 0° and 360°. 
3. The resulting angle is coterminal with the original angle. 


Example: 
Exercise: 


Problem: 
Finding an Angle Coterminal with an Angle Measuring Less Than 0° 


Show the angle with measure —45° on a circle and find a positive coterminal angle a such 
that0° < a < 360°. 


Solution: 


Since 45° is half of 90° ,we can start at the positive horizontal axis and measure clockwise 
half of a90° angle. 


Because we can find coterminal angles by adding or subtracting a full rotation of 360° ,we 
can find a positive coterminal angle here by adding 360°. 
Equation: 


—45° + 360° = 315° 


We can then show the angle on a circle, as in [link]. 
y 


—45° 
315° 


Note: 
Exercise: 


Problem: 
Find an angle @ that is coterminal with an angle measuring —300° such that0° < 8B < 360°. 
Solution: 


B=60° 


Finding Coterminal Angles Measured in Radians 


We can find coterminal angles measured in radians in much the same way as we have found them 
using degrees. In both cases, we find coterminal angles by adding or subtracting one or more full 
rotations. 


Note: 
Given an angle greater than 27,find a coterminal angle between 0 and 27. 


1. Subtract 27 from the given angle. 
2. If the result is still greater than 27,subtract 27 again until the result is between 0 and 27. 
3. The resulting angle is coterminal with the original angle. 


Example: 
Exercise: 


Problem: 
Finding Coterminal Angles Using Radians 


Find an angle @ that is coterminal with 197 where O= 8 27. 


Solution: 


When working in degrees, we found coterminal angles by adding or subtracting 360 degrees, 
a full rotation. Likewise, in radians, we can find coterminal angles by adding or subtracting 
full rotations of 27 radians: 

Equation: 


87 


9m 8r 
4 an 4 


197 
4 
lla 
4 


The angle if is coterminal, but not less than 27,so we subtract another rotation. 


Equation: 


The angle SE is coterminal with it yas shown in [link]. 


Note: 
Exercise: 


Problem: 


Find an angle of measure 0 that is coterminal with an angle of measure — ie where 
0 < 6 < Qn. 


Solution: 


Tr 
6 


Determining the Length of an Arc 


Recall that the radian measure 0 of an angle was defined as the ratio of the arc length s of a circular 
arc to the radius r of the circle, @ = +. From this relationship, we can find arc length along a 
circle, given an angle. 


Note: 
Arc Length on a Circle 


In a circle of radius r, the length of an arc s subtended by an angle with measure 0 in radians, 
shown in [link], is 
Equation: 


Note: 
Given a circle of radius 7,calculate the length s of the arc subtended by a given angle of 
measure 0. 


1. If necessary, convert 0 to radians. 
2. Multiply the radiusr 0: s = r0. 


Example: 
Exercise: 


Problem: 
Finding the Length of an Arc 


Assume the orbit of Mercury around the sun is a perfect circle. Mercury is approximately 36 
million miles from the sun. 


a. In one Earth day, Mercury completes 0.0114 of its total revolution. How many miles 
does it travel in one day? 

b. Use your answer from part (a) to determine the radian measure for Mercury’s 
movement in one Earth day. 


Solution: 


a. Let’s begin by finding the circumference of Mercury’s orbit. 
Equation: 


CG = Dye 
27(36 million miles) 
226 million miles 


2 


Since Mercury completes 0.0114 of its total revolution in one Earth day, we can now 
find the distance traveled. 
Equation: 


(0.0114)226 million miles = 2.58 million miles 


b. Now, we convert to radians. 


Equation: 
radian arclength 
radius 
2.58 million miles 
36 million miles 
= Or 
Note: 
Exercise: 


Problem: Find the arc length along a circle of radius 10 units subtended by an angle of 215°. 


Solution: 


20 — 37.525 units 


Finding the Area of a Sector of a Circle 


In addition to arc length, we can also use angles to find the area of a sector of a circle. A sector is 
a region of a circle bounded by two radii and the intercepted arc, like a slice of pizza or pie. Recall 
that the area of a circle with radius r can be found using the formula A = zr’. If the two radii 
form an angle of 0,measured in radians, then £ is the ratio of the angle measure to the measure of 
a full rotation and is also, therefore, the ratio of the area of the sector to the area of the circle. 
Thus, the area of a sector is the fraction 3: multiplied by the entire area. (Always remember that 
this formula only applies if @ is in radians.) 

Equation: 


Area of sector 


| 
sls 
re 

: 


Note: 

Area of a Sector 

The area of a sector of a circle with radius r subtended by an angle 6,measured in radians, is 
Equation: 


A= Zane 
2 


See [link]. 


The area of the sector equals half the square of the 
radius times the central angle measured in radians. 


Note: 
Given a circle of radius r,find the area of a sector defined by a given angle 0. 


1. If necessary, convert 8 to radians. 
2. Multiply half the radian measure of 8 by the square of the radiusr : A = Or. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Sector 


An automatic lawn sprinkler sprays a distance of 20 feet while rotating 30 degrees, as shown 
in [link]. What is the area of the sector of grass the sprinkler waters? 


ao 20 ft 


The sprinkler sprays 20 ft within an arc of 30°. 


Solution: 


First, we need to convert the angle measure into radians. Because 30 degrees is one of our 
special angles, we already know the equivalent radian measure, but we can also convert: 
Equation: 


30 degrees = 30-735 


= a radians 


The area of the sector is then 
Equation: 


Area = 1(£)(20)’ 


So the area is about 104.72 ft?. 


Note: 
Exercise: 


Problem: 


In central pivot irrigation, a large irrigation pipe on wheels rotates around a center point. A 
farmer has a central pivot system with a radius of 400 meters. If water restrictions only 
allow her to water 150 thousand square meters a day, what angle should she set the system to 
cover? Write the answer in radian measure to two decimal places. 


Solution: 


1.88 


Use Linear and Angular Speed to Describe Motion on a Circular Path 


In addition to finding the area of a sector, we can use angles to describe the speed of a moving 
object. An object traveling in a circular path has two types of speed. Linear speed is speed along 
a straight path and can be determined by the distance it moves along (its displacement) in a given 
time interval. For instance, if a wheel with radius 5 inches rotates once a second, a point on the 
edge of the wheel moves a distance equal to the circumference, or 107 inches, every second. So 
the linear speed of the point is 107 in./s. The equation for linear speed is as follows where v is 
linear speed, s is displacement, and t is time. 

Equation: 


Angular speed results from circular motion and can be determined by the angle through which a 
point rotates in a given time interval. In other words, angular speed is angular rotation per unit 
time. So, for instance, if a gear makes a full rotation every 4 seconds, we can calculate its angular 


360 d ree 
speed as —_“®** —90 degrees per second. Angular speed can be given in radians per second, 
4 seconds 


rotations per minute, or degrees per hour for example. The equation for angular speed is as 
follows, where w (read as omega) is angular speed, 0 is the angle traversed, and t is time. 
Equation: 


— 


f 
i 


Combining the definition of angular speed with the arc length equation, s = r@,we can find a 
relationship between angular and linear speeds. The angular speed equation can be solved for 0, 
giving 0 = wt.Substituting this into the arc length equation gives: 

Equation: 


s = 70 
= rut 


Substituting this into the linear speed equation gives: 
Equation: 


| 


Note: 

Angular and Linear Speed 

As a point moves along a circle of radius 7 ,its angular speed, w,is the angular rotation 0 per unit 
time, f. 

Equation: 


(yy) = 


& 
t 


The linear speed, v,of the point can be found as the distance traveled, arc length s,per unit time, 
ts 
Equation: 


When the angular speed is measured in radians per unit time, linear speed and angular speed are 
related by the equation 
Equation: 


V=TW 


This equation states that the angular speed in radians, w,representing the amount of rotation 
occurring in a unit of time, can be multiplied by the radius r to calculate the total arc length 
traveled in a unit of time, which is the definition of linear speed. 


Note: 
Given the amount of angle rotation and the time elapsed, calculate the angular speed. 


1. If necessary, convert the angle measure to radians. 
2. Divide the angle in radians by the number of time units elapsed: w = a 


3. The resulting speed will be in radians per time unit. 


Example: 


Exercise: 
Problem: 
Finding Angular Speed 


A water wheel, shown in [link], completes 1 rotation every 5 seconds. Find the angular 
speed in radians per second. 


Solution: 


The wheel completes 1 rotation, or passes through an angle of 27 radians in 5 seconds, so the 


angular speed would bew = aE = 1.257 radians per second. 


Note: 
Exercise: 


Problem: 


An old vinyl record is played on a turntable rotating clockwise at a rate of 45 rotations per 
minute. Find the angular speed in radians per second. 


Solution: 


a rad/s 


Note: 
Given the radius of a circle, an angle of rotation, and a length of elapsed time, determine the 
linear speed. 


1. Convert the total rotation to radians if necessary. 
2. Divide the total rotation in radians by the elapsed time to find the angular speed: apply 
0 
3. Multiply the angular speed by the length of the radius to find the linear speed, expressed in 
terms of the length unit used for the radius and the time unit used for the elapsed time: apply 


V= TW. 


Example: 
Exercise: 


Problem: 
Finding a Linear Speed 


A bicycle has wheels 28 inches in diameter. A tachometer determines the wheels are rotating 
at 180 RPM (revolutions per minute). Find the speed the bicycle is traveling down the road. 


Solution: 


Here, we have an angular speed and need to find the corresponding linear speed, since the 
linear speed of the outside of the tires is the speed at which the bicycle travels down the 
road. 


We begin by converting from rotations per minute to radians per minute. It can be helpful to 
utilize the units to make this conversion: 
Equation: 


“i rotations 2rradians _ Asi radians 


minute r ion minute 


Using the formula from above along with the radius of the wheels, we can find the linear 
speed: 
Equation: 


e 
| 


(14 inches) (3607 2225 ) 


minute 
inches 
50407 minute 


Remember that radians are a unitless measure, so it is not necessary to include them. 


Finally, we may wish to convert this linear speed into a more familiar measurement, like 
miles per hour. 
Equation: 


ines 1 fect = mile —_—«60_ minutes 
apinute 12 inehés 5280 fect —-—- L hour 


50407 ~ 14.99 miles per hour (mph) 


Note: 
Exercise: 


Problem: 


A satellite is rotating around Earth at 0.25 radian per hour at an altitude of 242 km above 
Earth. If the radius of Earth is 6378 kilometers, find the linear speed of the satellite in 
kilometers per hour. 


Solution: 


1655 kilometers per hour 


Note: 
Access these online resources for additional instruction and practice with angles, arc length, and 
areas of sectors. 


e Angles in Standard Position 
¢ Angle of Rotation 

¢ Coterminal Angles 

e Determining Coterminal Angles 

Positive and Negative Coterminal Angles 
Radian Measure 

Coterminal Angles in Radians 

Arc Length and Area of a Sector 


Key Equations 


arc length s=r70 


area of a sector A= +6r? 
angular speed w= g 
linear speed v=7 
linear speed related to angular speed Vv =TW 


Key Concepts 


An angle is formed from the union of two rays, by keeping the initial side fixed and rotating 
the terminal side. The amount of rotation determines the measure of the angle. 

An angle is in standard position if its vertex is at the origin and its initial side lies along the 
positive x-axis. A positive angle is measured counterclockwise from the initial side and a 
negative angle is measured clockwise. 

To draw an angle in standard position, draw the initial side along the positive x-axis and then 
place the terminal side according to the fraction of a full rotation the angle represents. See 
[ink]. 

In addition to degrees, the measure of an angle can be described in radians. See [link]. 

To convert between degrees and radians, use the proportion —— — 52 | See {link] and [link]. 


Two angles that have the same terminal side are called coterminal angles. 

We can find coterminal angles by adding or subtracting 360° or 27. See [link] and [link]. 
Coterminal angles can be found using radians just as they are for degrees. See [link]. 

The length of a circular arc is a fraction of the circumference of the entire circle. See [link]. 
The area of sector is a fraction of the area of the entire circle. See [link]. 

An object moving in a circular path has both linear and angular speed. 

The angular speed of an object traveling in a circular path is the measure of the angle through 
which it turns in a unit of time. See [link]. 

The linear speed of an object traveling along a circular path is the distance it travels in a unit 
of time. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem:Draw an angle in standard position. Label the vertex, initial side, and terminal side. 


Solution: 


Terminal 
side —> 


. Vertex a . 
Initial side 
Exercise: 
Problem: 


Explain why there are an infinite number of angles that are coterminal to a certain angle. 


Exercise: 


Problem: State what a positive or negative angle signifies, and explain how to draw each. 


Solution: 
Whether the angle is positive or negative determines the direction. A positive angle is drawn 
in the counterclockwise direction, and a negative angle is drawn in the clockwise direction. 
Exercise: 
Problem: 
How does radian measure of an angle compare to the degree measure? Include an 
explanation of 1 radian in your paragraph. 
Exercise: 
Problem: 


Explain the differences between linear speed and angular speed when describing motion 
along a circular path. 


Solution: 


Linear speed is a measurement found by calculating distance of an arc compared to time. 
Angular speed is a measurement found by calculating the angle of an arc compared to time. 


Graphical 


For the following exercises, draw an angle in standard position with the given measure. 
Exercise: 


Problem:30 ° 


Exercise: 


Problem:300° 


Solution: 


Exercise: 


Problem:—80° 


Exercise: 


Problem:135° 


Solution: 


Exercise: 


Problem:— 150° 
Exercise: 
Problem: = 


Solution: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Exercise: 


Problem: 


dA 


Exercise: 


T 


Problem: — 0 


Solution: 


Exercise: 


Problem:415° 


Exercise: 


Problem:— 120° 


Solution: 


240° 


Exercise: 


Problem:—315° 


Exercise: 


Problem: 260. 


Solution: 


An 


3 


Exercise: 


Problem: — a 
Exercise: 


Problem: — a 


Solution: 


2a 


3 


For the following exercises, refer to [link]. Round to two decimal places. 


r=3in 


Exercise: 


Problem:Find the arc length. 


Exercise: 


Problem: Find the area of the sector. 


Solution: 


42 11.00 in? 


For the following exercises, refer to [link]. Round to two decimal places. 


Exercise: 


Problem: Find the arc length. 


Exercise: 


Problem: Find the area of the sector. 
Solution: 


81m 2 


Algebraic 


For the following exercises, convert angles in radians to degrees. 
Exercise: 


Problem: _ radians 


Exercise: 


Problem: a radians 


Solution: 


20° 


Exercise: 


Problem: — on radians 


Exercise: 


Problem: z radians 


Solution: 


60° 


Exercise: 


Problem: — a radians 


Exercise: 


Problem: — — radians 


Solution: 


—75° 


Exercise: 
llz : 
Problem: a? radians 


For the following exercises, convert angles in degrees to radians. 
Exercise: 


Problem:90 ° 


Solution: 


a radians 


Exercise: 


Problem:100° 


Exercise: 


Problem: —540° 


Solution: 
—37 radians 


Exercise: 


Problem:— 120° 


Exercise: 


Problem:180° 


Solution: 


a radians 


Exercise: 


Problem:—315° 


Exercise: 


Problem:150° 
Solution: 


on radians 


For the following exercises, use the given information to find the length of a circular arc. Round to 
two decimal places. 
Exercise: 


Problem: 
Find the length of the arc of a circle of radius 12 inches subtended by a central angle of 7. 
radians. 

Exercise: 


Problem: 


Find the length of the arc of a circle of radius 5.02 miles subtended by the central angle of 7. 


Solution: 


a = 5.26 miles 


Exercise: 


Problem: 


Find the length of the arc of a circle of diameter 14 meters subtended by the central angle of 


Bye 


“6 . 
Exercise: 


Problem: 


Find the length of the arc of a circle of radius 10 centimeters subtended by the central angle 
of 50°. 


Solution: 


23 = 8.73 centimeters 


Exercise: 


Problem: 


Find the length of the arc of a circle of radius 5 inches subtended by the central angle of 
220°. 


Exercise: 


Problem: 


Find the length of the arc of a circle of diameter 12 meters subtended by the central angle is 
63°. 


Solution: 


a = 6.60 meters 


For the following exercises, use the given information to find the area of the sector. Round to four 
decimal places. 
Exercise: 


Problem:A sector of a circle has a central angle of 45° and a radius 6 cm. 


Exercise: 


Problem:A sector of a circle has a central angle of 30° and a radius of 20 cm. 


Solution: 


104.7198 cm? 


Exercise: 


Problem:A sector of a circle with diameter 10 feet and an angle of > radians. 


Exercise: 


Problem:A sector of a circle with radius of 0.7 inches and an angle of 7 radians. 
Solution: 


0.7697 in? 


For the following exercises, find the angle between 0° and 360° that is coterminal to the given 
angle. 
Exercise: 


Problem:—40° 


Exercise: 
Problem:—110° 
Solution: 
250° 


Exercise: 


Problem:700° 


Exercise: 


Problem:1400° 
Solution: 


320° 


For the following exercises, find the angle between 0 and 27 in radians that is coterminal to the 
given angle. 
Exercise: 


Problem: — o 


Exercise: 


Problem: in 


Solution: 


An 
. 


Exercise: 


Problem: 


Exercise: 


Problem: = 


Solution: 


8r 
9 


Real-World Applications 
Exercise: 
Problem: 


A truck with 32-inch diameter wheels is traveling at 60 mi/h. Find the angular speed of the 
wheels in rad/min. How many revolutions per minute do the wheels make? 


Exercise: 
Problem: 


A bicycle with 24-inch diameter wheels is traveling at 15 mi/h. Find the angular speed of the 
wheels in rad/min. How many revolutions per minute do the wheels make? 


Solution: 


1320 rad/min 210.085 RPM 
Exercise: 
Problem: 


A wheel of radius 8 inches is rotating 15°/s. What is the linear speed v,the angular speed in 
RPM, and the angular speed in rad/s? 


Exercise: 


Problem: 


A wheel of radius 14 inches is rotating 0.5 rad/s. What is the linear speed v,the angular speed 
in RPM, and the angular speed in deg/s? 


Solution: 


7 in./s, 4.77 RPM , 28.65 deg/s 


Exercise: 


Problem: 


A CD has diameter of 120 millimeters. When playing audio, the angular speed varies to keep 
the linear speed constant where the disc is being read. When reading along the outer edge of 
the disc, the angular speed is about 200 RPM (revolutions per minute). Find the linear speed. 


Exercise: 
Problem: 
When being burned in a writable CD-R drive, the angular speed of a CD is often much faster 
than when playing audio, but the angular speed still varies to keep the linear speed constant 
where the disc is being written. When writing along the outer edge of the disc, the angular 


speed of one drive is about 4800 RPM (revolutions per minute). Find the linear speed if the 
CD has diameter of 120 millimeters. 


Solution: 


1, 809, 557.37 mm/min = 30.16 m/s 
Exercise: 
Problem: 
A person is standing on the equator of Earth (radius 3960 miles). What are his linear and 
angular speeds? 
Exercise: 
Problem: 


Find the distance along an arc on the surface of Earth that subtends a central angle of 5 
minutes 


(1 minute = a degree). The radius of Earth is 3960 miles. 


Solution: 


5.76 miles 
Exercise: 
Problem: 


Find the distance along an arc on the surface of Earth that subtends a central angle of 7 
minutes 


(1 minute = a degree). The radius of Earth is 3960 miles. 
Exercise: 


Problem: 


Consider a clock with an hour hand and minute hand. What is the measure of the angle the 
minute hand traces in 20 minutes? 


Solution: 


120° 


Extensions 


Exercise: 
Problem: 
Two cities have the same longitude. The latitude of city A is 9.00 degrees north and the 


latitude of city B is 30.00 degree north. Assume the radius of the earth is 3960 miles. Find the 
distance between the two cities. 


Exercise: 
Problem: 
A city is located at 40 degrees north latitude. Assume the radius of the earth is 3960 miles 


and the earth rotates once every 24 hours. Find the linear speed of a person who resides in 
this city. 


Solution: 


794 miles per hour 
Exercise: 
Problem: 
A city is located at 75 degrees north latitude. Assume the radius of the earth is 3960 miles 


and the earth rotates once every 24 hours. Find the linear speed of a person who resides in 
this city. 


Exercise: 
Problem: 
Find the linear speed of the moon if the average distance between the earth and moon is 


239,000 miles, assuming the orbit of the moon is circular and requires about 28 days. Express 
answer in miles per hour. 


Solution: 


2,234 miles per hour 


Exercise: 


Problem: 


A bicycle has wheels 28 inches in diameter. A tachometer determines that the wheels are 
rotating at 180 RPM (revolutions per minute). Find the speed the bicycle is travelling down 
the road. 


Exercise: 


Problem: 


A car travels 3 miles. Its tires make 2640 revolutions. What is the radius of a tire in inches? 


Solution: 


11.5 inches 
Exercise: 


Problem: 


A wheel on a tractor has a 24-inch diameter. How many revolutions does the wheel make if 
the tractor travels 4 miles? 


Glossary 


angle 
the union of two rays having a common endpoint 


angular speed 
the angle through which a rotating object travels in a unit of time 


arc length 
the length of the curve formed by an arc 


area of a sector 
area of a portion of a circle bordered by two radii and the intercepted arc; the fraction -. 
multiplied by the area of the entire circle 


coterminal angles 
description of positive and negative angles in standard position sharing the same terminal 
side 


degree 
a unit of measure describing the size of an angle as one-360th of a full revolution of a circle 


initial side 
the side of an angle from which rotation begins 


linear speed 


the distance along a straight path a rotating object travels in a unit of time; determined by the 
arc length 


measure of an angle 
the amount of rotation from the initial side to the terminal side 


negative angle 
description of an angle measured clockwise from the positive x-axis 


positive angle 
description of an angle measured counterclockwise from the positive x-axis 


quadrantal angle 
an angle whose terminal side lies on an axis 


radian measure 
the ratio of the arc length formed by an angle divided by the radius of the circle 


radian 
the measure of a central angle of a circle that intercepts an arc equal in length to the radius of 
that circle 


ray 
one point on a line and all points extending in one direction from that point; one side of an 
angle 


reference angle 
the measure of the acute angle formed by the terminal side of the angle and the horizontal 
axis 


standard position 
the position of an angle having the vertex at the origin and the initial side along the positive 
X-axis 


terminal side 
the side of an angle at which rotation ends 


vertex 
the common endpoint of two rays that form an angle 


Right Triangle Trigonometry 
In this section you will: 


e Use right triangles to evaluate trigonometric functions. 
e Find function values for 30° (4) , 45° (4) jand 60° (¥) ’ 


¢ Use equal cofunctions of complementary angles. 
e Use the definitions of trigonometric functions of any angle. 
e Use right-triangle trigonometry to solve applied problems. 


Mt. Everest, which straddles the border between China and Nepal, is the 
tallest mountain in the world. Measuring its height is no easy task and, in 
fact, the actual measurement has been a source of controversy for hundreds 
of years. The measurement process involves the use of triangles and a 
branch of mathematics known as trigonometry. In this section, we will 
define a new group of functions known as trigonometric functions, and find 
out how they can be used to measure heights, such as those of the tallest 
mountains. 


Using Right Triangles to Evaluate Trigonometric Functions 


[link] shows a right triangle with a vertical side of length y and a horizontal 
side has length x. Notice that the triangle is inscribed in a circle of radius 1. 
Such a circle, with a center at the origin and a radius of 1, is known as a 
unit circle. 


(x, y) 


We can define the trigonometric functions in terms an angle t and the 
lengths of the sides of the triangle. The adjacent side is the side closest to 
the angle, x. (Adjacent means “next to.”) The opposite side is the side 
across from the angle, y. The hypotenuse is the side of the triangle opposite 
the right angle, 1. These sides are labeled in [link]. 


hypotenuse 


adjacent 


opposite 


The sides of a right triangle in relation to angle t 


Given a right triangle with an acute angle of t,the first three trigonometric 


functions are listed. 


Equation: 
Sine 

Equation: 
Cosine 

Equation: 
Tangent 


: __ opposite 
sint = hypotenuse 
ot = adjacent 

~~ hypotenuse 
___ opposite 
tant = adjacent 


A common mnemonic for remembering these relationships is SohCahToa, 
formed from the first letters of “Sine is opposite over hypotenuse, Cosine is 
adjacent over hypotenuse, ‘Tangent is opposite over adjacent.” 


For the triangle shown in [link], we have the following. 
Equation: 


‘ — FY 
snt = 7 
a (& 

cost = 1 
tant = 4 
x 


Note: 
Given the side lengths of a right triangle and one of the acute angles, 
find the sine, cosine, and tangent of that angle. 


1. Find the sine as the ratio of the opposite side to the hypotenuse. 


2. Find the cosine as the ratio of the adjacent side to the hypotenuse. 
3. Find the tangent as the ratio of the opposite side to the adjacent side. 


Example: 
Exercise: 


Problem: 
Evaluating a Trigonometric Function of a Right Triangle 


Given the triangle shown in [link], find the value of cos a. 


17 


15 


Solution: 


The side adjacent to the angle is 15, and the hypotenuse of the triangle 
iS. 


Equation: 
a adjacent 
cos(a) ~~ hypotenuse 
= ws 
17 
Note: 
Exercise: 


Problem:Given the triangle shown in [link], find the value of sin f. 


25 
5 
24 
Solution: 
mils 
25 


Reciprocal Functions 


In addition to sine, cosine, and tangent, there are three more functions. 
These too are defined in terms of the sides of the triangle. 
Equation: 


hypotenuse 
Secant sect = =e 


adjacent 
Equation: 
Cosecant csc f — bypotenuse 
opposite 
Equation: 
Cotangent cott = een 


Take another look at these definitions. These functions are the reciprocals of 
the first three functions. 


Equation: 
. =: 1 _ 1 
snt = csc t csct = sin t 
= 1 oy 
cost = Sd sect = er" 
_ 1 _ 
tnt = mae col, = ae 


When working with right triangles, keep in mind that the same rules apply 
regardless of the orientation of the triangle. In fact, we can evaluate the six 
trigonometric functions of either of the two acute angles in the triangle in 
[link]. The side opposite one acute angle is the side adjacent to the other 
acute angle, and vice versa. 


Adjacent to B 
Opposite a 


Adjacent to a 
Opposite B 


Hypotenuse 


The side adjacent to one angle is opposite the other 
angle. 


Many problems ask for all six trigonometric functions for a given angle ina 
triangle. A possible strategy to use is to find the sine, cosine, and tangent of 
the angles first. Then, find the other trigonometric functions easily using the 
reciprocals. 


Note: 
Given the side lengths of a right triangle, evaluate the six 
trigonometric functions of one of the acute angles. 


1. If needed, draw the right triangle and label the angle provided. 

2. Identify the angle, the adjacent side, the side opposite the angle, and 
the hypotenuse of the right triangle. 

3. Find the required function: 


sine as the ratio of the opposite side to the hypotenuse 

cosine as the ratio of the adjacent side to the hypotenuse 
tangent as the ratio of the opposite side to the adjacent side 
secant as the ratio of the hypotenuse to the adjacent side 
cosecant as the ratio of the hypotenuse to the opposite side 
cotangent as the ratio of the adjacent side to the opposite side 


@ © ~~ © ©) -f9) 


Example: 
Exercise: 


Problem: 
Evaluating Trigonometric Functions of Angles Not in Standard 
Position 


Using the triangle shown in [link], evaluate 
sin @, cos a,tan a,sec a,csc a,and cot a. 


Solution: 
Equation: 
: ___ opposite a 4 
a hypotenuse — & 
eae = adjacenttoa _ 3 
~ hypotenuse — & 
__ opposite a sad. 
tana = adjacenttoa 3 
____ hypotenuse _ § 
eee Ep adjacenttoa 3 
__ hypotenuse — § 
SENG GES opposite a ~~ Cl 
_ adjacenttoa _ 3 
cota = opposite a — 4 
Analysis 


Another approach would have been to find sine, cosine, and tangent first. 
Then find their reciprocals to determine the other functions. 
Equation: 


Equation: 


il 1 5 
csc a = = — = — 
CSC @ a 4 
5 
Equation: 
; 1 3 
cot a = =— = — 
tan a A 4 
3 
Note: 
Exercise: 
Problem: 
Using the triangle shown in [link],evaluate 
sint, cost, tant, sect, csc t, and cot t. 
56 
33 
65 
Solution: 
sing = 43 cost — 28 tant = a 
sect = e. csct = oe Cott, = 3 


Finding Trigonometric Functions of Special Angles Using Side Lengths 


It is helpful to evaluate the trigonometric functions as they relate to the 
special angles—multiples of 30°, 60° ,and 45°. Remember, however, that 
when dealing with right triangles, we are limited to angles between 

0° and 90°. 


Suppose we have a 30°, 60°, 90° triangle, which can also be described as a 
> 3) 4 tiangle. The sides have lengths in the relation s, /3s, 2s. The 
sides of a45°, 45°, 90° triangle, which can also be described as a 7, 7, 5 
triangle, have lengths in the relation s, s, /2s. These relations are shown in 
[link]. 


Side lengths of special triangles 


We can then use the ratios of the side lengths to evaluate trigonometric 
functions of special angles. 


Note: 
Given trigonometric functions of a special angle, evaluate using side 
lengths. 


1. Use the side lengths shown in [link] for the special angle you wish to 
evaluate. 

2. Use the ratio of side lengths appropriate to the function you wish to 
evaluate. 


Example: 
Exercise: 


Problem: 
Evaluating Trigonometric Functions of Special Angles Using Side 
Lengths 


Find the exact value of the trigonometric functions of 7 ,using side 
lengths. 


Solution: 
Equation: 
Cie 2 Oo a WEE ee 8 
sin (5) ~ hyp —_2s = 2 
Ta eo eee el 
cos (7) ~~ hyp 2s —~ ¥% 
“ey oe OU ee EE 
tan (7) — a os = v3 
i ee pe 
sec (4) = Facey as = 2 
i ee ee 
csc (3) ~ opp 3s i—iti(‘(i«i‘ BH 
Fe oe ad pa is ee ales 
cot (J) y op © Yer © Xe 5 B 
Note: 


Exercise: 


Problem: 


Find the exact value of the trigonometric functions of 7 ,using side 
lengths. 


Solution: 
sin(F) = +f,cos($) =~, tan(¥) =1, 
see =) = 2, csc (4) = /2,cot (4) = 


Using Equal Cofunction of Complements 


If we look more closely at the relationship between the sine and cosine of 
the special angles, we notice a pattern. In a right triangle with angles of = 


and 3 ,we see that the sine of 3 ,namely a ,is also the cosine of | ,while 


the sine of ¢ ,namely sis also the cosine of 3. 


Equation: 
a | ca T V/3s J/3 
sin 3 Cos 6 9s “7 
. T —_ T a 1 
sin 57 Cos 3 = ae = 9 


See [link]. 


The sine of 3 equals the cosine of = and vice versa. 


This result should not be surprising because, as we see from [link], the side 
us 


opposite the angle of = is also the side adjacent to 7 ,so sin ( 3 ) and 


cos (+) are exactly the same ratio of the same two sides, J 3s and 2s. 


Similarly, cos (4) and sin (4) are also the same ratio using the same two 
sides, sand 2s. 


The interrelationship between the sines and cosines of ¢ and 7 also holds 


for the two acute angles in any right triangle, since in every case, the ratio 
of the same two sides would constitute the sine of one angle and the cosine 
of the other. Since the three angles of a triangle add to 7,and the right angle 


is [ ,the remaining two angles must also add up to +. That means that a 


right triangle can be formed with any two angles that add to + —in other 


words, any two complementary angles. So we may state a cofunction 
identity: If any two angles are complementary, the sine of one is the cosine 
of the other, and vice versa. This identity is illustrated in [link]. 


sina = cosB 
sinB = coSa@ 


Cofunction identity of sine and cosine of 
complementary angles 


Using this identity, we can state without calculating, for instance, that the 
sine of 7 equals the cosine of ae ,and that the sine of 72 ae oes the cosine 
ol We can - state that if, for a given angle ¢, cos ie = — ,then 


ae 
sin (2 — a = is as well. 


Note: 
Cofunction Identities 
The cofunction identities in radians are listed in [link]. 


Cost — siti) sin t = cos (= — t) 


Cau cote) cour — tani =) 


SEG 1, = Ee | is Ceci sect) 


Note: 
Given the sine and cosine of an angle, find the sine or cosine of its 
complement. 


1. To find the sine of the complementary angle, find the cosine of the 
original angle. 

2. To find the cosine of the complementary angle, find the sine of the 
original angle. 


Example: 
Exercise: 


Problem: 
Using Cofunction Identities 


; me Aer us 
If sin f = z5,find cos (+ = OF 
Solution: 

According to the cofunction identities for sine and cosine, we have the 


following. 
Equation: 


ntnes (EJ 
sin t = Cos maa ee 
2 


So 


Equation: 


Note: 
Exercise: 


Problem:1f csc (4) = 2,find sec (¥). 


Solution: 


D 


Using Trigonometric Functions 


In previous examples, we evaluated the sine and cosine in triangles where 
we knew all three sides. But the real power of right-triangle trigonometry 
emerges when we look at triangles in which we know an angle but do not 
know all the sides. 


Note: 


Given a right triangle, the length of one side, and the measure of one 
acute angle, find the remaining sides. 


1. For each side, select the trigonometric function that has the unknown 
side as either the numerator or the denominator. The known side will 
in turn be the denominator or the numerator. 

2. Write an equation setting the function value of the known angle equal 
to the ratio of the corresponding sides. 


3. Using the value of the trigonometric function and the known side 
length, solve for the missing side length. 


Example: 
Exercise: 


Problem: 
Finding Missing Side Lengths Using Trigonometric Ratios 


Find the unknown sides of the triangle in [link]. 


Solution: 


We know the angle and the opposite side, so we can use the tangent to 
find the adjacent side. 
Equation: 


7 
tan(30°) = = 


We rearrange to solve fora. 
Equation: 


a ee eae 
LI Sie tan(30°) 


12.1 


2 


We can use the sine to find the hypotenuse. 
Equation: 


7 
sin(30 *) = e 


Again, we rearrange to solve for c. 


Equation: 
chs ee 
g sin(30°) 
= nla 
Note: 
Exercise: 
Problem: 


A right triangle has one angle of + and a hypotenuse of 20. Find the 
unknown sides and angle of the triangle. 


Solution: 


adjacent = 10; opposite = 10/ 3;missing angle is + 


Using Right Triangle Trigonometry to Solve Applied Problems 


Right-triangle trigonometry has many practical applications. For example, 
the ability to compute the lengths of sides of a triangle makes it possible to 
find the height of a tall object without climbing to the top or having to 
extend a tape measure along its height. We do so by measuring a distance 
from the base of the object to a point on the ground some distance away, 
where we can look up to the top of the tall object at an angle. The angle of 
elevation of an object above an observer relative to the observer is the 
angle between the horizontal and the line from the object to the observer's 
eye. The right triangle this position creates has sides that represent the 
unknown height, the measured distance from the base, and the angled line 
of sight from the ground to the top of the object. Knowing the measured 
distance to the base of the object and the angle of the line of sight, we can 
use trigonometric functions to calculate the unknown height. 


Similarly, we can form a triangle from the top of a tall object by looking 
downward. The angle of depression of an object below an observer relative 
to the observer is the angle between the horizontal and the line from the 
object to the observer's eye. See [link]. 


—+——— Angle of depression 


Angle of elevation 


Note: 
Given a tall object, measure its height indirectly. 


1. Make a sketch of the problem situation to keep track of known and 
unknown information. 

2. Lay out a measured distance from the base of the object to a point 
where the top of the object is clearly visible. 

3. At the other end of the measured distance, look up to the top of the 
object. Measure the angle the line of sight makes with the horizontal. 

4. Write an equation relating the unknown height, the measured distance, 
and the tangent of the angle of the line of sight. 

5. Solve the equation for the unknown height. 


Example: 
Exercise: 


Problem: 
Measuring a Distance Indirectly 


To find the height of a tree, a person walks to a point 30 feet from the 
base of the tree. She measures an angle of 57° between a line of sight 
to the top of the tree and the ground, as shown in [link]. Find the 
height of the tree. 


30 feet 


Solution: 


We know that the angle of elevation is 57° and the adjacent side is 30 
ft long. The opposite side is the unknown height. 


The trigonometric function relating the side opposite to an angle and 
the side adjacent to the angle is the tangent. So we will state our 
information in terms of the tangent of 57° ,letting h be the unknown 


height. 
Equation: 
tan@ = Zacent 
tan (57°) = Solve for h. 
h = 30tan(57°) Multiply. 
ie ee Use a calculator. 


The tree is approximately 46 feet tall. 


Note: 
Exercise: 


Problem: 


How long a ladder is needed to reach a windowsill 50 feet above the 
ground if the ladder rests against the building making an angle of 3 
with the ground? Round to the nearest foot. 


Solution: 


About 52 ft 


Note: 


Access these online resources for additional instruction and practice with 


right triangle trigonometry. 


e Finding Trig Functions on Calculator 


e Relate Trig Functions to Sides of a Right Triangle 


e Determine Six Trig Functions from a Triangle 


e Determine Length of Right Triangle Side 


Key Equations 


Trigonometric Functions 


Reciprocal Trigonometric 
Functions 


Cofunction Identities 


Sine 
Cosine 
Tangent 
Secant 
Cosecant 


Cotangent 


sec t 


cot t 


. __ opposite 
sin t = hypotenuse 
eet = adjacent 

~ hypotenuse 
___ opposite 
tant = adjacent 
__ hypotenuse 
sec t = adjacent 
__ hypotenuse 
esc t = opposite 
__ adjacent 
cot t = opposite 
_ _1 
csct= 3G 
_ _1 
sect = Sa 
_ 1 
cott= aa 


cos t = sin (F —t) 
sin t = cos (F —t) 
tan t = cot (F —t) 
cot t = tan (F —t) 


sec t = csc ( —t 


NE) 


Key Concepts 


We can define trigonometric functions as ratios of the side lengths of a 
right triangle. See [link]. 

The same side lengths can be used to evaluate the trigonometric 
functions of either acute angle in a right triangle. See [link]. 

We can evaluate the trigonometric functions of special angles, 
knowing the side lengths of the triangles in which they occur. See 
[link]. 

Any two complementary angles could be the two acute angles of a 
right triangle. 

If two angles are complementary, the cofunction identities state that 
the sine of one equals the cosine of the other and vice versa. See [link]. 
We can use trigonometric functions of an angle to find unknown side 
lengths. 

Select the trigonometric function representing the ratio of the unknown 
side to the known side. See [link]. 

Right-triangle trigonometry facilitates the measurement of inaccessible 
heights and distances. 

The unknown height or distance can be found by creating a right 
triangle in which the unknown height or distance is one of the sides, 
and another side and angle are known. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


For the given right triangle, label the adjacent side, opposite side, and 
hypotenuse for the indicated angle. 


Solution: 
Opposite Hypotenuse 
side 
Adjacent side 
Exercise: 
Problem: 


When a right triangle with a hypotenuse of 1 is placed in a circle of 
radius 1, which sides of the triangle correspond to the x- and y- 
coordinates? 


Exercise: 


Problem: 
The tangent of an angle compares which sides of the right triangle? 
Solution: 


The tangent of an angle is the ratio of the opposite side to the adjacent 
side. 


Exercise: 


Problem: 


What is the relationship between the two acute angles in a right 
triangle? 


Exercise: 
Problem:Explain the cofunction identity. 
Solution: 
For example, the sine of an angle is equal to the cosine of its 


complement; the cosine of an angle is equal to the sine of its 
complement. 


Algebraic 


For the following exercises, use cofunctions of complementary angles. 
Exercise: 


Problem:cos (34°) = sin (___”) 


Exercise: 


Problem:cos (4) = sin (__) 


Solution: 


T 


6 
Exercise: 


Problem:csc (21°) = sec (___”) 


Exercise: 


Problem:tan (7) = cot (__) 


Solution: 


AIA 


For the following exercises, find the lengths of the missing sides if side a is 
opposite angle A,side bis opposite angle B,and side cis the hypotenuse. 
Exercise: 


Problem:cos B = ai a= 10 


Exercise: 
Problem:sin B = ss i= 20 


Solution: 


— 20/3 .  40V3 
a 

Exercise: 

Problem:tan A = +, b=6 


Exercise: 


Problem:tan A = 100,b = 100 


Solution: 
a = 10,000, c = 10,00.5 


Exercise: 


Problem:sin B = =2 


R a 
Exercise: 
Problem:a = 5, 4 A = 60° 
Solution: 
b= 53 c= lov8 


Exercise: 


Problem:c = 12, 4 A = 45° 


Graphical 


For the following exercises, use [link] to evaluate each trigonometric 
function of angle A. 


Exercise: 


Problem:sin A 


Solution: 
5/29 
29 


Exercise: 


Problem:cos A 


Exercise: 


Problem:tan A 


Solution: 
ny 
2 


Exercise: 


Problem:csc A 


Exercise: 


Problem:sec A 


10 


Solution: 
29 
9 
Exercise: 


Problem:cot A 


For the following exercises, use [link] to evaluate each trigonometric 
function of angle A. 


10 


Exercise: 


Problem:sin A 


Solution: 
5/41 
Al 
Exercise: 


Problem:cos A 


Exercise: 


Problem:tan A 


Solution: 


b) 


4 
Exercise: 


Problem:csc A 


Exercise: 


Problem:sec A 
Solution: 
VJ4l 
_ 
Exercise: 


Problem:cot A 


For the following exercises, solve for the unknown sides of the given 
triangle. 
Exercise: 


Problem: 


a 30° 


Solution: 


c=14,b=7/3 
Exercise: 


Problem: 


A 60° 


Exercise: 


Problem: 


C 


Solution: 


a=15,b=15 


Technology 


For the following exercises, use a calculator to find the length of each side 
to four decimal places. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


b = 9.9970, c = 12.2041 
Exercise: 


Problem: 


Exercise: 


Problem: 
B 12 
o 
10° 
b 

Solution: 

a = 2.0838, b = 11.8177 
Exercise: 

Problem: 

c 

A ¢ B 

Exercise: 


Problem:b = 15,4 B= 15° 


Solution: 


a = 55.9808, c = 57.9555 


Exercise: 


Problem:c = 200, « B=5° 


Exercise: 


Problem:c = 50, « B = 21° 
Solution: 


a = 46.6790, b = 17.9184 


Exercise: 


Problem:a = 30, 4 A = 27° 


Exercise: 


Problem:b = 3.5, 4 A = 78° 
Solution: 


a = 16.4662, c = 16.8341 


Extensions 


Exercise: 


Problem:Find z. 


Exercise: 


Problem:Find z. 


Solution: 


188.3159 


Exercise: 


Problem:Find z. 


gE cx N 


Exercise: 


Problem:Find z. 


Ss 


Solution: 


200.6737 


Exercise: 


Problem: 


A radio tower is located 400 feet from a building. From a window in 
the building, a person determines that the angle of elevation to the top 
of the tower is 36° ,and that the angle of depression to the bottom of 
the tower is 23°. How tall is the tower? 


Exercise: 
Problem: 
A radio tower is located 325 feet from a building. From a window in 
the building, a person determines that the angle of elevation to the top 


of the tower is 43° ,and that the angle of depression to the bottom of 
the tower is 31°. How tall is the tower? 


Solution: 


498.3471 ft 
Exercise: 
Problem: 
A 200-foot tall monument is located in the distance. From a window in 
a building, a person determines that the angle of elevation to the top of 


the monument is 15° ,and that the angle of depression to the bottom of 
the monument is 2°. How far is the person from the monument? 


Exercise: 
Problem: 
A 400-foot tall monument is located in the distance. From a window in 
a building, a person determines that the angle of elevation to the top of 


the monument is 18° ,and that the angle of depression to the bottom of 
the monument is 3°. How far is the person from the monument? 


Solution: 


1060.09 ft 


Exercise: 
Problem: 
There is an antenna on the top of a building. From a location 300 feet 
from the base of the building, the angle of elevation to the top of the 
building is measured to be 40°. From the same location, the angle of 


elevation to the top of the antenna is measured to be 43°. Find the 
height of the antenna. 


Exercise: 
Problem: 
There is lightning rod on the top of a building. From a location 500 
feet from the base of the building, the angle of elevation to the top of 
the building is measured to be 36°. From the same location, the angle 


of elevation to the top of the lightning rod is measured to be 38°. Find 
the height of the lightning rod. 


Solution: 


27 7 2tt 


Real-World Applications 


Exercise: 
Problem: 
A 33-ft ladder leans against a building so that the angle between the 


ground and the ladder is 80°. How high does the ladder reach up the 
side of the building? 


Exercise: 


Problem: 


A 23-ft ladder leans against a building so that the angle between the 
ground and the ladder is 80°. How high does the ladder reach up the 
side of the building? 


Solution: 


22.6506 ft 
Exercise: 
Problem: 
The angle of elevation to the top of a building in New York is found to 


be 9 degrees from the ground at a distance of 1 mile from the base of 
the building. Using this information, find the height of the building. 


Exercise: 
Problem: 
The angle of elevation to the top of a building in Seattle is found to be 


2 degrees from the ground at a distance of 2 miles from the base of the 
building. Using this information, find the height of the building. 


Solution: 


368.7633 ft 
Exercise: 
Problem: 
Assuming that a 370-foot tall giant redwood grows vertically, if I walk 


a certain distance from the tree and measure the angle of elevation to 
the top of the tree to be 60° ,jhow far from the base of the tree am I? 


Glossary 


adjacent side 
in aright triangle, the side between a given angle and the right angle 


angle of depression 
the angle between the horizontal and the line from the object to the 
observer’s eye, assuming the object is positioned lower than the 
observer 


angle of elevation 
the angle between the horizontal and the line from the object to the 
observer’s eye, assuming the object is positioned higher than the 
observer 


opposite side 
in a right triangle, the side most distant from a given angle 


hypotenuse 
the side of a right triangle opposite the right angle 


unit circle 
a circle with a center at (0, 0) and radius 1 


Non-right Triangles: Law of Sine 
In this section, you will: 


e Use the Law of Sines to solve oblique triangles. 
e Find the area of an oblique triangle using the sine function. 
e Solve applied problems using the Law of Sines. 


Suppose two radar stations located 20 miles apart each detect an aircraft between 
them. The angle of elevation measured by the first station is 35 degrees, whereas the 
angle of elevation measured by the second station is 15 degrees. How can we 
determine the altitude of the aircraft? We see in [link] that the triangle formed by the 
aircraft and the two stations is not a right triangle, so we cannot use what we know 
about right triangles. In this section, we will find out how to solve problems 
involving non-right triangles. 


20 miles 


Using the Law of Sines to Solve Oblique Triangles 


In any triangle, we can draw an altitude, a perpendicular line from one vertex to the 
opposite side, forming two right triangles. It would be preferable, however, to have 
methods that we can apply directly to non-right triangles without first having to 
create right triangles. 


Any triangle that is not a right triangle is an oblique triangle. Solving an oblique 
triangle means finding the measurements of all three angles and all three sides. To 
do so, we need to start with at least three of these values, including at least one of 
the sides. We will investigate three possible oblique triangle problem situations: 


1. ASA (angle-side-angle) We know the measurements of two angles and the 
included side. See [link]. 


B 


2. AAS (angle-angle-side) We know the measurements of two angles and a side 
that is not between the known angles. See [link]. 


B 


a Y 


3. SSA (side-side-angle) We know the measurements of two sides and an angle 
that is not between the known sides. See [link]. 


B 


a ¥ 


Knowing how to approach each of these situations enables us to solve oblique 
triangles without having to drop a perpendicular to form two right triangles. Instead, 
we can use the fact that the ratio of the measurement of one of the angles to the 
length of its opposite side will be equal to the other two ratios of angle measure to 
opposite side. Let’s see how this statement is derived by considering the triangle 
shown in [link]. 


a B 


Cc 


Using the right triangle relationships, we know that sin @ = f and sin 8 = ye 


a 
Solving both equations for h gives two different expressions for h. 
Equation: 


h = bsin a and h = asin 8 


We then set the expressions equal to each other. 


Equation: 


bsin a = asin B 
(<5) (bsin a) = (asin 8) (=) Multiply both sides by =. 


sina _ sin f 
ee) 


a 


Similarly, we can compare the other ratios. 
Equation: 
sin a sin Y 


= d 
a a b Cc 


sin 6 sin y 


Collectively, these relationships are called the Law of Sines. 
Equation: 


sin @ sn 6 siny 


a b Cc 


Note the standard way of labeling triangles: angle a (alpha) is opposite side a; angle 
8 (beta) is opposite side b; and angle y (gamma) is opposite side c. See [link]. 


While calculating angles and sides, be sure to carry the exact values through to the 
final answer. Generally, final answers are rounded to the nearest tenth, unless 
otherwise specified. 


Note: 

Law of Sines 

Given a triangle with angles and opposite sides labeled as in [link], the ratio of the 
measurement of an angle to the length of its opposite side will be equal to the other 
two ratios of angle measure to opposite side. All proportions will be equal. The 
Law of Sines is based on proportions and is presented symbolically two ways. 
Equation: 


sna sin siny 
a b Cc 
Equation: 
a b Cc 
sin @ sin 6 sin 7 


To solve an oblique triangle, use any pair of applicable ratios. 


Example: 
Exercise: 


Problem: 
Solving for Two Unknown Sides and Angle of an AAS Triangle 


Solve the triangle shown in [link] to the nearest tenth. 


50° 30° 
oP a 
Solution: 


The three angles must add up to 180 degrees. From this, we can determine that 
Equation: 


8 = 180° — 50° — 30° 
= 100° 


To find an unknown side, we need to know the corresponding angle and a 
known ratio. We know that angle a = 50° and its corresponding sidea = 10. 
We can use the following proportion from the Law of Sines to find the length 
of c. 


Equation: 
sin(50°) __— sin(30°) 
10 as Cc 
ae = sin(30°) Multiply both sides by c. 
c = sin(30°) au Multiply by the reciprocal to isolate c. 
c = 6.5 


Similarly, to solve for b, we set up another proportion. 
Equation: 


sin(50°) ___ sin(100°) 
LO ae: ae 
bsin(50°) = 10sin(100°) Multiply both sides by b. 
__ 10sin(100°) 
b= — 60) 
b+ 12.9 


Multiply by the reciprocal to isolate b. 


Therefore, the complete set of angles and sides is 
Equation: 


a= 50° a= 10 
8B = 100° b = 12.9 
+ = 30° cx 6.5 


Note: 
Exercise: 


Problem: Solve the triangle shown in [link] to the nearest tenth. 


B 


i>) 


98° 43° 
22 


Solution: 


a = 98° a = 34.6 
B= 39° Da —22 
y= 43" c— 23.8 


Using The Law of Sines to Solve SSA Triangles 


We can use the Law of Sines to solve any oblique triangle, but some solutions may 
not be straightforward. In some cases, more than one triangle may satisfy the given 
criteria, which we describe as an ambiguous case. Triangles classified as SSA, 
those in which we know the lengths of two sides and the measurement of the angle 
opposite one of the given sides, may result in one or two solutions, or even no 
solution. 


Note: 

Possible Outcomes for SSA Triangles 

Oblique triangles in the category SSA may have four different outcomes. [link] 
illustrates the solutions with the known sides a and b and known angle a. 


No triangle,a<h Right triangle, a = h 
Y oi 


(a) (b) 


One triangle, a = b 
Vf 


(d) 


Example: 
Exercise: 


Problem: 
Solving an Oblique SSA Triangle 


Solve the triangle in [link] for the missing side and find the missing angle 
measures to the nearest tenth. 
Hf 


Solution: 


Use the Law of Sines to find angle G and angle y, and then side c. Solving for 
8, we have the proportion 


Equation: 
sina _ sin 
a 0b 
sin(35°) sin B 
~~ 8 


0.7648 = sin B 
sin 1(0.7648) ~ 49.9° 
B= 49.9° 


However, in the diagram, angle § appears to be an obtuse angle and may be 
greater than 90°. How did we get an acute angle, and how do we find the 
measurement of 3? Let’s investigate further. Dropping a perpendicular from 
and viewing the triangle from a right angle perspective, we have [link]. It 
appears that there may be a second triangle that will fit the given criteria. 


yi 


B' 


The angle supplementary to Gis approximately equal to 49.9°, which means 
that 6 = 180° — 49.9° = 130.1°. (Remember that the sine function is 
positive in both the first and second quadrants.) Solving for y, we have 
Equation: 


+ = 180° — 35° — 130.1° = 14.9° 


We can then use these measurements to solve the other triangle. Since 7’ is 
supplementary to the sum of a’ and (’, we have 
Equation: 


~/ = 180° — 35° — 49.9° = 95.1° 


Now we need to find cand c’. 


We have 
Equation: 
c -_ 6 
sin(14.9°) ~— sin(35°) 
_ 6sin(14.9°) 
— ~ sin(35°) | ~~ 20 
Finally, 
Equation: 
c 6 


sin(95.1°) ~ sin(35°) 
, _ 6sin(95.1°) 


C = ~an(38") ~ 10.4 


To summarize, there are two triangles with an angle of 35°, an adjacent side of 
8, and an opposite side of 6, as shown in [link]. 


c'~ 10.4 
(b) 


However, we were looking for the values for the triangle with an obtuse angle 
8. We can see them in the first triangle (a) in [link]. 


Note: 
Exercise: 


Problem: 


Given a = 80°,a = 120, andb = 121, find the missing side and angles. If 
there is more than one possible solution, show both. 


Solution: 
Solution 1 
Equation: 
a = 80° a = 120 
G2 8a. 8b — 121 
y= 16.8° cx 35.2 
Solution 2 
Equation: 
a’ = 80° a’ = 120 
B' = 96.8° n= Pal 
at Aa c' = 6.8 
Example: 
Exercise: 
Problem: 


Solving for the Unknown Sides and Angles of a SSA Triangle 


In the triangle shown in [link], solve for the unknown side and angles. Round 
your answers to the nearest tenth. 


is) 


9 —~L| 


Solution: 


In choosing the pair of ratios from the Law of Sines to use, look at the 
information given. In this case, we know the angle y = 85”, and its 
corresponding side c = 12, and we know side b = 9. We will use this 
proportion to solve for /. 


Equation: 
a = _ B Isolate the unknown. 
Qsin(85°) __. 
—— =sin 6 


To find @, apply the inverse sine function. The inverse sine will produce a 
single result, but keep in mind that there may be two values for £. It is 
important to verify the result, as there may be two viable solutions, only one 
solution (the usual case), or no solutions. 

Equation: 


p= sin (28262) 
B= sin '(0.7471) 
8 48.3° 


In this case, if we subtract @ from 180°, we find that there may be a second 
possible solution. Thus, @ = 180° — 48.3° =~ 131.7°. To check the solution, 
subtract both angles, 131.7° and 85°, from 180°. This gives 

Equation: 


a = 180° — 85° — 131.7° = —36.7, 


which is impossible, and so 6 ¥ 48.3”. 


To find the remaining missing values, we calculate 
a = 180° — 85° — 48.3° = 46.7°. Now, only side a is needed. Use the Law 


of Sines to solve for a by one of the proportions. 
Equation: 


sin(85°) ___ sin(46.7°) 


12 a 
a 5) — sin(46.7°) 


12 
12 sin(46.7°) 


ames) ~ 38 


The complete set of solutions for the given triangle is 


Equation: 
a = 46.7° az 8.8 
B& 48.3° b=9 
J 300 Cle 
Note: 
Exercise: 
Problem: 


Given a = 80°,a = 100, b = 10, find the missing side and angles. If there 
is more than one possible solution, show both. Round your answers to the 
nearest tenth. 


Solution: 


Be 5.T ,y = 94.3°,c% 101.3 


Example: 
Exercise: 


Problem: 
Finding the Triangles That Meet the Given Criteria 


Find all possible triangles if one side has length 4 opposite an angle of 50°, 
and a second side has length 10. 


Solution: 


Using the given information, we can solve for the angle opposite the side of 
length 10. See [link]. 


Equation: 
sin @ ts sin(50°) 
10% =) rd 
: 10 sin(50° ) 
1 = 


sin a + 1.915 


Q 


50° 
10 


We can stop here without finding the value of a. Because the range of the sine 
function is [—1, 1], it is impossible for the sine value to be 1.915. In fact, 
inputting sin! (1.915) in a graphing calculator generates an ERROR 


DOMAIN. Therefore, no triangles can be drawn with the provided 
dimensions. 


Note: 
Exercise: 


Problem: 


Determine the number of triangles possible given 
O— 31.0 — 26.99 — 48 = 


Solution: 


two 


Finding the Area of an Oblique Triangle Using the Sine Function 


Now that we can solve a triangle for missing values, we can use some of those 
values and the sine function to find the area of an oblique triangle. Recall that the 
area formula for a triangle is given as Area = + bh, where bis base and h is height. 
For oblique triangles, we must find h before we can use the area formula. Observing 
the two triangles in [link], one acute and one obtuse, we can drop a perpendicular to 


represent the height and then apply the trigonometric property sin @ = a 


to write an equation for area in oblique triangles. In the acute triangle, we have 

sin a = - orcsin a = h. However, in the obtuse triangle, we drop the 
perpendicular outside the triangle and extend the base b to form a right triangle. The 
angle used in calculation is a’, or 180 — a. 


per % 


Thus, 
Equation: 


1 1 
Area = 3 (base) (height) = a (csin a) 


Similarly, 
Equation: 


1 i) 
Area = 52 (bsin y) = 72 (csin B) 


Note: 
Area of an Oblique Triangle 
The formula for the area of an oblique triangle is given by 
Equation: 
Area = +be sin a 
= +ac sin B 
= sab sin 7 


This is equivalent to one-half of the product of two sides and the sine of their 
included angle. 


Example: 
Exercise: 


Problem: 
Finding the Area of an Oblique Triangle 


Find the area of a triangle with sides a = 90, b = 52, and angle y = 102°. 
Round the area to the nearest integer. 


Solution: 


Using the formula, we have 
Equation: 
Area = Sab sin 
Area = +(90)(52) sin(102°) 


Area © 2289 square units 


Note: 
Exercise: 


Problem: 


Find the area of the triangle given 6 = 42°, a= 7.2ft, c= 3.4ft. Round 
the area to the nearest tenth. 


Solution: 


about 8.2 square feet 


Solving Applied Problems Using the Law of Sines 


The more we study trigonometric applications, the more we discover that the 
applications are countless. Some are flat, diagram-type situations, but many 
applications in calculus, engineering, and physics involve three dimensions and 
motion. 


Example: 
Exercise: 


Problem: 
Finding an Altitude 


Find the altitude of the aircraft in the problem introduced at the beginning of 
this section, shown in [link]. Round the altitude to the nearest tenth of a mile. 


bz 


20 miles 


Solution: 


To find the elevation of the aircraft, we first find the distance from one station 
to the aircraft, such as the side a, and then use right triangle relationships to 
find the height of the aircraft, h. 


Because the angles in the triangle add up to 180 degrees, the unknown angle 
must be 180°-15°-35°=130°. This angle is opposite the side of length 20, 
allowing us to set up a Law of Sines relationship. 

Equation: 


sin(130°) _ sin(35°) 


20 a 
asin(130°) = 20sin(35°) 
__ 20sin(35°) 
— “sin(130°) 
a © 14.98 


The distance from one station to the aircraft is about 14.98 miles. 


Now that we knowa, we can use right triangle relationships to solve for h. 
Equation: 


sin(15°) = ee 
sin(15°) = # 
sin(15°) = = 
h = 14.98 sin(15°) 
h = 3.88 


The aircraft is at an altitude of approximately 3.9 miles. 


Note: 
Exercise: 


Problem: 


The diagram shown in [link] represents the height of a blimp flying over a 
football stadium. Find the height of the blimp if the angle of elevation at the 
southern end zone, point A, is 70°, the angle of elevation from the northern 
end zone, point B, is 62°, and the distance between the viewing points of the 
two end zones is 145 yards. 


70° ° 
A ie = B 
145 yards 


Solution: 


161-9 yd_ 


Note: 
Access these online resources for additional instruction and practice with 
trigonometric applications. 


e Law of Sines: The Basics 
e Law of Sines: The Ambiguous Case 


Key Equations 


sna _ snfP _ siny 
: a b)—tCO 
Law of Sines 
a _ bb c 
sna sinfB siny 


Area = +be sin @ 
Area for oblique triangles = $ac sin 2 


_i1 : 
= zabsin 7 


Key Concepts 


e The Law of Sines can be used to solve oblique triangles, which are non-right 

triangles. 

According to the Law of Sines, the ratio of the measurement of one of the 

angles to the length of its opposite side equals the other two ratios of angle 

measure to opposite side. 

There are three possible cases: ASA, AAS, SSA. Depending on the information 

given, we can choose the appropriate equation to find the requested solution. 

See [link]. 

e The ambiguous case arises when an oblique triangle can have different 

outcomes. 

There are three possible cases that arise from SSA arrangement—a single 

solution, two possible solutions, and no solution. See [link] and [link]. 

e The Law of Sines can be used to solve triangles with given criteria. See [link]. 

e The general area formula for triangles translates to oblique triangles by first 
finding the appropriate height value. See [link]. 

e There are many trigonometric applications. They can often be solved by first 
drawing a diagram of the given information and then using the appropriate 


equation. See [link]. 
Section Exercises 


Verbal 


Exercise: 


Problem: Describe the altitude of a triangle. 
Solution: 


The altitude extends from any vertex to the opposite side or to the line 
containing the opposite side at a 90° angle. 


Exercise: 


Problem: Compare right triangles and oblique triangles. 


Exercise: 


Problem: When can you use the Law of Sines to find a missing angle? 


Solution: 


When the known values are the side opposite the missing angle and another 
side and its opposite angle. 


Exercise: 


Problem: 


In the Law of Sines, what is the relationship between the angle in the 
numerator and the side in the denominator? 


Exercise: 


Problem: What type of triangle results in an ambiguous case? 


Solution: 


A triangle with two given sides and a non-included angle. 


Algebraic 
For the following exercises, assume a is opposite side a, fis opposite side b, andy 
is opposite side c. Solve each triangle, if possible. Round each answer to the nearest 


tenth. 
Exercise: 


Problem: a = 43°, y = 69°,a = 20 
Exercise: 

Problem: a = 35°, y = 73°,c = 20 

Solution: 


B12 a7 12.0.0 2 19:9 


Exercise: 


Problem: a = 60°, 6 = 60°, 7y = 60° 
Exercise: 

Problem: a = 4, a = 60°, 8= 100° 

Solution: 


w= 20° .b 3 4.5502 16 
Exercise: 

Problem: b = 10, 6 = 95°,7 = 30° 
For the following exercises, use the Law of Sines to solve for the missing side for 
each oblique triangle. Round each answer to the nearest hundredth. Assume that 
angle A is opposite side a, angle Bis opposite side b, and angle C is opposite side c. 


Exercise: 


Problem: Find side bwhen A = 37°, B= 49°, c= 5. 


Solution: 


b = 3.78 


Exercise: 


Problem: Find side a when A = 132°, C = 23°,b = 10. 


Exercise: 
Problem: Find side c when B = 37°,C = 21°, b= 23. 


Solution: 


c= 13.70 


For the following exercises, assume a is opposite side a, Sis opposite side b, andy 
is opposite side c. Determine whether there is no triangle, one triangle, or two 
triangles. Then solve each triangle, if possible. Round each answer to the nearest 
tenth. 

Exercise: 


Problem: a = 119°,a = 14,b = 26 
Exercise: 

Problem: 7 = 113°,b = 10,c = 32 

Solution: 


one triangle, a + 50.3°, 8 + 16.7°,a & 26.7 


Exercise: 


Problem: b = 3.5, c= 5.3, y = 80° 
Exercise: 

Problem: a = 12, c=17, a= 35° 

Solution: 


two triangles, y ~ 54.3°, 6 = 90.7°, b = 20.9or 
+’ = 125.7°, 6’ = 19.3°,b' = 6.9 


Exercise: 


Problem: a = 20.5, b = 35.0, 6 = 25° 
Exercise: 

Problem: a = 7,c =9, a= 43° 

Solution: 


two triangles, 8 = 75.7°, y = 61.3°,b = 9.9or 
8! = 18.3°, 7! = 118.7", b = 3.2 


Exercise: 


Problem: a = 7,b = 3, 8 = 24° 
Exercise: 

Problem: b = 13,c = 5,y = 10° 

Solution: 


two triangles, a + 143.2°, 8 = 26.8°,a + 17.3 or 
a’ @ 16.8°, 8 2 153.2°,a' © 8.3 


Exercise: 


Problem: a = 2.3, c = 1.8, y = 28° 
Exercise: 

Problem: 6 = 119°, b = 8.2,a = 11.3 

Solution: 


no triangle possible 


For the following exercises, use the Law of Sines to solve, if possible, the missing 
side or angle for each triangle or triangles in the ambiguous case. Round each 
answer to the nearest tenth. 

Exercise: 


Problem: Find angleAwhena = 24,b = 5, B = 22°. 


Exercise: 


Problem: Find angleAwhena = 13,b = 6, B = 20°. 
Solution: 


A ~ 47.8° or A! = 132.2° 


Exercise: 
Problem: Find angle Bwhen A = 12°,a = 2,b= 9. 


For the following exercises, find the area of the triangle with the given 
measurements. Round each answer to the nearest tenth. 
Exercise: 


Problem: a = 5,c = 6,8 = 35° 


Solution: 


8.6 


Exercise: 


Problem: b = 11,c = 8,a = 28° 


Exercise: 
Problem: a = 32,6 = 24,7 = 75° 


Solution: 


370.9 


Exercise: 


Problem: a = 7.2, b = 4.5,y = 43° 


Graphical 


For the following exercises, find the length of side x. Round to the nearest tenth. 
Exercise: 


Problem: 
10 x 
[\io° 50° N\ 
Solution: 
12.3 
Exercise: 
Problem: 
6 
‘3 
x 
Exercise: 


Problem: 


Solution: 


122 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


16.0 


18 


42° \ 


Exercise: 


Problem: 


For the following exercises, find the measure of angle z, if possible. Round to the 
nearest tenth. 
Exercise: 


Problem: 


Solution: 


29.7° 
Exercise: 


Problem: 


i 


Exercise: 


Problem: 


5 


[ 


Solution: 


xz = 76.9° or x = 103.1° 
Exercise: 


Problem: 


Exercise: 


Problem: Notice that z is an obtuse angle. 


24 
21 
55° 


Solution: 


110.6° 
Exercise: 


Problem: 


(\ 


For the following exercises, find the area of each triangle. Round each answer to the 
nearest tenth. 


Exercise: 
Problem: 
A 
32.6 
24.1 
a 
B c 
Solution: 


Aw 39.4, C = 47.6, BC = 20.7 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


57.1 
Exercise: 


Problem: 


15 


10 


2.9 


Exercise: 


Problem: 


Solution: 


42.0 


Exercise: 


Problem: 


Exercise: 


Problem: 


30 


Solution: 


430.2 


Extensions 


Exercise: 


Problem: Find the radius of the circle in [link]. Round to the nearest tenth. 


Exercise: 


Problem:Find the diameter of the circle in [link]. Round to the nearest tenth. 


Solution: 


10.1 


Exercise: 


Problem: Find m2 ADC in [link]. Round to the nearest tenth. 
A 


8 10 


Exercise: 


Problem: Find AD in [link]. Round to the nearest tenth. 
A 


Solution: 


AD = 13.8 
Exercise: 


Problem: 


Solve both triangles in [link]. Round each answer to the nearest tenth. 
A 


4.2 


Exercise: 


Problem: Find AB in the parallelogram shown in [link]. 
ra) B 
L) 


12 


Solution: 


AB = 2.8 


Exercise: 


Problem: 


Solve the triangle in [link]. (Hint: Draw a perpendicular from H to JK % 
Round each answer to the nearest tenth. 
H 


Exercise: 
Problem: 
Solve the triangle in [link]. (Hint: Draw a perpendicular from N to LM ). 


Round each answer to the nearest tenth. 
L 


Solution: 


Lx 49.7, N + 56.3, LN + 5.8 
Exercise: 


Problem: 


In [link], ABCD is not a parallelogram. 7m is obtuse. Solve both triangles. 
Round each answer to the nearest tenth. 


Real-World Applications 


Exercise: 


Problem: 


A pole leans away from the sun at an angle of 7° to the vertical, as shown in 
[link]. When the elevation of the sun is 55°, the pole casts a shadow 42 feet 
long on the level ground. How long is the pole? Round the answer to the 
nearest tenth. 


Solution: 


51.4 feet 
Exercise: 
Problem: 
To determine how far a boat is from shore, two radar stations 500 feet apart 
find the angles out to the boat, as shown in [link]. Determine the distance of the 


boat from station A and the distance of the boat from shore. Round your 
answers to the nearest whole foot. 


60°/\ a 


A B 


Exercise: 


Problem: 


[link] shows a satellite orbiting Earth. The satellite passes directly over two 
tracking stations A and B, which are 69 miles apart. When the satellite is on 
one side of the two stations, the angles of elevation at A and B are measured to 
be 86.2° and 83.9", respectively. How far is the satellite from station A and 
how high is the satellite above the ground? Round answers to the nearest whole 
mile. 


Solution: 


The distance from the satellite to station A is approximately 1716 miles. The 
satellite is approximately 1706 miles above the ground. 


Exercise: 


Problem: 


A communications tower is located at the top of a steep hill, as shown in [link]. 
The angle of inclination of the hill is 67°. A guy wire is to be attached to the 
top of the tower and to the ground, 165 meters downhill from the base of the 
tower. The angle formed by the guy wire and the hill is 16°. Find the length of 
the cable required for the guy wire to the nearest whole meter. 


Exercise: 


Problem: 


The roof of a house is at a 20° angle. An 8-foot solar panel is to be mounted on 
the roof and should be angled 38° relative to the horizontal for optimal results. 
(See [link]). How long does the vertical support holding up the back of the 
panel need to be? Round to the nearest tenth. 


Solution: 


2.6 it 
Exercise: 


Problem: 


Similar to an angle of elevation, an angle of depression is the acute angle 
formed by a horizontal line and an observer’s line of sight to an object below 
the horizontal. A pilot is flying over a straight highway. He determines the 
angles of depression to two mileposts, 6.6 km apart, to be 37 ° and 44° ,as 
shown in [link]. Find the distance of the plane from point A to the nearest tenth 
of a kilometer. 


Exercise: 


Problem: 


A pilot is flying over a straight highway. He determines the angles of 
depression to two mileposts, 4.3 km apart, to be 32° and 56°, as shown in 
[link]. Find the distance of the plane from point A to the nearest tenth of a 
kilometer. 


Solution: 


5.6 km 
Exercise: 


Problem: 


In order to estimate the height of a building, two students stand at a certain 
distance from the building at street level. From this point, they find the angle of 
elevation from the street to the top of the building to be 39°. They then move 
300 feet closer to the building and find the angle of elevation to be 50°. 
Assuming that the street is level, estimate the height of the building to the 
nearest foot. 


Exercise: 


Problem: 


In order to estimate the height of a building, two students stand at a certain 
distance from the building at street level. From this point, they find the angle of 
elevation from the street to the top of the building to be 35°. They then move 
250 feet closer to the building and find the angle of elevation to be 53°. 
Assuming that the street is level, estimate the height of the building to the 
nearest foot. 


Solution: 


371 ft 
Exercise: 
Problem: 
Points A and Bare on opposite sides of a lake. Point C'is 97 meters from A. 
The measure of angle BAC is determined to be 101°, and the measure of angle 


AC Bis determined to be 53°. What is the distance from A to B, rounded to 
the nearest whole meter? 


Exercise: 


Problem: 


A man and a woman standing 35 miles apart spot a hot air balloon at the same 


time. If the angle of elevation from the man to the balloon is 27°, and the angle 
of elevation from the woman to the balloon is 41°, find the altitude of the 
balloon to the nearest foot. 


Solution: 


5936 ft 

Exercise: 
Problem: 
Two search teams spot a stranded climber on a mountain. The first search team 
is 0.5 miles from the second search team, and both teams are at an altitude of 1 
mile. The angle of elevation from the first search team to the stranded climber 


is 15°. The angle of elevation from the second search team to the climber is 
22°. What is the altitude of the climber? Round to the nearest tenth of a mile. 


Exercise: 


Problem: 


A street light is mounted on a pole. A 6-foot-tall man is standing on the street a 
short distance from the pole, casting a shadow. The angle of elevation from the 
tip of the man’s shadow to the top of his head of 28°. A 6-foot-tall woman is 
standing on the same street on the opposite side of the pole from the man. The 
angle of elevation from the tip of her shadow to the top of her head is 28°. If 
the man and woman are 20 feet apart, how far is the street light from the tip of 
the shadow of each person? Round the distance to the nearest tenth of a foot. 


Solution: 


24.1 ft 
Exercise: 
Problem: 
Three cities, A, B,and Care located so that city A is due east of city B. If city 
Cis located 35° west of north from city B and is 100 miles from city A and 70 


miles from city B,how far is city A from city B? Round the distance to the 
nearest tenth of a mile. 


Exercise: 
Problem: 
Two streets meet at an 80° angle. At the comer, a park is being built in the 


shape of a triangle. Find the area of the park if, along one road, the park 
measures 180 feet, and along the other road, the park measures 215 feet. 


Solution: 


19,056 ft? 
Exercise: 


Problem: 


Brian’s house is on a corner lot. Find the area of the front yard if the edges 
measure 40 and 56 feet, as shown in [link]. 


house 


56 ft AO ft 


Exercise: 
Problem: 
The Bermuda triangle is a region of the Atlantic Ocean that connects Bermuda, 
Florida, and Puerto Rico. Find the area of the Bermuda triangle if the distance 
from Florida to Bermuda is 1030 miles, the distance from Puerto Rico to 
Bermuda is 980 miles, and the angle created by the two distances is 62°. 


Solution: 


445,624 square miles 
Exercise: 


Problem: 


A yield sign measures 30 inches on all three sides. What is the area of the sign? 
Exercise: 


Problem: 


Naomi bought a modern dining table whose top is in the shape of a triangle. 
Find the area of the table top if two of the sides measure 4 feet and 4.5 feet, and 
the smaller angles measure 32° and 42°, as shown in [link]. 


45ft 4 feet 


A [IN 


Solution: 


8.65 ft? 


Glossary 


altitude 
a perpendicular line from one vertex of a triangle to the opposite side, or in the 
case of an obtuse triangle, to the line containing the opposite side, forming two 
right triangles 


ambiguous case 
a scenario in which more than one triangle is a valid solution for a given 
oblique SSA triangle 


Law of Sines 
states that the ratio of the measurement of one angle of a triangle to the length 
of its opposite side is equal to the remaining two ratios of angle measure to 
opposite side; any pair of proportions may be used to solve for a missing angle 
or side 


oblique triangle 
any triangle that is not a right triangle 


Non-right Triangles: Law of Cosine 
In this section, you will: 


e Use the Law of Cosines to solve oblique triangles. 
¢ Solve applied problems using the Law of Cosines. 
e Use Heron’s formula to find the area of a triangle. 


Suppose a boat leaves port, travels 10 miles, turns 20 degrees, and travels another 8 miles as shown in [link]. 
How far from port is the boat? 


10 mi 


Port 


Unfortunately, while the Law of Sines enables us to address many non-right triangle cases, it does not help us 
with triangles where the known angle is between two known sides, a SAS (side-angle-side) triangle, or when 
all three sides are known, but no angles are known, a SSS (side-side-side) triangle. In this section, we will 
investigate another tool for solving oblique triangles described by these last two cases. 


Using the Law of Cosines to Solve Oblique Triangles 


The tool we need to solve the problem of the boat’s distance from the port is the Law of Cosines, which 
defines the relationship among angle measurements and side lengths in oblique triangles. Three formulas make 
up the Law of Cosines. At first glance, the formulas may appear complicated because they include many 
variables. However, once the pattern is understood, the Law of Cosines is easier to work with than most 
formulas at this mathematical level. 


Understanding how the Law of Cosines is derived will be helpful in using the formulas. The derivation begins 
with the Generalized Pythagorean Theorem, which is an extension of the Pythagorean Theorem to non-right 
triangles. Here is how it works: An arbitrary non-right triangle ABC is placed in the coordinate plane with 
vertex A at the origin, side c drawn along the x-axis, and vertex C located at some point (z, y) in the plane, as 
illustrated in [link]. Generally, triangles exist anywhere in the plane, but for this explanation we will place the 
triangle as noted. 


C (b cos@, b siné) 


We can drop a perpendicular from C’to the x-axis (this is the altitude or height). Recalling the basic 
trigonometric identities, we know that 
Equation: 

dj t it 
x(adjacent) a y(opposite) 


6 = ————_——. 
iia b(hypotenuse) b(hypotenuse) 


In terms of 9, x = bcos Oandy = bsin 6. The (x, y) point located at Chas coordinates (bcos 0, bsin 6). 
Using the side (x — c) as one leg of a right triangle and yas the second leg, we can find the length of 
hypotenuse a using the Pythagorean Theorem. Thus, 

Equation: 


a? =(a-—c)*+y¥" 


= (bcos 6 —c)” + (bsin 6)” Substitute (bcos 9) for and (bsin 6) for y. 
a (b?cos?0 — 2becos 6+ er) + b?sin76 Expand the perfect square. 

= b?cos?6 + b*sin?@ + c? — 2bccos 6 Group terms noting that cos?6 + sin?6 = 1. 
= b? (cos?6 + sin?6) + c? — 2becos 6 Factor out b?. 


a? = b? + c? — 2bccos 6 


The formula derived is one of the three equations of the Law of Cosines. The other equations are found in a 
similar fashion. 


Keep in mind that it is always helpful to sketch the triangle when solving for angles or sides. In a real-world 
scenario, try to draw a diagram of the situation. As more information emerges, the diagram may have to be 
altered. Make those alterations to the diagram and, in the end, the problem will be easier to solve. 


Note: 

Law of Cosines 

The Law of Cosines states that the square of any side of a triangle is equal to the sum of the squares of the 
other two sides minus twice the product of the other two sides and the cosine of the included angle. For 
triangles labeled as in [link], with angles a, 8, andy, and opposite corresponding sides a, b, and c, 
respectively, the Law of Cosines is given as three equations. 

Equation: 


a? = b? + c? — 2bc cosa 
b* = a* + ce? — 2ac cos 8 
c? = a* + b? — 2ab cos 7 


a 
b y 


To solve for a missing side measurement, the corresponding opposite angle measure is needed. 
When solving for an angle, the corresponding opposite side measure is needed. We can use another version of 


the Law of Cosines to solve for an angle. 


Equation: 
Di -h_P 
cos a= ee 
= a?+c2—b? 
cos B= =a 
— a®+b?—c? 
cos y= “5 
Note: 


Given two sides and the angle between them (SAS), find the measures of the remaining side and angles 
of a triangle. 


1. Sketch the triangle. Identify the measures of the known sides and angles. Use variables to represent the 


measures of the unknown sides and angles. 
2. Apply the Law of Cosines to find the length of the unknown side or angle. 
3. Apply the Law of Sines or Cosines to find the measure of a second angle. 


4. Compute the measure of the remaining angle. 


Example: 
Exercise: 


Problem: 
Finding the Unknown Side and Angles of a SAS Triangle 


Find the unknown side and angles of the triangle in [link]. 


Solution: 


First, make note of what is given: two sides and the angle between them. This arrangement is classified as 
SAS and supplies the data needed to apply the Law of Cosines. 


Each one of the three laws of cosines begins with the square of an unknown side opposite a known angle. 
For this example, the first side to solve for is side b, as we know the measurement of the opposite angle (. 
Equation: 


b* = a? + ce” — 2accos 8 


b? = 10? + 12? — 2(10)(12) cos(30°) Substitute the measurements for the known quantities. 
b? = 100 + 144 — 240 (+) Evaluate the cosine and begin to simplify. 
b? = 244 — 120/38 

b= J 244 — 120/3 Use the square root property. 

b = 6.013 


Because we are solving for a length, we use only the positive square root. Now that we know the length 
b, we can use the Law of Sines to fill in the remaining angles of the triangle. Solving for angle a, we 
have 


Equation: 
sina _ sin B 
a ob 
sin @ = sin(30°) 
10 6.013 
sin a= eee Multiply both sides of the equation by 10. 
a=sin! (22) Find the inverse sine of eke 
a = 56.3° 


The other possibility for a would bea = 180°—56.3° = 123.7”. In the original diagram, a is adjacent to 
the longest side, so a is an acute angle and, therefore, 123.7° does not make sense. Notice that if we 
choose to apply the Law of Cosines, we arrive at a unique answer. We do not have to consider the other 
possibilities, as cosine is unique for angles between 0° and 180°. Proceeding witha = 56.3°, we can 
then find the third angle of the triangle. 

Equation: 


7 = 180° — 30° — 56.3° = 93.7" 


The complete set of angles and sides is 
Equation: 


a = 56.3° a= 10 
8B = 30° b = 6.013 
y = 93.7° c=12 


Note: 
Exercise: 


Problem:Find the missing side and angles of the given triangle: a = 30°, b= 12, c = 24. 


Solution: 


a~14.9, B+ 23.8°, y= 126.2°. 


Example: 
Exercise: 


Problem: 
Solving for an Angle of a SSS Triangle 


Find the angle a for the given triangle if sidea = 20, side b = 25, and sidec = 18. 
Solution: 
For this example, we have no angles. We can solve for any angle using the Law of Cosines. To solve for 


angle a, we have 
Equation: 


a? = b? + c?—2bccos a 


20? = 25? + 18?—2(25)(18) cos a Substitute the appropriate measurements. 
400 = 625 + 324 — 900 cos a Simplify in each step. 
400 = 949 — 900 cos a 

—549 = —900cos a Isolate cos a. 

549 


=900 = cos @ 
0.61 ~ cos a 


cos !(0.61) sa Find the inverse cosine. 
a = 52.4° 


See [link]. 


Analysis 


Because the inverse cosine can return any angle between 0 and 180 degrees, there will not be any ambiguous 
cases using this method. 


Note: 
Exercise: 


Problem:Given a = 5, b = 7, andc = 10, find the missing angles. 
Solution: 


a2 27.7°, B= 40.5°, y= 111.8" 


Solving Applied Problems Using the Law of Cosines 


Just as the Law of Sines provided the appropriate equations to solve a number of applications, the Law of 
Cosines is applicable to situations in which the given data fits the cosine models. We may see these in the fields 
of navigation, surveying, astronomy, and geometry, just to name a few. 


Example: 
Exercise: 


Problem: 
Using the Law of Cosines to Solve a Communication Problem 


On many cell phones with GPS, an approximate location can be given before the GPS signal is received. 
This is accomplished through a process called triangulation, which works by using the distances from two 
known points. Suppose there are two cell phone towers within range of a cell phone. The two towers are 
located 6000 feet apart along a straight highway, running east to west, and the cell phone is north of the 
highway. Based on the signal delay, it can be determined that the signal is 5,050 feet from the first tower 
and 2,420 feet from the second tower. Determine the position of the cell phone north and east of the first 
tower, and determine how far it is from the highway. 


Solution: 


For simplicity, we start by drawing a diagram similar to [link] and labeling our given information. 


6000 ft. 


Using the Law of Cosines, we can solve for the angle 9. Remember that the Law of Cosines uses the 
square of one side to find the cosine of the opposite angle. For this example, leta = 2,420, b = 5,050, 
and c = 6,000. Thus, # corresponds to the opposite side a = 2,420. 

Equation: 


a? = b? + c? — 2becos 0 
(2,420)? = (5,050) + (6,000)? — 2(5,050)(6,000) cos 6 


(2,420)” — (5,050)? — (6,000)? = —2(5,050)(6,000) cos 6 


(2,420)?—(5,050)"—(6,000)? _ 

—2(5,050)(6,000) = cos 0 
cos 6 & 0.9183 

6 = cos-1(0.9183) 


6 = 23.3° 


To answer the questions about the phone’s position north and east of the tower, and the distance to the 
highway, drop a perpendicular from the position of the cell phone, as in [link]. This forms two right 
triangles, although we only need the right triangle that includes the first tower for this problem. 


(% 


x 


Using the angle 9 = 23.3° and the basic trigonometric identities, we can find the solutions. Thus 
Equation: 


cos(23.3°) = si55 
x = 5,050 cos(23.3°) 
x = 4,638.15 feet 
sin(23.3°) = <$55 
y = 5,050 sin(23.3°) 
y © 1,997.5 feet 


The cell phone is approximately 4,638 feet east and 1998 feet north of the first tower, and 1998 feet from 
the highway. 


Example: 
Exercise: 


Problem: 
Calculating Distance Traveled Using a SAS Triangle 


Returning to our problem at the beginning of this section, suppose a boat leaves port, travels 10 miles, 
turns 20 degrees, and travels another 8 miles. How far from port is the boat? The diagram is repeated here 
in [link]. 


20° 


10 mi 


Port 


Solution: 


The boat turned 20 degrees, so the obtuse angle of the non-right triangle is the supplemental angle, 

180° — 20° = 160°. With this, we can utilize the Law of Cosines to find the missing side of the obtuse 
triangle—the distance of the boat to the port. 

Equation: 


az? = 8" + 107 — 2(8)(10) cos(160°) 
a? = 314.35 
zg = /314.35 


a = 17.7 miles 


The boat is about 17.7 miles from port. 


Using Heron’s Formula to Find the Area of a Triangle 


We already learned how to find the area of an oblique triangle when we know two sides and an angle. We also 
know the formula to find the area of a triangle using the base and the height. When we know the three sides, 
however, we can use Heron’s formula instead of finding the height. Heron of Alexandria was a geometer who 
lived during the first century A.D. He discovered a formula for finding the area of oblique triangles when three 
sides are known. 


Note: 

Heron’s Formula 

Heron’s formula finds the area of oblique triangles in which sides a, b,and c are known. 
Equation: 


Area = y/s(s a)(s — b)(s—c) 


(a+b+c) 
2 


where s = is one half of the perimeter of the triangle, sometimes called the semi-perimeter. 


Example: 
Exercise: 


Problem: 
Using Heron’s Formula to Find the Area of a Given Triangle 


Find the area of the triangle in [link] using Heron’s formula. 


Solution: 


First, we calculate s. 
Equation: 


(a+b+c) 
2 
Gorter?) iG 


S— 


Sse— 


Then we apply the formula. 
Equation: 


Area = ,/s(s — a)(s — b)(s —c) 
Area = ,/16(16 — 10)(16 — 15)(16 — 7) 
Area © 29.4 


The area is approximately 29.4 square units. 


Note: 
Exercise: 


Problem: 


Use Heron’s formula to find the area of a triangle with sides of lengths a = 29.7 ft, b = 42.3 ft, and 
c= 38.4 ft. 


Solution: 


Area = 552 square feet 


Example: 
Exercise: 


Problem: 
Applying Heron’s Formula to a Real-World Problem 


A Chicago city developer wants to construct a building consisting of artist’s lofts on a triangular lot 
bordered by Rush Street, Wabash Avenue, and Pearson Street. The frontage along Rush Street is 
approximately 62.4 meters, along Wabash Avenue it is approximately 43.5 meters, and along Pearson 
Street it is approximately 34.1 meters. How many square meters are available to the developer? See [link] 
for a view of the city property. 


Solution: 


Find the measurement for s, which is one-half of the perimeter. 
Equation: 


_ (62.44-43.54+34.1) 
= 2 


s= 70m 


Apply Heron’s formula. 
Equation: 


Area = ./'70(70 — 62.4)(70 — 43.5)(70 — 34.1) 
Area = \/506,118.2 
Area ~ 711.4 


The developer has about 711.4 square meters. 


Note: 
Exercise: 


Problem:Find the area of a triangle givena = 4.38 ft ,b = 3.79 ft, andc = 5.22 ft. 


Solution: 


about 8.15 square feet 


Note: 
Access these online resources for additional instruction and practice with the Law of Cosines. 


e Law of Cosines 
e Law of Cosines: Applications 
¢ Law of Cosines: Applications 2 


Key Equations 
a? = b? +c? — 2becos a 
Law of Cosines b? = a? + c? — 2accos B 
c? = a? + b* — 2abcos y 


Heron’s formula 


Area = \/s(s — a)(s — b)(s —c) 


a+btc 
where s = Kaa) 


Key Concepts 


e The Law of Cosines defines the relationship among angle measurements and lengths of sides in oblique 
triangles. 

e The Generalized Pythagorean Theorem is the Law of Cosines for two cases of oblique triangles: SAS and 
SSS. Dropping an imaginary perpendicular splits the oblique triangle into two right triangles or forms one 
right triangle, which allows sides to be related and measurements to be calculated. See [link] and [link]. 

e The Law of Cosines is useful for many types of applied problems. The first step in solving such problems 
is generally to draw a sketch of the problem presented. If the information given fits one of the three 
models (the three equations), then apply the Law of Cosines to find a solution. See [link] and [link]. 

e Heron’s formula allows the calculation of area in oblique triangles. All three sides must be known to apply 
Heron’s formula. See [link] and See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


If you are looking for a missing side of a triangle, what do you need to know when using the Law of 
Cosines? 


Solution: 


two sides and the angle opposite the missing side. 
Exercise: 


Problem: 


If you are looking for a missing angle of a triangle, what do you need to know when using the Law of 
Cosines? 


Exercise: 


Problem: Explain what s represents in Heron’s formula. 
Solution: 


s is the semi-perimeter, which is half the perimeter of the triangle. 


Exercise: 


Problem: Explain the relationship between the Pythagorean Theorem and the Law of Cosines. 


Exercise: 


Problem: When must you use the Law of Cosines instead of the Pythagorean Theorem? 


Solution: 


The Law of Cosines must be used for any oblique (non-right) triangle. 


Algebraic 


For the following exercises, assume a is opposite side a, 8 is opposite side b, and7¥ is opposite side c. If 
possible, solve each triangle for the unknown side. Round to the nearest tenth. 
Exercise: 


Problem: y = 41.2°,a = 2.49, b = 3.13 
Exercise: 

Problem: a = 120°,b =6,c=7 

Solution: 


11.3 


Exercise: 


Problem: 6 = 58.7°,a = 10.6,c = 15.7 
Exercise: 

Problem: y = 115°,a = 18,b = 23 

Solution: 

34.7 


Exercise: 


Problem: a = 119°,a = 26,b= 14 
Exercise: 

Problem: y = 113°, b = 10,c = 32 

Solution: 

26.7 


Exercise: 


Problem: 6 = 67°, a = 49, b = 38 
Exercise: 

Problem: a = 43.1°,a = 184.2, b = 242.8 

Solution: 


257.4 


Exercise: 


Problem: a = 36.6°,a = 186.2, b = 242.2 


Exercise: 
Problem: 6 = 50°,a = 105,b = 45 
Solution: 


not possible 


For the following exercises, use the Law of Cosines to solve for the missing angle of the oblique triangle. 
Round to the nearest tenth. 
Exercise: 


Problem: a = 42,b = 19, c = 30; find angle A. 


Exercise: 


Problem: a = 14, b = 13, c = 20; find angle C. 


Solution: 
95.5° 


Exercise: 


Problem: a = 16,b = 31, c = 20; find angle B. 


Exercise: 


Problem: a = 13, b = 22, c = 28; find angle A. 


Solution: 
26.9° 
Exercise: 


Problem: a = 108, b = 132, c = 160; find angle C. 


For the following exercises, solve the triangle. Round to the nearest tenth. 
Exercise: 


Problem: A = 35°,b = 8,c=11 


Solution: 


Bw 45.9°,C+99.1°,a~64 


Exercise: 


Problem: B = 88° ,a = 4.4,c = 5.2 


Exercise: 


Problem: C = 121°,a = 21,b = 37 
Solution: 


A 20.6°,B 38.4°,c 51.1 


Exercise: 


Problem: a = 13,6 = 11,c = 15 


Exercise: 


Problem: a = 3.1,6 = 3.5,c=5 


Solution: 


A = 37.8°, B © 43.8, C = 98.4° 


Exercise: 


Problem: a = 51, b = 25,c = 29 


For the following exercises, use Heron’s formula to find the area of the triangle. Round to the nearest 
hundredth. 
Exercise: 


Problem: 
Find the area of a triangle with sides of length 18 in, 21 in, and 32 in. Round to the nearest tenth. 
Solution: 


177.56 in? 
Exercise: 


Problem: 


Find the area of a triangle with sides of length 20 cm, 26 cm, and 37 cm. Round to the nearest tenth. 


Exercise: 


Problem: a = + m,b 


I 
wlR 
B 
io) 


Solution: 


0.04 m2 


Exercise: 


Problem: a = 12.4 ft, b = 13.7 ft, c = 20.2 ft 


Exercise: 


Problem: a = 1.6 yd, b= 2.6 yd, c=4.1 yd 


Solution: 


0.91 yd? 


Graphical 


For the following exercises, find the length of side z. Round to the nearest tenth. 
Exercise: 


Problem: 


6.5 5 


Exercise: 


Problem: 


3.4 x 


Solution: 


3.0 
Exercise: 


Problem: 


15 


Exercise: 


Problem: 


Solution: 


29.1 
Exercise: 


Problem: 


225 


x< 


305 


Exercise: 


Problem: 


ale 


Solution: 


0.5 


For the following exercises, find the measurement of angle A. 
Exercise: 


Problem: 


Exercise: 


Problem: 


125 


100 


Solution: 


70.7° 
Exercise: 


Problem: 


6.8 


Exercise: 


Problem: 
40.6 
38.7 
23.3 
Solution: 
774° 
Exercise: 


Problem: Find the measure of each angle in the triangle shown in [link]. Round to the nearest tenth. 


Cc 12 A 


~S 


10 


B 


For the following exercises, solve for the unknown side. Round to the nearest tenth. 
Exercise: 


Problem: 


[S 


20 


Solution: 


25.0 
Exercise: 


Problem: 


Exercise: 


Problem: 


16 
10 
20 
13 

9 

88° 

5 </ 

For the following exercises, find the area of the triangle. Round to the nearest hundredth. 


Exercise: 
12 


Solution: 


9.3 
Exercise: 


Problem: 


Problem: 


Solution: 


43.52 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


1.41 
Exercise: 


Problem: 


Exercise: 


Problem: 


8.9 


22 


12.5 


Nie 


wln 


Solution: 


0.14 


Extensions 


Exercise: 
Problem: 
A parallelogram has sides of length 16 units and 10 units. The shorter diagonal is 12 units. Find the 
measure of the longer diagonal. 
Exercise: 
Problem: 


The sides of a parallelogram are 11 feet and 17 feet. The longer diagonal is 22 feet. Find the length of the 
shorter diagonal. 


Solution: 


18.3 
Exercise: 
Problem: 
The sides of a parallelogram are 28 centimeters and 40 centimeters. The measure of the larger angle is 
100°. Find the length of the shorter diagonal. 
Exercise: 
Problem: 


A regular octagon is inscribed in a circle with a radius of 8 inches. (See [link].) Find the perimeter of the 
octagon. 


Solution: 


48.98 
Exercise: 


Problem: 


A regular pentagon is inscribed in a circle of radius 12 cm. (See [link].) Find the perimeter of the 
pentagon. Round to the nearest tenth of a centimeter. 


For the following exercises, suppose that x? = 25 + 36 — 60 cos (52) represents the relationship of three sides 
of a triangle and the cosine of an angle. 
Exercise: 


Problem: Draw the triangle. 


Solution: 


f°?) 
1) 


Exercise: 
Problem: Find the length of the third side. 


For the following exercises, find the area of the triangle. 
Exercise: 


Problem: 


5.3 3.4 


Solution: 


7.62 
Exercise: 


Problem: 


Exercise: 


Problem: 


18.8 


12.8 


Solution: 


85.1 


Real-World Applications 


Exercise: 


Problem: 


A surveyor has taken the measurements shown in [link]. Find the distance across the lake. Round answers 
to the nearest tenth. 


Exercise: 


Problem: 


A satellite calculates the distances and angle shown in [link] (not to scale). Find the distance between the 
two cities. Round answers to the nearest tenth. 


B® 
au 


NX 


Solution: 


24.0 km 
Exercise: 

Problem: 

An airplane flies 220 miles with a heading of 40°, and then flies 180 miles with a heading of 170°. How 

far is the plane from its starting point, and at what heading? Round answers to the nearest tenth. 
Exercise: 

Problem: 

A 113-foot tower is located on a hill that is inclined 34° to the horizontal, as shown in [link]. A guy-wire 


is to be attached to the top of the tower and anchored at a point 98 feet uphill from the base of the tower. 
Find the length of wire needed. 


113 ft 98 ft 


Solution: 


99.9 ft 
Exercise: 
Problem: 
Two ships left a port at the same time. One ship traveled at a speed of 18 miles per hour at a heading of 


320°. The other ship traveled at a speed of 22 miles per hour at a heading of 194°. Find the distance 
between the two ships after 10 hours of travel. 


Exercise: 
Problem: 
The graph in [link] represents two boats departing at the same time from the same dock. The first boat is 


traveling at 18 miles per hour at a heading of 327° and the second boat is traveling at 4 miles per hour at a 
heading of 60°. Find the distance between the two boats after 2 hours. 


| 


Solution: 


37.3 miles 


Exercise: 


Problem: 
A triangular swimming pool measures 40 feet on one side and 65 feet on another side. These sides form an 
angle that measures 50°. How long is the third side (to the nearest tenth)? 
Exercise: 
Problem: 
A pilot flies in a straight path for 1 hour 30 min. She then makes a course correction, heading 10° to the 


right of her original course, and flies 2 hours in the new direction. If she maintains a constant speed of 680 
miles per hour, how far is she from her starting position? 


Solution: 


2371 miles 
Exercise: 

Problem: 

Los Angeles is 1,744 miles from Chicago, Chicago is 714 miles from New York, and New York is 2,451 

miles from Los Angeles. Draw a triangle connecting these three cities, and find the angles in the triangle. 
Exercise: 

Problem: 

Philadelphia is 140 miles from Washington, D.C., Washington, D.C. is 442 miles from Boston, and Boston 


is 315 miles from Philadelphia. Draw a triangle connecting these three cities and find the angles in the 
triangle. 


Solution: 
PH 
150.2° 
9.1° 20.7° 
Exercise: 
Problem: 


Two planes leave the same airport at the same time. One flies at 20° east of north at 500 miles per hour. 
The second flies at 30° east of south at 600 miles per hour. How far apart are the planes after 2 hours? 


Exercise: 
Problem: 
Two airplanes take off in different directions. One travels 300 mph due west and the other travels 25° 


north of west at 420 mph. After 90 minutes, how far apart are they, assuming they are flying at the same 
altitude? 


Solution: 


599.8 miles 


Exercise: 


Problem: 
A parallelogram has sides of length 15.4 units and 9.8 units. Its area is 72.9 square units. Find the measure 
of the longer diagonal. 
Exercise: 
Problem: 


The four sequential sides of a quadrilateral have lengths 4.5 cm, 7.9 cm, 9.4 cm, and 12.9 cm. The angle 
between the two smallest sides is 117°. What is the area of this quadrilateral? 


Solution: 


65.4 cm? 
Exercise: 
Problem: 
The four sequential sides of a quadrilateral have lengths 5.7 cm, 7.2 cm, 9.4 cm, and 12.8 cm. The angle 
between the two smallest sides is 106°. What is the area of this quadrilateral? 
Exercise: 
Problem: 


Find the area of a triangular piece of land that measures 30 feet on one side and 42 feet on another; the 
included angle measures 132°. Round to the nearest whole square foot. 


Solution: 


468 ft? 
Exercise: 
Problem: 


Find the area of a triangular piece of land that measures 110 feet on one side and 250 feet on another; the 
included angle measures 85°. Round to the nearest whole square foot. 


Glossary 


Law of Cosines 
states that the square of any side of a triangle is equal to the sum of the squares of the other two sides 
minus twice the product of the other two sides and the cosine of the included angle 


Generalized Pythagorean Theorem 
an extension of the Law of Cosines; relates the sides of an oblique triangle and is used for SAS and SSS 
triangles 


Unit Circle 
In this section you will: 


e Find function values for the sine and cosine of 
30° or (F),45° or (7) 
or 6)” or UE 
and 60° or (=). 


¢ Identify the domain and range of sine and cosine functions. 
e Find reference angles. 
e Use reference angles to evaluate trigonometric functions. 


The Singapore Flyer is the world’s tallest Ferris wheel. 
(credit: "Vibin JK"/Flickr) 


Looking for a thrill? Then consider a ride on the Singapore Flyer, the world’s tallest Ferris 
wheel. Located in Singapore, the Ferris wheel soars to a height of 541 feet—a little more 
than a tenth of a mile! Described as an observation wheel, riders enjoy spectacular views as 
they travel from the ground to the peak and down again in a repeating pattern. In this 
section, we will examine this type of revolving motion around a circle. To do so, we need to 
define the type of circle first, and then place that circle on a coordinate system. Then we can 
discuss circular motion in terms of the coordinate pairs. 


Finding Trigonometric Functions Using the Unit Circle 


We have already defined the trigonometric functions in terms of right triangles. In this 
section, we will redefine them in terms of the unit circle. Recall that a unit circle is a circle 


centered at the origin with radius 1, as shown in [link]. The angle (in radians) that t 
intercepts forms an arc of length s. Using the formula s = rt,and knowing that r = 1,we 
see that for a unit circle, s = t. 


The x- and y-axes divide the coordinate plane into four quarters called quadrants. We label 
these quadrants to mimic the direction a positive angle would sweep. The four quadrants are 
labeled I, I, III, and IV. 


For any angle t,we can label the intersection of the terminal side and the unit circle as by its 
coordinates, (x, y). The coordinates x and y will be the outputs of the trigonometric 
functions f(t) = cos tand f(t) = sin t,respectively. This means x = cos ¢ and y = sint. 


Unit circle where the central angle is t radians 


Note: 

Unit Circle 

A unit circle has a center at (0, 0) and radius 1. In a unit circle, the length of the intercepted 
arc is equal to the radian measure of the central angle t. 

Let (a, y) be the endpoint on the unit circle of an arc of arc length s. The (2, y) 
coordinates of this point can be described as functions of the angle. 


Defining Sine and Cosine Functions from the Unit Circle 


The sine function relates a real number ¢ to the y-coordinate of the point where the 
corresponding angle intercepts the unit circle. More precisely, the sine of an angle t equals 
the y-value of the endpoint on the unit circle of an arc of length?. In [link], the sine is equal 
to y. Like all functions, the sine function has an input and an output. Its input is the 


measure of the angle; its output is the y-coordinate of the corresponding point on the unit 
circle. 


The cosine function of an angle ¢ equals the x-value of the endpoint on the unit circle of an 
arc of lengtht. In [link], the cosine is equal to x. 


(x, Y) = (cos t, sin t) 


cos t 


Because it is understood that sine and cosine are functions, we do not always need to write 
them with parentheses: sin ¢ is the same as sin(t) and cos tis the same as cos(t). 
Likewise, cost is a commonly used shorthand notation for (cos(t))”. Be aware that many 
calculators and computers do not recognize the shorthand notation. When in doubt, use the 
extra parentheses when entering calculations into a calculator or computer. 


Note: 

Sine and Cosine Functions 

If tis a real number and a point (z, y) on the unit circle corresponds to a central angle ¢, 
then 

Equation: 


cost=2 
Equation: 


sint=y 


Note: 
Given a point P (z, y) on the unit circle corresponding to an angle of t,find the sine 


and cosine. 


1. The sine of tis equal to the y-coordinate of point P : sint = y. 
2. The cosine of t is equal to the x-coordinate of point P : cost = x. 


Example: 
Exercise: 


Problem: 
Finding Function Values for Sine and Cosine 


Point P is a point on the unit circle corresponding to an angle of t,as shown in [link]. 
Find cos(t) and sin(t). 


] = (cost, sint) 


Solution: 


We know that cos ¢ is the x-coordinate of the corresponding point on the unit circle 
and sin tis the y-coordinate of the corresponding point on the unit circle. So: 
Equation: 


of =cne = 


“fa 
w 


Co — sil — 


Note: 
Exercise: 


Problem: 


dl 


A certain angle ¢ corresponds to a point on the unit circle at (- mes 2) as shown in 
[link]. Find cos tand sin ¢. 


y 


—— KX 


Solution: 


Finding Sines and Cosines of Angles on an Axis 


For quadrantral angles, the corresponding point on the unit circle falls on the x- or y-axis. In 
that case, we can easily calculate cosine and sine from the values of x and y. 


Example: 
Exercise: 


Problem: 
Calculating Sines and Cosines along an Axis 


Find cos(90°) and sin(90° ). 


Solution: 


Moving 90° counterclockwise around the unit circle from the positive x-axis brings us 
to the top of the circle, where the (a, y) coordinates are (0, 1),as shown in [link]. 


¥ (0,1) 


We can then use our definitions of cosine and sine. 
Equation: 


=cost =cos(90°) 
=sint =sin(90°) =1 


The cosine of 90° is 0; the sine of 90° is 1. 


Note: 
Exercise: 


Problem:Find cosine and sine of the angle 7. 


Solution: 


cos(z) = —1, sin(z) = 0 


The Pythagorean Identity 


Now that we can define sine and cosine, we will learn how they relate to each other and the 
unit circle. Recall that the equation for the unit circle is x? + y* = 1. Because x = cos t and 
y = sin t,we can substitute for x and yto get cos*t + sin’t = 1. This equation, 

cos*t + sin*t = 1,is known as the Pythagorean Identity. See [link]. 


1=x*+y¥ 
= cos*t + sin?t 


We can use the Pythagorean Identity to find the cosine of an angle if we know the sine, or 
vice versa. However, because the equation yields two solutions, we need additional 
knowledge of the angle to choose the solution with the correct sign. If we know the 
quadrant where the angle is, we can easily choose the correct solution. 


Note: 
Pythagorean Identity 
The Pythagorean Identity states that, for any real number ?, 
Equation: 

cos"t + sin*t = 1 
Note: 


Given the sine of some angle ¢ and its quadrant location, find the cosine of t. 


1. Substitute the known value of sin ¢ into the Pythagorean Identity. 
2. Solve for cos t. 


3. Choose the solution with the appropriate sign for the x-values in the quadrant where t 
is located. 


Example: 
Exercise: 


Problem: 
Finding a Cosine from a Sine or a Sine from a Cosine 


If sin(t) = 4 and is in the second quadrant, find cos(t). 


Solution: 


If we drop a vertical line from the point on the unit circle corresponding to t,we create 
a right triangle, from which we can see that the Pythagorean Identity is simply one 
case of the Pythagorean Theorem. See [link]. 

y 


~ |e 


~jw 


7 ~X 


Substituting the known value for sine into the Pythagorean Identity, 
Equation: 


cos*(t) + sin?(t) = ] 
cos*(t) + a = 
cos*(t) = A 
cos(t) = 44/40 = V0 = 4 2v00 


Because the angle is in the second quadrant, we know the x-value is a negative real 
number, so the cosine is also negative. 
Equation: 


Note: 
Exercise: 


Problem:If cos(¢) = 3¢ and tis in the fourth quadrant, find sin(¢). 


Solution: 


sin(t) = —3 


Finding Sines and Cosines of Special Angles 


We have already learned some properties of the special angles, such as the conversion from 
radians to degrees, and we found their sines and cosines using right triangles. We can also 
calculate sines and cosines of the special angles using the Pythagorean Identity. 


Finding Sines and Cosines of 45° Angles 


First, we will look at angles of 45° or 7 as shown in [link]. A 45 *“—45°—90° triangle is an 
isosceles triangle, so the x- and y-coordinates of the corresponding point on the circle are 
the same. Because the x- and y-values are the same, the sine and cosine values will also be 
equal. 


(x, y) = (x, x) 


Att = 7,which is 45 degrees, the radius of the unit circle bisects the first quadrantal angle. 
This means the radius lies along the line y = z. A unit circle has a radius equal to 1 so the 
right triangle formed below the line y = x has sides x and y (y = «),and radius = 1. See 
[link]. 


From the Pythagorean Theorem we get 


Equation: 

e+y=1 
We can then substitute y = z. 
Equation: 

eta? =1 
Next we combine like terms. 
Equation: 

22" = 1 


And solving for z,we get 
Equation: 


= 
In quadrant I, x = a: 


Att = 7 or 45 degrees, 


Equation: 
_f1 1 
(x, y) ~~ (2,2) = (4,4) 
ext gil = ll 
eS ft 
= 2. oe 
cost = Aree fi 


If we then rationalize the denominators, we get 


Equation: 

= wwe 
cost = ae 

= 42 

2 
eo 
sint = eer 

= ia 

2 


Therefore, the (x, y) coordinates of a point on a circle of radius 1 at an angle of 45° are 


(4¥) 


27° 2 


Finding Sines and Cosines of 30° and 60° Angles 


Next, we will find the cosine and sine at an angle of 30° ,or ae First, we will draw a triangle 
inside a circle with one side at an angle of 30° ,and another at an angle of —30°,as shown in 
[link]. If the resulting two right triangles are combined into one large triangle, notice that all 
three angles of this larger triangle will be 60° ,as shown in [link]. 


(x, y) 


Because all the angles are equal, the sides are also equal. The vertical line has length 2y,and 
since the sides are all equal, we can also conclude thatr = 2yory = +r. Since sin t = y, 
Equation: 


And since r = 1 in our unit circle, 
Equation: 


‘i 


(1) 


i 
2 


sin(t) = 


Using the Pythagorean Identity, we can find the cosine value. 


Equation: 


cos? (4) +sin?(7) = 1 
cos*(F)+(F) = 1 
cos” (4) = 4 Use the square root property. 
cos (4) = av3 = a) Since y is positive, choose the positive root. 


The (a, y) coordinates for the point on a circle of radius 1 at an angle of 30° are (4, 3) : 


Att=F (60° ),the radius of the unit circle, 1, serves as the hypotenuse of a 30-60-90 
degree right triangle, BAD,as shown in [link]. Angle A has measure 60°. At point B,we 
draw an angle ABC with measure of 60°. We know the angles in a triangle sum to 180° ,so 
the measure of angle C’is also 60°. Now we have an equilateral triangle. Because each side 
of the equilateral triangle ABC is the same length, and we know one side is the radius of 
the unit circle, all sides must be of length 1. 


The measure of angle ABD is 30°. Angle ABC is double angle ABD,s0 its measure is 60°. 
BDis the perpendicular bisector of AC,so it cuts AC in half. This means that AD is $ the 
radius, or +: Notice that AD is the x-coordinate of point B,which is at the intersection of 


the 60° angle and the unit circle. This gives us a triangle BAD with hypotenuse of 1 and 
side x of length + 


From the Pythagorean Theorem, we get 


Equation: 


Substituting x = >,we get 
Equation: 


Solving for y,we get 


Equation: 
sty = 1 
ae ed 
y= FG 
y= +3 


Sincet = 3 has the terminal side in quadrant I where the y-coordinate is positive, we 


choose y = a3 ,the positive value. 


Att= 7 (60°), the (x, y) coordinates for the point on a circle of radius 1 at an angle of 60° 
are (4, 3) ,so we can find the sine and cosine. 
Equation: 


(zy) = (4,4) 
r= L y= 8 


cost = 


We have now found the cosine and sine values for all of the most commonly encountered 
angles in the first quadrant of the unit circle. [link] summarizes these values. 


Angle 0 5 or 30° 7 ,or 45° 3 or 60° 5 or 90° 


Cosine i! a 2 $ 0 
: - v2 v3 
Sine 0 5 oT a 1 


[link] shows the common angles in the first quadrant of the unit circle. 


(0, 1) 
90° 
T 


Using a Calculator to Find Sine and Cosine 


To find the cosine and sine of angles other than the special angles, we turn to a computer or 
calculator. Be aware: Most calculators can be set into “degree” or “radian” mode, which 
tells the calculator the units for the input value. When we evaluate cos(30) on our 
calculator, it will evaluate it as the cosine of 30 degrees if the calculator is in degree mode, 
or the cosine of 30 radians if the calculator is in radian mode. 


Note: 
Given an angle in radians, use a graphing calculator to find the cosine. 


1. If the calculator has degree mode and radian mode, set it to radian mode. 
2. Press the COS key. 


3. Enter the radian value of the angle and press the close-parentheses key ")". 
4. Press ENTER. 


Example: 
Exercise: 


Problem: 
Using a Graphing Calculator to Find Sine and Cosine 


Evaluate cos ) using a graphing calculator or computer. 


Solution: 
Enter the following keystrokes: 


COS(5 x a + 3) ENTER 
Equation: 


Analysis 


We can find the cosine or sine of an angle in degrees directly on a calculator with degree 
mode. For calculators or software that use only radian mode, we can find the sine of 20°, 
for example, by including the conversion factor to radians as part of the input: 

Equation: 


SIN( 20 x + + 180) ENTER 


Note: 
Exercise: 


Problem:Evaluate sin (4) . 


Solution: 


approximately 0.866025403 


Identifying the Domain and Range of Sine and Cosine Functions 


Now that we can find the sine and cosine of an angle, we need to discuss their domains and 
ranges. What are the domains of the sine and cosine functions? That is, what are the 
smallest and largest numbers that can be inputs of the functions? Because angles smaller 
than 0 and angles larger than 27 can still be graphed on the unit circle and have real values 
of x, y, and r,there is no lower or upper limit to the angles that can be inputs to the sine and 
cosine functions. The input to the sine and cosine functions is the rotation from the positive 
x-axis, and that may be any real number. 


What are the ranges of the sine and cosine functions? What are the least and greatest 
possible values for their output? We can see the answers by examining the unit circle, as 
shown in [link]. The bounds of the x-coordinate are [—1, 1]. The bounds of the y-coordinate 
are also [—1, 1]. Therefore, the range of both the sine and cosine functions is |—1, 1]. 


Finding Reference Angles 


We have discussed finding the sine and cosine for angles in the first quadrant, but what if 
our angle is in another quadrant? For any given angle in the first quadrant, there is an angle 
in the second quadrant with the same sine value. Because the sine value is the y-coordinate 
on the unit circle, the other angle with the same sine will share the same y-value, but have 
the opposite x-value. Therefore, its cosine value will be the opposite of the first angle’s 
cosine value. 


Likewise, there will be an angle in the fourth quadrant with the same cosine as the original 
angle. The angle with the same cosine will share the same x-value but will have the opposite 
y-value. Therefore, its sine value will be the opposite of the original angle’s sine value. 


As shown in [link], angle a has the same sine value as angle ¢;the cosine values are 
opposites. Angle @ has the same cosine value as angle t;the sine values are opposites. 
Equation: 


Ill ’ IV Ill ’ IV 


Recall that an angle’s reference angle is the acute angle, t,formed by the terminal side of the 
angle ¢ and the horizontal axis. A reference angle is always an angle between 0 and 90° ,or 0 
and + radians. As we can see from [link], for any angle in quadrants II, III, or IV, there is a 

reference angle in quadrant I. 


Quadrant | Quadrant Il Quadrant Ill Quadrant IV 


y y 
4 4 
I | I | 
4 Pi 
™t t/t if t 
? ‘ ¢ 
sy 7- - >-X + XK = 
Wl IV ll IV 
y y 
ct=t t=r7-t 
= 180°-t 


Note: 
Given an angle between 0 and 27,,find its reference angle. 


1. An angle in the first quadrant is its own reference angle. 
2. For an angle in the second or third quadrant, the reference angle is | — t| or 
|180° — ¢]. 
3. For an angle in the fourth quadrant, the reference angle is 27 — tor 360° — t. 
4. If an angle is less than 0 or greater than 277,add or subtract 277 as many times as needed 
to find an equivalent angle between 0 and 27. 


Example: 
Exercise: 


Problem: 
Finding a Reference Angle 


Find the reference angle of 225° as shown in [link]. 


— 


225° 


Il ’ IV 


Solution: 


Because 225° is in the third quadrant, the reference angle is 
Equation: 


|(180° — 225°) = 45° 


= |—45° 


Note: 
Exercise: 


Problem:Find the reference angle of s. 


Solution: 


oo {3 


Using Reference Angles 


Now let’s take a moment to reconsider the Ferris wheel introduced at the beginning of this 
section. Suppose a rider snaps a photograph while stopped twenty feet above ground level. 
The rider then rotates three-quarters of the way around the circle. What is the rider’s new 


elevation? To answer questions such as this one, we need to evaluate the sine or cosine 
functions at angles that are greater than 90 degrees or at a negative angle. Reference angles 
make it possible to evaluate trigonometric functions for angles outside the first quadrant. 
They can also be used to find (x, y) coordinates for those angles. We will use the reference 
angle of the angle of rotation combined with the quadrant in which the terminal side of the 
angle lies. 


Using Reference Angles to Evaluate Trigonometric Functions 


We can find the cosine and sine of any angle in any quadrant if we know the cosine or sine 
of its reference angle. The absolute values of the cosine and sine of an angle are the same as 
those of the reference angle. The sign depends on the quadrant of the original angle. The 
cosine will be positive or negative depending on the sign of the x-values in that quadrant. 
The sine will be positive or negative depending on the sign of the y-values in that quadrant. 


Note: 

Using Reference Angles to Find Cosine and Sine 

Angles have cosines and sines with the same absolute value as their reference angles. The 
sign (positive or negative) can be determined from the quadrant of the angle. 


Note: 
Given an angle in standard position, find the reference angle, and the cosine and sine 
of the original angle. 


1. Measure the angle between the terminal side of the given angle and the horizontal 
axis. That is the reference angle. 

2. Determine the values of the cosine and sine of the reference angle. 

3. Give the cosine the same sign as the x-values in the quadrant of the original angle. 

4. Give the sine the same sign as the y-values in the quadrant of the original angle. 


Example: 
Exercise: 


Problem: 
Using Reference Angles to Find Sine and Cosine 


a. Using a reference angle, find the exact value of cos(150°) andsin(150°). 


b. Using the reference angle, find cos — and sin = 


Solution: 


a. 150° is located in the second quadrant. The angle it makes with the x-axis is 
180° — 150° = 30°,so the reference angle is 30°. 


This tells us that 150° has the same sine and cosine values as 30° ,except for the 
sign. 
Equation: 


cos(30) l= = and _sin(30°) = + 


Since 150° is in the second quadrant, the x-coordinate of the point on the circle is 
negative, so the cosine value is negative. The y-coordinate is positive, so the sine 
value is positive. 

Equation: 


cos(150°) = 3 and = sin(150°) = + 


b. = is in the third quadrant. Its reference angle is = — 7m = 4. The cosine and 


sine of 7 are both — In the third quadrant, both x and y are negative, so: 


Equation: 
fn eee foo ae a a 
cos “F = 5 and sin “T= 5 
Note: 
Exercise: 
Problem: 


a. Use the reference angle of 315° to find cos(315°) and sin(315°). 
b. Use the reference angle of — ¢ to find cos (-4) and sin (-2). 


Solution: 


Using Reference Angles to Find Coordinates 


Now that we have learned how to find the cosine and sine values for special angles in the 
first quadrant, we can use symmetry and reference angles to fill in cosine and sine values 
for the rest of the special angles on the unit circle. They are shown in [link]. Take time to 
learn the (x, y) coordinates of all of the major angles in the first quadrant. 


° 7 
90°, Z, (0, 1) 
120° 
o 3r 22) 
1357, 32, ( 23 
> Sx (_3 1 z (3 2) 
a , ( 2°2 Alois 
180°, 7, (—1, 0) 0°, 0, (1, 0) 


360°, 27, (1, 0) 


e Ir (_\3 1 ite (31 
aso", 7, ( a a ear 
o Sr (_\2 12 2 —%) 
2asr, SF. ( Zz 2 
240°, 


270°, az, (0, —1) 


Special angles and coordinates of corresponding points on the unit circle 


In addition to learning the values for special angles, we can use reference angles to find 


(x, y) coordinates of any point on the unit circle, using what we know of reference angles 
along with the identities 


Equation: 


x= cost 


y=sint 


First we find the reference angle corresponding to the given angle. Then we take the sine 
and cosine values of the reference angle, and give them the signs corresponding to the y- 
and x-values of the quadrant. 


Note: 
Given the angle of a point on a circle and the radius of the circle, find the (, y) 
coordinates of the point. 


1. Find the reference angle by measuring the smallest angle to the x-axis. 
2. Find the cosine and sine of the reference angle. 
3. Determine the appropriate signs for z and yin the given quadrant. 


Example: 
Exercise: 


Problem: 
Using the Unit Circle to Find Coordinates 


Find the coordinates of the point on the unit circle at an angle of i ; 


Solution: 
We know that the angle — is in the third quadrant. 


First, let’s find the reference angle by measuring the angle to the x-axis. To find the 
reference angle of an angle whose terminal side is in quadrant III, we find the 
difference of the angle and 7. 

Equation: 


Next, we will find the cosine and sine of the reference angle. 
Equation: 


cos($) ="  sin(§) = 


We must determine the appropriate signs for x and y in the given quadrant. Because 
our original angle is in the third quadrant, where both z and y are negative, both cosine 
and sine are negative. 

Equation: 


OQ 
o) 
wn 
— 
~q 
y 
SS 
| 
dole lS 


Now we can calculate the (, y) coordinates using the identities x = cos 0 and 
= sine. 


The coordinates of the point are (- Js = +) on the unit circle. 


Note: 
Exercise: 


Problem:Find the coordinates of the point on the unit circle at an angle of or 


Solution: 


Note: 


Access these online resources for additional instruction and practice with sine and cosine 
functions. 


e Trigonometric Functions Using the Unit Circle 

e Sine and Cosine from the Unit 

e Sine and Cosine from the Unit Circle and Multiples of Pi Divided by Six 
e Sine and Cosine from the Unit Circle and Multiples of Pi Divided by Four 
e Trigonometric Functions Using Reference Angles 


Key Equations 


Cosine cost=2 


Sine sint=y 
Pythagorean Identity cos*t + sin*t = 1 
Key Concepts 


Finding the function values for the sine and cosine begins with drawing a unit circle, 
which is centered at the origin and has a radius of 1 unit. 

Using the unit circle, the sine of an angle ¢ equals the y-value of the endpoint on the 
unit circle of an arc of length t whereas the cosine of an angle ¢ equals the x-value of 
the endpoint. See [link]. 

The sine and cosine values are most directly determined when the corresponding point 
on the unit circle falls on an axis. See [link]. 

When the sine or cosine is known, we can use the Pythagorean Identity to find the 
other. The Pythagorean Identity is also useful for determining the sines and cosines of 
special angles. See [link]. 

Calculators and graphing software are helpful for finding sines and cosines if the 
proper procedure for entering information is known. See [link]. 

The domain of the sine and cosine functions is all real numbers. 

The range of both the sine and cosine functions is [—1, 1]. 

The sine and cosine of an angle have the same absolute value as the sine and cosine of 
its reference angle. 

The signs of the sine and cosine are determined from the x- and y-values in the 
quadrant of the original angle. 

An angle’s reference angle is the size angle, t,formed by the terminal side of the angle 
t and the horizontal axis. See [link]. 

Reference angles can be used to find the sine and cosine of the original angle. See 
[link]. 

Reference angles can also be used to find the coordinates of a point on a circle. See 
[ink]. 


Section Exercises 


Verbal 


Exercise: 


Problem: Describe the unit circle. 


Solution: 


The unit circle is a circle of radius 1 centered at the origin. 


Exercise: 


Problem: What do the x- and y-coordinates of the points on the unit circle represent? 


Exercise: 
Problem: Discuss the difference between a coterminal angle and a reference angle. 
Solution: 
Coterminal angles are angles that share the same terminal side. A reference angle is the 


size of the smallest acute angle, t,formed by the terminal side of the angle ¢ and the 
horizontal axis. 


Exercise: 


Problem: 


Explain how the cosine of an angle in the second quadrant differs from the cosine of its 
reference angle in the unit circle. 


Exercise: 


Problem: 


Explain how the sine of an angle in the second quadrant differs from the sine of its 
reference angle in the unit circle. 


Solution: 


The sine values are equal. 


Algebraic 
For the following exercises, use the given sign of the sine and cosine functions to find the 


quadrant in which the terminal point determined by f lies. 
Exercise: 


Problem:sin(t) < 0 andcos(t) < 0 


Exercise: 


Problem:sin(t) > 0 and cos(t) > 0 


Solution: 


I 


Exercise: 


Problem:sin(t) > 0 and cos(t) < 0 


Exercise: 


Problem:sin(t) > 0 and cos(t) > 0 


Solution: 


IV 


For the following exercises, find the exact value of each trigonometric function. 
Exercise: 


Problem:sin 


wy 


Exercise: 


Problem:sin 


ES 


Solution: 
V3 
2 
Exercise: 


Problem:cos 4 


Exercise: 


Problem:cos 


oo] 


Solution: 


ai 


2 
Exercise: 


Problem:sin 


AIA 


Exercise: 


Problem:cos a 


Solution: 
v2 
2 
Exercise: 


Problem:sin a 


Exercise: 


Problem:sin 7 


Solution: 


0 


Exercise: 


Problem:sin — 


Exercise: 


Problem:cos 7 


Solution: 
-1 


Exercise: 


Problem:cos 0 


Exercise: 


Problem:cos 7a 


Solution: 
V3 
2 


Exercise: 


Problem:sin 0 


Numeric 


For the following exercises, state the reference angle for the given angle. 
Exercise: 


Problem:240° 


Solution: 
60° 


Exercise: 


Problem: — 170° 
Exercise: 


Problem: 100° 


Solution: 
80° 


Exercise: 


Problem: — 315° 
Exercise: 


Problem: 135° 


Solution: 
45° 


Exercise: 


Problem: 22 


Exercise: 


Problem: 22 


Solution: 


SE) 


Exercise: 


Problem: — 


Exercise: 


Problem: —22 


Solution: 


wa 


Exercise: 


Problem: —— 


Exercise: 


Problem: ei 


Solution: 


00/33 


For the following exercises, find the reference angle, the quadrant of the terminal side, and 


the sine and cosine of each angle. If the angle is not one of the angles on the unit circle, use 
a calculator and round to three decimal places. 
Exercise: 


Problem:225° 


Exercise: 


Problem:300 ° 


Solution: 


60° ,Quadrant IV, sin(300°) = —~3 | cos(300°) =e 


Exercise: 


Problem:320° 


Exercise: 


Problem: 135° 


Solution: 


vhs 


45° Quadrant II,sin (135°) = v2 | cos(135°) — 


Exercise: 


Problem:210° 


Exercise: 
Problem: 120° 
Solution: 


60°, Quadrant II, sin (120°) = V3 | cos(120°) = —+ 


Exercise: 


Problem:250° 


Exercise: 
Problem: 150° 
Solution: 


30° ,Quadrant II, sin (150°) = oe cos(150°) = _ x3 


Exercise: 


Problem: ie 


Exercise: 


Problem: -4 


Solution: 


= Quadrant Ill, sin (4) = —4,cos (#) = v3 


Exercise: 


Problem: == 


Exercise: 


Problem: 3B 
Solution: 


+ Quadrant II, sin (22) = v2 cos (4) <3. 382 


Exercise: 


Problem: “< 


Exercise: 


Problem: 2 
Solution: 


3 Quadrant IT, sin (27) = 43 , COS (27) = 


Exercise: 


Problem: == 


Exercise: 


Problem: “2 
Solution: 


* Quadrant IV, sin (47) = =? cbs (iz) = v2 


For the following exercises, find the requested value. 
Exercise: 


Problem:If cos (t) = + andt is in the fourth quadrant, find sin(¢). 


Exercise: 


Problem:If cos (t) = 2 and tis in the first quadrant, find sin(t). 


Solution: 
V77 
9 
Exercise: 


Problem:If sin (¢) = ~ and ¢ is in the second quadrant, find cos(¢). 


Exercise: 


Problem:If sin (t) = — + and tis in the third quadrant, find cos(t). 


Solution: 


_ vB 
4 


Exercise: 


Problem: 


Find the coordinates of the point on a circle with radius 15 corresponding to an angle 
of 220°. 


Exercise: 


Problem: 


Find the coordinates of the point on a circle with radius 20 corresponding to an angle 
of 120°. 


Solution: 


(—10, 10V3) 


Exercise: 


Problem: 


Find the coordinates of the point on a circle with radius 8 corresponding to an angle of 
Tn 


4 


Exercise: 


Problem: 


Find the coordinates of the point on a circle with radius 16 corresponding to an angle 
om 

of =. 
9 


Solution: 
(—2.778, 15.757) 


Exercise: 


Problem: State the domain of the sine and cosine functions. 
Exercise: 
Problem: State the range of the sine and cosine functions. 


Solution: 


ee 1] 


Graphical 


For the following exercises, use the given point on the unit circle to find the value of the 
sine and cosine of t. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


oes = we 
sint = >,cost = —-5 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


sint = —~2 cost = 


Exercise: 


Problem: 


Exercise: 


Problem: 


(3.4) 


es 
2 
’ 
Solution: 
4 V3 oi 
sant =; cost ==; 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


sint = —~2 cost 


2 M2 
— 3 


Exercise: 


Problem: 


(1, 0) 


Exercise: 


Problem: 


(—4, 0) 


Solution: 


sint = 0, cost = —1 
Exercise: 


Problem: 


(0.111, 0.994) 


Exercise: 


Problem: 


(0.803, —0.596) 


Solution: 


sint = —0.596, cost = 0.803 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Exercise: 


Problem: 


Nie 


Exercise: 


Problem: 


Solution: 

ae ae — V3 

sint = —>,cost = ~5 
Exercise: 


Problem: 


(0, —1) 


Exercise: 


Problem: 


(—0.649, 0.761) 


Solution: 


sint = 0.761, cost = —0.649 


Exercise: 


Problem: 


-0.317 
(—0.948, —0.317) 


Exercise: 
Problem: 
(0, 1) 
4. 
Solution: 


sint = 1,cost = 0 


Technology 


For the following exercises, use a graphing calculator to evaluate. 
Exercise: 


Problem:sin 


Exercise: 


Problem:cos 


Solution: 


—0.1736 


Exercise: 


Problem:sin 


Exercise: 


Problem:cos 


Solution: 


0.9511 


Exercise: 


Problem:sin 22 


4 
Exercise: 
Problem:cos on 
Solution: 
-0.7071 
Exercise: 


Problem:sin 98° 


Exercise: 


Problem:cos 98° 


Solution: 
—0.1392 


Exercise: 


Problem:cos 310° 
Exercise: 


Problem:sin 310° 


Solution: 


—0.7660 


Extensions 


For the following exercises, evaluate. 
Exercise: 


Problem:sin (47) cos ( =r) 
Exercise: 

Problem:sin (22 ) cos (= ) 

Solution: 

v2 

4 

Exercise: 

Problem:sin (- “r) cos (4) 
Exercise: 

Problem:sin (=?) cos (=) 

Solution: 


_ v6 
4 


Exercise: 

Problem:sin (4) cos (=) 
Exercise: 

Problem:sin (2 ) cos (=) 

Solution: 

v2 

4 

Exercise: 


Problem:cos (=) cos ( 2) 


Exercise: 

Problem:cos (=) cos (4 ) 

Solution: 

2 

4 

Exercise: 

Problem:sin (= ) sin (47) 
Exercise: 

Problem:sin (7) sin ( t) 


Solution: 


0 


Real-World Applications 


For the following exercises, use this scenario: A child enters a carousel that takes one 
minute to revolve once around. The child enters at the point (0, 1),that is, on the due north 
position. Assume the carousel revolves counter clockwise. 

Exercise: 


Problem: What are the coordinates of the child after 45 seconds? 


Exercise: 


Problem: What are the coordinates of the child after 90 seconds? 


Solution: 


(0, =1) 


Exercise: 


Problem: What are the coordinates of the child after 125 seconds? 
Exercise: 
Problem: 


When will the child have coordinates (0.707, —0.707) if the ride lasts 6 minutes? 
(There are multiple answers.) 


Solution: 


37.5 seconds, 97.5 seconds, 157.5 seconds, 217.5 seconds, 277.5 seconds, 337.5 
seconds 


Exercise: 


Problem: 


When will the child have coordinates (0.866, —0.5) if the ride lasts 6 minutes? 


Glossary 


cosine function 
the x-value of the point on a unit circle corresponding to a given angle 


Pythagorean Identity 
a corollary of the Pythagorean Theorem stating that the square of the cosine of a given 
angle plus the square of the sine of that angle equals 1 


sine function 
the y-value of the point on a unit circle corresponding to a given angle 


Graphs of the Sine and Cosine Functions 
In this section, you will: 


¢ Graph variations of y = sin(x) and y = cos(z). 
e Use phase shifts of sine and cosine curves. 


Light can be separated into colors because of its 
wavelike properties. (credit: "wonderferret"/ Flickr) 


White light, such as the light from the sun, is not actually white at all. Instead, it is a composition 
of all the colors of the rainbow in the form of waves. The individual colors can be seen only when 
white light passes through an optical prism that separates the waves according to their 
wavelengths to form a rainbow. 


Light waves can be represented graphically by the sine function. In the chapter on Trigonometric 
Functions, we examined trigonometric functions such as the sine function. In this section, we will 
interpret and create graphs of sine and cosine functions. 


Graphing Sine and Cosine Functions 


Recall that the sine and cosine functions relate real number values to the x- and y-coordinates of a 
point on the unit circle. So what do they look like on a graph on a coordinate plane? Let’s start 
with the sine function. We can create a table of values and use them to sketch a graph. [link] lists 
some of the values for the sine function on a unit circle. 


7 ft) = 4 + z e an a T 
sin (x) 0 + v2 v3 1 v3 v2 + 0 
2 2 2 2 


Plotting the points from the table and continuing along the x-axis gives the shape of the sine 
function. See [link]. 


The sine function 


Notice how the sine values are positive between 0 andz, which correspond to the values of the 
sine function in quadrants I and II on the unit circle, and the sine values are negative between 7 
and 27, which correspond to the values of the sine function in quadrants III and IV on the unit 
circle. See [link]. 


Plotting values of the sine function 


Now let’s take a similar look at the cosine function. Again, we can create a table of values and use 
them to sketch a graph. [link] lists some of the values for the cosine function on a unit circle. 


dR 


The cosine function 


Because we can evaluate the sine and cosine of any real number, both of these functions are 
defined for all real numbers. By thinking of the sine and cosine values as coordinates of points on 
a unit circle, it becomes clear that the range of both functions must be the interval [-1, |. 


In both graphs, the shape of the graph repeats after 277, which means the functions are periodic 
with a period of 27. A periodic function is a function for which a specific horizontal shift, P, 
results in a function equal to the original function: f (z + P) = f («) for all values of x in the 
domain of f. When this occurs, we call the smallest such horizontal shift with P > 0 the period 
of the function. [link] shows several periods of the sine and cosine functions. 


Looking again at the sine and cosine functions on a domain centered at the y-axis helps reveal 
symmetries. As we can see in [link], the sine function is symmetric about the origin. Recall from 
The Other Trigonometric Functions that we determined from the unit circle that the sine function 
is an odd function because sin(—x) = — sin x. Now we can clearly see this property from the 
graph. 


Odd symmetry of the sine function 


[link] shows that the cosine function is symmetric about the y-axis. Again, we determined that the 
cosine function is an even function. Now we can see from the graph that cos(—x) = cos a. 


Even symmetry of the cosine function 


Note: 
Characteristics of Sine and Cosine Functions 
The sine and cosine functions have several distinct characteristics: 


e They are periodic functions with a period of 27. 

e The domain of each function is (—oo, oo) and the range is [—1, 1]. 

¢ The graph of y = sin zx is symmetric about the origin, because it is an odd function. 
¢ The graph of y = cos zis symmetric about the y-axis, because it is an even function. 


Investigating Sinusoidal Functions 


As we can see, sine and cosine functions have a regular period and range. If we watch ocean 
waves or ripples on a pond, we will see that they resemble the sine or cosine functions. However, 
they are not necessarily identical. Some are taller or longer than others. A function that has the 
same general shape as a sine or cosine function is known as a sinusoidal function. The general 
forms of sinusoidal functions are 

Equation: 


y = Asin(Bx —C)+ D 
and 
y = Acos(Br —C)+D 


Determining the Period of Sinusoidal Functions 


Looking at the forms of sinusoidal functions, we can see that they are transformations of the sine 
and cosine functions. We can use what we know about transformations to determine the period. 


In the general formula, B is related to the period by P = Tae If |B] > 1, then the period is less 
than 27 and the function undergoes a horizontal compression, whereas if |B| < 1, then the period 
is greater than 27 and the function undergoes a horizontal stretch. For example, f(x) = sin(z ), 
B = 1,s0 the period is 277,which we knew. If f(z) = sin (2x), then B = 2, so the period is 7 and 
the graph is compressed. If f(x) = sin ($), then B = > so the period is 47 and the graph is 
stretched. Notice in [link] how the period is indirectly related to |B]. 


f(x) = sin(2x) f(x) = sin(=) 


f(x) = sin (x) 


Note: 

Period of Sinusoidal Functions 

If we let’ = O and D = Oin the general form equations of the sine and cosine functions, we 
obtain the forms 

Equation: 


y = Asin (Bz) 
Equation: 
y = Acos (Bz) 


20 


The period is TBI" 


Example: 
Exercise: 


Problem: 
Identifying the Period of a Sine or Cosine Function 


Determine the period of the function f (z) = sin (7-2). 


Solution: 
Let’s begin by comparing the equation to the general form y = A sin(Bz). 


In the given equation, B = ¢, so the period will be 


Equation: 
jee ue 
~ |B 
_ 2n 
t 
D7 oe 
Tv 
12 
Note: 
Exercise: 


Problem:Determine the period of the function g(x) = cos ($). 


Solution: 


67 


Determining Amplitude 


Returning to the general formula for a sinusoidal function, we have analyzed how the variable B 
relates to the period. Now let’s turn to the variable A so we can analyze how it is related to the 
amplitude, or greatest distance from rest. A represents the vertical stretch factor, and its absolute 
value |A| is the amplitude. The local maxima will be a distance |A| above the horizontal midline 
of the graph, which is the line y = D; because D = O in this case, the midline is the x-axis. The 
local minima will be the same distance below the midline. If |A| > 1, the function is stretched. 
For example, the amplitude of f(x) = 4 sin z is twice the amplitude of 


f(z) =2 sin @: 


If |A| < 1, the function is compressed. [link] compares several sine functions with different 
amplitudes. 


y f(x) = 4sin(x) 
f(x) = 3sin(x) 
f(x) = 2sin(x) 
f(x) = 1sin(x) 


Note: 

Amplitude of Sinusoidal Functions 

If we let C = 0 and D = Oin the general form equations of the sine and cosine functions, we 
obtain the forms 

Equation: 


y = Asin (Bz) and y = Acos (Bz) 


The amplitude is A, and the vertical height from the midline is | A]. In addition, notice in the 
example that 
Equation: 


1 
|A| = amplitude = 5 maximum — minimum 


Example: 
Exercise: 


Problem: 
Identifying the Amplitude of a Sine or Cosine Function 


What is the amplitude of the sinusoidal function f(z) = —4sin(x)? Is the function 
stretched or compressed vertically? 


Solution: 
Let’s begin by comparing the function to the simplified form y = A sin(Bz). 


In the given function, A = —4, so the amplitude is |A| = |—4| = 4. The function is 
stretched. 


Analysis 


The negative value of A results in a reflection across the x-axis of the sine function, as shown in 
[ink]. 


f(x) 
A 


Note: 
Exercise: 


Problem: 

What is the amplitude of the sinusoidal function f(z) = +sin(z)? Is the function stretched 
or compressed vertically? 

Solution: 


1 
+ compressed 


Analyzing Graphs of Variations of y = sin x and y = cos x 


Now that we understand how A and B relate to the general form equation for the sine and cosine 
functions, we will explore the variables C and D. Recall the general form: 
Equation: 


y = Asin(Br — C) + Dandy = Acos(Bxr —C)+ D 
or 
y = Asin(B(« — -$)) + Dandy = Acos(B(a— $))+D 


The value & for a sinusoidal function is called the phase shift, or the horizontal displacement of 
the basic sine or cosine function. If C' > 0, the graph shifts to the right. If C < 0, the graph shifts 
to the left. The greater the value of |C|, the more the graph is shifted. [link] shows that the graph 


of f(x) = sin (a — 7) shifts to the right by 7 units, which is more than we see in the graph of 
f(z) = sin (x — 4), which shifts to the right by $ units. 


y f(x) = sinx 


f(x) = sin(x - ) 


f(x) = sin(x — 7) 


While C relates to the horizontal shift, D indicates the vertical shift from the midline in the 
general formula for a sinusoidal function. See [link]. The function y = cos (a) + D has its 
midline aty = D. 


Midline 


y = Asin(x) + D 


Any value of D other than zero shifts the graph up or down. [link] compares f(z) = sin (x) with 
f(x) = sin (x) + 2, which is shifted 2 units up on a graph. 


e y = sin(x) + 2 


LAS 
(\~ I. 


2 y = sin(x) 


Note: 

Variations of Sine and Cosine Functions 

Given an equation in the form f (x) = Asin (Bx — C) + Dorf (x) = Acos(Bz —C)+D, 
4 is the phase shift and D is the vertical shift. 


Example: 
Exercise: 


Problem: 
Identifying the Phase Shift of a Function 


Determine the direction and magnitude of the phase shift for f(x) = sin (x + 7) — 2. 
Solution: 
Let’s begin by comparing the equation to the general form y = A sin(Bx — C) + D. 


In the given equation, notice that B = 1 andC' = —. So the phase shift is 
Equation: 


Bla 
| 


als Fela 


or a units to the left. 


Analysis 


We must pay attention to the sign in the equation for the general form of a sinusoidal function. 
The equation shows a minus sign before C’. Therefore f(x) = sin (z te ) — 2can be rewritten 


Tv 


as f(x) = sin (x — (—4)) — 2. If the value of C’is negative, the shift is to the left. 


Note: 
Exercise: 


Problem: 


Determine the direction and magnitude of the phase shift for f(z) = 3 cos (a =e i 


Example: 
Exercise: 


Problem: 
Identifying the Vertical Shift of a Function 


Determine the direction and magnitude of the vertical shift for f(z) = cos (x) — 3. 
Solution: 
Let’s begin by comparing the equation to the general form y = A cos(Bza — C) + D. 


In the given equation, D = —3so the shift is 3 units downward. 


Note: 
Exercise: 


Problem: 
Determine the direction and magnitude of the vertical shift for f(z) = 3 sin (x) + 2. 
Solution: 


2 units up 


Note: 
Given a sinusoidal function in the form f (x) = Asin (Bz — C) + D, identify the midline, 
amplitude, period, and phase shift. 


1. Determine the amplitude as |A]. 


2. Determine the period as P = Tae 


3. Determine the phase shift as £. 
4. Determine the midline as y = D. 


Example: 
Exercise: 


Problem: 
Identifying the Variations of a Sinusoidal Function from an Equation 


Determine the midline, amplitude, period, and phase shift of the function 
y = 3sin(2z) +1. 


Solution: 
Let’s begin by comparing the equation to the general form y = A sin(Bx — C) + D. 


A = 3, so the amplitude is |A| = 3. 


Next, B = 2, so the period is P TBI a =F. 


There is no added constant inside the parentheses, soC’ = 0 and the phase shift is 
(CO 
Ty 
Finally, D = 1, so the midline is y = 1. 
Analysis 


Inspecting the graph, we can determine that the period is 7, the midline is y = 1, and the 
amplitude is 3. See [Link]. 


y 
4 : 
Amplitude: |A| = 3 
3 
2 
1 Midline: y = 1 
(@) 4 ~X 
a 
| 2 7 
“2 
——_—_—_—_——+ Period = 7 


Note: 
Exercise: 


Problem: 


Determine the midline, amplitude, period, and phase shift of the function 
el a 
y = z00s ($ — F). 


Solution: 


midline: y = 0; amplitude: |A| = $3 period: P = ai = 67; phase shift: & =i 


Example: 
Exercise: 


Problem: 
Identifying the Equation for a Sinusoidal Function from a Graph 


Determine the formula for the cosine function in [link]. 


g(x) 


Solution: 


To determine the equation, we need to identify each value in the general form of a 
sinusoidal function. 
Equation: 


y = Asin(Br —C)+ D 
y = Acos(Bx —C)+D 


The graph could represent either a sine or a cosine function that is shifted and/or reflected. 
When « = 0, the graph has an extreme point, (0,0). Since the cosine function has an 
extreme point for z = 0, let us write our equation in terms of a cosine function. 


Let’s start with the midline. We can see that the graph rises and falls an equal distance above 
and below y = 0.5. This value, which is the midline, is D in the equation, so D = 0.5. 


The greatest distance above and below the midline is the amplitude. The maxima are 0.5 
units above the midline and the minima are 0.5 units below the midline. So |A| = 0.5. 
Another way we could have determined the amplitude is by recognizing that the difference 


between the height of local maxima and minima is 1, so |A| = + = 0.5. Also, the graph is 
reflected about the x-axis so that A = —0.5. 


The graph is not horizontally stretched or compressed, so B = 1; and the graph is not 
shifted horizontally, soC’ = 0. 


Putting this all together, 
Equation: 


g(x) = —0.5cos (x) + 0.5 


Note: 
Exercise: 


Problem: Determine the formula for the sine function in [link]. 
f(x) 


Solution: 


f (x) = sin(x) + 2 


Example: 
Exercise: 


Problem: 
Identifying the Equation for a Sinusoidal Function from a Graph 


Determine the equation for the sinusoidal function in [Link]. 


Pm wth ODN & 


Solution: 


With the highest value at 1 and the lowest value at —5, the midline will be halfway between 
at —2.S0 D = —2. 


The distance from the midline to the highest or lowest value gives an amplitude of |A| = 3. 


The period of the graph is 6, which can be measured from the peak at z = 1 to the next peak 


at x = 7,or from the distance between the lowest points. Therefore, P = TAP = 6. Using the 
positive value for B,we find that 
Equation: 
an Pape T 
1 
Wed 6 3 


So far, our equation is either y = 3 sin (4a - C) — 2ory = 3cos (Za — C) — 2. For the 
shape and shift, we have more than one option. We could write this as any one of the 


following: 


e acosine shifted to the right 
¢ anegative cosine shifted to the left 


e asine shifted to the left 
¢ anegative sine shifted to the right 


While any of these would be correct, the cosine shifts are easier to work with than the sine 


shifts in this case because they involve integer values. So our function becomes 
Equation: 


Again, these functions are equivalent, so both yield the same graph. 


Note: 
Exercise: 


Problem: Write a formula for the function graphed in [link]. 
y¥ 


ay 
Oo 
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x 
123 45 6 7 8 9 10 11 12 18 14 15 16 


Solution: 


two possibilities: y = 4sin (¢2 — 2) + 4ory = —4sin (Za + 4) +4 


Graphing Variations of y = sin x and y = cos x 


Throughout this section, we have learned about types of variations of sine and cosine functions 
and used that information to write equations from graphs. Now we can use the same information 
to create graphs from equations. 


Instead of focusing on the general form equations 
Equation: 


y = Asin(Bzr — C) + Dandy = Acos(Bzr — C)+ D, 


we will let C' = 0 and D = Oand work with a simplified form of the equations in the following 
examples. 


Note: 
Given the function y = Asin (Bz), sketch its graph. 


1. Identify the amplitude, | A]. 


2. Identify the period, P = Ta 


3. Start at the origin, with the function increasing to the right if A is positive or decreasing if A 
is negative. 


4, Ate = zB there is a local maximum for A > 0 ora minimum for A < 0, withy = A. 
5. The curve returns to the x-axis atz = By" 
6. There is a local minimum for A > 0 (maximum for A < 0) atz = Ae) with y =— A. 
7. The curve returns again to the x-axis atz = Ta 
Example: 
Exercise: 
Problem: 
Graphing a Function and Identifying the Amplitude and Period 
Sketch a graph of f (x) = —2sin (2). 
Solution: 
Let’s begin by comparing the equation to the formy = Asin(Bz). 
e Step 1. We can see from the equation that A = —2,so the amplitude is 2. 


Equation: 
|A| = 2 


¢ Step 2. The equation shows that B = +, so the period is 


Equation: 


e Step 3. Because A is negative, the graph descends as we move to the right of the origin. 
e Step 4—7. The x-intercepts are at the beginning of one period, x = 0, the horizontal 
midpoints are at x = 2 and at the end of one period at z = 4. 


The quarter points include the minimum at z = 1 and the maximum at z = 3. A local 
minimum will occur 2 units below the midline, atx = 1, and a local maximum will occur at 
2 units above the midline, atx = 3. [link] shows the graph of the function. 

y 


y=f(x) = -2sin($) 


Note: 
Exercise: 


Problem: 


Sketch a graph of g (x) = —0.8 cos (2). Determine the midline, amplitude, period, and 
phase shift. 


Solution: 


midline: y = 0; amplitude: |A| = 0.8; period: P = a = 7; phase shift: £ = 0 ornone 


Note: 
Given a sinusoidal function with a phase shift and a vertical shift, sketch its graph. 


1. Express the function in the general form 
y = Asin(Bz — C) + Dory = Acos(Bz — C) + D. 
2. Identify the amplitude, | A]. 
3. Identify the period, P = Tae 
4. Identify the phase shift, £. 
5. Draw the graph of f (z) = Asin (Bz) shifted to the right or left by £ and up or down by 
D. 


Example: 
Exercise: 


Problem: 
Graphing a Transformed Sinusoid 


Sketch a graph of f (x) = 3sin (Za — ). 


Solution: 


* Step 1. The function is already written in general form: f(z) = 3sin (Fa — 7).This 
graph will have the shape of a sine function, starting at the midline and increasing to 
the right. 

e Step 2. |A| = |3| = 3. The amplitude is 3. 


* Step 3. Since |B| = || = 4, we determine the period as follows. 


Equation: 
2 2 4 
le ells = 
IB) 7 ™ 
The period is 8. 
¢ Step 4. Since C = 7, the phase shift is 
Equation: 
Cc £ 
==] 
Bo7 


The phase shift is 1 unit. 
e Step 5. [link] shows the graph of the function. 


A horizontally compressed, vertically stretched, and 
horizontally shifted sinusoid 


Note: 
Exercise: 


Problem: 


Draw a graph of g(x) = —2cos (4a + 7). Determine the midline, amplitude, period, and 
phase shift. 


Solution: 


midline: y = 0; amplitude: |A| = 2; period: P = iy = 6; phase shift: = = ot 


Example: 
Exercise: 


Problem: 
Identifying the Properties of a Sinusoidal Function 


Given y = —2cos ($2 + T) + 3, determine the amplitude, period, phase shift, and 
horizontal shift. Then graph the function. 


Solution: 


Begin by comparing the equation to the general form and use the steps outlined in [link]. 
Equation: 


y = Acos(Br —C)+D 


Step 1. The function is already written in general form. 
° Step 2. Since A = —2, the amplitude is |A| = 2. 


¢ Step 3. |B| = 4, so the period is P = 2m — On. 2 = 4. The period is 4. 
2 
e Step 4. C = —7,so we calculate the phase shift as - =Sf=-7- 2 = —2.The 
2 


phase shift is — 2. 
e Step 5. D = 3,so the midline is y = 3 , and the vertical shift is up 3. 


Since A is negative, the graph of the cosine function has been reflected about the x-axis. 


[link] shows one cycle of the graph of the function. 


Amplitude = 2 


--=-34--\-----f--1--\-----f-----1-. Midline 
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————> Period = 4 
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Using Transformations of Sine and Cosine Functions 


We can use the transformations of sine and cosine functions in numerous applications. As 
mentioned at the beginning of the chapter, circular motion can be modeled using either the sine or 
cosine function. 


Example: 
Exercise: 


Problem: 
Finding the Vertical Component of Circular Motion 


A point rotates around a circle of radius 3 centered at the origin. Sketch a graph of the y- 
coordinate of the point as a function of the angle of rotation. 


Solution: 


Recall that, for a point on a circle of radius r, the y-coordinate of the point is y = r sin(z), 
so in this case, we get the equation y(z) = 3 sin(x). The constant 3 causes a vertical 


stretch of the y-values of the function by a factor of 3, which we can see in the graph in 
[ink]. 


Analysis 


Notice that the period of the function is still 277; as we travel around the circle, we return to the 
point (3,0) for” = 27, 47, 67, ...Because the outputs of the graph will now oscillate between 
—3and 3, the amplitude of the sine wave is 3. 


Note: 
Exercise: 


Problem: 
What is the amplitude of the function f(z) = 7 cos(x)? Sketch a graph of this function. 
Solution: 


7 


f(x) 


Example: 
Exercise: 


Problem: 
Finding the Vertical Component of Circular Motion 


A circle with radius 3 ft is mounted with its center 4 ft off the ground. The point closest to 
the ground is labeled P, as shown in [link]. Sketch a graph of the height above the ground of 
the point P as the circle is rotated; then find a function that gives the height in terms of the 
angle of rotation. 


Solution: 


Sketching the height, we note that it will start 1 ft above the ground, then increase up to 7 ft 
above the ground, and continue to oscillate 3 ft above and below the center value of 4 ft, as 
shown in [link]. 

h(x) 


7 3ar Sar 77 
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Although we could use a transformation of either the sine or cosine function, we start by 
looking for characteristics that would make one function easier to use than the other. Let’s 
use a cosine function because it starts at the highest or lowest value, while a sine function 
starts at the middle value. A standard cosine starts at the highest value, and this graph starts 
at the lowest value, so we need to incorporate a vertical reflection. 


Second, we see that the graph oscillates 3 above and below the center, while a basic cosine 
has an amplitude of 1, so this graph has been vertically stretched by 3, as in the last 
example. 


Finally, to move the center of the circle up to a height of 4, the graph has been vertically 
shifted up by 4. Putting these transformations together, we find that 
Equation: 


y = —3cos(x) +4 


Note: 
Exercise: 


Problem: 


A weight is attached to a spring that is then hung from a board, as shown in [link]. As the 
spring oscillates up and down, the position y of the weight relative to the board ranges from 
—1 in. (at time x = 0) to—7 in. (at time z = 77) below the board. Assume the position of yis 
given as a sinusoidal function of x. Sketch a graph of the function, and then find a cosine 
function that gives the position y in terms of z. 


Solution: 


y = 3cos(z) —4 


ge 8 3n If Ag 
2 2 


Example: 
Exercise: 


Problem: 
Determining a Rider’s Height on a Ferris Wheel 


The London Eye is a huge Ferris wheel with a diameter of 135 meters (443 feet). It 
completes one rotation every 30 minutes. Riders board from a platform 2 meters above the 
ground. Express a rider’s height above ground as a function of time in minutes. 


Solution: 


With a diameter of 135 m, the wheel has a radius of 67.5 m. The height will oscillate with 
amplitude 67.5 m above and below the center. 


Passengers board 2 m above ground level, so the center of the wheel must be located 
67.5 + 2 = 69.5 m above ground level. The midline of the oscillation will be at 69.5 m. 


The wheel takes 30 minutes to complete 1 revolution, so the height will oscillate with a 
period of 30 minutes. 


Lastly, because the rider boards at the lowest point, the height will start at the smallest value 
and increase, following the shape of a vertically reflected cosine curve. 


e Amplitude: 67.5,so A = 67.5 
e Midline: 69.5,so D = 69.5 

Sevalo — Mie i 
¢ Period: 30,soB = 35 = qe 
e Shape: —cos (t) 


An equation for the rider’s height would be 
Equation: 


y = —67.5 cos ( a 


=) + 69.5 


where ¢ is in minutes and y is measured in meters. 


Note: 
Access these online resources for additional instruction and practice with graphs of sine and 
cosine functions. 


Amplitude and Period of Sine and Cosine 
Translations of Sine and Cosine 

Graphing Sine and Cosine Transformations 
Graphing the Sine Function 


Key Equations 


f(x) = Asin(Br —C)+D 


ti eased 
Sinusoidal functions f (2) = Acos(Bz —C)+D 


Key Concepts 


e Periodic functions repeat after a given value. The smallest such value is the period. The basic 
sine and cosine functions have a period of 27. 

e The function sin z is odd, so its graph is symmetric about the origin. The function cos z is 
even, so its graph is symmetric about the y-axis. 

e The graph of a sinusoidal function has the same general shape as a sine or cosine function. 

e In the general formula for a sinusoidal function, the period is P = oe See [link]. 

¢ In the general formula for a sinusoidal function, |A| represents amplitude. If |A| > 1, the 
function is stretched, whereas if |A| < 1, the function is compressed. See [link]. 

e The value - in the general formula for a sinusoidal function indicates the phase shift. See 
[link]. 

e The value D in the general formula for a sinusoidal function indicates the vertical shift from 
the midline. See [link]. 

e Combinations of variations of sinusoidal functions can be detected from an equation. See 
[link]. 

e The equation for a sinusoidal function can be determined from a graph. See [link] and [link]. 

e A function can be graphed by identifying its amplitude and period. See [link] and [link]. 

e A function can also be graphed by identifying its amplitude, period, phase shift, and 
horizontal shift. See [link]. 

e Sinusoidal functions can be used to solve real-world problems. See [Link], [link], and [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: Why are the sine and cosine functions called periodic functions? 
Solution: 
The sine and cosine functions have the property that f (x + P) = f (x) fora certain P. This 
means that the function values repeat for every P units on the x-axis. 
Exercise: 
Problem: 
How does the graph of y = sin x compare with the graph of y = cos 2? Explain how you 
could horizontally translate the graph of y = sin x to obtain y = cos z. 
Exercise: 
Problem: 


For the equation A cos(Bz + C) + D,what constants affect the range of the function and 
how do they affect the range? 


Solution: 


The absolute value of the constant A (amplitude) increases the total range and the constant D 
(vertical shift) shifts the graph vertically. 


Exercise: 


Problem: 


How does the range of a translated sine function relate to the equation 
y=Asin(Bx+C)+D? 


Exercise: 


Problem: How can the unit circle be used to construct the graph of f(t) = sin t? 


Solution: 


At the point where the terminal side of ¢ intersects the unit circle, you can determine that the 
sin ¢t equals the y-coordinate of the point. 


Graphical 


For the following exercises, graph two full periods of each function and state the amplitude, 
period, and midline. State the maximum and minimum y-values and their corresponding x-values 
on one period for z > 0. Round answers to two decimal places if necessary. 

Exercise: 


Problem: f(x) = 2sin x 


Exercise: 


Problem: f(x) = cos x 


Solution: 


f(x) 


amplitude: 2, period: 27; midline: y = 0; maximum: y = $ occurs at z = 0; minimum: 


y= -2 occurs at z = 7; for one period, the graph starts at 0 and ends at 27 


Exercise: 


Problem: f(z) = —3sin x 


Exercise: 


Problem: f(x) = 4sin x 


Solution: 


amplitude: 4; period: 27; midline: y = 0; maximum y = 4 occurs atz = +; minimum: 


y = —4occurs atz = an one full period occurs from z = Otox = 27 


Exercise: 


Problem: f(x) = 2cos x 


Exercise: 


Problem: f (x) = cos (22) 


Solution: 


amplitude: 1; period: 7; midline: y = 0; maximum: y = 1occurs atx = 7; minimum: 
y = —loccurs atx = +; one full period is graphed fromz = Otor = 7 


Exercise: 


Problem: f(x) = 2 sin (42) 


Exercise: 


Problem: f(x) = 4 cos(7z) 


Solution: 


f(t) 


amplitude: 4; period: 2; midline: y= 0; maximum: y = 4 occurs at z = 0; minimum: 
y = —4occurs atz = 1 


Exercise: 


Problem: f(z) = 3 cos (£2) 


Exercise: 


Problem:y = 3 sin(8(z + 4)) +5 


Solution: 


8 
. 
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amplitude: 3; period: 7; midline: y = 5; maximum: y = 8 occurs at z = 0.12; minimum: 
y = 2occurs at x = 0.516; horizontal shift: — 4; vertical translation 5; one period occurs 
from x = 0Otor = F 
Exercise: 


Problem:y = 2 sin(3x — 21) +4 


Exercise: 


Problem:y = 5 sin(5z + 20) — 2 


Solution: 


amplitude: 5; period: ae midline: y= —2; maximum: y = 3occurs at x = 0.08; minimum: 
y = —Toccurs atx = 0.71; phase shift: —4; vertical translation: —2; one full period can be 


_ _ 2a 
graphed onz = Otox = 


For the following exercises, graph one full period of each function, starting at z = 0. For each 
function, state the amplitude, period, and midline. State the maximum and minimum y-values and 
their corresponding x-values on one period for z > 0. State the phase shift and vertical 
translation, if applicable. Round answers to two decimal places if necessary. 

Exercise: 


. = 7 5a 
Problem: f (¢) = 2sin (t = 3) 


Exercise: 


Problem: f(t) = — cos (¢ + 4) +1 


Solution: 


amplitude: 1 ; period: 27; midline: y = 1; maximum: y = 2 occurs at z = 2.09; maximum: 
y = 2occurs até = 2.09; minimum: y = 0 occurs att = 5.24; phase shift: — 3; vertical 
translation: 1; one full period is fromt = Otot = 27 


Exercise: 


Problem: f (t) = 4cos (2 (¢+ )) —3 


Exercise: 


Problem: f (t) = — sin (St a =r) 


Solution: 


amplitude: 1; period: 47; midline: y = 0; maximum: y = 1 occurs até = 11.52; minimum: 


y = —loccurs att = 5.24; phase shift: — 72"; vertical shift: 0 


Exercise: 


Problem: f (x) = 4sin (F(a — 3)) +7 
Exercise: 


Problem: 


Determine the amplitude, midline, period, and an equation involving the sine function for the 
graph shown in [Link]. 


Solution: 
amplitude: 2; midline: y = —3; period: 4; equation: f(z) = 2 sin (2) —3 
Exercise: 


Problem: 


Determine the amplitude, period, midline, and an equation involving cosine for the graph 
shown in [link]. 
f(x) 


Exercise: 


Problem: 


Determine the amplitude, period, midline, and an equation involving cosine for the graph 
shown in [link]. 


f(x) 


-6 -5 -4 -3 -2 -1 O 
= 


Solution: 


amplitude: 2; period: 5; midline: y = 3; equation: f(x) = —2cos (22 2) +3 
Exercise: 

Problem: 

Determine the amplitude, period, midline, and an equation involving sine for the graph 


shown in [link]. 
f(x) 


Exercise: 


Problem: 


Determine the amplitude, period, midline, and an equation involving cosine for the graph 
shown in [link]. 


f(x) 


Solution: 


amplitude: 4; period: 2; midline: y = 0; equation: f(x) = —4 cos (x (x — ¥)) 
Exercise: 


Problem: 


Determine the amplitude, period, midline, and an equation involving sine for the graph 
shown in [Link]. 


f(x) 
2 
= x 
2 
Exercise: 
Problem: 


Determine the amplitude, period, midline, and an equation involving cosine for the graph 
shown in [Link]. 


f(x) 


Solution: 


amplitude: 2; period: 2; midline y = 1; equation: f (x) = 2cos (mz) +1 
Exercise: 
Problem: 
Determine the amplitude, period, midline, and an equation involving sine for the graph 
shown in [link]. 
f(x) 
1 


Algebraic 


For the following exercises, let f(x) = sin x. 
Exercise: 


Problem:On |0, 27 ),solve f (x) = 0. 
Solution: 


0, 


Exercise: 


Problem:On (0, 27" ),solve f (x) = +. 


Exercise: 


Problem:Evaluate f (4). 


Solution: 


sin($) =1 


Exercise: 


Problem:On |0, 27), f(z) = 2, Find all values of z. 

Exercise: 
Problem:On |0, 277 ),the maximum value(s) of the function occur(s) at what x-value(s)? 
Solution: 


aly 
2 


Exercise: 


Problem:On [0, 27: ),the minimum value(s) of the function occur(s) at what x-value(s)? 
Exercise: 
Problem: 


Show that f(—x) = — f(a). This means that f(x) = sin z is an odd function and possesses 
symmetry with respect to 


Solution: 


f(x) = sinz is symmetric 


For the following exercises, let f(x) = cos x. 
Exercise: 


Problem: On [0, 27: ),solve the equation f(z) = cos z = 0. 


Exercise: 


Problem:On (0, 27 ),solve f(x) = }. 


Solution: 


or 


ele ee 
3° 3 
Exercise: 


Problem: On [0, 27 ),find the x-intercepts of f(x) = cos x. 


Exercise: 


Problem: 


On [0, 27 ),find the x-values at which the function has a maximum or minimum value. 


Solution: 
Maximum: 1 at x = 0; minimum: —1 atx =n 


Exercise: 


Problem: On |0, 27 ),solve the equation f(x) = - 


Technology 


Exercise: 
Problem: Graph h(x) = x + sin z on (0, 27]. Explain why the graph appears as it does. 


Solution: 


A linear function is added to a periodic sine function. The graph does not have an amplitude 
because as the linear function increases without bound the combined function 

h(a) = x + sinz will increase without bound as well. The graph is bounded between the 
graphs of y= x + 1 andy = z — 1 because sine oscillates between —1 and 1. 


A(t) 
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Exercise: 


Problem: 


Graph h(x) = x + sin zon [—100, 100]. Did the graph appear as predicted in the previous 
exercise? 


Exercise: 


Problem: 


Graph f(x) = x sin xon (0, 27] and verbalize how the graph varies from the graph of 
j(o) sini. es. 


Solution: 


There is no amplitude because the function is not bounded. 


f(x) 
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Exercise: 
Problem: 


Graph f(x) = sin xon the window [—10, 10] and explain what the graph shows. 


Exercise: 


Problem: Graph f(x) = — on the window [—5z, 52] and explain what the graph shows. 
Solution: 
The graph is symmetric with respect to the y-axis and there is no amplitude because the 


function’s bounds decrease as |x| grows. There appears to be a horizontal asymptote at y = 0 
v=), 


-5n -4nx -3n -2n 


Real-World Applications 


Exercise: 


Problem: 


A Ferris wheel is 25 meters in diameter and boarded from a platform that is 1 meter above 
the ground. The six o’clock position on the Ferris wheel is level with the loading platform. 
The wheel completes 1 full revolution in 10 minutes. The function h (t) gives a person’s 
height in meters above the ground t minutes after the wheel begins to turn. 


a. Find the amplitude, midline, and period of h (t). 
b. Find a formula for the height function h (¢). 
c. How high off the ground is a person after 5 minutes? 


Solution: 


a. Amplitude: 12.5; period: 10; midline: y = 13.5; 
b. A(t) = 12.5 sin (Z(t — 2.5)) + 13.5; 
c.26 it 


Glossary 


amplitude 
the vertical height of a function; the constant A appearing in the definition of a sinusoidal 
function 


midline 
the horizontal line y = D, where D appears in the general form of a sinusoidal function 


periodic function 
a function f (x) that satisfies f (2 + P) = f (x) for a specific constant P and any value of x 


phase shift 
the horizontal displacement of the basic sine or cosine function; the constant 4 


sinusoidal function 
any function that can be expressed in the form f (z) = Asin (Bx — C) + Dor 
f(x) = Acos(Bx —C)+D 


Inverse Trigonometric Functions 
In this section, you will: 


e Understand and use the inverse sine, cosine, and tangent functions. 

e Find the exact value of expressions involving the inverse sine, cosine, and 
tangent functions. 

e Use a calculator to evaluate inverse trigonometric functions. 

e Find exact values of composite functions with inverse trigonometric 
functions. 


For any right triangle, given one other angle and the length of one side, we can 
figure out what the other angles and sides are. But what if we are given only two 
sides of a right triangle? We need a procedure that leads us from a ratio of sides 
to an angle. This is where the notion of an inverse to a trigonometric function 
comes into play. In this section, we will explore the inverse trigonometric 
functions. 


Understanding and Using the Inverse Sine, Cosine, and Tangent 
Functions 


In order to use inverse trigonometric functions, we need to understand that an 
inverse trigonometric function “undoes” what the original trigonometric 
function “does,” as is the case with any other function and its inverse. In other 
words, the domain of the inverse function is the range of the original function, 
and vice versa, as summarized in [link]. 


Trig Functions Inverse Trig Functions 
Domain: Measure of an angle Domain: Ratio 
Range: Ratio Range: Measure of an angle 


For example, if f(z) = sin z, then we would write f ~'(a) = sin-'z. Be 
aware that sin” ‘a does not mean ree The following examples illustrate the 
inverse trigonometric functions: 


¢ Sincesin (7) = 4, then 7 = ce) 
e Since cos (7) = —1, thena = MS 1 
¢ Since tan (F) = 1, then = oe uk? 


). 


In previous sections, we evaluated the trigonometric functions at various angles, 
but at times we need to know what angle would yield a specific sine, cosine, or 
tangent value. For this, we need inverse functions. Recall that, for a one-to-one 
function, if f(a) = b, then an inverse function would satisfy f~1(b) = a. 


Bear in mind that the sine, cosine, and tangent functions are not one-to-one 
functions. The graph of each function would fail the horizontal line test. In fact, 
no periodic function can be one-to-one because each output in its range 
corresponds to at least one input in every period, and there are an infinite 
number of periods. As with other functions that are not one-to-one, we will need 
to restrict the domain of each function to yield a new function that is one-to-one. 
We choose a domain for each function that includes the number 0. [link] shows 
the graph of the sine function limited to [- oe Z| and the graph of the cosine 


function limited to [0, z]. 


N| 


(a) (b) 


(a) Sine function on a restricted domain of [- oe a ; 
(b) Cosine function on a restricted domain of [0, 7] 


[link] shows the graph of the tangent function limited to (—4, 4). 


Tangent function on a restricted domain of (- a =) 


These conventional choices for the restricted domain are somewhat arbitrary, 
but they have important, helpful characteristics. Each domain includes the origin 
and some positive values, and most importantly, each results in a one-to-one 
function that is invertible. The conventional choice for the restricted domain of 
the tangent function also has the useful property that it extends from one vertical 
asymptote to the next instead of being divided into two parts by an asymptote. 


On these restricted domains, we can define the inverse trigonometric functions. 


e The inverse sine function y = sin ‘x means = sin y. The inverse sine 
function is sometimes called the arcsine function, and notated arcsin x. 
Equation: 


y = sin ‘a has domain [—1, 1] and range -<, - 


e The inverse cosine function y = cos~'x means z = cos y. The inverse 


cosine function is sometimes called the arccosine function, and notated 


arccos Zz. 
Equation: 


y = cos ‘x has domain [—1, 1] and range (0, 7] 


e The inverse tangent function y = tan~!z means x = tan y. The inverse 
tangent function is sometimes called the arctangent function, and notated 
arctan 2. 
Equation: 


y = tan +z has domain (—oo, oo) and range (- = =) 


The graphs of the inverse functions are shown in [link], [link], and [link]. Notice 
that the output of each of these inverse functions is a number, an angle in radian 


measure. We see that sin’ ‘a has domain [—1, 1] and range [- ae +] ,cos’ 4x 


has domain [—1,1] and range [0, 7], and tan~ +z has domain of all real numbers 
and range (—%, 2). To find the domain and range of inverse trigonometric 
functions, switch the domain and range of the original functions. Each graph of 
the inverse trigonometric function is a reflection of the graph of the original 
function about the line y = z. 


The sine function and inverse sine (or arcsine) function 


The cosine function and inverse cosine (or arccosine) 
function 


The tangent function and inverse tangent (or 
arctangent) function 


Note: 

Relations for Inverse Sine, Cosine, and Tangent Functions 

For angles in the interval [- = =) , if sin y = 2, thensin ‘x = y. 
For angles in the interval [0,7], if cos y = x, thencos-'x = y. 


9) ) 
? 
For angles in the interval (—5, 4), if tan y = a, thentan ‘a = y. 


Example: 
Exercise: 


Problem: 
Writing a Relation for an Inverse Function 


Given sin (25) ~ 0.96593, write a relation involving the inverse sine. 


Solution: 


Use the relation for the inverse sine. If sin y = a, thensin tz = y. 


In this problem, z = 0.96593, andy = 22. 


Equation: 
5 
sin (0.96593) ~ —— 
ile 
Note: 
Exercise: 
Problem: 


Given cos(0.5) = 0.8776,write a relation involving the inverse cosine. 


Solution: 


arccos(0.8776) ~ 0.5 


Finding the Exact Value of Expressions Involving the Inverse Sine, 
Cosine, and Tangent Functions 


Now that we can identify inverse functions, we will learn to evaluate them. For 
most values in their domains, we must evaluate the inverse trigonometric 
functions by using a calculator, interpolating from a table, or using some other 


numerical technique. Just as we did with the original trigonometric functions, 
we can give exact values for the inverse functions when we are using the special 
angles, specifically ¢ (30°), 7 (45°), and 3 (60°), and their reflections into 
other quadrants. 


Note: 
Given a “special” input value, evaluate an inverse trigonometric function. 


1. Find angle z for which the original trigonometric function has an output 
equal to the given input for the inverse trigonometric function. 

2. If xis not in the defined range of the inverse, find another angle y that is in 
the defined range and has the same sine, cosine, or tangent as z,depending 
on which corresponds to the given inverse function. 


Example: 
Exercise: 
Problem: 
Evaluating Inverse Trigonometric Functions for Special Input Values 


Evaluate each of the following. 


z) 


a. sin! 


( 
b. sin! ( 
c. cos | (- 
( 


detana: (1) 


Solution: 


a. Evaluating sin * (+) is the same as determining the angle that would 


have a sine value of +: In other words, what angle z would satisfy 
sin(x) = +? There are multiple values that would satisfy this 


pecan 2. such as % and on , but we know we need the angle in the 


=, 2], so ae answer will besin' (+) = 2. 


Remember that the inverse is a function, so for each input, we will 
get exactly one output. 


b. To evaluate sin™! (- 2), we know that 22 Zand ~ both have a sine 


value of — = , but neither is in the interval [-3, ae For that, we 


2? 
need the negative angle coterminal with @ :sin-!(— a) = —. 


4 2 4 
c. To evaluate cos”! (-»2) , we are looking for an angle in the 


interval |-4 


interval [0, z] with a cosine value of — ae The angle that satisfies 
-1 (-32 _ bn 
2 ee 
d. Saleen tan! (1), we are looking for an angle in the interval 
(-3 Soo x ) with a tangent value of 1. The correct angle is 


nt 1 


this is cos 


Note: 
Exercise: 


Problem: Evaluate each of the following. 


a. sin +(—1) 


betane 41) 

c. cos-'(—1) 

d. cos (5) 
Solution: 


US 6 . ‘ T 
d. eel =r 9 (a Ue ae 


Using a Calculator to Evaluate Inverse Trigonometric Functions 


To evaluate inverse trigonometric functions that do not involve the special 
angles discussed previously, we will need to use a calculator or other type of 
technology. Most scientific calculators and calculator-emulating applications 
have specific keys or buttons for the inverse sine, cosine, and tangent functions. 
These may be labeled, for example, SIN ~! ARCSIN, or ASIN. 


In the previous chapter, we worked with trigonometry on a right triangle to 
solve for the sides of a triangle given one side and an additional angle. Using the 
inverse trigonometric functions, we can solve for the angles of a right triangle 
given two sides, and we can use a calculator to find the values to several 
decimal places. 


In these examples and exercises, the answers will be interpreted as angles and 
we will use 0 as the independent variable. The value displayed on the calculator 
may be in degrees or radians, so be sure to set the mode appropriate to the 
application. 


Example: 
Exercise: 


Problem: 
Evaluating the Inverse Sine on a Calculator 


Evaluate sin '(0.97) using a calculator. 


Solution: 


Because the output of the inverse function is an angle, the calculator will 
give us a degree value if in degree mode and a radian value if in radian 
mode. Calculators also use the same domain restrictions on the angles as 
we are using. 


In radian mode, sin '(0.97) ~ 1.3252. In degree mode, 
sin '(0.97) = 75.93°. Note that in calculus and beyond we will use 
radians in almost all cases. 


Note: 
Exercise: 


Problem:Evaluate cos‘ (—0.4) using a calculator. 


Solution: 


Westeve8 01M ILS weve) 


Note: 
Given two sides of a right triangle like the one shown in [link], find an 
angle. 


1. If one given side is the hypotenuse of length h and the side of lengtha 
adjacent to the desired angle is given, use the equation 6 = cos! (+). 

2. If one given side is the hypotenuse of length h and the side of length p 
opposite to the desired angle is given, use the equation @ = sin‘ (4). 


3. If the two legs (the sides adjacent to the right angle) are given, then use 
the equation @ = tan"! (2 


Example: 
Exercise: 


Problem: 
Applying the Inverse Cosine to a Right Triangle 


Solve the triangle in [link] for the angle 6. 


Solution: 


Because we know the hypotenuse and the side adjacent to the angle, it 
makes sense for us to use the cosine function. 


Equation: 
ay 
cos 0 = 7 
0 = cos '(3) Apply definition of the inverse. 


6 = 0.7227 or about 41.4096° Evaluate. 


Note: 
Exercise: 


Problem: Solve the triangle in [link] for the angle 0. 
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Solution: 


sin '(0.6) = 36.87° = 0.6435 radians 


Finding Exact Values of Composite Functions with Inverse 
Trigonometric Functions 


There are times when we need to compose a trigonometric function with an 
inverse trigonometric function. In these cases, we can usually find exact values 
for the resulting expressions without resorting to a calculator. Even when the 
input to the composite function is a variable or an expression, we can often find 
an expression for the output. To help sort out different cases, let f(a) and g(x) 
be two different trigonometric functions belonging to the set 

{sin(x), cos(x), tan(a)} and let f~'(y) and g~'(y)be their inverses. 


Evaluating Compositions of the Form f(f ‘(y)) and f ‘(f(x)) 


For any trigonometric function, f ( | Ae (y)) = y for all yin the proper domain 
for the given function. This follows from the definition of the inverse and from 
the fact that the range of f was defined to be identical to the domain of f~1. 
However, we have to be a little more careful with expressions of the form 


f* (f (x). 


Note: 
Compositions of a trigonometric function and its inverse 
Equation: 


sin(sin 42) =xfor -1<2<1 
cos(cos‘z) = xfor —-1<2z<1 


tan(tan ‘z) = «for — co <2 <0 


Equation: 


sin-'(sin z) = zonly for —- $ <a< 


w|3 


cos ‘(cos x) = xonly forO<a2<-a7 
= a 
tan“‘(tan x) = zonly for —-4 <a < 


Note: 

Is it correct that sin ‘(sin x) = x? 

No. This equation is correct if x belongs to the restricted domain [- a a , but 
sine is defined for all real input values, and for x outside the restricted interval, 
the equation is not correct because its inverse always returns a value in 


[- a Z| . The situation is similar for cosine and tangent and their inverses. 


For example, sin ' (sin (27)) = 


Note: 
Given an expression of the form f ‘(f(@)) where 
f(@) =sin 6, cos 6, or tan 0, evaluate. 


1. If 9 is in the restricted domain of f, then f—'(f(6)) = 0. 
2. If not, then find an angle ¢ within the restricted domain of f such that 


f(¢) = f(0). Then f~* (f (9)) = ¢. 


Example: 
Exercise: 


Problem: 
Using Inverse Trigonometric Functions 


Evaluate the following: 


iesina. (sin (=)) 


2. sin~! (sin (47)) 
3 cos-- (cos (= ) 
4. cos! (cos (- 7 


Solution: 


az 
b. ae is NOtAH ao Z|, but sin (47) = sin (7), SO 


sine: (sin (47)) =: 
G a is in [0,7], socos * (cos (=)) = or 


d. —4 is not in [0,7], but cos (—) = cos (4) because cosine is an 


even function. 
e. Z isin [0,7], socos * (cos (—4)) = F. 


Note: 
Exercise: 


Problem:Evaluate tan! (tan a) and tan! (tan ‘coal 


Solution: 


Evaluating Compositions of the Form f '(g(x)) 


Now that we can compose a trigonometric function with its inverse, we can 
explore how to evaluate a composition of a trigonometric function and the 
inverse of another trigonometric function. We will begin with compositions of 
the form f~! (g(a)). For special values of z,we can exactly evaluate the inner 
function and then the outer, inverse function. However, we can find a more 
general approach by considering the relation between the two acute angles of a 


right triangle where one is 8, making the other + — 6.Consider the sine and 
cosine of each angle of the right triangle in [link]. 


Right triangle illustrating the cofunction relationships 


Because cos = & = sin (= — 8), we havesin™' (cos 0) = = — if 
0 < @< 7. If@is not in this domain, then we need to find another angle that 
has the same cosine as # and does belong to the restricted domain; we then 


subtract this angle from + .Similarly, sin 6 = * = cos (F — 0), SO 


cos! (sin 0) = 5 —Oif — > <@< 4. These are just the function- 
cofunction relationships presented in another way. 


Note: 
Given functions of the formsin * (cos x) andcos~! (sin z), evaluate them. 


1. Ifz isin [0,7], thensin' (cos z) = 2 — a. 
2. If x is not in [0, z], then find another angle y in [0, z] such that 
COS y = COS @. 


Equation: 


4. If x is not in |—4, +], then find another angle y in [—, +] such that 
Sin y— sin, 


Equation: 
1 
cos ‘(sin x) = ot 
Example: 
Exercise: 
Problem: 


Evaluating the Composition of an Inverse Sine with a Cosine 


Evaluate sin”! (cos (7)) 


a. by direct evaluation. 
b. by the method described previously. 
Solution: 


a. Here, we can directly evaluate the inside of the composition. 
Equation: 


Now, we can evaluate the inverse function as we did earlier. 
Equation: 


b. We have x = #22 ,y = a esl 


Equation: 


Note: 
Exercise: 


Problem:Evaluate cos! (sin (- ut )) : 
Solution: 


30 
4 


Evaluating Compositions of the Form f(g ‘(x)) 


To evaluate compositions of the form f (i (x)), where f and gare any two of 
the functions sine, cosine, or tangent and z is any input in the domain of g~', we 
have exact formulas, such as sin (cos 'z) = V1 — 2x”. When we need to use 


them, we can derive these formulas by using the trigonometric relations between 
the angles and sides of a right triangle, together with the use of Pythagoras’s 
relation between the lengths of the sides. We can use the Pythagorean identity, 
sin’x + cos2xz = 1, to solve for one when given the other. We can also use the 


inverse trigonometric functions to find compositions involving algebraic 
expressions. 


Example: 
Exercise: 


Problem: 
Evaluating the Composition of a Sine with an Inverse Cosine 


Find an exact value for sin (cos! ical 


Solution: 


Beginning with the inside, we can say there is some angle such that 
CO =cose. (=), which means cos 0 = - and we are looking for sin 0. 
We can use the Pythagorean identity to do this. 


Equation: 
sin?6 + cos?6 = 1 Use our known value for cosine. 
sin’6 + ( sy =~) Solve for sine. 
sin’?@ = 1 — 12 


25 


: a Or 3 
sin) — a= op = te 


Since 8 = cos! =) is in quadrant I, sin @ must be positive, so the 


solution is 3. See [link]. 


Z,\ | 
4 


: : : : : _ 4 
Right triangle illustrating that if cos 6 = =, then 


‘ es 
sing — : 


We know that the inverse cosine always gives an angle on the interval 
[0, z], so we know that the sine of that angle must be positive; therefore 
sin (cos-1(2)) = sin 6 = 3 


Note: 
Exercise: 


Problem:Evaluate cos (tan-! =) 


Solution: 


iD 
13 


Example: 
Exercise: 


Problem: 
Evaluating the Composition of a Sine with an Inverse Tangent 


Find an exact value for sin (tan™' (+)). 


Solution: 


While we could use a similar technique as in [link], we will demonstrate a 
different technique here. From the inside, we know there is an angle such 
that tan 0 = _ We can envision this as the opposite and adjacent sides 
on a right triangle, as shown in [link]. 


a 
7 


A right triangle with two sides known 


Using the Pythagorean Theorem, we can find the hypotenuse of this 
triangle. 


Equation: 


4? 4+ 72 = hypotenuse” 
hypotenuse = 65 


the hypotenuse. 


Now, we can evaluate the sine of the angle as the opposite side divided by 
Equation: 


sin 0 = ae 
/65 


This gives us our desired composition. 
Equation: 


sin (tan! (+)) = sin 0 


| 
Is 


Note: 
Exercise: 


Problem:Evaluate cos (sin! ca 


Solution: 


4/2 
9 


Example: 
Exercise: 


Problem: 
Finding the Cosine of the Inverse Sine of an Algebraic Expression 


Find a simplified expression for cos (sin! (4)) GIR RS PS 


Solution: 

We know there is an angle @ such that sin 0 = 3. 

Equation: 

sin’0 + cos?6 = 1 Use the Pythagorean Theorem. 
(ey + cos’ = 1 Solve for cosine. 


2, 
cos?@é = 1— = 


9 
ey) a. 
cos@ = + af = 4 oe 


Because we know that the inverse sine must give an angle on the interval 
=| , we can deduce that the cosine of that angle must be positive. 
Equation: 


= we 
Oe, 


cos (sin ( 


wl] s 


Note: 
Exercise: 


Problem: 
Find a simplified expression for sin (tan~' (4a)) for — ¢<a< i. 


Solution: 


Ar 
V/1622+1 


Note: 
Access this online resource for additional instruction and practice with inverse 


trigonometric functions. 


e Evaluate Expressions Involving Inverse Trigonometric Functions 


Visit this website for additional practice questions from Learningpod. 


Key Concepts 


e An inverse function is one that “undoes” another function. The domain of 
an inverse function is the range of the original function and the range of an 
inverse function is the domain of the original function. 

e Because the trigonometric functions are not one-to-one on their natural 
domains, inverse trigonometric functions are defined for restricted 
domains. 


e For any trigonometric function f(x), if = f-'(y), then f(x) = y. 
However, f(a) = yonly implies x = f~'(y) if a is in the restricted domain 
of f. See [link]. 

e Special angles are the outputs of inverse trigonometric functions for special 
input values; for example, | = tan-1(1) and 3 = sin”! (3) See [link]. 

e A calculator will return an angle within the restricted domain of the 
original trigonometric function. See [link]. 

e Inverse functions allow us to find an angle when given two sides of a right 
triangle. See [link]. 

¢ In function composition, if the inside function is an inverse trigonometric 
function, then there are exact expressions; for example, 

sin (cos! (x)) — V1 — x”. See [link]. 

e If the inside function is a trigonometric function, then the only possible 

combinations are sin™! (cos x) = 4 —awif0 < xa < wand 


D 
cos‘ (sin z) = 7 — aif — 3 <a < &. See [link] and [link]. 

e When evaluating the composition of a trigonometric function with an 
inverse trigonometric function, draw a reference triangle to assist in 
determining the ratio of sides that represents the output of the 
trigonometric function. See [link]. 

e When evaluating the composition of a trigonometric function with an 
inverse trigonometric function, you may use trig identities to assist in 
determining the ratio of sides. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: 


Why do the functions f(a) = sin~‘x and g(x) = cos ‘zx have different 
ranges? 


Solution: 


The function y = sin z is one-to-one on [- = + ; thus, this interval is the 
range of the inverse function of y = sin x, f(x) = sin~‘x. The function 


y = cos z is one-to-one on [0,7]; thus, this interval is the range of the 


inverse function of y = cos x, f(x) = cosa. 


Exercise: 
Problem: 


1 


Since the functions y = cos x andy = cos “a are inverse functions, why 


iscos + (cos (-2)) not equal to — ¢? 


Exercise: 


Problem: Explain the meaning of ¢ = arcsin (0.5). 


Solution: 


a 


6 


a 


is the radian measure of an angle between — > 


and 5 whose sine is 0.5. 


Exercise: 


Problem: 


Most calculators do not have a key to evaluate sec! (2). Explain how this 
can be done using the cosine function or the inverse cosine function. 


Exercise: 


Problem: 


Why must the domain of the sine function, sin z, be restricted to 


[- oe Z| for the inverse sine function to exist? 


Solution: 


In order for any function to have an inverse, the function must be one-to- 
one and must pass the horizontal line test. The regular sine function is not 
one-to-one unless its domain is restricted in some way. Mathematicians 

us us 


have agreed to restrict the sine function to the interval [- oe z| so that it 


is one-to-one and possesses an inverse. 


Exercise: 


Problem: 


Discuss why this statement is incorrect: arccos (cos x) = 2 for all x. 
Exercise: 
Problem: 


Determine whether the following statement is true or false and explain 
your answer: arccos (—x) = 7m — arccos &. 


Solution: 


True . The angle, #; that equals arccos(—x) , x > 0, will be a second 
quadrant angle with reference angle, 02, where 62 equals arccosz,xz > 0. 
Since 03 is the reference angle for 6;,02 = m — 6, and arccos(—2) = 

Ww — arccos x- 


Algebraic 


For the following exercises, evaluate the expressions. 
Exercise: 


i) 


Problem: sin! (2) 


Exercise: 
Problem: sin! (- oT ) 


Solution: 


Tv 


6 
Exercise: 


Problem: cos ! (4) 


Exercise: 


Problem: 


Solution: 


30 
4 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


oo] 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


wl 


Exercise: 


Problem: 


tan. (1) 


tan! (—v3) 


tan~!(—1) 


tan! (v3) 


(4) 


For the following exercises, use a calculator to evaluate each expression. 
Express answers to the nearest hundredth. 


Exercise: 


Problem: cos ! (—0.4) 


Solution: 
1.98 


Exercise: 


Problem: arcsin (0.23) 


Exercise: 


Problem: arccos (2) 


Solution: 


0.93 


Exercise: 


Problem: cos * (0.8) 


Exercise: 


Problem: tan! (6) 


Solution: 


1.41 


For the following exercises, find the angle 8 in the given right triangle. Round 
answers to the nearest hundredth. 
Exercise: 


Problem: 


7 
Z\ a 
Exercise: 
Problem: 
12 
Z\ a 
19 

Solution: 


0.56 radians 


For the following exercises, find the exact value, if possible, without a 
calculator. If it is not possible, explain why. 
Exercise: 


Problem: sin‘ (cos (7)) 


Exercise: 


Problem: tan‘ (sin (7)) 


Solution: 


0 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


0.71 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-0.71 


Exercise: 


Problem: si 


Exercise: 


Problem: 


Solution: 


Tv 


4 
Exercise: 


Problem: 


cos ' (sin (+)) 


tan! (sin ( 


wl] 


)) 


sin! (cos (= )) 


tan (sin ( 


oo | 


)) 


cos (sin -* (=)) 


Exercise: 


Problem 


: sin (cos! (+)) 


Solution: 


0.8 


Exercise: 


Problem 


Exercise: 


Problem: 


: sin (tan! (4)) 


Solution: 


ee 
13 


Exercise: 


Problem 


: cos (sin! (+)) 


For the following exercises, find the exact value of the expression in terms of x 
with the help of a reference triangle. 


Exercise: 


Problem 


: tan (sin! (a — 1)) 


Solution: 


xz—1 
V/—22+422 


Exercise: 


Problem 


: sin (cos”' (1 — 2)) 


Exercise: 
Problem: cos (sin™! (+)) 
Solution: 


Pai 


x 


Exercise: 


Problem: cos (tan ' (3x — 1)) 
Exercise: 
Problem: tan (sin! (x + +)) 


Solution: 


x+0.5 


4/ —x*—-2+4 


Extensions 


For the following exercises, evaluate the expression without using a calculator. 
Give the exact value. 


Exercise: 
sin“"(})—cos! (4?) +sin'( 2) —cos-1(1) 
cos! (22) —sin~ aa +cos-!(+)—sin™ (0) 


x 


For the following exercises, find the function if sin ¢ = =. 


Exercise: 


Problem: cos ¢ 


Solution: 


J/22+1 
z+1 


Exercise: 


Problem: sec t 


Exercise: 


Problem: cot ¢ 


Solution: 


J/2z2+1 
xv 


Exercise: 


Problem: cos (sin ' (=;)) 


Exercise: 


Problem: tan ( z ) 


V2r+1 
Solution: 
t 
Graphical 
Exercise: 
Problem: 


Graph y = sin +z and state the domain and range of the function. 


Exercise: 


Problem: 
Graph y = arccos z and state the domain and range of the function. 


Solution: 


¥ 


domain |—1, 1]; range [0, z] 
Exercise: 
Problem: 
Graph one cycle of y = tan’ +z and state the domain and range of the 
function. 
Exercise: 
Problem: 


For what value of z does sin « = sin ‘x? Use a graphing calculator to 
approximate the answer. 


Solution: 


approximately x = 0.00 
Exercise: 
Problem: 


For what value of z does cos x = cos~!x? Use a graphing calculator to 
approximate the answer. 


Real-World Applications 


Exercise: 
Problem: 
Suppose a 13-foot ladder is leaning against a building, reaching to the 


bottom of a second-floor window 12 feet above the ground. What angle, in 
radians, does the ladder make with the building? 


Solution: 


0.395 radians 
Exercise: 
Problem: 
Suppose you drive 0.6 miles on a road so that the vertical distance changes 
from 0 to 150 feet. What is the angle of elevation of the road? 
Exercise: 
Problem: 
An isosceles triangle has two congruent sides of length 9 inches. The 


remaining side has a length of 8 inches. Find the angle that a side of 9 
inches makes with the 8-inch side. 


Solution: 


1.11 radians 
Exercise: 
Problem: 
Without using a calculator, approximate the value of arctan (10,000). 
Explain why your answer is reasonable. 


Exercise: 


Problem: 


A truss for the roof of a house is constructed from two identical right 
triangles. Each has a base of 12 feet and height of 4 feet. Find the measure 
of the acute angle adjacent to the 4-foot side. 


Solution: 


1.25 radians 
Exercise: 


Problem: 


The line y = 2a passes through the origin in the x,y-plane. What is the 
measure of the angle that the line makes with the positive x-axis? 


Exercise: 


Problem: 


The line y = 3 x passes through the origin in the x,y-plane. What is the 
measure of the angle that the line makes with the negative x-axis? 


Solution: 


0.405 radians 

Exercise: 
Problem: 
What percentage grade should a road have if the angle of elevation of the 
road is 4 degrees? (The percentage grade is defined as the change in the 
altitude of the road over a 100-foot horizontal distance. For example a 5% 


grade means that the road rises 5 feet for every 100 feet of horizontal 
distance.) 


Exercise: 


Problem: 


A 20-foot ladder leans up against the side of a building so that the foot of 
the ladder is 10 feet from the base of the building. If specifications call for 
the ladder's angle of elevation to be between 35 and 45 degrees, does the 
placement of this ladder satisfy safety specifications? 


Solution: 


No. The angle the ladder makes with the horizontal is 60 degrees. 
Exercise: 

Problem: 

Suppose a 15-foot ladder leans against the side of a house so that the angle 


of elevation of the ladder is 42 degrees. How far is the foot of the ladder 
from the side of the house? 


Chapter Review Exercises 


Graphs of the Sine and Cosine Functions 
For the following exercises, graph the functions for two periods and determine 


the amplitude or stretching factor, period, midline equation, and asymptotes. 
Exercise: 


Problem: f (x) = —3cos x +3 


Solution: 


amplitude: 3; period: 277; midline: y = 3; no asymptotes 


(x) 


-27_3% -q7 _@ 
2 


Exercise: 


Problem: f (x) = }sin x 


Exercise: 


Problem: f (x) = 3cos (x + =) 
Solution: 
amplitude: 3; period: 27; midline: y = 0; no asymptotes 


f(x) 


Exercise: 


Problem: f (x) = —2sin (a — 2) 


Exercise: 
Problem: f (xz) = 3sin (a — 7) —4 


Solution: 


amplitude: 3; period: 277; midline: y= —4; no asymptotes 


f(x) 


Exercise: 


Problem: f (x) = 2 (cos (x — ) + 1) 


Exercise: 


Problem: f (x) = 6sin (32 — 2) — 1 


Solution: 


amplitude: 6; period: ar midline: y = —1; no asymptotes 


aw 20 wl 4a Sa Qn 


Exercise: 


Problem: f (x) = —100sin (502 — 20) 


Graphs of the Other Trigonometric Functions 
For the following exercises, graph the functions for two periods and determine 


the amplitude or stretching factor, period, midline equation, and asymptotes. 
Exercise: 


Problem: f (x) = tan x — 4 


Solution: 


stretching factor: none; period: 7; midline: y= —4; asymptotes: 
az = 5 +7k,where k is an integer 


ee ly he sees 2 = = = 
ee ee el fee “<<< = = 


Exercise: 


Problem: f (x) = 2 tan (a — =) 


Exercise: 


Problem: f (x) = —3tan (4x) — 2 


Solution: 


stretching factor: 3; period: 7; midline: y= —2; asymptotes: 


z= % + 7k,where k is an integer 


(x) 


io) 
= 


oor ont ON I 


Exercise: 


0.2 cos (0.1x) + 0.3 


Problem: f (x) 


For the following exercises, graph two full periods. Identify the period, the 
phase shift, the amplitude, and asymptotes. 


Exercise: 


Problem: f (x) = sec x 


Solution: 


amplitude: none; period:27;no phase shift; asymptotes: « = +k,where k is 
an odd integer 


f(x) 


Exercise: 


Problem: f (x) = 3cot x 


Exercise: 


Problem: f (x) = 4 csc (52) 
Solution: 


amplitude: none; period: or no phase shift; asymptotes: 2 = = k,where 
k is an integer 


¥ 
; 


Exercise: 


Problem: f (x) = 8 sec ($2) 
Exercise: 

Problem: f (x) = +csc ($2) 

Solution: 


amplitude: none; period: 47; no phase shift; asymptotes: « = 27k,where 
k is an integer 


F(x) 


RPh WwW - 


Exercise: 
Problem: f (x) = — csc (2x + 7) 


For the following exercises, use this scenario: The population of a city has risen 
and fallen over a 20-year interval. Its population may be modeled by the 
following function: y = 12,000 + 8,000 sin(0.628a ), where the domain is the 
years since 1980 and the range is the population of the city. 

Exercise: 


Problem: What is the largest and smallest population the city may have? 


Solution: 


largest: 20,000; smallest: 4,000 


Exercise: 


Problem: Graph the function on the domain of [0, 40}. 


Exercise: 


Problem: What are the amplitude, period, and phase shift for the function? 
Solution: 


amplitude: 8,000; period: 10; phase shift: 0 
Exercise: 


Problem: 


Over this domain, when does the population reach 18,000? 13,000? 


Exercise: 


Problem: What is the predicted population in 2007? 2010? 
Solution: 


In 2007, the predicted population is 4,413. In 2010, the population will be 
11,924, 


For the following exercises, suppose a weight is attached to a spring and bobs 
up and down, exhibiting symmetry. 
Exercise: 


Problem: 


Suppose the graph of the displacement function is shown in [link], where 
the values on the x-axis represent the time in seconds and the y-axis 
represents the displacement in inches. Give the equation that models the 
vertical displacement of the weight on the spring. 


x 
1. 2 8 9 10 


Exercise: 


Problem: At time = 0, what is the displacement of the weight? 
Solution: 


5 in. 
Exercise: 


Problem: 


At what time does the displacement from the equilibrium point equal zero? 
Exercise: 


Problem: 


What is the time required for the weight to return to its initial height of 5 
inches? In other words, what is the period for the displacement function? 


Solution: 


10 seconds 


Inverse Trigonometric Functions 


For the following exercises, find the exact value without the aid of a calculator. 
Exercise: 
Problem: sin‘ (1) 


Exercise: 
Problem: cos ! (2) 


Solution: 


Tv 


6 
Exercise: 


Problem: tan‘ (—1) 


Exercise: 


Problem: cos! (=) 


Solution: 


TT 


4 


Exercise: 
Problem: sin ( =e ) 
Exercise: 


Problem: sin™! (cos (4)) 


Solution: 


ChE) 


Exercise: 


Problem: cos ! (tan (37)) 


Exercise: 


Problem: sin (sec (2)) 


Solution: 
No solution 
Exercise: 
Problem: cot (sin~! (2)) 


Exercise: 


Problem: tan (cos! (3)) 


Solution: 


12) 
5 


Exercise: 
Problem: sin (cos! (=*;)) 


Exercise: 


Problem: 


Graph f (x) = cos x and f (a) = sec x on the interval [0, 27) and explain 
any observations. 


Solution: 


The graphs are not symmetrical with respect to the line y = x. They are 
symmetrical with respect to the y-axis. 


CR ettien 2 
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=e ee ee ee ee of 


Exercise: 


Problem: 


Graph f(z) = sin a and f (x) = csc az and explain any observations. 
Exercise: 


Problem: 


Graph the functionf («) = = — — — _ — on the interval [—1, 1] and 


compare the graph to the graph of f (x) = sin x on the same interval. 
Describe any observations. 


Solution: 


The graphs appear to be identical. 


Chapter Practice Test 


For the following exercises, sketch the graph of each function for two full 
periods. Determine the amplitude, the period, and the equation for the midline. 
Exercise: 


Problem: f (x) = 0.5sin x 


Solution: 


amplitude: 0.5; period: 277; midline y = 0 


Exercise: 


Problem: f (x) = 5cos x 


Exercise: 


Problem: f (x) = 5sin x 


Solution: 


amplitude: 5; period: 277; midline: y = 0 


Exercise: 


Problem: f (x) = sin (3z) 


Exercise: 
Problem: f(z) = —cos(x+ $)+1 


Solution: 


amplitude: 1; period: 27; midline: y = 1 


2 

1.5 

1 

0.5 

Sar 4 2 2 4a 5 7 
_la-9, 50 Av 27 tT Q @ 2a gq An So 
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Exercise: 


Problem: f (z) = 5sin (3 (2 — 7)) +4 
Exercise: 


Problem: f (x) = 3cos ($2 = =) 


Solution: 


amplitude: 3; period: 67; midline: y = 0 


Exercise: 


Problem: f (x) = tan (47) 


Exercise: 


Problem: f (x) = —2tan (a — 4) + 2 


Solution: 


amplitude: none; period: 77; midline: y = 0,asymptotes: z = on + wk, 
where & is an integer 


f(x) 


Exercise: 


Problem: f (x) = 7 cos (32 + 7) 


Exercise: 


Problem: f (x) = 5csc (3z) 


Solution: 


amplitude: none; period: ar midline: y = 0, asymptotes: x = 7k, where 


k is an integer 


f(x) 


=a == GR 


Exercise: 


Problem: f (x) = msec (42) 


Exercise: 
Problem: f (x) = 2csc (x +4) —3 


Solution: 


amplitude: none; period: 27; midline: y = —3 


f(x) 


For the following exercises, determine the amplitude, period, and midline of the 
graph, and then find a formula for the function. 
Exercise: 


Problem: Give in terms of a sine function. 


Exercise: 


Problem: Give in terms of a sine function. 


y 


Solution: 


amplitude: 2; period: 2; midline: y = 0;f (x) = 2 sin (a (a — 1)) 


Exercise: 


Problem: Give in terms of a tangent function. 


10 


For the following exercises, find the amplitude, period, phase shift, and midline. 


Exercise: 


t+n)—3 


a 
6 


Problem: y = sin ( 


Solution: 


amplitude: 1; period: 12; phase shift: —6; midline y = —3 


Exercise: 

Problem: y = 8 sin (2 + =) +6 
Exercise: 

Problem: 


The outside temperature over the course of a day can be modeled as a 
sinusoidal function. Suppose you know the temperature is 68°F at midnight 
and the high and low temperatures during the day are 80°F and 56°F, 
respectively. Assuming t is the number of hours since midnight, find a 
function for the temperature, D, in terms of t. 


Solution: 
D (t) = 68 — 12sin (42) 
Exercise: 


Problem: 


Water is pumped into a storage bin and empties according to a periodic 
rate. The depth of the water is 3 feet at its lowest at 2:00 a.m. and 71 feet at 
its highest, which occurs every 5 hours. Write a cosine function that models 
the depth of the water as a function of time, and then graph the function for 
one period. 


For the following exercises, find the period and horizontal shift of each 
function. 
Exercise: 


Problem: g(x) = 3 tan (6x + 42) 


Solution: 


period: —; horizontal shift: —7 


Exercise: 


: — B) 20 
Problem: n (x) = 4csc (2a — 227) 
Exercise: 
Problem: 


Write the equation for the graph in [link] in terms of the secant function 
and give the period and phase shift. 


x 
1 15 2 


1-015 9 o 
1-1 


wo Nn 


rN 


oh 


Solution: 


f (x) = sec (x); period: 2; phase shift: 0 


Exercise: 


Problem: If tan x = 3, find tan(—z). 


Exercise: 


Problem: If sec x = 4, find sec (—2). 


Solution: 


For the following exercises, graph the functions on the specified window and 
answer the questions. 
Exercise: 


Problem: 
Graph m (x) = sin (2x) + cos (3) on the viewing window |[—10, 10] by 
[—3, 3]. Approximate the graph’s period. 
Exercise: 
Problem: 
Graph n (x) = 0.02 sin (507) on the following domains in x :[0, 1] and 


(0, 3]. Suppose this function models sound waves. Why would these 
views look so different? 


Solution: 


The views are different because the period of the wave is aE Over a 
bigger domain, there will be more cycles of the graph. 


n(x) 
0.02 


0 . 
oo MATT 


Exercise: 


Problem: 


Graph f (x) = sin on |[—0.5, 0.5] and explain any observations. 


3 cos (62). 


For the following exercises, let f (x) = = 


Exercise: 
Problem: What is the largest possible value for f (x)? 


Solution: 


3 
5 
Exercise: 


Problem: What is the smallest possible value for f (x)? 


Exercise: 


Problem: Where is the function increasing on the interval [0, 27]? 


Solution: 


On the approximate intervals 
(0:5,.1) (1,652.0), (2:6, 3.1 ).(3 72422) (A. 75.2), (5.6;6.28) 


For the following exercises, find and graph one period of the periodic function 
with the given amplitude, period, and phase shift. 
Exercise: 


Problem: 


Sine curve with amplitude 3, period 4, and phase shift (h, k) = (7, 2) 
Exercise: 


Problem: 


Cosine curve with amplitude 2, period |, and phase shift 
(hie (—4,3) 


Solution: 


f (x) = 2cos (12 (a+ 4)) +3 


ao Set ot nr ae 2 O 
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For the following exercises, graph the function. Describe the graph and, 
wherever applicable, any periodic behavior, amplitude, asymptotes, or 
undefined points. 

Exercise: 


Problem: f (x) = 5cos (3a) + 4sin (22) 


Exercise: 


Problem: f (xz) = e°™* 
Solution: 


This graph is periodic with a period of 27. 


For the following exercises, find the exact value. 
Exercise: 


Problem: sin! (=) 


Exercise: 


Problem: tan! (v 3) 


Solution: 


wl 


Exercise: 


Problem: cos! (- 3) 


Exercise: 


Problem: cos! (sin (7)) 


Solution: 


IE) 


Exercise: 


Problem: cos‘ (tan (7 )) 


Exercise: 
Problem: cos (sin~' (1 — 2z)) 


Solution: 


/1- (1-22)? (1 — 2x)? 


Exercise: 


Problem: cos ! (—0.4) 


Exercise: 


Problem: cos (tan-! (a2), 


Solution: 


1 
Vi+x! 


For the following exercises, suppose sin t = =e) 


expressions. 
Exercise: 


Problem: tan ¢ 


Exercise: 


Problem: csc t 


Solution: 


z+1 
xv 


Exercise: 


Problem: 


Given [link], find the measure of angle # to three decimal places. Answer in 
radians. 


12 


AK |_| 
19 


For the following exercises, determine whether the equation is true or false. 
Exercise: 


Problem: arcsin (sin (2)) — 50 
Solution: 
False 


Exercise: 


Problem: arccos (cos (22)) = OE. 


Exercise: 


Problem: 


The grade of a road is 7%. This means that for every horizontal distance of 
100 feet on the road, the vertical rise is 7 feet. Find the angle the road 
makes with the horizontal in radians. 


Solution: 


approximately 0.07 radians 


Glossary 


arccosine 
another name for the inverse cosine; arccos x = cos !x 


arcsine 
another name for the inverse sine; arcsin x = sin ‘x 


arctangent 
another name for the inverse tangent; arctan x = tan ‘x 


inverse cosine function 
the function cos tz, which is the inverse of the cosine function and the 
angle that has a cosine equal to a given number 


inverse sine function 
the function sin, which is the inverse of the sine function and the angle 
that has a sine equal to a given number 


inverse tangent function 
the function tan~!z, which is the inverse of the tangent function and the 
angle that has a tangent equal to a given number 


Introduction 
class="introduction" 


The 
Hennessey 
Venom GT 
can go from 

0 to 200 
mph in 
14.51 
seconds. 
(credit: 
modificatio 
n of work 
by 
Codex41, 
Flickr) 


The Hennessey Venom GT is one of the fastest cars in the world. In 2014, it 
reached a record-setting speed of 270.49 mph. It can go from 0 to 200 mph 
in 14.51 seconds. The techniques in this chapter can be used to calculate the 
acceleration the Venom achieves in this feat (see [link].) 


Calculating velocity and changes in velocity are important uses of calculus, 
but it is far more widespread than that. Calculus is important in all branches 
of mathematics, science, and engineering, and it is critical to analysis in 
business and health as well. In this chapter, we explore one of the main 
tools of calculus, the derivative, and show convenient ways to calculate 
derivatives. We apply these rules to a variety of functions in this chapter so 
that we can then explore applications of these techniques. 


Rates of Change and Behavior of Graphs 
In this section, you will: 


e Find the average rate of change of a function. 

e Use a graph to determine where a function is increasing, decreasing, or constant. 
e Use a graph to locate local maxima and local minima. 

e Use a graph to locate the absolute maximum and absolute minimum. 


Gasoline costs have experienced some wild fluctuations over the last several decades. [link] 
[footnote] lists the average cost, in dollars, of a gallon of gasoline for the years 2005-2012. 
The cost of gasoline can be considered as a function of year. 
http://www.eia.gov/totalenergy/data/annual/showtext.cfm?t=ptb0524. Accessed 3/5/2014. 


y 2005 2006 2007 2008 2009 2010 2011 2012 


C (y) Zo 2.62 2.84 3.30 2.41 2.84 3.58 3.68 


If we were interested only in how the gasoline prices changed between 2005 and 2012, we 
could compute that the cost per gallon had increased from $2.31 to $3.68, an increase of 
$1.37. While this is interesting, it might be more useful to look at how much the price 
changed per year. In this section, we will investigate changes such as these. 


Finding the Average Rate of Change of a Function 


The price change per year is a rate of change because it describes how an output quantity 
changes relative to the change in the input quantity. We can see that the price of gasoline in 
[link] did not change by the same amount each year, so the rate of change was not constant. If 
we use only the beginning and ending data, we would be finding the average rate of change 
over the specified period of time. To find the average rate of change, we divide the change in 
the output value by the change in the input value. 

Equation: 


Change in output 


Average rate of change = Clings nian 


— f(e2)—f(e1) 


L2-L1 


The Greek letterA (delta) signifies the change in a quantity; we read the ratio as “delta-y over 
delta-x” or “the change in y divided by the change in x.” Occasionally we write Af instead of 
Ay, which still represents the change in the function’s output value resulting from a change 
to its input value. It does not mean we are changing the function into some other function. 


In our example, the gasoline price increased by $1.37 from 2005 to 2012. Over 7 years, the 
average rate of change was 
Equation: 
Ay _ $1.37 
Ax 7 years 


~ 0.196 dollars per year 


On average, the price of gas increased by about 19.6¢ each year. 
Other examples of rates of change include: 


e A population of rats increasing by 40 rats per week 

e A car traveling 68 miles per hour (distance traveled changes by 68 miles each hour as 
time passes) 

e A car driving 27 miles per gallon (distance traveled changes by 27 miles for each gallon) 

e The current through an electrical circuit increasing by 0.125 amperes for every volt of 
increased voltage 

e The amount of money in a college account decreasing by $4,000 per quarter 


Note: 

Rate of Change 

A rate of change describes how an output quantity changes relative to the change in the input 
quantity. The units on a rate of change are “output units per input units.” 

The average rate of change between two input values is the total change of the function 
values (output values) divided by the change in the input values. 

Equation: 


Ay _ f (#2) — f (21) 


Az Ly — 2X4 


Note: 
Given the value of a function at different points, calculate the average rate of change of 
a function for the interval between two values x; and z2. 


1. Calculate the difference yo — y; = Ay. 
2. Calculate the difference z2 — x; = Az. 


A a ANY) 
3. Find the ratio eae 


Example: 
Exercise: 


Problem: 
Computing an Average Rate of Change 


Using the data in [link], find the average rate of change of the price of gasoline between 
2007 and 2009. 


Solution: 


In 2007, the price of gasoline was $2.84. In 2009, the cost was $2.41. The average rate 
of change is 
Equation: 


Ay _ Yye-¥i 
Ax Ly—-Xy 
$2.41—$2.84 
2009—2007 
—$0.43 
2 years 


= —$0.22 per year 


Analysis 


Note that a decrease is expressed by a negative change or “negative increase.” A rate of 
change is negative when the output decreases as the input increases or when the output 
increases as the input decreases. 


Note: 
Exercise: 


Problem: 


Using the data in [link], find the average rate of change between 2005 and 2010. 


Solution: 


$2.84—$2.31 = $0.53 = $0.106 per year. 


5 years 5 years 


Example: 
Exercise: 


Problem: 
Computing Average Rate of Change from a Graph 


Given the function g (¢) shown in [link], find the average rate of change on the interval 
[- ly 2| : 


g(t) 


Solution: 


At t = —1, [link] shows g(—1) = 4. Att = 2,the graph shows g (2) = 1. 
g(t) 


The horizontal change At = 3 is shown by the red arrow, and the vertical change 
Ag(t) = —3 is shown by the turquoise arrow. The average rate of change is shown by 
the slope of the orange line segment. The output changes by —3 while the input changes 
by 3, giving an average rate of change of 

Equation: 


Analysis 

USUI 
C129 ? 
get the correct answer. Decide which point will be 1 and which point will be 2, and keep the 
coordinates fixed as (1, yi) and (2, yo). 


we will not 


Note that the order we choose is very important. If, for example, we use 


Example: 
Exercise: 


Problem: 
Computing Average Rate of Change from a Table 


After picking up a friend who lives 10 miles away and leaving on a trip, Anna records 


her distance from home over time. The values are shown in [link]. Find her average 
speed over the first 6 hours. 


t (hours) 0 1 2 3 4 5 6 7 


D(®) (miles) 10 55 90 153 214 240 292 300 


Solution: 


Here, the average speed is the average rate of change. She traveled 282 miles in 6 
hours. 


Equation: 
292-10 _ 282 
6-0 ~ 6 
A7 


The average speed is 47 miles per hour. 


Analysis 


Because the speed is not constant, the average speed depends on the interval chosen. For the 
interval [2,3], the average speed is 63 miles per hour. 


Example: 
Exercise: 


Problem: 
Computing Average Rate of Change for a Function Expressed as a Formula 


2 


Compute the average rate of change of f (x) = 2? — + on the interval [2, 4]. 


Solution: 


We can start by computing the function values at each endpoint of the interval. 
Equation: 


f= ee f(4) = ?-F 
1 1 

— i eae 503: 

2; 4 


Now we compute the average rate of change. 


Equation: 
Average rate of change = eee 
(ose 
— 4 2 
=) 
49 
=e 
2 
— 49 
8 
Note: 
Exercise: 


Problem:Find the average rate of change of f (2) = 2 — 2,/z on the interval [1, 9}. 


Solution: 


i 
2 


Example: 
Exercise: 


Problem: 
Finding the Average Rate of Change of a Force 


The electrostatic force /’,measured in newtons, between two charged particles can be 
related to the distance between the particles d,in centimeters, by the formula 
Eid 5 .Find the average rate of change of force if the distance between the 


particles is increased from 2 cm to 6 cm. 


Solution: 


We are computing the average rate of change of F' (d) = — on the interval (2, 6]. 


Equation: 
Average rate of change = os @) 
Zi 2 
oe impli 
—— Simplify. 
oie 
= 36 4 
q 
= = Combine numerator terms. 
= 1 . . 
= -5 Simplify 


The average rate of change is — $ newton per centimeter. 


Example: 
Exercise: 


Problem: 
Finding an Average Rate of Change as an Expression 


Find the average rate of change of g(t) = t? + 3t + 1 on the interval [0, a]. The 
answer will be an expression involving a in simplest form. 


Solution: 


We use the average rate of change formula. 
Equation: 


Average rate of change = g(a) 9(0) Evaluate. 


a—0 
_ (a?+3a+1)—(0?+3(0)+1) : : 
—. Simplify. 
= oto. Simplify and factor. 
= Hee) Divide by the common factor a. 
= a+3 


This result tells us the average rate of change in terms of a between t = O and any other 
point t = a. For example, on the interval (0, 5], the average rate of change would be 
io —o 


Note: 
Exercise: 


Problem: 


Find the average rate of change of f(x) = x” + 2x — 8 on the interval [5, a] in 
simplest forms in terms 
ofa. 


Solution: 


a+ 7 


Using a Graph to Determine Where a Function is Increasing, Decreasing, or 
Constant 


As part of exploring how functions change, we can identify intervals over which the function 
is changing in specific ways. We say that a function is increasing on an interval if the 
function values increase as the input values increase within that interval. Similarly, a function 
is decreasing on an interval if the function values decrease as the input values increase over 
that interval. The average rate of change of an increasing function is positive, and the average 
rate of change of a decreasing function is negative. [link] shows examples of increasing and 
decreasing intervals on a function. 


f(x) 


421 Decreasing 
Increasing 


Increasing 


f(b) > f(a) f(b) < f(a) f(b) > f(a) 
where b> a where b> a where b > a 
—=—__—_ —=—_¥___\{\_P —=\__—_—_—_—_P 


The function f (x) = x? — 12z is increasing on 
(—oo, — 2) U (2, 00) and is decreasing on (—2, 2). 


While some functions are increasing (or decreasing) over their entire domain, many others 
are not. A value of the input where a function changes from increasing to decreasing (as we 
go from left to right, that is, as the input variable increases) is called a local maximum. If a 
function has more than one, we say it has local maxima. Similarly, a value of the input where 
a function changes from decreasing to increasing as the input variable increases is called a 
local minimum. The plural form is “local minima.” Together, local maxima and minima are 
called local extrema, or local extreme values, of the function. (The singular form is 
“extremum.”) Often, the term local is replaced by the term relative. In this text, we will use 
the term local. 


Clearly, a function is neither increasing nor decreasing on an interval where it is constant. A 
function is also neither increasing nor decreasing at extrema. Note that we have to speak of 
local extrema, because any given local extremum as defined here is not necessarily the 
highest maximum or lowest minimum in the function’s entire domain. 


For the function whose graph is shown in [link], the local maximum is 16, and it occurs at 
xz = —2. The local minimum is —16 and it occurs at x = 2. 


local maximum = 16 f(x) 
occurs at x = —2 
20 
t=2; 16) 


16 
12 


Decreasing 


Increasing 


Increasing 


(2, —16) 


local minimum = —16 
occurs at x = 2 


To locate the local maxima and minima from a graph, we need to observe the graph to 
determine where the graph attains its highest and lowest points, respectively, within an open 
interval. Like the summit of a roller coaster, the graph of a function is higher at a local 
maximum than at nearby points on both sides. The graph will also be lower at a local 
minimum than at neighboring points. [link] illustrates these ideas for a local maximum. 


f(x) 


Local maximum 


Increasing Decreasing 
function function 


a b Cc 


Definition of a local maximum 


These observations lead us to a formal definition of local extrema. 


Note: 

Local Minima and Local Maxima 

A function f is an increasing function on an open interval if f (b) > f (a) for any two input 
values a and b in the given interval where b > a. 

A function f is a decreasing function on an open interval if f (b) < f (a) for any two input 
values a and bin the given interval where b > a. 

A function f has a local maximum at x = 0 if there exists an interval (a,c) witha <b<c 
such that, for any z in the interval(a, c),f (x) < f(b). Likewise, f has a local minimum at 
x = Dif there exists an interval (a, c) with a < b < c such that, for any z in the interval 


(a,c), f (x) > f (0). 


Example: 
Exercise: 


Problem: 
Finding Increasing and Decreasing Intervals on a Graph 


Given the function p (t) in [link], identify the intervals on which the function appears to 
be increasing. 


p 


Solution: 


We see that the function is not constant on any interval. The function is increasing 
where it slants upward as we move to the right and decreasing where it slants 
downward as we move to the right. The function appears to be increasing fromt = 1 to 
t = 3and fromé = 4on. 


In interval notation, we would say the function appears to be increasing on the interval 
(1,3) and the interval (4, co). 


Analysis 
Notice in this example that we used open intervals (intervals that do not include the 


endpoints), because the function is neither increasing nor decreasing att = 1,¢ = 3, and 
t = 4. These points are the local extrema (two minima and a maximum). 


Example: 
Exercise: 


Problem: 
Finding Local Extrema from a Graph 


Graph the function f (2) = 2 + 3. Then use the graph to estimate the local extrema 
of the function and to determine the intervals on which the function is increasing. 


Solution: 


Using technology, we find that the graph of the function looks like that in [link]. It 

appears there is a low point, or local minimum, between x = 2 anda = 3, anda 

mirror-image high point, or local maximum, somewhere between 2 = —3andz = —2. 
f(x) 


Analysis 


Most graphing calculators and graphing utilities can estimate the location of maxima and 
minima. [link] provides screen images from two different technologies, showing the estimate 
for the local maximum and minimum. 


2.4494898, 1.6329932 


X=—2.449491 § Y=—1.632993 


(a) (b) 


Based on these estimates, the function is increasing on the interval (—oo, — 2.449) and 
(2.449,00). Notice that, while we expect the extrema to be symmetric, the two different 
technologies agree only up to four decimals due to the differing approximation algorithms 


used by each. (The exact location of the extrema is at + \/6, but determining this requires 
calculus.) 


Note: 
Exercise: 


Problem: 
Graph the function f (x) = 2° — 6x” — 15a + 20to estimate the local extrema of the 


function. Use these to determine the intervals on which the function is increasing and 
decreasing. 


Solution: 
The local maximum appears to occur at (—1, 28), and the local minimum occurs at 


(5, —80). The function is increasing on (—oo, —1) U (5, oo) and decreasing on 
(—1,5). 


Example: 
Exercise: 


Problem: 
Finding Local Maxima and Minima from a Graph 


For the function f whose graph is shown in [link], find all local maxima and minima. 
¥ 


Solution: 


Observe the graph of f. The graph attains a local maximum at x = 1 because it is the 
highest point in an open interval around z = 1.The local maximum is the y-coordinate 


at z = 1, which is 2. 


The graph attains a local minimum at x = —1 because it is the lowest point in an open 
interval around z = —1. The local minimum is the y-coordinate at x = —1, which is 
—2. 


Analyzing the Toolkit Functions for Increasing or Decreasing Intervals 


We will now return to our toolkit functions and discuss their graphical behavior in [link], 


[link], and [link]. 


a 


Constant Function 


f(x) =c 


Identity Function 


f(x) = x 


Quadratic Function 


f(x) = x? 


Neither increasing nor decreasing 


Increasing 


Increasing on (0, ~) 
Decreasing on (—*, 0) 


Minimum at x = 0 


[Function [___tnereasing/Decreasing 


Cubic Function Increasing y 
f(x) = x? x 
' 
y 
4 
L x 
x 


Reciprocal Decreasing (—~, 0)U(0, ) 


f(x) = = 


’ 
Reciprocal Squared Increasing on (—29, 0) y 
Decreasing on (0, ~) 
1 
f(x) = x 
’ 


| Example 
Cube Root Increasing 

_ , eS 
Square Root Increasing on (0, °) 

- ; ca 


Absolute Value Increasing on (0, °) 


Decreasing on (-2, 0) 
f(x) = |x| 


Use A Graph to Locate the Absolute Maximum and Absolute Minimum 


There is a difference between locating the highest and lowest points on a graph in a region 
around an open interval (locally) and locating the highest and lowest points on the graph for 
the entire domain. The y-coordinates (output) at the highest and lowest points are called the 
absolute maximum and absolute minimum, respectively. 


To locate absolute maxima and minima from a graph, we need to observe the graph to 


determine where the graph attains it highest and lowest points on the domain of the function. 
See [link]. 


y Absolute maximum is 
f(2) = 2 


Absolute minimum is 
f(0) = -2 


Not every function has an absolute maximum or minimum value. The toolkit function 
f (x) = z? is one such function. 


Note: 
Absolute Maxima and Minima 


The absolute maximum of f atx = cis f (c) where f (c) > f (x) for all z in the domain of 


f. 


The absolute minimum of f at z = dis f (d) where f (d) < f (x) for all z in the domain of 


f. 


Example: 
Exercise: 


Problem: 
Finding Absolute Maxima and Minima from a Graph 


For the function f shown in [link], find all absolute maxima and minima. 


Solution: 


Observe the graph of f. The graph attains an absolute maximum in two locations, 

x = —2andz = 2, because at these locations, the graph attains its highest point on the 
domain of the function. The absolute maximum is the y-coordinate at x = —2 and 

x = 2, which is 16. 


The graph attains an absolute minimum at x = 3, because it is the lowest point on the 


domain of the function’s graph. The absolute minimum is the y-coordinate at z = 3, 
which is—10. 


Note: 
Access this online resource for additional instruction and practice with rates of change. 


e Average Rate of Change 


Key Equations 


Average rate of change Ay _ f(t2)~f(e1) 


xe 2-1 


Key Concepts 


e A rate of change relates a change in an output quantity to a change in an input quantity. 
The average rate of change is determined using only the beginning and ending data. See 
[link]. 

e Identifying points that mark the interval on a graph can be used to find the average rate 
of change. See [link]. 

¢ Comparing pairs of input and output values in a table can also be used to find the 
average rate of change. See [link]. 

e An average rate of change can also be computed by determining the function values at 
the endpoints of an interval described by a formula. See [link] and [link]. 

e The average rate of change can sometimes be determined as an expression. See [link]. 

e A function is increasing where its rate of change is positive and decreasing where its rate 
of change is negative. See [link]. 

e A local maximum is where a function changes from increasing to decreasing and has an 
output value larger (more positive or less negative) than output values at neighboring 
input values. 

e A local minimum is where the function changes from decreasing to increasing (as the 
input increases) and has an output value smaller (more negative or less positive) than 
output values at neighboring input values. 

e Minima and maxima are also called extrema. 

e We can find local extrema from a graph. See [link] and [link]. 

e The highest and lowest points on a graph indicate the maxima and minima. See [link]. 


Section Exercises 


Verbal 


Exercise: 


Problem: Can the average rate of change of a function be constant? 


Solution: 


Yes, the average rate of change of all linear functions is constant. 
Exercise: 
Problem: 


If a function f is increasing on (a, b) and decreasing on (b,c), then what can be said 
about the local extremum of f on (a, c)? 


Exercise: 


Problem: 


How are the absolute maximum and minimum similar to and different from the local 
extrema? 


Solution: 


The absolute maximum and minimum relate to the entire graph, whereas the local 
extrema relate only to a specific region around an open interval. 


Exercise: 


Problem: 


How does the graph of the absolute value function compare to the graph of the quadratic 
function, y = x”, in terms of increasing and decreasing intervals? 


Algebraic 
For the following exercises, find the average rate of change of each function on the interval 


specified for real numbers borh in simplest form. 
Exercise: 


Problem: f (x) = 42? — 7on{1, | 


Solution: 


4(b+1) 


Exercise: 


Problem: g (x) = 2x? — 9 on [4, 6] 


Exercise: 


Problem: p(x) = 3x + 40n (2, 2+ hl 


Solution: 


) 


Exercise: 


Problem: k (x) = 4x — 20n[3, 3 +h] 


Exercise: 


Problem: f (x) = 2x? + lon[z,z +h 
Solution: 
4r+2h 
Exercise: 
Problem: g (x) = 32? — 2 on[z, 2 +h 
Exercise: 
Problem: a (t) = =+; on [9,9 + h| 
Solution: 
pee =, 
13(13+h) 
Exercise: 
Problem: b (x) = <3; on[1,1+ A] 
Exercise: 
Problem: j (z) = 3x? on[1,1+h] 
Solution: 
3h? +9h+4+9 
Exercise: 
Problem: r (t) = 4t° on [2,2 + hl 
Exercise: 
Problem: Heth) given f (x) = 2a? — 3on[z,2+hl 
Solution: 


47r+2h—3 


Graphical 


For the following exercises, consider the graph of f shown in [link]. 


<< 


FPF bw wo fF AT Da N 


xX 
ue 42 9 82 4 65 &€ Y 8 
Exercise: 


Problem: Estimate the average rate of change from x = 1ltoz = 4. 
Exercise: 
Problem: Estimate the average rate of change from x = 2toz = 5. 


Solution: 


4 
3 


For the following exercises, use the graph of each function to estimate the intervals on which 
the function is increasing or decreasing. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


increasing on (—oo, —2.5) U (1, co), decreasing on (—2.5, 1) 
Exercise: 


Problem: 


Exercise: 


Problem: 


3 
' 
' 
' 
' 
1 
1 
T 
1 
T 
' 
t 
' 
' 


Solution: 


increasing on (—co, 1) U (3,4), decreasing on (1, 3) U (4, 00) 


For the following exercises, consider the graph shown in [link]. 


Exercise: 


Problem: Estimate the intervals where the function is increasing or decreasing. 
Exercise: 


Problem: 


Estimate the point(s) at which the graph of f has a local maximum or a local minimum. 


Solution: 


local maximum: (—3, 60), local minimum: (3, — 60) 


For the following exercises, consider the graph in [link]. 


Exercise: 
Problem: 
If the complete graph of the function is shown, estimate the intervals where the function 
is increasing or decreasing. 
Exercise: 
Problem: 


If the complete graph of the function is shown, estimate the absolute maximum and 
absolute minimum. 


Solution: 


absolute maximum at approximately (7, 150), absolute minimum at approximately 
(—7.5, —220) 


Numeric 


Exercise: 
Problem: 
[link] gives the annual sales (in millions of dollars) of a product from 1998 to 2006. 


What was the average rate of change of annual sales (a) between 2001 and 2002, and (b) 
between 2001 and 2004? 


Sales 


Year (millions of dollars) 
1998 201 
1999 219 
2000 233 
2001 243 
2002 249 
2003 251. 
2004 249 
2005 243 
2006 233 
Exercise: 
Problem: 


[link] gives the population of a town (in thousands) from 2000 to 2008. What was the 
average rate of change of population (a) between 2002 and 2004, and (b) between 2002 
and 2006? 


Population 
Year (thousands) 
2000 87 
2001 84 
2002 83 


2003 80 


Population 


Year (thousands) 

2004 ce 

2005 76 

2006 78 

2007 81 

2008 85 
Solution: 


a. —3000; b. —1250 


For the following exercises, find the average rate of change of each function on the interval 
specified. 
Exercise: 


Problem: f (x) = x? on{1, 5] 
Exercise: 

Problem: h (x) = 5 — 2x” on [—2,4| 

Solution: 

-4 


Exercise: 


Problem: g(x) = x? on {—4, 2| 
Exercise: 

Problem: g (x) = 32° — 1 on[—3, 3] 

Solution: 


27 


Exercise: 


Problem: y = + on[{1, 3] 


Exercise: 


Problem: p (¢) = Lae a 


on [—3, 1] 
Solution: 
—0.167 


Exercise: 


Problem: k (t) = 6¢? + a on [—1, 3] 


Technology 
For the following exercises, use a graphing utility to estimate the local extrema of each 


function and to estimate the intervals on which the function is increasing and decreasing. 
Exercise: 


Problem: f (x) = «* — 42° +5 
Solution: 
Local minimum at (3, —22), decreasing on (—oo, 3), increasing on (3, oo) 


Exercise: 


Problem: h (x) = z° + 5x* + 102? + 10x” — 1 
Exercise: 
Problem: g(t) = tVt+ 3 


Solution: 
Local minimum at (—2, —2), decreasing on (—3, —2), increasing on (—2, oo) 


Exercise: 


Problem: k (t) = 3t? — 


Exercise: 


Problem: m (x) = x4 + 2x° — 122? — 102+ 4 


Solution: 
Local maximum at (—0.5, 6), local minima at (—3.25, —47) and (2.1, —32), 


decreasing on (—oo, —3.25) and (—0.5, 2.1), increasing on (—3.25, — 0.5) and 
(221,06) 


Exercise: 


Problem: n (x) = x* — 8x° + 182? — 6x + 2 


Extension 


Exercise: 


Problem:The graph of the function f is shown in [link]. 


Maximum 
X=1.3333324 | Y=5.1851852 


Based on the calculator screen shot, the point (1.333, 5.185) is which of the following? 


A. a relative (local) maximum of the function 
B. the vertex of the function 

C. the absolute maximum of the function 

D. a zero of the function 


Solution: 


A 


Exercise: 
Problem: 


Let f(z) = 2. Find a number c such that the average rate of change of the function f on 


the interval (1,c) is — 4. 
Exercise: 


Problem: 


Let f (2) = 2. Find the number b such that the average rate of change of f on the 
1 
interval (2,b) is — 7,- 
Solution: 


b=5 


Real-World Applications 


Exercise: 
Problem: 
At the start of a trip, the odometer on a car read 21,395. At the end of the trip, 13.5 hours 


later, the odometer read 22,125. Assume the scale on the odometer is in miles. What is 
the average speed the car traveled during this trip? 


Exercise: 
Problem: 
A driver of a car stopped at a gas station to fill up his gas tank. He looked at his watch, 
and the time read exactly 3:40 p.m. At this time, he started pumping gas into the tank. At 


exactly 3:44, the tank was full and he noticed that he had pumped 10.7 gallons. What is 
the average rate of flow of the gasoline into the gas tank? 


Solution: 


2.7 gallons per minute 


Exercise: 


Problem: 


Near the surface of the moon, the distance that an object falls is a function of time. It is 
given by d (t) = 2.6667t?, where t is in seconds and d (t) is in feet. If an object is 
dropped from a certain height, find the average velocity of the object fromt = 1 to 
t=2: 


Exercise: 


Problem:The graph in [link] illustrates the decay of a radioactive substance overt days. 
A 


16 
14 


Amount (milligrams) 
jay 
—) 


8 
6 
0 t 
5 10 15 20 
Time (days) 


Use the graph to estimate the average decay rate fromt = 5tot = 15. 


Solution: 


approximately —0.6 milligrams per day 


Glossary 


absolute maximum 
the greatest value of a function over an interval 


absolute minimum 
the lowest value of a function over an interval 


average rate of change 
the difference in the output values of a function found for two values of the input 
divided by the difference between the inputs 


decreasing function 


a function is decreasing in some open interval if f (b) < f (a) for any two input values 
aand bin the given interval where b > a 


increasing function 
a function is increasing in some open interval if f (b) > f (a) for any two input values a 
and bin the given interval where b > a 


local extrema 
collectively, all of a function's local maxima and minima 


local maximum 
a value of the input where a function changes from increasing to decreasing as the input 
value increases. 


local minimum 
a value of the input where a function changes from decreasing to increasing as the input 
value increases. 


rate of change 
the change of an output quantity relative to the change of the input quantity 


The Derivative as a Function 


Define the derivative function of a given function. 

e Graph a derivative function from the graph of a given function. 

e State the connection between derivatives and continuity. 

e Describe three conditions for when a function does not have a derivative. 
Explain the meaning of a higher-order derivative. 


As we have seen, the derivative of a function at a given point gives us the rate of change or slope of the tangent 
line to the function at that point. If we differentiate a position function at a given time, we obtain the velocity at 
that time. It seems reasonable to conclude that knowing the derivative of the function at every point would 
produce valuable information about the behavior of the function. However, the process of finding the derivative 
at even a handful of values using the techniques of the preceding section would quickly become quite tedious. 
In this section we define the derivative function and learn a process for finding it. 


Derivative Functions 


The derivative function gives the derivative of a function at each point in the domain of the original function 
for which the derivative is defined. We can formally define a derivative function as follows. 


Note: 

Definition 

Let f be a function. The derivative function, denoted by f’, is the function whose domain consists of those 
values of x such that the following limit exists: 

Equation: 


A function f(z) is said to be differentiable at a if f’(a) exists. More generally, a function is said to be 
differentiable on S if it is differentiable at every point in an open set S, and a differentiable function is one in 
which f’(z) exists on its domain. 


In the next few examples we use [link] to find the derivative of a function. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Square-Root Function 


Find the derivative of f (x) = /z. 
Solution: 


Start directly with the definition of the derivative function. Use [link]. 
Equation: 


Vath-Vz | Vathtv2 
~~ A50 h Vatht+/z 


48 h 
a et eae 
Aas 1 
ah CEES 
1 
2/z 


Example: 
Exercise: 


Problem: 


Substitute f (x +h) = Vz thand f (x) = /z 
: ! — ys fleth)—-f(z) 

into, (ey — lim = : 

Multiply numerator and denominator by 


Ve2+h-+ ./z without distributing in the 
denominator. 


Multiply the numerators and simplify. 
Cancel the h. 


Evaluate the limit. 


Finding the Derivative of a Quadratic Function 


Find the derivative of the function f (x) = x” — 22. 


Solution: 


Follow the same procedure here, but without having to multiply by the conjugate. 


Equation: 
! " ((w+h)?—2(a-+h))—(x2—22) 
z) = lim 
F(z) h0 h 
: 24 Ieh+h?—2a2—2h—224+22 
_ lim x + 2a T T 
h0 A 
— Jim 22h=2h+h? 
a0 h 
=iiee h(2a—2+h) 
roo 
= lim (2a et) 
== 7 
Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2°. 


Solution: 


Fe oe 


2 


Substitute f (2 +h) = (a +h)? — 2(a +h) and 
f (x) = x? — 2z into 
1 — Jia Sleth)—-F (2x) 
Ff(z)= lim h 9 
Expand (a +h)” — 2(a +h). 
Simplify. 
Factor out h from the numerator. 
Cancel the common factor of h. 


Evaluate the limit. 


Hint 


Use [link] and follow the example. 


We use a variety of different notations to express the derivative of a function. In [link] we showed that if 
f (x) = x? — 2z, then f’ (x) = 2x — 2. If we had expressed this function in the form y = x? — 2z, we could 


have expressed the derivative as y/ = 2x — 2 or dy = 2a” — 2. We could have conveyed the same information 
by writing (a? — 2x) = 2x — 2. Thus, for the function y = f (x), each of the following notations 


represents the derivative of f (x): 
Equation: 


f(a), By, Fe), 


d d : os ee ee 5 
In place of f’ (a) we may also use a Use of the 9 notation (called Leibniz notation) is quite common in 
iL i 


t=a 
engineering and physics. To understand this notation better, recall that the derivative of a function at a point is 
the limit of the slopes of secant lines as the secant lines approach the tangent line. The slopes of these secant 


lines are often expressed in the form ae where Ay is the difference in the y values corresponding to the 


difference in the x values, which are expressed as Az ((link]). Thus the derivative, which can be thought of as 
the instantaneous rate of change of y with respect to x, is expressed as 
Equation: 


f(a) + Ay 


Graphing a Derivative 


We have already discussed how to graph a function, so given the equation of a function or the equation of a 
derivative function, we could graph it. Given both, we would expect to see a correspondence between the 
graphs of these two functions, since f’(x) gives the rate of change of a function f (z) (or slope of the tangent 
line to f(z) ). 


In [link] we found that for f (x) = /z, f'(z) = 1/2,/z. If we graph these functions on the same axes, as in 
[link], we can use the graphs to understand the relationship between these two functions. First, we notice that 
f(z) is increasing over its entire domain, which means that the slopes of its tangent lines at all points are 
positive. Consequently, we expect f’ (x) > 0 for all values of x in its domain. Furthermore, as x increases, the 
slopes of the tangent lines to f(x) are decreasing and we expect to see a corresponding decrease in f/(x). We 
also observe that f (0) is undefined and that jim, f' (x) = +00, corresponding to a vertical tangent to f(z) at 


0. 


The derivative f’(x) is positive everywhere because 
the function f(a) is increasing. 


In [link] we found that for f (x) = 2? — 22, f’(x) = 2x — 2. The graphs of these functions are shown in 
[link]. Observe that f(x) is decreasing for z < 1. For these same values of «, f’ (x) < 0. For values of 
x > 1, f(x) is increasing and f’ (x) > 0. Also, f(x) has a horizontal tangent at ¢ = 1 and f’(1) = 0. 


f(x) = 2x - 2 


f(x) = x? — 2x 


The derivative f' (x) < 0 where the function f (z) is 
decreasing and f’ (x) > 0 where f(z) is increasing. 
The derivative is zero where the function has a 
horizontal tangent. 


Example: 
Exercise: 


Problem: 
Sketching a Derivative Using a Function 


Use the following graph of f (x) to sketch a graph of f’ (x). 


Solution: 


The solution is shown in the following graph. Observe that f(z) is increasing and f’ (x) > 0 on (—2, 3). 
Also, f(z) is decreasing and f’ (x) < 0 on (—oo, —2) and on (3, +00). Also note that f(z) has 
horizontal tangents at — 2 and 3, and f’(—2) = 0 and f’ (3) = 0. 


8 
- 
6 
5 
4 


f(x) 


Note: 
Exercise: 


Problem: Sketch the graph of f (2) = x? — 4. On what interval is the graph of f’ (x) above the x-axis? 


Solution: 
(0, +00) 
Hint 


The graph of f’(z) is positive where f(z) is increasing. 


Derivatives and Continuity 


Now that we can graph a derivative, let’s examine the behavior of the graphs. First, we consider the relationship 
between differentiability and continuity. We will see that if a function is differentiable at a point, it must be 
continuous there; however, a function that is continuous at a point need not be differentiable at that point. In 
fact, a function may be continuous at a point and fail to be differentiable at the point for one of several reasons. 


Note: 
Differentiability Implies Continuity 
Let f(a) be a function and a be in its domain. If f(a) is differentiable at a, then f is continuous at a. 


Proof 


If f(a) is differentiable at a, then f’(a) exists and 
Equation: 


f(a) = tim f 2) —L@) 


wa xrx—a 


We want to show that f(z) is continuous at a by showing that lim f(x) = f(a). Thus, 


Equation: 
lim (x) = lim (f(z) - f(a) + f(a)) 
= lim ( iia -(x —a) 4 f(a)) Multiply and divide f (x) — f(a) by  —a. 
= (un ASS) (9) + tan) 
= f(a) -0+ f(a) 
= f(a). 


Therefore, since f (a) is defined and lim f (x) = f(a), we conclude that f is continuous at a. 


We have just proven that differentiability implies continuity, but now we consider whether continuity implies 
differentiability. To determine an answer to this question, we examine the function f (a) = |x|. This function is 
continuous everywhere; however, f’(0) is undefined. This observation leads us to believe that continuity does 
not imply differentiability. Let’s explore further. For f (x) = |z|, 


Equation: 
z)— f(0 z| — |0 x 
$10) = tim @=~LO _ yy F210 _ 4 Fal, 
xz—0 z—0 z0 2—O z0 £ 
This limit does not exist because 
Equation: 
lim lel land lim [zl =1. 
z>0- 2£ z>0t 


See [link]. 


The function f () = |z| is continuous at 0 but is not 
differentiable at 0. 


Let’s consider some additional situations in which a continuous function fails to be differentiable. Consider the 
function f (x) = ¢/z: 
Equation: 


Thus f’ (0) does not exist. A quick look at the graph of f (x) = ¥/z clarifies the situation. The function has a 
vertical tangent line at O ({link]). 


The function f (x) = ¥/z has a vertical tangent at 
x = 0. It is continuous at 0 but is not differentiable at 


xsin (4) ifa £0 


age also has a derivative that exhibits interesting behavior at 0. We see 
ite 


The function f (x) = { 


that 
Equation: 


zsin (1/x) —0 


tee ee 
F (0) = lim —— 7 = imsin (= 


This limit does not exist, essentially because the slopes of the secant lines continuously change direction as they 
approach zero ([link]). 


xsin (+) ife #0. 
is 

Oifz =0 

not differentiable at 0. 


The function f (x) = { 


In summary: 


1. We observe that if a function is not continuous, it cannot be differentiable, since every differentiable 
function must be continuous. However, if a function is continuous, it may still fail to be differentiable. 

2. We saw that f (2) = |z| failed to be differentiable at 0 because the limit of the slopes of the tangent lines 
on the left and right were not the same. Visually, this resulted in a sharp corner on the graph of the function 
at 0. From this we conclude that in order to be differentiable at a point, a function must be “smooth” at that 
point. 

3. As we saw in the example of f (x) = %/z, a function fails to be differentiable at a point where there is a 
vertical tangent line. 


xsin (4) ifx #0 


4. As we saw with f (x) = 
F(z) ee 


a function may fail to be differentiable at a point in more 


complicated ways as well. 


Example: 
Exercise: 


Problem: 
A Piecewise Function that is Continuous and Differentiable 


A toy company wants to design a track for a toy car that starts out along a parabolic curve and then 
converts to a straight line ([link]). The function that describes the track is to have the form 


iL 2 : 
ade ab le se ilitan < =I 
f= ss 
along the track, the function f(x) must be both continuous and differentiable at —10. Find values of b 
and c that make f(x) both continuous and differentiable. 


where « and f(a) are in inches. For the car to move smoothly 


For the car to move smoothly along the track, the 
function must be both continuous and differentiable. 


Solution: 
For the function to be continuous at z = —10, lim f (x) = f (—10). Thus, since 
r—> 
Equation: 
1 2 
lim f(x) = —(-10)° —-10}+c=10-—10b+c 
a——107 10 


and f (—10) = 5, we must have 10 — 106 + c = 5. Equivalently, we have c = 106 — 5. 


For the function to be differentiable at —10, 
Equation: 


' ne te) = (a1) 
TO oe a emer ee 


must exist. Since f (x) is defined using different rules on the right and the left, we must evaluate this 
limit from the right and the left and then set them equal to each other: 


Equation: 


f(e)=F(-10) pie aia 


lim, ACA = im BET 
; s 2? +-bae-+(10b—5)—5 ; 
= lim — = aes ) Substitute c = 10b — 5. 
z——107 
= - x2—100-+10bx-+100b 
= se 10(2+10) 
3 10) (a—10+10b ; 
= Qt cai ee Factor by grouping. 
PERE 
=b-2 
We also have 
Equation: 
f(a)—f(—10) : —t2+3—5 
ote earl re ee carl 
—(x+10) 


This gives us b — 2 = —+. Thus b = fandc=10(4)-5= 2 


Note: 
Exercise: 
Problem: 
, ax+bifx <3 ; ; : 
Find values of a and b that make f (x) = i both continuous and differentiable at 3. 
GP ia = 8 
Solution: 


a=6andb= —9 
Hint 


Use [link] as a guide. 


Higher-Order Derivatives 


The derivative of a function is itself a function, so we can find the derivative of a derivative. For example, the 
derivative of a position function is the rate of change of position, or velocity. The derivative of velocity is the 
rate of change of velocity, which is acceleration. The new function obtained by differentiating the derivative is 
called the second derivative. Furthermore, we can continue to take derivatives to obtain the third derivative, 
fourth derivative, and so on. Collectively, these are referred to as higher-order derivatives. The notation for 
the higher-order derivatives of y = f(a) can be expressed in any of the following forms: 

Equation: 


fu(x), fur(x), Ff (x),..., f (2) 
Equation: 

yt (x), yr (x), y (x),...,y (a) 
Equation: 


d’y d’y dy d"y 


dx?’ dx?’ dxt’ ” dar” 
2, 
It is interesting to note that the notation for os may be viewed as an attempt to express (2) more 
xv dz \ dz 


d d2: a 
compactly. Analogously, ae (4 (#)) = 4 (3) = =. 


Example: 
Exercise: 


Problem: 
Finding a Second Derivative 


For f (x) = 2x? — 3x +1, find fn(z). 


Solution: 
First find f’(zx). 
Equation: 
Substitute f (x) = 227-3241 
(2(2 +h)?—3(2-+h)-+ 1) (20?—32-+1) and 
f(z) = lim h f(@ +h) =2Ax+h)?-3(e@+h)+1 
: ’ _ pe, f(et+h)—-f (2) 
inte f (7) = lim = : 
Sa in eee Simplify the numerator. 
h-0 
Factor out the A in the numerator 
= lim (4a + h — 3) and cancel with the h in the 
= 
denominator. 
=4r—3 Take the limit. 


Next, find f(z) by taking the derivative of f' (x) = 4x — 3. 
Equation: 


— ys, fi(eth)—-f'(2) 
fu(z) = lim h 
Sr (4(a+h)—3)—(42—3) 
h—+0 h 
= lim4 
h-0 
— A 


Note: 
Exercise: 


Problem: Find f/(x) for f (x) = x?. 


Solution: 


A) 


Hint 


Use f’ (2) = lim SETS) with f'(a) in 
place of f(x). 

Substitute f’ (a +h) =4(a+h) —3and 
fie) =47—2. 

Simplify. 

Take the limit. 


We found f’ (x) = 2z ina previous checkpoint. Use [link] to find the derivative of f’(x) 


Example: 
Exercise: 


Problem: 
Finding Acceleration 


The position of a particle along a coordinate axis at time t (in seconds) is given by s (t) = 3t? — 4t +1 
(in meters). Find the function that describes its acceleration at time t. 


Solution: 


Since v (t) = s‘(t) and a(t) = v' (t) = s(t), we begin by finding the derivative of s(t) : 


Equation: 
! qs s(t+h)—s(t) 
“0 = 
2 1 1 2 1 
Beate 3(t+h) se (3¢?—4t+1) 
h-0 
= 6t — 4. 
Next, 


Equation: 


sil (t) = a 

ey 
— tim SOO) 
h>0 


= 6 


Thus, a = 6 m/s’. 


Note: 
Exercise: 


Problem: For s (t) = t°, find a(t). 


Solution: 
a(t) ='6t 
Hint 


Use [link] as a guide. 


Key Concepts 


The derivative of a function f(z) is the function whose value at x is f’(z). 

The graph of a derivative of a function f(z) is related to the graph of f(x). Where f(z) has a tangent line 

with positive slope, f’ (x) > 0. Where f(z) has a tangent line with negative slope, f’ (x) < 0. Where 

f(a) has a horizontal tangent line, f’ (x) = 0. 

e Ifa function is differentiable at a point, then it is continuous at that point. A function is not differentiable 
at a point if it is not continuous at the point, if it has a vertical tangent line at the point, or if the graph has a 
sharp corner or cusp. 

e Higher-order derivatives are derivatives of derivatives, from the second derivative to the nth derivative. 


Key Equations 
e The derivative function 


Mm) — Vimy £eth)=f(2) 
f(z) = lim h 


For the following exercises, use the definition of a derivative to find f’ (x). 
Exercise: 


Problem: / (x) = 6 


Exercise: 


Problem: / (x) = 2 — 3a 
Solution: 


—3 


Exercise: 


Problem: f (x) = = +1 
Exercise: 

Problem: f (x) = 42? 

Solution: 

8x 


Exercise: 


Problem: f (x) = 5x — 2” 


Exercise: 


Problem: f (x) = 2x 


Solution: 


1 
V 2x 


Exercise: 


Problem: f (xz) = Vz —6 


Exercise: 
Problem: f (x) = 2 


Solution: 


=o 
2 


Exercise: 


Problem: f (x) = x + + 


Exercise: 


Problem: f (x) = ae 
Solution: 
=1 


23/2 


For the following exercises, use the graph of y = f(z) to sketch the graph of its derivative f’ (x). 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


-5 -4 -3 -2 -1 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


+ 
—5 


For the following exercises, the given limit represents the derivative of a function y = f (x) at x = a. Find 


f (x) anda. 
Exercise: 
2/3_ 
Problem: lim as ae 
h0 


Exercise: 


[3(2+h)+2| 14 
Problem: lim — 
h0 


Solution: 
f (x) = 327+2,a=2 


Exercise: 


Problem: lim pA EED EE 
a0 h 


Exercise: 


4 
Problem: lim AC Ba 
h0 


Solution: 
f(@)=s4,04=2 


Exercise: 


Problem: lim [2(3+h)’—(3+h)]—15 
; h0 h 


Exercise: 


webs 
Problem: lim ot 
h0 


Solution: 


f(z) =e%,a=0 


For the following functions, 


a. sketch the graph and 
b. use the definition of a derivative to show that the function is not differentiable at x = 1. 


Exercise: 


2/2,0<2<1 


Problem: f(x) = o pa ed 


Exercise: 


3a <1 
32,2 >1 


Problem: f(x) = { 


Solution: 


a. 


+, 3-3 + 3h 
b. jim # lim + 


hit 
Exercise: 
—a?+2,¢2<1 
Problem: f(x) = { eae 
Lye 1 
Exercise: 
Boat 22,2<1 
roblem: f(z) = Dis 


Solution: 


-5 -4 -3 -2 -1 


pe ee) 
ath x 


b. lim 22 4 lim 
hoi- » # h-1+ 


For the following graphs, 


a. determine for which values of x = a the lim f(z) exists but f is not continuous at z = a, and 
ra 


b. determine for which values of z = a the function is continuous but not differentiable at x = a. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


ag=—1,b.¢=2 


Exercise: 


Problem: Use the graph to evaluate a. f’(—0.5), b. f’(0), c. f’(1), d. f’ (2), ande. f’ (3), if it exists. 


For the following functions, use f/ (x) = him Fernie) to find f(a). 
—' 


Exercise: 


Problem: f(x) = 2 — 3x 


Solution: 


0 


Exercise: 


Problem: f(z) = 4x? 


Exercise: 
Problem: f(z) = «+ + 
Solution: 
2 
ge 
For the following exercises, use a calculator to graph f (a). Determine the function f’ (a), then use a calculator 


to graph f’ (x). 
Exercise: 


Problem: [T] f (x) = —2 


x 


Exercise: 


Problem: [T] f (x) = 3x? + 22 + 4. 


Solution: 


f' (x) =6x+42 


Exercise: 


Problem: [T] f (x) = /z + 3z 


Exercise: 


Problem: [T] f (x) = TE 


Solution: 


/ a 1 
f (z) —_ (22)*/? 


Exercise: 


Problem: [T] f(z) =1+2+ - 


Exercise: 


Problem: [T] f(z) = z°+1 
Solution: 


f'(2) = 327 


f (x ) 4 


For the following exercises, describe what the two expressions represent in terms of each of the given 
situations. Be sure to include units. 


a. 
'(p) = lim £leth)-f@) 
bf! (a) = lim 


f(x+h)—f(z) 
rr 


Exercise: 


Problem: P() denotes the population of a city at time z in years. 


Exercise: 


Problem: 


C(a) denotes the total amount of money (in thousands of dollars) spent on concessions by x customers at 
an amusement park. 


Solution: 


a. Average rate at which customers spent on concessions in thousands per customer. b. Rate (in thousands 
per customer) at which z customers spent money on concessions in thousands per customer. 


Exercise: 


Problem: R(<) denotes the total cost (in thousands of dollars) of manufacturing x clock radios. 


Exercise: 
Problem: g(«) denotes the grade (in percentage points) received on a test, given x hours of studying. 


Solution: 


a. Average grade received on the test with an average study time between two values. b. Rate (in 
percentage points per hour) at which the grade on the test increased or decreased for a given average study 
time of x hours. 


Exercise: 
Problem: 
B(a) denotes the cost (in dollars) of a sociology textbook at university bookstores in the United States in 
x years since 1990. 


Exercise: 


Problem: p (x) denotes atmospheric pressure at an altitude of x feet. 


Solution: 
a. Average change of atmospheric pressure between two different altitudes. b. Rate (torr per foot) at which 
atmospheric pressure is increasing or decreasing at x feet. 


Exercise: 


Problem: Sketch the graph of a function y = f (x) with all of the following properties: 
a f'(@) > Ofor-2<a2<1 
big (2) = 0 
cf’ (2) > 0 fore >2 
d. f (2) = 2 and f (0) =1 
e. lim f (a) = 0 and jim f (2) 60 


f. f’ (1) does not exist. 


Exercise: 


Problem: 


Suppose temperature T' in degrees Fahrenheit at a height x in feet above the ground is given by y = T(z). 


a. Give a physical interpretation, with units, of T’(z). 
b. If we know that T’ (1000) = —0.1, explain the physical meaning. 


Solution: 
a. The rate (in degrees per foot) at which temperature is increasing or decreasing for a given height z. b. 
The rate of change of temperature as altitude changes at 1000 feet is —0.1 degrees per foot. 

Exercise: 


Problem: 
Suppose the total profit of a company is y = P(a) thousand dollars when « units of an item are sold. 


a. What does PO-P(@) 
b. What does P’(a) measure, and what are the units? 
c. Suppose that P’ (30) = 5, what is the approximate change in profit if the number of items sold 


increases from 30 to 31? 


for 0 < a < b measure, and what are the units? 


Exercise: 


Problem: 


The graph in the following figure models the number of people N’(t) who have come down with the flu t 
weeks after its initial outbreak in a town with a population of 50,000 citizens. 


a. Describe what N'(t) represents and how it behaves as t increases. 
b. What does the derivative tell us about how this town is affected by the flu outbreak? 


Solution: 


a. The rate at which the number of people who have come down with the flu is changing t weeks after the 
initial outbreak. b. The rate is increasing sharply up to the third week, at which point it slows down and 
then becomes constant. 


For the following exercises, use the following table, which shows the height h of the Saturn V rocket for the 
Apollo 11 mission ¢ seconds after launch. 


Time (seconds) Height (meters) 
0 0 

1 2 

2 4 

3 13 

4 25 

5 32 

Exercise: 


Problem: What is the physical meaning of h’ (t)? What are the units? 
Exercise: 
Problem: 
[T] Construct a table of values for h’ (¢) and graph both h (¢) and h’ (¢) on the same graph. (Hint: for 


interior points, estimate both the left limit and right limit and average them. An interior point of an 
interval I is an element of I which is not an endpoint of I.) 


Solution: 
Time (seconds) h'(t) (m/s) 
0 2 
1 2 
2 5.5 
3 10.5 
4 9.5 


5 7 


Exercise: 
Problem: 
[T] The best linear fit to the data is given by H (t) = 7.229¢ — 4.905, where H is the height of the rocket 


(in meters) and t is the time elapsed since takeoff. From this equation, determine H’ (t). Graph H (t) with 
the given data and, on a separate coordinate plane, graph H’ (t). 


Exercise: 
Problem: 
[T] The best quadratic fit to the data is given by G (t) = 1.429¢? + 0.0857t — 0.1429, where G is the 


height of the rocket (in meters) and ¢ is the time elapsed since takeoff. From this equation, determine 
G’ (t). Graph G (¢) with the given data and, on a separate coordinate plane, graph G’ (t). 


Solution: 


G! (t) = 2.858t + 0.0857 


Exercise: 


Problem: 


[T] The best cubic fit to the data is given by F (t) = 0.2037¢? + 2.956t? — 2.705t + 0.4683, where F is 
the height of the rocket (in m) and ¢ is the time elapsed since take off. From this equation, determine 

F’ (t). Graph F (t) with the given data and, on a separate coordinate plane, graph F’ (t). Does the linear, 
quadratic, or cubic function fit the data best? 


Exercise: 
Problem: 


Using the best linear, quadratic, and cubic fits to the data, determine what Hv (t), Gv (t) and F' (t) are. 
What are the physical meanings of Hv (t), Gv (t) and F'/ (t), and what are their units? 


Solution: 


Hn (t) = 0, Gr (t) = 2.858 and fr (t) = 1.222t + 5.912 represent the acceleration of the rocket, with 


units of meters per second squared (m/s? ). 


Glossary 


derivative function 
gives the derivative of a function at each point in the domain of the original function for which the 
derivative is defined 


differentiable at a 
a function for which f'(a) exists is differentiable at a 


differentiable on S 
a function for which f’(z) exists for each z in the open set S is differentiable on S 


differentiable function 
a function for which f’(z) exists is a differentiable function 


higher-order derivative 
a derivative of a derivative, from the second derivative to the nth derivative, is called a higher-order 
derivative 


Differentiation Rules 


e State the constant, constant multiple, and power rules. 

e Apply the sum and difference rules to combine derivatives. 

e Use the product rule for finding the derivative of a product of functions. 

e Use the quotient rule for finding the derivative of a quotient of functions. 

e Extend the power rule to functions with negative exponents. 

¢ Combine the differentiation rules to find the derivative of a polynomial or rational function. 


Finding derivatives of functions by using the definition of the derivative can be a lengthy and, for certain 


functions, a rather challenging process. For example, previously we found that £ (/z) = aE by using a 


process that involved multiplying an expression by a conjugate prior to evaluating a limit. The process that we 
could use to evaluate — (¥/z) using the definition, while similar, is more complicated. In this section, we develop 
rules for finding derivatives that allow us to bypass this process. We begin with the basics. 


The Basic Rules 


The functions f (x) = cand g(x) = x” where nis a positive integer are the building blocks from which all 
polynomials and rational functions are constructed. To find derivatives of polynomials and rational functions 
efficiently without resorting to the limit definition of the derivative, we must first develop formulas for 
differentiating these basic functions. 


The Constant Rule 


We first apply the limit definition of the derivative to find the derivative of the constant function, f (a) = c. For 
this function, both f (2) = c and f (4 + h) = c, so we obtain the following result: 
Equation: 


fi! (x) = lim Heth) He) 


= lim S* 
ho0 h 


= lim2 
h->0 h 


= lim0 = 0. 
h-0 


The rule for differentiating constant functions is called the constant rule. It states that the derivative of a constant 
function is zero; that is, since a constant function is a horizontal line, the slope, or the rate of change, of a constant 
function is 0. We restate this rule in the following theorem. 


Note: 

The Constant Rule 

Let c be a constant. 

If f (x) =, then f'(c) = 0. 
Alternatively, we may express this rule as 
Equation: 


Example: 
Exercise: 


Problem: 
Applying the Constant Rule 


Find the derivative of f (x) = 8. 


Solution: 


This is just a one-step application of the rule: 
Equation: 


Note: 
Exercise: 


Problem: Find the derivative of g(x) = —3. 


Solution: 


0 
Hint 


Use the preceding example as a guide. 


The Power Rule 


We have shown that 
Equation: 


At this point, you might see a pattern beginning to develop for derivatives of the form f. 
oe 
examination of derivative formulas by differentiating power functions of the form f (x) = x” where n is a 

positive integer. We develop formulas for derivatives of this type of function in stages, beginning with positive 


integer powers. Before stating and proving the general rule for derivatives of functions of this form, we take a look 
at a specific case, va (x). As we go through this derivation, pay special attention to the portion of the expression 


in boldface, as the technique used in this case is essentially the same as the technique used to prove the general 
case. 


(x”). We continue our 


Example: 
Exercise: 


Problem: 
Differentiating x? 


Find 4 (23). 


Solution: 
Equation: 
d 3\ __ 1:.. (eth)*-23 
ae) = lim h 
Notice that the first term in the expansion of 
— Yn 28th 3h? +h —a8 (a+ h)° is x? and the second term is 3x7h. All 
h0 E other terms contain powers of h that are two or 
greater. 
Nim 322+ 32h? h® In this step the x? terms have been cancelled, 
=linaeoan~X 
h—0 H leaving only terms containing h. 
2 ziape 
= li a ate Factor out the common factor of h. 
> 
After cancelling the common factor of h, the 
= lim(3z? + 3zh + h?) e ion Wes : 
h—0 only term not containing h is 32°. 
— ore Let h go to 0. 
Note: 
Exercise: 


Problem: Find -£ (ae 
Solution: 


Ae 


Hint 


Use (a + h)* = «++ 42°h + 67h? + 4xh? + h* and follow the procedure outlined in the preceding example. 


As we shall see, the procedure for finding the derivative of the general form f (2) = x” is very similar. Although 
it is often unwise to draw general conclusions from specific examples, we note that when we differentiate 

f (z) = x°, the power on x becomes the coefficient of x? in the derivative and the power on z in the derivative 
decreases by 1. The following theorem states that the power rule holds for all positive integer powers of z. We 
will eventually extend this result to negative integer powers. Later, we will see that this rule may also be extended 
first to rational powers of x and then to arbitrary powers of x. Be aware, however, that this rule does not apply to 
functions in which a constant is raised to a variable power, such as f(x) = 3”. 


Note: 

The Power Rule 

Let n be a positive integer. If f(z) = x”, then 
Equation: 


y (a= nate 


Alternatively, we may express this rule as 
Equation: 


Proof 


For f (x) = x” where n is a positive integer, we have 


Equation: 
! _.: (x i h)" — a 
f (x) = lim i 
Equation: 
Since (x + h)” = 2" +nz""h + 6 op? + (5) a” n3 +... t+nch™ 1+ hk", 
we see that 
Equation: 


(29 +h)" —a2® =na" ht o) ge eh? + (5) a 3p3 +... 4+ naeh™ +h". 


Next, divide both sides by h: 


Equation: 

(x +h)" — a" nah + (5) anh? + & cr 3h3 +... + nah” 14+ h” 

h 7 h 
Thus, 
Equation: 
+h)" — 2" 

rn = neh + (3) ah + & oth? +. neh? + he. 
Finally, 
Equation: 


f(z) = lim (no + @ ah + (5) a” 3h? +... + neh? t+ n) 


=nz"], 


Example: 
Exercise: 


Problem: 
Applying the Power Rule 


Find the derivative of the function f (x) = x° by applying the power rule. 


Solution: 


Using the power rule with n = 10, we obtain 
Equation: 


f(x) = 101° = 102°. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2’. 


Solution: 
fi (a) = 72° 
Hint 


Use the power rule with n = 7. 


The Sum, Difference, and Constant Multiple Rules 


We find our next differentiation rules by looking at derivatives of sums, differences, and constant multiples of 
functions. Just as when we work with functions, there are rules that make it easier to find derivatives of functions 
that we add, subtract, or multiply by a constant. These rules are summarized in the following theorem. 


Note: 

Sum, Difference, and Constant Multiple Rules 

Let f(a) and g(a) be differentiable functions and k be a constant. Then each of the following equations holds. 
Sum Rule. The derivative of the sum of a function f and a function g is the same as the sum of the derivative of f 
and the derivative of g. 

Equation: 


<(F (2) +9(2)) = <(F (@) + (ola) 


that is, 
Equation: 


for j(x) = f (x) + g(x), 7’ (x) = f'(x) + 9(z). 


Difference Rule. The derivative of the difference of a function f and a function g is the same as the difference of 
the derivative of f and the derivative of g: 


Equation: 


that is, 
Equation: 


for j (x) = f(x) — g(x), J (2) = f' (x) — g(2). 


Constant Multiple Rule. The derivative of a constant k multiplied by a function f is the same as the constant 
multiplied by the derivative: 


Equation: 
d d 
mee (x)) = ka (f (2)); 
that is, 
Equation: 
for j (x) = kf(z), 7’ (z) = kf'() 
Proof 


We provide only the proof of the sum rule here. The rest follow in a similar manner. 


For differentiable functions f (a) and g(a), we set j (x) = f (x) + g(a). Using the limit definition of the 
derivative we have 
Equation: 


By substituting j(« +h) = f(e@+h)+g(a+h) andj (x) = f (x) + g(x), we obtain 
Equation: 


Rearranging and regrouping the terms, we have 
Equation: 


We now apply the sum law for limits and the definition of the derivative to obtain 
Equation: 


= f(a) +9'(@). 


+ lim 
h>0 


(fe fe) Gaara 


Example: 
Exercise: 


Problem: 
Applying the Constant Multiple Rule 


Find the derivative of g(x) = 3x? and compare it to the derivative of f (x) = 2. 


Solution: 


We use the power rule directly: 
Equation: 


g(a) = 4 (80%) =3-4 (@”) =3 (22) = 62. 


Since f (z) = x? has derivative f’ (x) = 2z, we see that the derivative of g (x) is 3 times the derivative of 
f (a). This relationship is illustrated in [link]. 


y y 
12 12 
10 10 

8 
Q(x) = 3x? 
4 


f'(x) = 2x 


The derivative of g (x) is 3 times the derivative of f (x). 


Example: 
Exercise: 


Problem: 
Applying Basic Derivative Rules 
Find the derivative of f (x) = 2x° + 7. 


Solution: 


We begin by applying the rule for differentiating the sum of two functions, followed by the rules for 
differentiating constant multiples of functions and the rule for differentiating powers. To better understand 
the sequence in which the differentiation rules are applied, we use Leibniz notation throughout the solution: 
Equation: 


f@l=— ce fy) 
= & (22°) alg 4. (7) Apply the sum rule. 
= Qe (2°) + aa (7) Apply the constant multiple rule. 
=” (52°) +0 Apply the power rule and the constant rule. 
= 104. Simplify. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2x* — 6x? + 3. 
Solution: 


f' (z) = 62? — 122. 
Hint 


Use the preceding example as a guide. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Tangent Line 


Find the equation of the line tangent to the graph of f (x) = x7 —4r%+6 atx =1. 
Solution: 


To find the equation of the tangent line, we need a point and a slope. To find the point, compute 
Equation: 


This gives us the point (1, 3). Since the slope of the tangent line at 1 is f’(1), we must first find f’ (a). 
Using the definition of a derivative, we have 


Equation: 
f' (x) =2r—-4 
so the slope of the tangent line is f’ (1) = —2. Using the point-slope formula, we see that the equation of the 
tangent line is 
Equation: 


y—3 = —2(¢—1). 


Putting the equation of the line in slope-intercept form, we obtain 
Equation: 


y= —24 +5. 


Note: 
Exercise: 


Problem: 


Find the equation of the line tangent to the graph of f (x) = 3x? — 11 at x = 2. Use the point-slope form. 


Solution: 
= Wake = 2s 
Hint 


Use the preceding example as a guide. 


The Product Rule 


Now that we have examined the basic rules, we can begin looking at some of the more advanced rules. The first 
one examines the derivative of the product of two functions. Although it might be tempting to assume that the 
derivative of the product is the product of the derivatives, similar to the sum and difference rules, the product rule 
does not follow this pattern. To see why we cannot use this pattern, consider the function f (x) = a”, whose 


derivative is f’ (x) = 2x and not (2). 4 (2) =1-1=1. 


Note: 

Product Rule 

Let f(x) and g(x) be differentiable functions. Then 
Equation: 


<(F (#)9(2)) = <(f (2) -9(2) + (9(@)) fle). 


That is, 
Equation: 


if j(w) = f (x)g(x), then j! (x) = f'(w)g (x) + 9 (2) F(a). 


This means that the derivative of a product of two functions is the derivative of the first function times the second 
function plus the derivative of the second function times the first function. 


Proof 


We begin by assuming that f(a) and g(x) are differentiable functions. At a key point in this proof we need to use 
the fact that, since g(x) is differentiable, it is also continuous. In particular, we use the fact that since g(x) is 
continuous, lim g (x + h) =9(z). 

=> 


By applying the limit definition of the derivative to j (x) = f (x)g (x), we obtain 
Equation: 


By adding and subtracting f (x)g(a + h) in the numerator, we have 
Equation: 


fleth)g(e@+h)— fle)g(a+h) + f(z)g(e +h) — flx)g (x) 
h-0 h : 


After breaking apart this quotient and applying the sum law for limits, the derivative becomes 
Equation: 


- 4: 
J () = lim 


(Let Malet W)—Helole th) 4 yy ( Helele +H) — heels) ) 


Rearranging, we obtain 
Equation: 


By using the continuity of g (a), the definition of the derivatives of f(a) and g(x), and applying the limit laws, we 
arrive at the product rule, 
Equation: 


Example: 
Exercise: 


Problem: 

Applying the Product Rule to Functions at a Point 

For j (x) = f (x)g(z), use the product rule to find 7’(2) if f (2) = 3, f’ (2) = —4, g(2) = 1, and 
g' (2) = 6. 


Solution: 
Since j(x) = f («)g (2), 3" («) = f"(w)g (2) + 9 («) f(a), and hence 
Equation: 
7 2) Ff (2)a (2) og (2) i (2) (4) (6) (3) 4 
Example: 


Exercise: 


Problem: 
Applying the Product Rule to Binomials 


For j (x) = (x? + 2)(3x° — 5z), find 7’(x) by applying the product rule. Check the result by first finding 
the product and then differentiating. 


Solution: 


If we set f (x) = x* + 2 and g(x) = 32° — 5a, then f’ (x) = 22 and g' (x) = 9x? — 5. Thus, 
Equation: 


J (2) = f'(x)g (x) +g (x) f (x) = (2x) (32° — 5a) + (9x? — 5) (x? + 2). 
Simplifying, we have 
Equation: 


j (x) = 1524 + 32 — 10. 


To check, we see that j (x) = 32° + x? — 10z and, consequently, 7’ (x) = 1524 + 3x7 — 10. 


Note: 
Exercise: 


Problem: Use the product rule to obtain the derivative of j (x) = 2x° (42? sr a 


Solution: 
j' () = 10x+ (4a? + x) + (8a +1) (20°) = 56x6 + 1225. 
Hint 


Set f (x) = 2x° and g(x) = 4a” + « and use the preceding example as a guide. 


The Quotient Rule 


Having developed and practiced the product rule, we now consider differentiating quotients of functions. As we 
see in the following theorem, the derivative of the quotient is not the quotient of the derivatives; rather, it is the 
derivative of the function in the numerator times the function in the denominator minus the derivative of the 
function in the denominator times the function in the numerator, all divided by the square of the function in the 
denominator. In order to better grasp why we cannot simply take the quotient of the derivatives, keep in mind that 
Equation: 


4d (73 2 
(42) = 22, not = G ) = ae = 3x" 
dx (2) 1 


Note: 
The Quotient Rule 


Let f(x) and g(x) be differentiable functions. Then 


Equation: 
d 2) _ wf (2) -9(2) — wg): fl) 
eG) (g(«))” 

That is, 

Equation: 


The proof of the quotient rule is very similar to the proof of the product rule, so it is omitted here. Instead, we 
apply this new rule for finding derivatives in the next example. 


Example: 
Exercise: 


Problem: 
Applying the Quotient Rule 


bias 
4g -3) 


Use the quotient rule to find the derivative of k (x) = 


Solution: 


Let f (x) = 5x? and g(x) = 4x + 3. Thus, f’(x) = 10z and g' (x) = 4. Substituting into the quotient rule, 
we have 


Equation: 
x (a) — L@)9(@) = 9 (w)F(e) _ 100 (Aa + 8) = 4052") 
(9(2))° (42 + 3)’ 
Simplifying, we obtain 
Equation: 
2 Ake 
ae 20x ae 
(4a + 3) 

Note: 
Exercise: 


Problem: Find the derivative of h (7) = 32+} 


Solution: 


Hint 


Apply the quotient rule with f (x) = 3a +1 and g(x) = 4x — 3. 


It is now possible to use the quotient rule to extend the power rule to find derivatives of functions of the form «* 


where & is a negative integer. 


Note: 
Extended Power Rule 
If k is a negative integer, then 


Equation: 
d 2 
— ( i) > kak 1 
dz 
Proof 
If kis a negative integer, we may set n = —k, so that n is a positive integer with k = —n. Since for each positive 


integer n, c-" = +, we may now apply the quotient rule by setting f (x) = 1 and g(x) = 2”. In this case, 


gn? 


f' (x) =0and g (x) = nx""!. Thus, 


Equation: 
d (2-”) 0(2”) — 1 (nz?) 
bn = 
dx (ar)? 
Simplifying, we see that 
Equation: 
= n-1 
< (o>) = a = —ny(r-1)-2n = —ng-?1 
x x 
Finally, observe that since k = —n, by substituting we have 
Equation: 
dik k-1 
ae (x ) = kx . 
Example: 
Exercise: 
Problem: 


Using the Extended Power Rule 


Find “ (2-4), 


Solution: 


By applying the extended power rule with k = —4, we obtain 
Equation: 


Example: 
Exercise: 


Problem: 
Using the Extended Power Rule and the Constant Multiple Rule 


Use the extended power rule and the constant multiple rule to find f (x) = zi 


Solution: 


le 
5. 


It may seem tempting to use the quotient rule to find this derivative, and it would certainly not be incorrect to 
do so. However, it is far easier to differentiate this function by first rewriting it as f (x) = 6x22. 


Equation: 
fi(z) = (4) = (62°) Rewrite 5 as 6x”. 
= 6 (2) Apply the constant multiple rule. 
= 6(—2273) Use the extended power rule to differentiate x~?. 
=—-12273 Simplify. 
Note: 
Exercise: 


Problem: Find the derivative of g(x) = a using the extended power rule. 


Solution: 


Ge) — =e": 
Hint 


Rewrite g(x) = ++ = x '. Use the extended power rule with k = —7. 


Combining Differentiation Rules 


As we have seen throughout the examples in this section, it seldom happens that we are called on to apply just one 
differentiation rule to find the derivative of a given function. At this point, by combining the differentiation rules, 
we may find the derivatives of any polynomial or rational function. Later on we will encounter more complex 
combinations of differentiation rules. A good rule of thumb to use when applying several rules is to apply the rules 


in reverse of the order in which we would evaluate the function. 


Example: 
Exercise: 


Problem: 
Combining Differentiation Rules 


For k(x) = 3h (x) + xg(xr), find k’(x). 
Solution: 


Finding this derivative requires the sum rule, the constant multiple rule, and the product rule. 
Equation: 
ta ie ee a (3h (x) + 279(zx)) = (3h (x)) + 4. (xg («)) Apply the sum rule. 
Apply the constant multiple rule to 
= 3 (h(ax)) + (<4 (x”) 9(x) + ae (aia) differentiate 3h (x) and the product 
rule to differentiate x7g (2). 
= 3h! (x) + 2x9 (z) + o(2)2? 


Example: 
Exercise: 


Problem: 
Extending the Product Rule 


For k(x) = f (x)g(x)h(x), express k’ (x) in terms of f (x), g(x), h (x), and their derivatives. 


Solution: 


We can think of the function k(a) as the product of the function f (a)g (a) and the function h (). That is, 


k (x) = (f (x)g(2)) - h(a). Thus, 
Equation: 


Apply the product rule to the produ 


Ka) = £(F @)o(@))-h(@) + LOC) (F@alo)) a NS 
= (f'(x)g (x) +g (x)f (x)h) (x) +h! (x) f (x)g (x) Apply the product rule to f (x)g (z). 
= f'(x)g(x)h(x) + f (x)g' (x)h(x) + f (x)g(x)h'(z ). Simplify. 


Example: 
Exercise: 


Problem: 
Combining the Quotient Rule and the Product Rule 


22°k(x) 


For h(x) = aed 


find h'(z). 
Solution: 


This procedure is typical for finding the derivative of a rational function. 


Equation: 


 (2a%k(x))-(3e+2)— 4 (3x+2)-(223k(2)) 


(Gs IGS, Apply the quotient rule. 
__(62°h(x)+4'(a) 228) (82+2)—3(22%()) Apply the product rule to find 
(30-+2)° -# (225k (x)). Use 4 (32 + 2) = 3. 
_ —6a%k(x)+18x3k(x)+12x7k(x)+62*k!(z)+42°k (x) : ; 
= (an42y? Simplify. 


Note: 
Exercise: 


Problem: Find  (3f (x) = 29 (#)): 
Solution: 
3f! (x) — 29' (2). 

Hint 


Apply the difference rule and the constant multiple rule. 


Example: 
Exercise: 


Problem: 
Determining Where a Function Has a Horizontal Tangent 


Determine the values of x for which f (x) = x? — 7x? + 8x +1 has a horizontal tangent line. 


Solution: 


To find the values of x for which f(z) has a horizontal tangent line, we must solve f’ (x) = 0. Since 
Equation: 


f' (x) = 3a" — 142 + 8 = (3a — 2) (x — 4), 


we must solve (3a — 2) (x — 4) = 0. Thus we see that the function has horizontal tangent lines at ¢ = = 


and x = 4 as shown in the following graph. 


f(x) = x8 — 7x2 + 8x +1 


This function has horizontal tangent lines 
at x = 2/3 and x = 4. 


Example: 
Exercise: 
Problem: 
Finding a Velocity 
The position of an object on a coordinate axis at time t is given by s (t) = oan . What is the initial velocity 


of the object? 
Solution: 


Since the initial velocity is v (0) = s’ (0), begin by finding s’(¢) by applying the quotient rule: 
Equation: 


fog E80) 2 es 
+P (+1)? 


After evaluating, we see that v (0) = 1. 


Note: 
Exercise: 


Problem: 


Find the values of x for which the line tangent to the graph of f (2) = Aa” — 32 + 2 has a tangent line 
parallel to the line y = 2a + 3. 


Solution: 


Hint 


Solve f’ (x) = 2. 


Note: 

Formula One Grandstands 
Formula One car races can be very exciting to watch and attract a lot of spectators. Formula One track designers 
have to ensure sufficient grandstand space is available around the track to accommodate these viewers. However, 
car racing can be dangerous, and safety considerations are paramount. The grandstands must be placed where 
spectators will not be in danger should a driver lose control of a car ({link]). 


The grandstand next to a straightaway of the Circuit de Barcelona-Catalunya race track, located where the 
spectators are not in danger. 


dig oie 2 ois 2s 2k aie aie 2K 2s 


Safety is especially a concern on turns. If a driver does not slow down enough before entering the turn, the car 
may slide off the racetrack. Normally, this just results in a wider turn, which slows the driver down. But if the 
driver loses control completely, the car may fly off the track entirely, on a path tangent to the curve of the 
racetrack. 

Suppose you are designing a new Formula One track. One section of the track can be modeled by the function 
a= a? + 3x + a ([link]). The current plan calls for grandstands to be built along the first straightaway and 
around a portion of the first curve. The plans call for the front corner of the grandstand to be located at the point 
(—1.9, 2.8). We want to determine whether this location puts the spectators in danger if a driver loses control of 
the car. 


f(x) = x? + 3x? + x 


(b) 


(a) One section of the racetrack can be modeled by the function f (x) = x? + 3x? + a. (b) The front 
corner of the grandstand is located at (—1.9, 2.8). 


1. Physicists have determined that drivers are most likely to lose control of their cars as they are coming into a 
turn, at the point where the slope of the tangent line is 1. Find the (z, y) coordinates of this point near the 
turn. 

2. Find the equation of the tangent line to the curve at this point. 

3. To determine whether the spectators are in danger in this scenario, find the x-coordinate of the point where 
the tangent line crosses the line y = 2.8. Is this point safely to the right of the grandstand? Or are the 
spectators in danger? 

4, What if a driver loses control earlier than the physicists project? Suppose a driver loses control at the point 

(—2.5, 0.625). What is the slope of the tangent line at this point? 
. Ifa driver loses control as described in part 4, are the spectators safe? 
6. Should you proceed with the current design for the grandstand, or should the grandstands be moved? 


ion 


Key Concepts 


e The derivative of a constant function is zero. 

e The derivative of a power function is a function in which the power on x becomes the coefficient of the term 
and the power on z in the derivative decreases by 1. 

e The derivative of a constant c multiplied by a function f is the same as the constant multiplied by the 
derivative. 

¢ The derivative of the sum of a function f and a function g is the same as the sum of the derivative of f and the 
derivative of g. 

e The derivative of the difference of a function f and a function g is the same as the difference of the derivative 
of f and the derivative of g. 

e The derivative of a product of two functions is the derivative of the first function times the second function 
plus the derivative of the second function times the first function. 

e The derivative of the quotient of two functions is the derivative of the first function times the second function 
minus the derivative of the second function times the first function, all divided by the square of the second 


function. 

e We used the limit definition of the derivative to develop formulas that allow us to find derivatives without 
resorting to the definition of the derivative. These formulas can be used singly or in combination with each 
other. 


For the following exercises, find f'(a) for each function. 
Exercise: 


Problem: f (x) = x’ + 10 
Exercise: 

Problem: f(z) = 527-—x2+1 

Solution: 

f' (z) = 152? -1 


Exercise: 


Problem: f (x) = 4x? — 7x 
Exercise: 
Problem: f (x) = 824+ 927-1 
Solution: 
f' (e) = 322? +18% 
Exercise: 


Problem: f (x) = x* + 2 


Exercise: 


Problem: f (x) = 32 (184+ —3-) 


Solution: 


! _ 4 39 
f' (e) = 27004 + Sy 


Exercise: 


Problem: f (x) = (x + 2) (227 — 3) 


Exercise: 
Problem: f (x) = x? (3+ 4) 


Solution: 


f(a) = 


Exercise: 


Problem: f (x) = weed 


Exercise: 


Problem: f (x) = 4a’ 2a) 


Solution: 


! _ 4x4+2x?—2 
f (x) = a 


Exercise: 


Problem: f (x) = =** 


Exercise: 


Problem: f (x) = —*** 


Solution: 


! _ ~a?—182+64 
i (x) = (x?—7e+1)* 


For the following exercises, find the equation of the tangent line T (a) to the graph of the given function at the 


indicated point. Use a graphing calculator to graph the function and the tangent line. 
Exercise: 


Problem: [T] y = 32” + 4z + Lat (0,1) 


Exercise: 


Problem: [T] y = 2./z + 1 at (4,5) 


Solution: 


Exercise: 


Problem: [T] y = 


22 at (—1, 1) 


x 


Exercise: 
Problem: [T] y = 2 — = at (1, —1) 


Solution: 


T (x) = 4a —5 
For the following exercises, assume that f(x) and g («) are both differentiable functions for all x. Find the 


derivative of each of the functions h (2). 
Exercise: 


Problem: h (x) = 4f (x) + ate) 


Exercise: 


Problem: h (x) = x° f(z) 


Solution: 

h! (x) = 3e°f (x) + 2° f' (2) 
Exercise: 

Problem: h (x) = Hos) 
Exercise: 

Problem: h (x) = ae 


Solution: 


For the following exercises, assume that f(a) and g («) are both differentiable functions with values as given in 
the following table. Use the following table to calculate the following derivatives. 


f(z) 3 5 —2 0 

g(x) 2 3 —4 6 

f'(z) —1 7 8 —3 

g(x) 4A 1 2 9 
Exercise: 


Problem: Find h'(1) if h(x) = xf (x) + 4g (2). 


Exercise: 


Problem: Find h’ (2) if h(x) = £2. 


Solution: 


16 
9 


Exercise: 


Problem: Find h’ (3) if h(x) = 2a + f (x)g (a). 


Exercise: 


Problem: Find h’ (4) if h(x) = ++ oe) 


Solution: 


Undefined 


For the following exercises, use the following figure to find the indicated derivatives, if they exist. 


Exercise: 


Problem: Let h(x) = f (x) + g(a). Find 


ate (1) 


b. h’ (3), and 
c. h’ (4). 
Exercise: 


Problem: Let h (x) = f (x)g (ax). Find 


a. h’ (1), 
b. h’ (3), and 
c. h’ (4). 


Solution: 


a. 2, b. does not exist, c. 2.5 


Exercise: 
Problem: Let h (x) = fs . Find 
a. h’(1), 
b. h’ (3), and 
c. h' (4). 


For the following exercises, 


a. evaluate f’ (a), and 
b. graph the function f (a) and the tangent line at z = a. 


Exercise: 
Problem: [T] f (x) = 2x? + 32 —2?,a = 2 


Solution: 


a. 23, b. y= 23a — 28 


Exercise: 


Problem: [T] f (x) = + —2?,a=1 


x 


Exercise: 


Problem: [T] f (z) = z?—2”+32+2,a=0 


Solution: 


a.3,b.y= 3x42 


Exercise: 


Problem: [T] f (x) = + — 22/3,a = —1 


Exercise: 
Problem: Find the equation of the tangent line to the graph of f (2) = 2x3 + 4x7 — 5x — 3 atx = —1. 
Solution: 
y= Te —3 

Exercise: 


Problem: Find the equation of the tangent line to the graph of f (a) = «7 + - —10atzr = 8. 


Exercise: 


Problem: Find the equation of the tangent line to the graph of f (x) = (3a — x?)(3 —a-— 2?) atx =1. 


Solution: 


y= —dx2+7 


Exercise: 


Problem: 


Find the point on the graph of f (x) = a° such that the tangent line at that point has an x intercept of 6. 
Exercise: 
Problem: 


Find the equation of the line passing through the point P(3, 3) and tangent to the graph of f (2) = 2. 


Solution: 

ya-gety 
Exercise: 

Problem: 


Determine all points on the graph of f (x) = x? + x? — x — 1 for which the slope of the tangent line is 


a. horizontal 
b. —1. 


Exercise: 


Problem: Find a quadratic polynomial such that f (1) = 5, f’(1) = 3 and fv (1) = —6. 
Solution: 
y = —3x7 + 92-1 
Exercise: 
Problem: A car driving along a freeway with traffic has traveled s (t) = t? — 6t? + 9t meters in ¢ seconds. 


a. Determine the time in seconds when the velocity of the car is 0. 
b. Determine the acceleration of the car when the velocity is 0. 


Exercise: 


Problem: [T] A herring swimming along a straight line has traveled s (t) = — feet in t seconds. 


Determine the velocity of the herring when it has traveled 3 seconds. 
Solution: 


=H, or 0.0992 ft/s 


Exercise: 
Problem: 


The population in millions of arctic flounder in the Atlantic Ocean is modeled by the function 


P(t)= Tena where ¢ is measured in years. 


a. Determine the initial flounder population. 


b. Determine P’ (10) and briefly interpret the result. 


Exercise: 
Problem: 


[T] The concentration of antibiotic in the bloodstream ¢ hours after being injected is given by the function 


C(t) = —- , where C is measured in milligrams per liter of blood. 


a. Find the rate of change of C (t). 
b. Determine the rate of change fort = 8, 12, 24, and 36. 
c. Briefly describe what seems to be occurring as the number of hours increases. 


Solution: 


a. ee b. —0.02395 mg/L-hr, -0.01344 mg/L-hr, -0.003566 mg/L-hr, -0.001579 mg/L-hr c. The 


rate at which the concentration of drug in the bloodstream decreases is slowing to 0 as time increases. 


Exercise: 
Problem: 
A book publisher has a cost function given by C (”) = ees. where x is the number of copies of a book in 


thousands and C is the cost, per book, measured in dollars. Evaluate C’ (2) and explain its meaning. 
Exercise: 


Problem: 


[T] According to Newton’s law of universal gravitation, the force F' between two bodies of constant mass m1 
and mz is given by the formula F = Grmyne , where G is the gravitational constant and d is the distance 


between the bodies. 


a. Suppose that G, mj, and mz are constants. Find the rate of change of force F' with respect to distance d. 
b. Find the rate of change of force F' with gravitational constant G = 6.67 x 10-1! Nm? / ke’, on two 
bodies 10 meters apart, each with a mass of 1000 kilograms. 


Solution: 


a. Fi(d) = Gm b, 1.33 x 10-7 N/m 


Glossary 


constant multiple rule 
the derivative of a constant c multiplied by a function fis the same as the constant multiplied by the 
derivative: + (cf (2) Sef (2) 


constant rule 
the derivative of a constant function is zero: #(c) = 0, where c is a constant 


difference rule 
the derivative of the difference of a function f and a function g is the same as the difference of the derivative 


of f and the derivative of g: (f(x) — g(z)) = f' (z) — g'(z) 


power rule 
the derivative of a power function is a function in which the power on z becomes the coefficient of the term 
and the power on z in the derivative decreases by 1: If n is an integer, then on” =n! 


product rule 
the derivative of a product of two functions is the derivative of the first function times the second function 
plus the derivative of the second function times the first function: 4 (f (x)g(x)) = f! (x)g (x) + 9 (2)f (x) 


quotient rule 
the derivative of the quotient of two functions is the derivative of the first function times the second function 
minus the derivative of the second function times the first function, all divided by the square of the second 
‘on: 2. { £@ ) — f'(z)9(x)-9'@) f(z) 
function: =~ (2 (oe)? 


sum rule 
the derivative of the sum of a function f and a function g is the same as the sum of the derivative of f and the 


derivative of g: 4 (f (x) + 9(2)) = f' (x) +g! (z) 


Derivatives as Rates of Change 


e Determine a new value of a quantity from the old value and the 
amount of change. 

¢ Calculate the average rate of change and explain how it differs from 
the instantaneous rate of change. 

e Apply rates of change to displacement, velocity, and acceleration of an 
object moving along a straight line. 

e Predict the future population from the present value and the population 
growth rate. 

e Use derivatives to calculate marginal cost and revenue in a business 
situation. 


In this section we look at some applications of the derivative by focusing on 
the interpretation of the derivative as the rate of change of a function. These 
applications include acceleration and velocity in physics, population 
growth rates in biology, and marginal functions in economics. 


Amount of Change Formula 


One application for derivatives is to estimate an unknown value of a 
function at a point by using a known value of a function at some given point 
together with its rate of change at the given point. If f(x) is a function 
defined on an interval [a, a + h], then the amount of change of f(x) over 
the interval is the change in the y values of the function over that interval 
and is given by 

Equation: 


flat+h) — fla). 


The average rate of change of the function f over that same interval is the 
ratio of the amount of change over that interval to the corresponding change 
in the x values. It is given by 

Equation: 


f(a+h) = fla) 


As we already know, the instantaneous rate of change of f(x) at a is its 
derivative 
Equation: 


For small enough values of h, f’ (a) = oth fa) We can then solve for 


f (a +h) to get the amount of change formula: 
Equation: 


flat+h) © f(a) + fi(ajh. 


We can use this formula if we know only f(a) and f'(a) and wish to 
estimate the value of f (a + h). For example, we may use the current 
population of a city and the rate at which it is growing to estimate its 
population in the near future. As we can see in [link], we are approximating 
f(a +h) by the y coordinate at a + h on the line tangent to f(x) at x = a. 
Observe that the accuracy of this estimate depends on the value of h as well 
as the value of f’ (a). 


error in using f(a) + fi(a)h 
to estimate f(a + h) 


(a +h, 


The new value of a changed quantity equals the 
original value plus the rate of change times the 
interval of change: f (a+ h) = f(a) + f’ (a)h. 


Note: 
Here is an interesting demonstration of rate of change. 


Example: 
Exercise: 


Problem: 
Estimating the Value of a Function 


lit 7 (3) = 2, anal f7 (3) ==", estimate (3.2), 


Solution: 


Begin by finding h. We have h = 3.2 — 3 = 0.2. Thus, 
Equation: 


f (3.2) = f (3+ 0.2) = f (3) + (0.2) f" (3) = 2+ 0.2 (5) =3. 


Note: 
Exercise: 


Problem: Given f (10) = —5 and f’ (10) = 6, estimate f (10.1). 
Solution: 


—4,.4 
Hint 


Use the same process as in the preceding example. 


Motion along a Line 


Another use for the derivative is to analyze motion along a line. We have 
described velocity as the rate of change of position. If we take the 
derivative of the velocity, we can find the acceleration, or the rate of change 
of velocity. It is also important to introduce the idea of speed, which is the 
magnitude of velocity. Thus, we can state the following mathematical 
definitions. 


Note: 

Definition 

Let s (t) be a function giving the position of an object at time t. 
The velocity of the object at time t is given by u(t) = s’ (t). 


| 
) =v! (t) = si(t). 


The speed of the object at time t is given by |v (t) 
The acceleration of the object at t is given by a (t 


Example: 
Exercise: 


Problem: 
Comparing Instantaneous Velocity and Average Velocity 


A ball is dropped from a height of 64 feet. Its height above ground (in 
feet) t seconds later is given by s (t) = —16t? + 64. 


50 s(t) = -16t? + 64 


0.5 1.0 1.5 2.0 


a. What is the instantaneous velocity of the ball when it hits the 


ground? 
b. What is the average velocity during its fall? 


Solution: 


The first thing to do is determine how long it takes the ball to reach 
the ground. To do this, set s (t) = 0. Solving —16t? + 64 = 0, we 


get t = 2, so it take 2 seconds for the ball to reach the ground. 


a. The instantaneous velocity of the ball as it strikes the ground is 
v (2). Since v (t) = s’ (t) = —32t, we obtain v (t) = —64 ft/s. 
b. The average velocity of the ball during its fall is 


Equation: 
2)—s(0 0 — 64 
Vave = ele) een) = = —32 ft/s. 
2—0 2 
Example: 
Exercise: 
Problem: 


Interpreting the Relationship between v (t) and a (¢) 


A particle moves along a coordinate axis in the positive direction to 
the right. Its position at time t is given by s (t) = t® — 4t + 2. Find 
v (1) and a (1) and use these values to answer the following 
questions. 


a. Is the particle moving from left to right or from right to left at 
time t = 1? 
b. Is the particle speeding up or slowing down at time t = 1? 
Solution: 
Begin by finding v (¢) and a (t). 
anda (i) 0 (sib) Gr, 


Evaluating these functions at ¢ = 1, we obtain v (1) = —1 and 
at 6: 


a. Because v (1) < 0, the particle is moving from right to left. 

b. Because v (1) < 0 anda(1) > 0, velocity and acceleration are 
acting in opposite directions. In other words, the particle is being 
accelerated in the direction opposite the direction in which it is 
traveling, causing |v (t)| to decrease. The particle is slowing 
down. 


Example: 
Exercise: 


Problem: 
Position and Velocity 


The position of a particle moving along a coordinate axis is given by 
s(t) =#? — 9t? + 24¢+4,t > 0. 


a. Find v (t). 

b. At what time(s) is the particle at rest? 

c. On what time intervals is the particle moving from left to right? 
From right to left? 

d. Use the information obtained to sketch the path of the particle 
along a coordinate axis. 


Solution: 


a. The velocity is the derivative of the position function: 
Equation: 


Gis (isto Spas 


b. The particle is at rest when v (t) = 0, so set 
3t? — 18t + 24 = 0. Factoring the left-hand side of the equation 
produces 3 (t — 2) (t — 4) = 0. Solving, we find that the particle 
is at rest att = 2 andt = 4. 


c. The particle is moving from left to right when v (t) > 0 and 
from right to left when v (t) < 0. [link] gives the analysis of the 
sign of v(t) fort > 0, but it does not represent the axis along 
which the particle is moving. 


+ 0 = 0 + v(t) 
$9 9) 
0 2 4 : 


The sign of v(t) determines the direction of the particle. 


Since 3t? — 18t + 24 > 0 on [0, 2) U (2, +00), the particle is 
moving from left to right on these intervals. 

Since 3¢? — 18t + 24 < 0 on (2, 4), the particle is moving from 
right to left on this interval. 

d. Before we can sketch the graph of the particle, we need to know 
its position at the time it starts moving (¢ = 0) and at the times 
that it changes direction (t = 2,4). We have 
s (0) = 4,s (2) = 24, and s (4) = 20. This means that the 
particle begins on the coordinate axis at 4 and changes direction 
at 0 and 20 on the coordinate axis. The path of the particle is 
shown on a coordinate axis in [link]. 


t=0 t=2 
-8 -4 0 4 8 12 16 20 24 


The path of the particle can be determined by 
analyzing v(t). 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time ¢ is 
given by s(t) = t? — 5t + 1. Is the particle moving from right to left 
or from left to right at time t = 3? 


Solution: 


left to right 
Hint 


Find v (3) and look at the sign. 


Population Change 


In addition to analyzing velocity, speed, acceleration, and position, we can 
use derivatives to analyze various types of populations, including those as 
diverse as bacteria colonies and cities. We can use a current population, 
together with a growth rate, to estimate the size of a population in the 
future. The population growth rate is the rate of change of a population and 
consequently can be represented by the derivative of the size of the 
population. 


Note: 

Definition 

If P (t) is the number of entities present in a population, then the 
population growth rate of P (t) is defined to be P’ (t). 


Example: 


Exercise: 


Problem: 
Estimating a Population 


The population of a city is tripling every 5 years. If its current 
population is 10,000, what will be its approximate population 2 years 
from now? 


Solution: 


Let P (t) be the population (in thousands) t years from now. Thus, we 
know that P (0) = 10 and based on the information, we anticipate 

P (5) = 30. Now estimate P’ (0), the current growth rate, using 
Equation: 


P(5)—P(0) _ 30-10 _ 


P'(0) = 
(0) 5—0 5 


4. 


By applying [link] to P (¢), we can estimate the population 2 years 
from now by writing 
Equation: 


P (2) = P(0) + (2)P’ (0) + 10 + 2(4) = 18: 


thus, in 2 years the population will be 18,000. 


Note: 
Exercise: 


Problem: 
The current population of a mosquito colony is known to be 3,000; 


that is, P (0) = 3,000. If P’ (0) = 100, estimate the size of the 
population in 3 days, where ¢ is measured in days. 


Solution: 


3,300 
Hint 


Use P (3) ~ P(0) + 3P’ (0). 


Changes in Cost and Revenue 


In addition to analyzing motion along a line and population growth, 
derivatives are useful in analyzing changes in cost, revenue, and profit. The 
concept of a marginal function is common in the fields of business and 
economics and implies the use of derivatives. The marginal cost is the 
derivative of the cost function. The marginal revenue is the derivative of the 
revenue function. The marginal profit is the derivative of the profit 
function, which is based on the cost function and the revenue function. 


Note: 

Definition 

If C(x) is the cost of producing x items, then the marginal cost MC (x) 
IG VE ieee) 

If R (x) is the revenue obtained from selling x items, then the marginal 
revenue MR (x) is MR(x) = R’ (2). 

If P(x) = R(a) — C' (za) is the profit obtained from selling x items, then 
the marginal profit 1/ P(z) is defined to be 

MEP = PAP Vinay VC (a ia (ae a Ca), 


We can roughly approximate 
Equation: 


MC (2) = C' (2) = jim C41) ~ Ce) 


by choosing an appropriate value for h. Since x represents objects, a 
reasonable and small value for h is 1. Thus, by substituting h = 1, we get 
the approximation MC (x) = C' (a) + C (a + 1) — C (a). Consequently, 
C’ (x) for a given value of x can be thought of as the change in cost 
associated with producing one additional item. In a similar way, 

MR (a) = R' (x) approximates the revenue obtained by selling one 
additional item, and MP (a) = P’ (x) approximates the profit obtained by 
producing and selling one additional item. 


Example: 
Exercise: 


Problem: 
Applying Marginal Revenue 


Assume that the number of barbeque dinners that can be sold, x, can 
be related to the price charged, p, by the equation 
p(2) = 9 — 0.032,0 < x < 300. 


In this case, the revenue in dollars obtained by selling x barbeque 
dinners is given by 

Equation: 

R(x) = xp(x) = x (9 — 0.032) = —0.03x? + 9x for 0 < x < 300. 
Use the marginal revenue function to estimate the revenue obtained 


from selling the 101st barbeque dinner. Compare this to the actual 
revenue obtained from the sale of this dinner. 


Solution: 


First, find the marginal revenue function: 
MR (a) = R’ (x) = —0.06z + 9. 


Next, use R’ (100) to approximate R (101) — R (100), the revenue 
obtained from the sale of the 101st dinner. Since R’ (100) = 3, the 
revenue obtained from the sale of the 101st dinner is approximately 


$3. 


The actual revenue obtained from the sale of the 101st dinner is 
Equation: 


R(101) — R(100) = 602.97 — 600 = 2.97, or $2.97. 


The marginal revenue is a fairly good estimate in this case and has the 
advantage of being easy to compute. 


Note: 
Exercise: 


Problem: 


Suppose that the profit obtained from the sale of x fish-fry dinners is 
given by P(x) = —0.03x? + 8x — 50. Use the marginal profit 
function to estimate the profit from the sale of the 101st fish-fry 
dinner. 


Solution: 


$2 
Hint 


Use P' (100) to approximate P (101) — P(100). 


Key Concepts 


e Using f(a +h) = f(a) + f' (a)h, it is possible to estimate 
f (a +h) given f’ (a) and f (a). 

e The rate of change of position is velocity, and the rate of change of 
velocity is acceleration. Speed is the absolute value, or magnitude, of 
velocity. 

e The population growth rate and the present population can be used to 
predict the size of a future population. 

e Marginal cost, marginal revenue, and marginal profit functions can be 
used to predict, respectively, the cost of producing one more item, the 
revenue obtained by selling one more item, and the profit obtained by 
producing and selling one more item. 


For the following exercises, the given functions represent the position of a 
particle traveling along a horizontal line. 


a. Find the velocity and acceleration functions. 
b. Determine the time intervals when the object is slowing down or 
speeding up. 


Exercise: 


Problem: s (t) = 2¢? — 3t? — 12#4+ 8 


Exercise: 


Problem: s (t) = 2¢° — 15¢? + 36t — 10 
Solution: 


a. v(t) = 6t? — 30t + 36, a(t) = 12t — 30; b. speeds up 
(2, 2.5) U (3, 00), slows down (0, 2) U (2.5, 3) 


Exercise: 


Problem: s (t) = uF 


Exercise: 
Problem: 
A rocket is fired vertically upward from the ground. The distance s in 


feet that the rocket travels from the ground after t seconds is given by 
s (t) = —16t? + 560t. 


a. Find the velocity of the rocket 3 seconds after being fired. 
b. Find the acceleration of the rocket 3 seconds after being fired. 


Solution: 


a. 464 ft/s” b. —32 ft/s” 
Exercise: 


Problem: 


A ball is thrown downward with a speed of 8 ft/s from the top of a 64- 
foot-tall building. After t seconds, its height above the ground is given 
by s (t) = —16¢* — 8¢ + 64. 


a. Determine how long it takes for the ball to hit the ground. 
b. Determine the velocity of the ball when it hits the ground. 


Exercise: 


Problem: 


The position function s (t) = t? — 3t — 4 represents the position of 
the back of a car backing out of a driveway and then driving in a 
straight line, where s is in feet and ¢ is in seconds. In this case, 

s(t) = 0 represents the time at which the back of the car is at the 
garage door, so s (0) = —4 is the starting position of the car, 4 feet 
inside the garage. 


a. Determine the velocity of the car when s (t) = 0. 
b. Determine the velocity of the car when s (¢) = 14. 


Solution: 


a. 5 ft/s b. 9 ft/s 
Exercise: 


Problem: 


The position of a hummingbird flying along a straight line in t seconds 
is given by s(t) = 3¢° — 7¢ meters. 


a. Determine the velocity of the bird at ¢ = 1 sec. 
b. Determine the acceleration of the bird at ¢ = 1 sec. 
c. Determine the acceleration of the bird when the velocity equals 0. 


Exercise: 


Problem: 


A potato is launched vertically upward with an initial velocity of 100 
ft/s from a potato gun at the top of an 85-foot-tall building. The 
distance in feet that the potato travels from the ground after t seconds 
is given by s (t) = —16t? + 100t + 85. 


a. Find the velocity of the potato after 0.5s and 5.75s. 

b. Find the speed of the potato at 0.5 s and 5.75 s. 

c. Determine when the potato reaches its maximum height. 

d. Find the acceleration of the potato at 0.5 s and 1.5s. 

e. Determine how long the potato is in the air. 

f. Determine the velocity of the potato upon hitting the ground. 


Solution: 


84 ft/s, —84 ft/s b. 84 ft/s c. 2 s d. —32 ft/s” in both cases e. 


d. 
1 (25 " v965) sf. 44/965 ft/s 


Exercise: 
Problem: 
The position function s (t) = t® — 8¢ gives the position in miles of a 


freight train where east is the positive direction and t is measured in 
hours. 


a. Determine the direction the train is traveling when s (t) = 0. 

b. Determine the direction the train is traveling when a (t) = 0. 

c. Determine the time intervals when the train is slowing down or 
speeding up. 


Exercise: 
Problem: 


The following graph shows the position y = s (t) of an object moving 
along a straight line. 


a. Use the graph of the position function to determine the time 
intervals when the velocity is positive, negative, or zero. 

b. Sketch the graph of the velocity function. 

c. Use the graph of the velocity function to determine the time 
intervals when the acceleration is positive, negative, or zero. 

d. Determine the time intervals when the object is speeding up or 
slowing down. 


Solution: 


a. Velocity is positive on (0, 1.5) U (6,7), negative on 
(1.5, 2) U (5,6), and zero on (2,5). b. 


c. Acceleration is positive on (5,7), negative on (0,2), and zero on 
(2,5). d. The object is speeding up on (6,7) U (1.5, 2) and slowing 
down on (0, 1.5) U (5,6). 


Exercise: 


Problem: 


The cost function, in dollars, of a company that manufactures food 
2 

processors is given by C' (x) = 200 + “ + +, where z is the 

number of food processors manufactured. 


a. Find the marginal cost function. 

b. Find the marginal cost of manufacturing 12 food processors. 

c. Find the actual cost of manufacturing the thirteenth food 
processor. 


Exercise: 
Problem: 


The price p (in dollars) and the demand z for a certain digital clock 
radio is given by the price—demand function p = 10 — 0.0012. 


a. Find the revenue function R (a). 
b. Find the marginal revenue function. 
c. Find the marginal revenue at x = 2000 and 5000. 


Solution: 
a. R(x) = 10x — 0.001x? b. R’ (x) = 10 — 0.002z c. $6 per item, 
$0 per item 

Exercise: 
Problem: 
[T] A profit is earned when revenue exceeds cost. Suppose the profit 
function for a skateboard manufacturer is given by 


P(x) = 30x — 0.32? — 250, where z is the number of skateboards 
sold. 


a. Find the exact profit from the sale of the thirtieth skateboard. 


b. Find the marginal profit function and use it to estimate the profit 
from the sale of the thirtieth skateboard. 


Exercise: 


Problem: 


[T] In general, the profit function is the difference between the revenue 
and cost functions: P(«) = R(x) — C(2). 


Suppose the price-demand and cost functions for the production of 
cordless drills is given respectively by p = 143 — 0.03z and 

C (x) = 75,000 + 652, where z is the number of cordless drills that 
are sold at a price of p dollars per drill and C (x) is the cost of 
producing x cordless drills. 


a. Find the marginal cost function. 

b. Find the revenue and marginal revenue functions. 
c. Find R’(1000) and R’(4000). Interpret the results. 
d. Find the profit and marginal profit functions. 

e. Find P’(1000) and P’(4000). Interpret the results. 


Solution: 


a. C' (x) = 65 b. R(x) = 1432 — 0.03z?, R’ (x) = 143 — 0.062 c. 
83, —97. At a production level of 1000 cordless drills, revenue is 
increasing at a rate of $83 per drill; at a production level of 4000 
cordless drills, revenue is decreasing at a rate of $97 per drill. d. 

P (2) = —0.03z? + 78x — 75000, P’ (x) = —0.06a + 78 e. 

18, —162. At a production level of 1000 cordless drills, profit is 
increasing at a rate of $18 per drill; at a production level of 4000 
cordless drills, profit is decreasing at a rate of $162 per drill. 


Exercise: 


Problem: 


A small town in Ohio commissioned an actuarial firm to conduct a 
study that modeled the rate of change of the town’s population. The 
study found that the town’s population (measured in thousands of 
people) can be modeled by the function P (t) = zt + 64¢ + 3000, 


where ¢ is measured in years. 


a. Find the rate of change function P’ (t) of the population function. 

b. Find P’ (1), P’ (2), P’ (3), and P’ (4). Interpret what the results 
mean for the town. 

c. Find Pv (1), Pv (2), P(3), and Pv (4). Interpret what the 
results mean for the town’s population. 


Exercise: 


Problem: 


[T] A culture of bacteria grows in number according to the function 
N (t) = 3000 (1 + ata) , where t is measured in hours. 


a. Find the rate of change of the number of bacteria. 

b. Find N’ (0), N’ (10), N’ (20), and N’ (30). 

c. Interpret the results in (b). 

d. Find Nv (0), Nv (10), Nv (20), and Nv (30). Interpret what the 
answers imply about the bacteria population growth. 


Solution: 


a. N’ (t) = 3000 ( a b. 120, 0, —14.4, —9.6 c. The bacteria 


population increases from time 0 to 10 hours; afterwards, the bacteria 
population decreases. d. 0, —6, 0.384, 0.432. The rate at which the 
bacteria is increasing is decreasing during the first 10 hours. 
Afterwards, the bacteria population is decreasing at a decreasing rate. 


Exercise: 


Problem: 
The centripetal force of an object of mass m is given by F' (r) = ma ; 


where v is the speed of rotation and r is the distance from the center of 
rotation. 


a. Find the rate of change of centripetal force with respect to the 
distance from the center of rotation. 

b. Find the rate of change of centripetal force of an object with mass 
1000 kilograms, velocity of 13.89 m/s, and a distance from the 
center of rotation of 200 meters. 


The following questions concern the population (in millions) of London by 
decade in the 19th century, which is listed in the following table. 


Years since 1800 Population (millions) 
1 0.8795 

11 1.040 

ea 1.264 

31 1.516 

Al 1.661 


o1 2.000 


Years since 1800 Population (millions) 


61 2.634 
71 Bose 
81 3.911 
91 4.422 


Population of LondonSource: 
http://en.wikipedia.org/wiki/Demographics_of_London. 


Exercise: 


Problem: ['T] 


a. Using a calculator or a computer program, find the best-fit linear 
function to measure the population. 

b. Find the derivative of the equation in a. and explain its physical 
meaning. 

c. Find the second derivative of the equation and explain its physical 
meaning. 


Solution: 


a. P(t) = 0.03983 + 0.4280 b. P’ (t) = 0.03983. The population is 
increasing. c. P(t) = 0. The rate at which the population is 
increasing is constant. 


Exercise: 


Problem: [T] 


a. Using a calculator or a computer program, find the best-fit 
quadratic curve through the data. 


b. Find the derivative of the equation and explain its physical 
meaning. 

c. Find the second derivative of the equation and explain its physical 
meaning. 


For the following exercises, consider an astronaut on a large planet in 
another galaxy. To learn more about the composition of this planet, the 
astronaut drops an electronic sensor into a deep trench. The sensor transmits 
its vertical position every second in relation to the astronaut’s position. The 
summary of the falling sensor data is displayed in the following table. 


Time after dropping (s) Position (m) 

0 0 

1 =a. 

Z oo 

3 maa) 

4 7 

5 -14 
Exercise: 


Problem: [T] 


a. Using a calculator or computer program, find the best-fit 
quadratic curve to the data. 

b. Find the derivative of the position function and explain its 
physical meaning. 

c. Find the second derivative of the position function and explain its 
physical meaning. 


Solution: 


a. p(t) = —0.60712? + 0.43572 — 0.3571 b. 

p’ (t) = —1.2142 + 0.4357. This is the velocity of the sensor. c. 

pl (t) = —1.214. This is the acceleration of the sensor; it is a constant 
acceleration downward. 


Exercise: 


Problem: ['T] 


a. Using a calculator or computer program, find the best-fit cubic 
curve to the data. 

b. Find the derivative of the position function and explain its 
physical meaning. 

c. Find the second derivative of the position function and explain its 
physical meaning. 

d. Using the result from c. explain why a cubic function is not a 
good choice for this problem. 


The following problems deal with the Holling type I, II, and III equations. 
These equations describe the ecological event of growth of a predator 
population given the amount of prey available for consumption. 
Exercise: 


Problem: 


[T] The Holling type I equation is described by f (x) = az, where x 
is the amount of prey available and a > 0 is the rate at which the 
predator meets the prey for consumption. 


a. Graph the Holling type I equation, given a = 0.5. 

b. Determine the first derivative of the Holling type I equation and 
explain physically what the derivative implies. 

c. Determine the second derivative of the Holling type I equation 
and explain physically what the derivative implies. 

d. Using the interpretations from b. and c. explain why the Holling 
type I equation may not be realistic. 


Solution: 


a. 


b. f’ (2) = a. The more increase in prey, the more growth for 
predators. c. f/ (a) = 0. As the amount of prey increases, the rate at 
which the predator population growth increases is constant. d. This 
equation assumes that if there is more prey, the predator is able to 
increase consumption linearly. This assumption is unphysical because 


we would expect there to be some saturation point at which there is too 
much prey for the predator to consume adequately. 


Exercise: 
Problem: 


ax 


[T] The Holling type II equation is described by f(x) = =, 


x is the amount of prey available and a > 0 is the maximum 
consumption rate of the predator. 


where 


a. Graph the Holling type II equation given a = 0.5 and n = 5. 
What are the differences between the Holling type I and II 
equations? 

b. Take the first derivative of the Holling type II equation and 
interpret the physical meaning of the derivative. 


c. Show that f (n) = +a and interpret the meaning of the 


parameter n. 

d. Find and interpret the meaning of the second derivative. What 
makes the Holling type II function more realistic than the Holling 
type I function? 


Exercise: 
Problem: 


[T] The Holling type III equation is described by f (x) = eS, 
where z is the amount of prey available and a > 0 is the maximum 


consumption rate of the predator. 


a. Graph the Holling type III equation given a = 0.5 and n = 5. 
What are the differences between the Holling type II and III 
equations? 

b. Take the first derivative of the Holling type III equation and 
interpret the physical meaning of the derivative. 

c. Find and interpret the meaning of the second derivative (it may 
help to graph the second derivative). 


d. What additional ecological phenomena does the Holling type III 
function describe compared with the Holling type II function? 


Solution: 


a. 


by (a= ao . When the amount of prey increases, the predator 
2an? (n?—32”) 

(n?+a2)> 
is extremely small, the rate at which predator growth is increasing is 
increasing, but when the amount of prey reaches above a certain 
threshold, the rate at which predator growth is increasing begins to 
decrease. d. At lower levels of prey, the prey is more easily able to 
avoid detection by the predator, so fewer prey individuals are 
consumed, resulting in less predator growth. 


growth increases. c. fi (x) = When the amount of prey 


Exercise: 
Problem: 
[T] The populations of the snowshoe hare (in thousands) and the lynx 


(in hundreds) collected over 7 years from 1937 to 1943 are shown in 
the following table. The snowshoe hare is the primary prey of the lynx. 


Population of snowshoe hare Population of lynx 


(thousands) (hundreds) 
20 10 
55 15 
65 55 
95 60 


Snowshoe Hare and Lynx PopulationsSource: 
http://www. biotopics.co.uk/newgcse/predatorprey.html. 


a. Graph the data points and determine which Holling-type function 
fits the data best. 

b. Using the meanings of the parameters a and n, determine values 
for those parameters by examining a graph of the data. Recall that 
m measures what prey value results in the half-maximum of the 
predator value. 

c. Plot the resulting Holling-type I, II, and III functions on top of the 
data. Was the result from part a. correct? 


Glossary 


acceleration 
is the rate of change of the velocity, that is, the derivative of velocity 


amount of change 
the amount of a function f (a) over an interval |x, x + hj is 


f(a+h) — f(a) 


average rate of change 


f(a+h)— f(a) 


is a function f (x) over an interval {x, 2 + h] is ——— 


marginal cost 
is the derivative of the cost function, or the approximate cost of 
producing one more item 


marginal revenue 
is the derivative of the revenue function, or the approximate revenue 
obtained by selling one more item 


marginal profit 
is the derivative of the profit function, or the approximate profit 
obtained by producing and selling one more item 


population growth rate 
is the derivative of the population with respect to time 


speed 
is the absolute value of velocity, that is, 
at time ¢ whose velocity is given by v (t) 


vu (t)| is the speed of an object 


Derivatives of Trigonometric Functions 


e Find the derivatives of the sine and cosine function. 
e Find the derivatives of the standard trigonometric functions. 
¢ Calculate the higher-order derivatives of the sine and cosine. 


One of the most important types of motion in physics is simple harmonic motion, which is associated with such 
systems as an object with mass oscillating on a spring. Simple harmonic motion can be described by using either 
sine or cosine functions. In this section we expand our knowledge of derivative formulas to include derivatives of 
these and other trigonometric functions. We begin with the derivatives of the sine and cosine functions and then 
use them to obtain formulas for the derivatives of the remaining four trigonometric functions. Being able to 
calculate the derivatives of the sine and cosine functions will enable us to find the velocity and acceleration of 
simple harmonic motion. 


Derivatives of the Sine and Cosine Functions 


We begin our exploration of the derivative for the sine function by using the formula to make a reasonable guess at 
its derivative. Recall that for a function f(x), 


Equation: 
h) — 
(0) <Yim Leth) =F) 
h—-0 h 
Consequently, for values of h very close to 0, f’ (a) = Seth) fe) We see that by using h = 0.01, 
Equation: 
tai sin (x + 0.01) — sing 

de nt 0.01 

By setting D(x) = Silat) Oi) sine and using a graphing utility, we can get a graph of an approximation to the 


derivative of sin x ({(link]). 


sin(x + 0.01) — sinx 
0.01 


D(x) = 


The graph of the function D (x) looks a lot like 
a cosine curve. 


Upon inspection, the graph of D(a) appears to be very close to the graph of the cosine function. Indeed, we will 
show that 
Equation: 


— (si = cosa. 
7a (sin) cos & 


If we were to follow the same steps to approximate the derivative of the cosine function, we would find that 
Equation: 


—(coszxz) = —sinx. 
ag (08*) 


Note: 

The Derivatives of sin x and cos x 

The derivative of the sine function is the cosine and the derivative of the cosine function is the negative sine. 
Equation: 


as (sinz) = cosz 


dx 
Equation: 
d : 
—(cosz) = —sinz 
dz 
Proof 
Because the proofs for 4 (sina) = cosa and (cosx) = —sinz use similar techniques, we provide only the 
Fa dz 


proof for 4 (sin x) = cosa. Before beginning, recall two important trigonometric limits we learned in 
Introduction to Limits: 


Equation: 
inh h-1 
lim ee land fa =0. 
h-0 h-0 
The graphs of y = en) and y = {cosh} are shown in [link]. 


(b) 


These graphs show two important limits needed to establish the derivative formulas for the 
sine and cosine functions. 


We also recall the following trigonometric identity for the sine of the sum of two angles: 
Equation: 


sin (« + h) = sinzcosh + coszsinh. 


Now that we have gathered all the necessary equations and identities, we proceed with the proof. 
Equation: 


“sing = lim Soe Apply the definition of the derivative. 

— lim sntteh ccossinh —sing Use trig identity for the sine of the sum of two angles 
> 
. i h-si inh 

a lim (SB zeoe! sing cos sim ) Regroup. 

= lim (sinx (2) + cosxz (2 )) Factor out sing and cosa. 

=sinz-0+cosz-1 Apply trig limit formulas. 

= cosz Simplify. 


[link] shows the relationship between the graph of f (x) = sin and its derivative f’(x) = cosz. Notice that at 
the points where f (x) = sinz has a horizontal tangent, its derivative f’ (a) = cosa takes on the value zero. We 
also see that where f (x) = sina is increasing, f’(2) = cosa > 0 and where f (x) = sinz is decreasing, 

f (2) =—cose < 0, 


RS 


¢ 


f(x) = cosx f 


f(x) = sinx 


Where f(a) has a maximum or a minimum, f(x) = 0 
that is, f(x) = 0 where f(a) has a horizontal tangent. 
These points are noted with dots on the graphs. 


Example: 
Exercise: 


Problem: 
Differentiating a Function Containing sin x 


Find the derivative of f (x) = 5a°sinz. 
Solution: 


Using the product rule, we have 
Equation: 


f(z) = #£ (52°) -sine + 4(sinz) - 52° 
= 15a?- sing + cosa - 5x, 
After simplifying, we obtain 
Equation: 


f' (w) = 152?sin a + 52°cosz. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = sinxcosz. 


Solution: 


f' (x) = cos’a — sina 


Hint 


Don’t forget to use the product rule. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Function Containing cos x 


cosa 
(Ni © 


Find the derivative of g(x) = 


Solution: 


By applying the quotient rule, we have 


Equation: 
; (—sinx)4x? — 8x(cosz) 
g (xz) = 5 
(42°) 
Simplifying, we obtain 
Equation: 
_— —42°sinz-8 
g (x) = 05 Sten LCOS XL 
_ —xsinx—2cosz 
a 4x3 
Note: 
Exercise: 
Problem: Find the derivative of f (x) = =... 
Solution: 
cosx+x sin x 
cos@x 
Hint 


Use the quotient rule. 


Example: 
Exercise: 


Problem: 
An Application to Velocity 


A particle moves along a coordinate axis in such a way that its position at time t is given by 
s(t) = 2sint — t for 0 < t < 2m. At what times is the particle at rest? 


Solution: 


To determine when the particle is at rest, set s’ (¢) = u(t) = 0. Begin by finding s’ (t). We obtain 
Equation: 


s' (t) = 2cost — 1, 


so we must solve 
Equation: 


2cost —1=Ofor0 < t < 2rn. 


ATs 


The solutions to this equation are t = 3 


and t = %. Thus the particle is at rest at timest = = andt = . 
3 P 3 3 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time t is given by s (t) = /3t + 2cost for 
0 <t < 27. At what times is the particle at rest? 


Solution: 
= #6 BE 
t= 3 b= 3 
Hint 


Use the previous example as a guide. 


Derivatives of Other Trigonometric Functions 


Since the remaining four trigonometric functions may be expressed as quotients involving sine, cosine, or both, we 
can use the quotient rule to find formulas for their derivatives. 


Example: 
Exercise: 


Problem: 
The Derivative of the Tangent Function 


Find the derivative of f (x) = tanz. 
Solution: 


Start by expressing tanz as the quotient of sinz and cosz : 
Equation: 


sinz 


file) — tan — : 
cos z 


Now apply the quotient rule to obtain 


Equation: 
; cosxzcosa — (—sinz)sinx 
f («) = 2 
(cos x) 
Simplifying, we obtain 
Equation: 
2 +2 
cos*x + sin*x 
Gere 


cos?z 


Recognizing that cos? + sin?x = 1, by the Pythagorean theorem, we now have 


Equation: 
1 
Uy 
a= : 
tS) cos2x 
Finally, use the identity sece = —— to obtain 
Equation: 
f' (x) = sec? 
Note: 
Exercise: 


Problem: Find the derivative of f (x) = cota. 


Solution: 
f' (x) = —csc*x 
Hint 
Rewrite cot z as <== and use the quotient rule. 


The derivatives of the remaining trigonometric functions may be obtained by using similar techniques. We provide 
these formulas in the following theorem. 


Note: 
Derivatives of tanz, cot x, sec x, and cscx 
The derivatives of the remaining trigonometric functions are as follows: 


Equation: 


= (tana) = sec? 


Equation: 


—(cotx) = —csc*zx 
dz 
Equation: 
* (secx) = sect 
—(secxz) = secrtanz 
dz 
Equation: 
a (csex) = —cscacotx. 
x 
Example: 
Exercise: 
Problem: 


Finding the Equation of a Tangent Line 
Find the equation of a line tangent to the graph of f (x) = cotx atz = >. 


Solution: 


To find the equation of the tangent line, we need a point and a slope at that point. To find the point, compute 
Equation: 


Thus the tangent line passes through the point (4, 1 Next, find the slope by finding the derivative of 
f (x) = cota and evaluating it at 7: 
Equation: 


ee —ese’x and f’ (7) = esc” (7) nD 


Using the point-slope equation of the line, we obtain 
Equation: 


or equivalently, 
Equation: 


Example: 
Exercise: 


Problem: 
Finding the Derivative of Trigonometric Functions 


Find the derivative of f (~) = cscx + xtanz. 
Solution: 


To find this derivative, we must use both the sum rule and the product rule. Using the sum rule, we find 
Equation: 


gaa) 


(cscx) 4 (xtanz). 
dx x 


In the first term, 4 (cscx) = —cscxcot x, and by applying the product rule to the second term we obtain 
Equation: 


d 
Gq (ttane) = (1)(tanz) + (sec?) (x). 
Therefore, we have 
Equation: 


f' (x) = —cscacotx + tana + asec’. 


Note: 
Exercise: 


Problem: Find the derivative of f (x) = 2tanaz — 3cotz. 


Solution: 


f' (x) = 2sec?a + 3csc7x 


Hint 


Use the rule for differentiating a constant multiple and the rule for differentiating a difference of two functions. 


Note: 
Exercise: 


Problem: Find the slope of the line tangent to the graph of f (x) = tanz at x = ae 


Solution: 


oop 


Hint 


Evaluate the derivative at x = a 


Higher-Order Derivatives 


The higher-order derivatives of sinz and cosa follow a repeating pattern. By following the pattern, we can find 
any higher-order derivative of sinz and cosa. 


Example: 
Exercise: 


Problem: 
Finding Higher-Order Derivatives of y = sinz 


Find the first four derivatives of y = sinz. 
Solution: 


Each step in the chain is straightforward: 


Equation: 
y = sing 
ay = cosz 
ey = —sing 
eu = -—cosz 
aE = sing. 
Analysis 


Once we recognize the pattern of derivatives, we can find any higher-order derivative by determining the step in 
the pattern to which it corresponds. For example, every fourth derivative of sin x equals sin x, so 
Equation: 


(sina) =  (sinz) = , (sinz) =.= 4 (sinz) =sinz 
2 : : ! : 
(sin z) =  (sinz) = <£,,(sinz) ee =~ (sinz) = cosa. 


Note: 
Exercise: 


ao 
Problem: For y = cosz, find t. 


Solution: 


COS x 


Hint 


See the previous example. 


Example: 
Exercise: 


Problem: 
Using the Pattern for Higher-Order Derivatives of y = sinz 


Find as (sinz). 


Solution: 


We can see right away that for the 74th derivative of sinz, 74 = 4(18) + 2, so 
Equation: 


d™ q?2+2 d2 


at (sinz) = Fee = qn) = -sing. 


Note: 
Exercise: 


qd? 


Problem: For y = sina, find +3 


(sing). 
Solution: 


—coszx 
Hint 


41443 
dxtl4+3 


@? 
dx®9 


(sinz) = (sin z) 


Example: 
Exercise: 


Problem: 
An Application to Acceleration 


A particle moves along a coordinate axis in such a way that its position at time ¢ is given by 
s(t) = 2 —sint. Find v (7/4) and a (7/4). Compare these values and decide whether the particle is 


speeding up or slowing down. 


Solution: 


First find v (t) = s’ (t): 
Equation: 


Thus, 
Equation: 


Next, find a (t) = v’(t). Thus, a(t) = vu’ (¢) = sint and we have 


Equation: 
G7 
a(l=) = 
eI, 
Since v (z) == aa <Oanda (4) = A > 0, we see that velocity and acceleration are acting in opposite 


directions; that is, the object is being accelerated in the direction opposite to the direction in which it is 
travelling. Consequently, the particle is slowing down. 


Note: 
Exercise: 


Problem: 


A block attached to a spring is moving vertically. Its position at time ¢ is given by s (¢) = 2sint. Find 
a) and a (&) . Compare these values and decide whether the block is speeding up or slowing down. 


Solution: 


v Sy =—7/3 < Oanda Ss) = —1 < 0. The block is speeding up. 
Hint 


Use [link] as a guide. 


Key Concepts 


e We can find the derivatives of sin x and cos x by using the definition of derivative and the limit formulas 
found earlier. The results are 


Equation: 


sinz = cosx cosx = —sinz. 
dx dx 


e With these two formulas, we can determine the derivatives of all six basic trigonometric functions. 


Key Equations 


¢ Derivative of sine function 
d_(g _ 
qq (sinx) = cosa 
¢ Derivative of cosine function 
d _ . 
Gq (cosz) = —sina 
¢ Derivative of tangent function 
d rr 
Gp (tanz) = sec*x 
¢ Derivative of cotangent function 
d _ 2 
qq (cotx) = —csc*x 
¢ Derivative of secant function 


-(secx) = secrtanz 


e Derivative of cosecant function 
d = 
Gq (cscx) = —cscacota 


‘ : _ 4 di ' ‘ 
For the following exercises, find = for the given functions. 
Exercise: 


Problem: y = a” — secx + 1 


Solution: 


d 
7 = 2x —secxatanz 
i 


Exercise: 


Problem: y = 3csca + > 


Exercise: 


Problem: y = x’cot x 


Solution: 
4 = 2xecotz — x2csc2z 


Exercise: 


Problem: y = x — x°sinz 


Exercise: 


Problem: y = 


x 


Solution: 

dy _ xsecxtanx—secx 

de x 
Exercise: 


Problem: y = sinztanz 


Exercise: 


Problem: y = (a + cosz) (1 — sinz) 


Solution: 

ow = (1 —sinz) (1 — sinz) — cosz (x + cosz) 
Exercise: 

Problem: y = =“22— 
Exercise: 


Problem: y = 7° 


Solution: 


dy _ _ 2csc?x 
dx (1+cot2)” 
Exercise: 


Problem: y = cosx (1+ cscz) 
For the following exercises, find the equation of the tangent line to each of the given functions at the indicated 
values of x. Then use a calculator to graph both the function and the tangent line to ensure the equation for the 


tangent line is correct. 
Exercise: 


Problem: [T] f (x) = —sinz,x = 0 


Solution: 


Exercise: 


Problem: [T] f (x) = cscz, x = > 
Exercise: 


. = _ 3 
Problem: [T] f (x) = 1+ cosz,x% = =} 


Solution: 


_ 2—37 
a ie Nig i 


Exercise: 


Problem: [T] f (x) = secz, x = 7 


Exercise: 
Problem: [T] f (x) = x? — tanz, z =0 
Solution: 


y=—2 


Exercise: 


Problem: [T] f (x) = 5cotz, « = F 


2. 
For the following exercises, find — for the given functions. 
Exercise: 


Problem: y = zsinz — cosx 
Solution: 


3cosx — xsinz 


Exercise: 


Problem: y = sinxzcosz 


Exercise: 


Problem: y = x — 5 sine 


Solution: 


12s 
5) sin zv 


Exercise: 


Problem: y = + + tana 


x 


Exercise: 


Problem: y = 2cscz 
Solution: 


esc (a) (3csc” (x) — 1 + cot? (x)) 


Exercise: 


2 


Problem: y = sec“z 


Exercise: 


Problem: Find all x values on the graph of f (x) = —3sinxcosz where the tangent line is horizontal. 


Solution: 


(2n+1)7 5 : 
—T—, where nis an integer 


Exercise: 


Problem: 


Find all x values on the graph of f (x) = x — 2cosx for 0 < x < 2m where the tangent line has slope 2. 
Exercise: 
Problem: 


Let f (x) = cota. Determine the points on the graph of f for 0 < x < 2m where the tangent line(s) is (are) 
parallel to the line y = —2a. 


Solution: 


T 3a 
(7,1), (4-1) 
Exercise: 
Problem: 
[T] A mass on a spring bounces up and down in simple harmonic motion, modeled by the function 


s(t) = —6cost where s is measured in inches and t is measured in seconds. Find the rate at which the spring 
is oscillating att = 5s. 


Exercise: 
Problem: 
Let the position of a swinging pendulum in simple harmonic motion be given by s (t) = acost + bsint 


where a and 6 are constants, ¢ measures time in seconds, and s measures position in centimeters. If the 
position is 0 cm and the velocity is 3 cm/s when t = 0, find the values of a and b. 


Solution: 


a=0,b=3 
Exercise: 


Problem: 


After a diver jumps off a diving board, the edge of the board oscillates with position given by s(t) = —5cost 
cm at t seconds after the jump. 


a. Sketch one period of the position function for t > 0. 

b. Find the velocity function. 

c. Sketch one period of the velocity function for t > 0. 

d. Determine the times when the velocity is 0 over one period. 
e. Find the acceleration function. 

f. Sketch one period of the acceleration function for t > 0. 


Exercise: 
Problem: 
The number of hamburgers sold at a fast-food restaurant in Pasadena, California, is given by y = 10 + 5sinz 
where y is the number of hamburgers sold and x represents the number of hours after the restaurant opened at 


11 a.m. until 11 p.m., when the store closes. Find y/ and determine the intervals where the number of burgers 
being sold is increasing. 


Solution: 


y' = 5cos (a), increasing on (0, =), (2%, =), and (4, 12) 
Exercise: 


Problem: 


[T] The amount of rainfall per month in Phoenix, Arizona, can be approximated by y(t) = 0.5 + 0.3cost, 
where ¢ is months since January. Find y’ and use a calculator to determine the intervals where the amount of 
rain falling is decreasing. 


For the following exercises, use the quotient rule to derive the given equations. 


Exercise: 
Problem: “(cot x) = —csc?« 
° dx 
Exercise: 


Problem: ~ (secx) = secrtanz 


Exercise: 


a 


Problem: 7~(cscxz) = —cscxcotx 
iL 


Exercise: 


Problem: Use the definition of derivative and the identity 


2 a bag d ; 
cos (« +h) = cosxcosh — sinzsinh to prove that — = -sing. 


For the following exercises, find the requested higher-order derivative for the given functions. 
Exercise: 


Problem: —* of y = 3cosz 


Solution: 


3sinz 


Exercise: 


Problem: <*> of y = 3sinz + «cosa 


Exercise: 


Problem: — of y = 5cosz 


Solution: 


5cosx 


Exercise: 


Problem: —> of y = secx + cotz 


Exercise: 


Problem: * of y = x!° — seca 


Solution: 


720x’ — 5tan (x)sec* (x) — tan* (x) sec (x) 


The Chain Rule 


e State the chain rule for the composition of two functions. 

Apply the chain rule together with the power rule. 

Apply the chain rule and the product/quotient rules correctly in combination when both are necessary. 
e Recognize the chain rule for a composition of three or more functions. 

Describe the proof of the chain rule. 


We have seen the techniques for differentiating basic functions (x”, sinz, cosz, etc. ) as well as sums, 
differences, products, quotients, and constant multiples of these functions. However, these techniques do not 
allow us to differentiate compositions of functions, such as h (x) = sin(a*) or k(x) = V3? + 1. In this 
section, we study the rule for finding the derivative of the composition of two or more functions. 


Deriving the Chain Rule 


When we have a function that is a composition of two or more functions, we could use all of the techniques we 
have already learned to differentiate it. However, using all of those techniques to break down a function into 
simpler parts that we are able to differentiate can get cumbersome. Instead, we use the chain rule, which states 
that the derivative of a composite function is the derivative of the outer function evaluated at the inner function 
times the derivative of the inner function. 


To put this rule into context, let’s take a look at an example: h (x) = sin (a?) We can think of the derivative of 
this function with respect to x as the rate of change of sin (2°) relative to the change in x. Consequently, we want 
to know how sin (2°) changes as x changes. We can think of this event as a chain reaction: As x changes, x? 
changes, which leads to a change in sin (#?}: This chain reaction gives us hints as to what is involved in 
computing the derivative of sin(«*). First of all, a change in x forcing a change in x* suggests that somehow the 
derivative of x° is involved. In addition, the change in «? forcing a change in sin (2°) suggests that the derivative 


3 


of sin(w) with respect to u, where u = 2”, is also part of the final derivative. 


We can take a more formal look at the derivative of h(a) = sin (x?) by setting up the limit that would give us 
the derivative at a specific value a in the domain of h (x) = sin (x*). 
Equation: 


sin (x?) — sin(a?) 


This expression does not seem particularly helpful; however, we can modify it by multiplying and dividing by the 
expression 2° — a? to obtain 
Equation: 


(jag ee) eee 
wa x3 — a r—a 


From the definition of the derivative, we can see that the second factor is the derivative of x? at x = a. That is, 
Equation: 
x — a d 


li a 3) = 32, 
ra =a de) a 


However, it might be a little more challenging to recognize that the first term is also a derivative. We can see this 
by letting wu = «° and observing that as z — a, u > a*: 


Equation: 


sin (x?) —sin (a?) sinu—sin (a) 


lim x—as = iim, u—as 
= 4 (sinu),,—a3 
= cos (a? ). 


Thus, h’ (a) = cos(a*) - 3a”. 


In other words, if h (x) = sin (2°), then h’ (x) = cos (x) - 3x”. Thus, if we think of h (x) = sin(z*) as the 
composition (f 0 g) (x) = f (g(a)) where f (x) = sin x and g(x) = 2°, then the derivative of h (x) = sin(z*) 
is the product of the derivative of g(a) = a? and the derivative of the function f (2) = sinx evaluated at the 
function g (x) = x. At this point, we anticipate that for h (x) = sin (g(z)), it is quite likely that 

h'(x) = cos(g(x))g'(x). As we determined above, this is the case for h(x) = sin (2°). 


Now that we have derived a special case of the chain rule, we state the general case and then apply it in a general 
form to other composite functions. An informal proof is provided at the end of the section. 


Note: 

Rule: The Chain Rule 

Let f and g be functions. For all x in the domain of g for which g is differentiable at x and f is differentiable at 
g (x), the derivative of the composite function 

Equation: 


h(x) = (fog)(x) = f(9(z)) 


is given by 
Equation: 


hi(x) = f'(g())g' (2). 


Alternatively, if y is a function of u, and wu is a function of x, then 
Equation: 


dy _ dy du 
dx du da 


Note: 
Watch an animation of the chain rule. 


Note: 
Problem-Solving Strategy: Applying the Chain Rule 


1. To differentiate h (x) = f (g(«)), begin by identifying f(z) and g(x). 
2. Find f/(z) and evaluate it at g(x) to obtain f’ (g («)). 

3. Find g(x). 

4. Write h! (x) = f'(g(x)) - g/ (2). 


Note: When applying the chain rule to the composition of two or more functions, keep in mind that we work our 
way from the outside function in. It is also useful to remember that the derivative of the composition of two 
functions can be thought of as having two parts; the derivative of the composition of three functions has three 
parts; and so on. Also, remember that we never evaluate a derivative at a derivative. 


The Chain and Power Rules Combined 


We can now apply the chain rule to composite functions, but note that we often need to use it with other rules. For 
example, to find derivatives of functions of the form h (x) = (g(zx))”, we need to use the chain rule combined 
with the power rule. To do so, we can think of h (x) = (g(a))” as f (g(x)) where f (x) = x”. Then 

f'(«) = na”. Thus, f! (g(x)) = n(g(x))””’. This leads us to the derivative of a power function using the 
chain rule, 

Equation: 


h' (x) = n(g(2))"'g' (2) 


Note: 

Rule: Power Rule for Composition of Functions 

For all values of x for which the derivative is defined, if 
Equation: 


h(x) = (g(x))”. 
Then 
Equation: 


h' (x) = n(g(2))"'g'(z ). 


Example: 
Exercise: 


Problem: 
Using the Chain and Power Rules 


: an a 1 
Find the derivative of h (x) = Gen’ 
Solution: 

First, rewrite h (2) = eaTe = (3a? + 1) es 


Applying the power rule with g (a) = 3x? + 1, we have 
Equation: 


h! (x) = —2(3a? + 1) * (6a). 


Rewriting back to the original form gives us 
Equation: 


h! (x) = Se 
(3a? + 1)° 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = (2x3 + 2a — We 
Solution: 


h! (x) = 4(203 + 2x — 1)° (6x + 2) = 8 (3a + 1) (223 + 2a —1)° 
Hint 


Use [link] with g(x) = 227+ 2x —1 


Example: 
Exercise: 


Problem: 
Using the Chain and Power Rules with a Trigonometric Function 


Find the derivative of h (a) = sin?z. 


Solution: 

First recall that sin? = (sinx)*, so we can rewrite h (x) = sin°x as h(a) = (sinz)’. 
Applying the power rule with g (x) = sinz, we obtain 

Equation: 


h' (x) = 3(sina)’cosx = 3sin*«cosz. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Tangent Line 


> atx = 2. 


Find the equation of a line tangent to the graph of h (x) = tae 


Solution: 


Because we are finding an equation of a line, we need a point. The x-coordinate of the point is 2. To find the 
y-coordinate, substitute 2 into h(x). Since h (2) = ESL = 1, the point is (2, 1). 


For the slope, we need h'(2). To find h'(z), first we rewrite h (x) = (32 — 5) and apply the power rule 
to obtain 
Equation: 


h! (x) = —2(3a — 5)? (3) = —6(3a — 5)~?. 
By substituting, we have h' (2) = —6(3 (2) — 5) * = —6. Therefore, the line has equation 


y — 1= —6 (a — 2). Rewriting, the equation of the line is y = —6z + 13. 


Note: 
Exercise: 


Problem: Find the equation of the line tangent to the graph of f (x) = (x = Dy Ae = =, 


Solution: 
y = —48a — 88 
Hint 


Use the preceding example as a guide. 


Combining the Chain Rule with Other Rules 


Now that we can combine the chain rule and the power rule, we examine how to combine the chain rule with the 
other rules we have learned. In particular, we can use it with the formulas for the derivatives of trigonometric 
functions or with the product rule. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on a General Cosine Function 


Find the derivative of h (x) = cos (g(z)). 


Solution: 


Think of h (ax) = cos(g(x)) as f (g(x)) where f (x) = cosa. Since f’(x) = —sinz. we have 
f' (g(x)) = —sin (g (x)). Then we do the following calculation. 
Equation: 
hie) =f (eee (a) Apply the chain rule. 
= —sin (g(z))g‘ (x) Substitute f’(g(x)) = —sin (g(z)). 


Thus, the derivative of h (x) = cos (g(x)) is given by h' (x) = —sin (g(x))q' (a). 


In the following example we apply the rule that we have just derived. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on a Cosine Function 


Find the derivative of h (x) = cos (52’). 


Solution: 


Let g(x) = 5a. Then g' (x) = 102. Using the result from the previous example, 
Equation: 


h'(z) =—sin (52*) - 10x 
—10zxsin (52’). 


Example: 
Exercise: 


Problem: 
Using the Chain Rule on Another Trigonometric Function 


Find the derivative of h (x) = sec (4x° + 22). 


Solution: 


Apply the chain rule to h (x) = sec (g (x)) to obtain 
Equation: 


h' (x) = sec(g (x) tan (9 (2))g9' (2). 


In this problem, g(a) = 4a° + 2a, so we have g’ (x) = 20z* + 2. Therefore, we obtain 
Equation: 


h'(z) =sec (4a° + 2x) tan (42° + 2x) (2024 + 2) 
= (20a* + 2)sec (4x° + 2) tan (4a° + 22). 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = sin(7x + 2). 


Solution: 


h' (x) = Tcos (7x + 2) 
Hint 


Apply the chain rule to h (x) = sing (2) first and then use g(x) = 7x + 2. 


At this point we provide a list of derivative formulas that may be obtained by applying the chain rule in 
conjunction with the formulas for derivatives of trigonometric functions. Their derivations are similar to those 
used in [link] and [link]. For convenience, formulas are also given in Leibniz’s notation, which some students find 
easier to remember. (We discuss the chain rule using Leibniz’s notation at the end of this section.) It is not 


absolutely necessary to memorize these as separate formulas as they are all applications of the chain rule to 
previously learned formulas. 


Note: 
Using the Chain Rule with Trigonometric Functions 
For all values of x for which the derivative is defined, 


Equation: 
4 (sin(g(z)) = cos (g(x))g(x) “ sinu = cosu## 
4 (cos(g(x)) = —sin (g (x)) g(x) 4 cosu = —sinu$ 
4 (tan(g(x)) = sec” (g (x)) g(a) # tanu = sec’u4* 
+ (cot(g(x)) = —esc? (g (x))gt(x) + cotu = —esc*u $4 
4 (sec(g(x)) = sec(g (x) tan (g (x))gt(z) secu =secutanu $+ 
£ (cse(g(x)) = —csc(g («))cot (g (x))g/(x) #escu — —escucotuS. 
Example: 
Exercise: 
Problem: 


Combining the Chain Rule with the Product Rule 
Find the derivative of h (a) = (2a + 1)°(3a — 2)’. 
Solution: 


First apply the product rule, then apply the chain rule to each term of the product. 


Equation: 
hia) (22 os 1)°) "(Gr =. at (3 — 2)") Ona) Apply the product rule. 
= 5(2n + 1)*-2- (3a — 2)’ + 7(3a — 2)°-3- (2a +1)? Apply the chain rule. 
= 10(2a + 1)*(3a — 2)" + 21(3a — 2)°(2¢ + 1)° Simplify. 
= (2x + 1)*(3a — 2)° (10 (3a — 7) + 21 (22 + 1)) Factor out (2a + 1)*(3a — 2)°. 


= (2x + 1)*(3a — 2)°(72a — 49) Simplify. 


Note: 


Exercise: 
Problem: Find the derivative of h (x) = —*.,. 
(2x+3) 
Solution: 
! 3—4¢ 
hi(z) = (22+3)" 
Hint 


Start out by applying the quotient rule. Remember to use the chain rule to differentiate the denominator. 


Composites of Three or More Functions 


We can now combine the chain rule with other rules for differentiating functions, but when we are differentiating 
the composition of three or more functions, we need to apply the chain rule more than once. If we look at this 
situation in general terms, we can generate a formula, but we do not need to remember it, as we can simply apply 
the chain rule multiple times. 


In general terms, first we let 
Equation: 


k(x) = h(f(g(2))). 


Then, applying the chain rule once we obtain 
Equation: 


K (2) = (UF (9(@))) = AUF (9 (2) - $F ((9(2))). 


Applying the chain rule again, we obtain 
Equation: 


ki (x) = h' (f(g («))f' (9 (@))9 (2). 


Note: 

Rule: Chain Rule for a Composition of Three Functions 

For all values of x for which the function is differentiable, if 
Equation: 


k(x) =h(f(g9(2))), 


then 
Equation: 


k(x) = h'(f (9(x)))f' (9 (2)) 9" (2). 


In other words, we are applying the chain rule twice. 


Notice that the derivative of the composition of three functions has three parts. (Similarly, the derivative of the 
composition of four functions has four parts, and so on.) Also, remember, we can always work from the outside in, 


taking one derivative at a time. 


Example: 
Exercise: 


Problem: 
Differentiating a Composite of Three Functions 


Find the derivative of k(x) = cos* (7x? + 1). 


Solution: 


First, rewrite k (x) as 
Equation: 


k (a) = (cos (7a? + Ay) 
Then apply the chain rule several times. 
Equation: 


K(x) =A(cos (7a? +1))° (cos (7x? + 1)) 
= 4(cos (7x? + 1))° (—sin (7x? + 1)) (4(7z? + 1)) 
4 


dz 
= (cos (Cee + 1))? (—sin (Tae + 1)) (142) 
= —56zsin (7x? + 1)cos*(7x? + 1) 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = sin®(z*). 


Solution: 
he (@) = 1827s’ (2 )icos (>) 


Hint 


Rewrite h (x) = sin®(x*) = (sin(x*))° and use [link] as a guide. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule in a Velocity Problem 


Apply the chain rule. 
Apply the chain rule. 


Apply the chain rule. 
Simplify. 


A particle moves along a coordinate axis. Its position at time t is given by s (t) = sin (2t) + cos (3t). 
What is the velocity of the particle at time t = |? 


Solution: 


To find v(t), the velocity of the particle at time t, we must differentiate s (t). Thus, 
Equation: 


v(t) = s' (t) = 2cos (2t) — 3sin (3t). 


Substituting t = 4 into v(t), we obtain v (4) = —2. 


Note: 
Exercise: 


Problem: 


A particle moves along a coordinate axis. Its position at time t is given by s(t) = sin(4t). Find its 
acceleration at time t. 


Solution: 
a(t) = —16sin(4¢) 
Hint 


Acceleration is the second derivative of position. 


Proof 


At this point, we present a very informal proof of the chain rule. For simplicity’s sake we ignore certain issues: 
For example, we assume that g(a) # g(a) for zx # a in some open interval containing a. We begin by applying 
the limit definition of the derivative to the function h(z) to obtain h’(a): 

Equation: 


n! (a) = tim £(9(2)) = F(0(4) 


rL—-a 


Rewriting, we obtain 

Equation: 
Ma) = lim 29.) = Fg (a) _ 9 (2) — g(a) 
rs Ge) = a(@) a 


Although it is clear that 
Equation: 


im 92) — g(a) = g(a), 


ra L—a 


it is not obvious that 
Equation: 


To see that this is true, first recall that since g is differentiable at a, g is also continuous at a. Thus, 
Equation: 


limg (2) = g(a). 


Next, make the substitution y = g(a) and b = g(a) and use change of variables in the limit to obtain 
Equation: 


Pe CAD) at ACCS) er ee A ee 
en cet) TER goa POH F Ca) 

Finally, 

Equation: 
h' (a) = tim 10 Ms ACI) g(x) =aie) = f' (g(a))g' (a) 

g(x) — g(a) t—a 
Example: 
Exercise: 
Problem: 


Using the Chain Rule with Functional Values 
Leth (ei — ile eine 4 ¢ (i= 3 andy (4) 7, find hth): 
Solution: 


Use the chain rule, then substitute. 


Equation: 
h'(1) = f’(g(1))9' (2) Apply the chain rule. 
= 7 (A)-3 Substitute g (1) = 4 and g’(1) = 3. 
=7-3 Substitute f7(4) = 7. 
=21 Simplify. 
Note: 


Exercise: 


Problem: Given h(x) = f (g(x)). If g(2) = —3, g' (2) = 4, and f’ (—3) = 7, find h’ (2). 
Solution: 


28 
Hint 


Follow [link]. 


The Chain Rule Using Leibniz’s Notation 


As with other derivatives that we have seen, we can express the chain rule using Leibniz’s notation. This notation 
for the chain rule is used heavily in physics applications. 


For h(x) = f (g(a)), let u = g(x) andy = h(x) = g(u). Thus, 


Equation: 
h(a) = 4, #'(@(@)) = #'(u) = handy (2) = 
Consequently, 
Equation: 
# _n@)=f@te)/ = 2. & 
Note: 


Rule: Chain Rule Using Leibniz’s Notation 
If y is a function of w, and wu is a function of «, then 


Equation: 
dy dy du 
dx du dx’ 
Example: 
Exercise: 
Problem: 


Taking a Derivative Using Leibniz’s Notation, Example 1 
Find the derivative of y = (x55)’. 


Solution: 


x 
3a) ~ 


First, let w = Thus, y = u°. Next, find = and au Using the quotient rule, 
‘e du 


Equation: 


and 
Equation: 
dy 4 
— =5d5u. 
du y 
Finally, we put it all together. 
Equation: 
dy _ dy du Appl : 
Sate pply the chain rule. 
= ee TRE: Substitute oe = 5u‘ and oe = Gane. 
= A Z Substitute u = —*5 
3x+2 (3a-+2)? 32+2 ° 
4 . : 
= een Simplify. 


It is important to remember that, when using the Leibniz form of the chain rule, the final answer must be 
expressed entirely in terms of the original variable given in the problem. 


Example: 
Exercise: 


Problem: 
Taking a Derivative Using Leibniz’s Notation, Example 2 


Find the derivative of y = tan (4a? = aye sb 1). 
Solution: 


First, let u = 4a? — 3a + 1. Then y = tanu. Next, find aa and a 


Equation: 
d d 
= = 8x — 3and — = sec’u. 
Finally, we put it all together. 
Equation: 
a = a : ae Apply the chain rule. 
= secu - (8a — 3) Use 4 = 82 — 3 and 2 = sec*u. 


= sec*(4x” — 32 +1) - (82 — 3) Substitute u = 427 — 32 + 1. 


Note: 
Exercise: 


Problem: 


Use Leibniz’s notation to find the derivative of y = cos (a): Make sure that the final answer is expressed 
entirely in terms of the variable x. 


Solution: 
Wy — _39?sin (a3) 
dx 

Hint 

Let u = 2°. 

Key Concepts 


e The chain rule allows us to differentiate compositions of two or more functions. It states that for 
h(x) = f(g(@)), 


Equation: 


In Leibniz’s notation this rule takes the form 
Equation: 


dy _ dy du 


dx du dx’ 


e We can use the chain rule with other rules that we have learned, and we can derive formulas for some of 
them. 

e The chain rule combines with the power rule to form a new rule: 
Equation: 


If h (e) = (g(2))", then h' (2) = n(g(2))"*g' (a). 


e When applied to the composition of three functions, the chain rule can be expressed as follows: If 


h(x) = f(g(k(@))), then h! (x) = f'(g (k (x))g' (k(x) (2). 


Key Equations 


e The chain rule 
h'(x) = f'(g(z))¢ (x) 


¢ The power rule for functions 


h! (x) = n(g(2))"g (2) 


For the following exercises, given y = f(u) and u = g(a), find by using Leibniz’s notation for the chain 
ay du 


. ay 
rule: eS dig a 


Exercise: 


Problem: y = 3u — 6,u = 22” 


Exercise: 


Problem: y = 6u°,u = 7x — 4 

Solution: 

18u2-7 = 18(7a — 4)°-7 
Exercise: 

Problem: y = sinu, u = 52 — 1 
Exercise: 


Problem: y = cosu, u= = 


8 
Solution: 
: = 134 £ : Se \ al 
sinu: = = sin (=) 5 
Exercise: 


Problem: y = tanu, u = 9x + 2 


Exercise: 


Problem: y = \/4u + 3,u = x? — 62 


Solution: 


8x—24 = 4xr—12 
2V4u+3 V4e2—24243 


For each of the following exercises, 


a. decompose each function in the form y = f(u) and u = g(a), and 
b. find a as a function of z. 


Exercise: 


Problem: y = (32 — 2)° 
Exercise: 

Problem: y = (3a? oe Ly’ 

Solution: 


a.u = 3a? +1;b. 182 (32? + 1) 


Exercise: 


Problem: y = sin” (z) 


Exercise: 


‘8 
+ 
a|N 
— 

a 


Problem: y = ( 


Solution: 


at (ay SaaS 


Exercise: 


Problem: y = tan (sec z) 


Exercise: 


Problem: y = csc (7 + 1) 
Solution: 


a. f (u) = cscu,u = mz +1; b. —resc (wa + 1) - cot (wz + 1) 


Exercise: 


Problem: y = cota 


Exercise: 
Problem: y = —6sin °x 
Solution: 
a. f (u) = —6u-3, u = sing, b. 18sin “2 - cosx 


. , _ 4 d . 
For the following exercises, find 4¢ for each function. 
Exercise: 


Problem: y = (32° + 3% — 1)’ 


Exercise: 


Problem: y = (5 — 2a) 7 


Solution: 


(5—22)* 


Exercise: 


Problem: y = cos* (72) 


Exercise: 


Problem: y = (2x° — x? + 6x + 1)° 


Solution: 


6(22° =o + 62+ 1)’ (3a? —at+ 3) 


Exercise: 


1 
sin*(z) 


Problem: y = 


Exercise: 


Problem: y = (tana + sinx) ° 
Solution: 


—3(tanz + sina) “- (sec?a + cosz) 


Exercise: 


2 4 


Problem: y = x“cos*x 


Exercise: 


Problem: y = sin (cos7z) 


Solution: 
—Tcos (cos7x) -sin7x 


Exercise: 


Problem: y = /6 + secrra? 


Exercise: 


Problem: y = cot? (4x + 1) 


Solution: 


—12cot?(4a + 1) - csc?(4z + 1) 


Exercise: 


Problem: Let y = [f(x)]|* and suppose that f’ (1) = 4 and =o = 10 for x = 1. Find f (1). 


Exercise: 


Problem: Let y = (f (x) + 52”)* and suppose that f (—1) = —4 and ay = 3 when x = —1. Find f’(—1) 


Solution: 
3 
107 
Exercise: 


Problem: Let y = (f (u) + 3a) and u = 2° — 2. If f (4) = 6 and ae = 18 when z = 2, find f' (4). 


Exercise: 


Problem: 


[T] Find the equation of the tangent line to y= —sin ($) at the origin. Use a calculator to graph the 
function and the tangent line together. 


Solution: 


at 
y= QF 
Exercise: 


Problem: 


[T] Find the equation of the tangent line to y = (3a + Lyf at the point (1, 16). Use a calculator to graph the 
function and the tangent line together. 


Exercise: 


. . F : 8. e 
Problem: Find the z-coordinates at which the tangent line to y = (x — *) is horizontal. 


Solution: 


r=+V/6 


Exercise: 


Problem: 


ee 


[T] Find an equation of the line that is normal to g(@) = sin? (76) at the point (+, +). Use a calculator to 


graph the function and the normal line together. 


For the following exercises, use the information in the following table to find h’(a) at the given value for a. 


£ f(z) f(x) g(x) g(x) 

0 2 5 0 2 

1 1 =e, 3 0 

2 4 4 1 -1 

3 3 -3 2 3 
Exercise: 


Problem: h (x) = f (g(x));a =0 
Solution: 


10 


Exercise: 


Problem: h (x) = g(f (x));a =0 


Exercise: 


Problem: h (x) = (x* + g(z)) "3a = 


Solution: 


1 


8 


Exercise: 


Problem: h(x) = (4 Jia =3 


Exercise: 


Problem: h (x) = f (x + f(x));a=1 
Solution: 
—A4 

Exercise: 


Problem: h (x) = (1 + g(x))*;a = 2 


Exercise: 
Problem: h (x) = g (2+ f (z”));a=1 


Solution: 


—12 


Exercise: 


Problem: h (x) = f (g(sinz));a = 0 
Exercise: 
Problem: 


[T] The position function of a freight train is given by s (t) = 100(t + 1)~?, with s in meters and ¢ in 
seconds. At time t = 6s, find the train’s 


a. velocity and 
b. acceleration. 
c. Using a. and b. is the train speeding up or slowing down? 


Solution: 


200 600 2 eee + + + é 7 + 
a. — 337, m/s, b. a757 m/s", c. The train is slowing down since velocity and acceleration have opposite signs. 


Exercise: 


Problem: 


[T] A mass hanging from a vertical spring is in simple harmonic motion as given by the following position 
function, where t is measured in seconds and s is in inches: 


s(t) = —3cos (nt + 4). 
a. Determine the position of the spring att = 1.5. 


b. Find the velocity of the spring att = 1.5 s. 


Exercise: 


Problem: 


[T] The total cost to produce x boxes of Thin Mint Girl Scout cookies is C’' dollars, where 
C = 0.0001z* — 0.02”? + 3x + 300. In t weeks production is estimated to be = 1600 + 100¢ boxes. 


a. Find the marginal cost C’ (x). 

b. Use Leibniz’s notation for the chain rule 
cost is changing. 

c. Use b. to determine how fast costs are increasing when t = 2 weeks. Include units with the answer. 


dc _ dc d : 3 ' 
sa ae mie to find the rate with respect to time ¢ that the 


Solution: 


a. C' (x) = 0.00032? — 0.042 + 3b. 42 = 100 - (0.0003x? — 0.042 + 3) c. Approximately $90,300 per 
week 


Exercise: 
Problem: 


[T] The formula for the area of a circle is A = rr?, where r is the radius of the circle. Suppose a circle is 
expanding, meaning that both the area A and the radius r (in inches) are expanding. 


100 
(t+7)° 
which the area is expanding. 
b. Use a. to find the rate at which the area is expanding att = 4s. 


dA 
dr 


a. Suppose r = 2 — where ¢ is time in seconds. Use the chain rule — = . a to find the rate at 


Exercise: 


Problem: 


[T] The formula for the volume of a sphere is S = far’, where r (in feet) is the radius of the sphere. 
Suppose a spherical snowball is melting in the sun. 
dS | dr 


a od 4 dy is time in mi i dS _ dS. dr 
a. Suppose r = Gp iz Where ¢ is time in minutes. Use the chain rule = = 4-- | 


at which the snowball is melting. 
b. Use a. to find the rate at which the volume is changing at t = 1 min. 


to find the rate 


Solution: 
2 
a. a — —-8=_ pb. The volume is decreasing at a rate of —& ft?/min. 
(t+1) 36 


Exercise: 


Problem: 


[T] The daily temperature in degrees Fahrenheit of Phoenix in the summer can be modeled by the function 
T (x) = 94 — 10cos | 5 (x — 2)], where z is hours after midnight. Find the rate at which the temperature 
is changing at 4 p.m. 


Exercise: 
Problem: 
[T] The depth (in feet) of water at a dock changes with the rise and fall of tides. The depth is modeled by the 


function D (t) = 5sin (4 a a) + 8, where ¢ is the number of hours after midnight. Find the rate at 
which the depth is changing at 6 a.m. 


Solution: 


~2.3 ft/hr 


Glossary 


chain rule 
the chain rule defines the derivative of a composite function as the derivative of the outer function evaluated 
at the inner function times the derivative of the inner function 


Derivatives of Exponential and Logarithmic Functions 


e Find the derivative of exponential functions. 
e Find the derivative of logarithmic functions. 
e Use logarithmic differentiation to determine the derivative of a function. 


So far, we have learned how to differentiate a variety of functions, including trigonometric, inverse, and implicit 
functions. In this section, we explore derivatives of exponential and logarithmic functions. As we discussed in 
Introduction to Functions and Graphs, exponential functions play an important role in modeling population growth 
and the decay of radioactive materials. Logarithmic functions can help rescale large quantities and are particularly 
helpful for rewriting complicated expressions. 


Derivative of the Exponential Function 


Just as when we found the derivatives of other functions, we can find the derivatives of exponential and 
logarithmic functions using formulas. As we develop these formulas, we need to make certain basic assumptions. 
The proofs that these assumptions hold are beyond the scope of this course. 


First of all, we begin with the assumption that the function B (x) = b*, b > 0, is defined for every real number 
and is continuous. In previous courses, the values of exponential functions for all rational numbers were defined— 
beginning with the definition of b”, where n is a positive integer—as the product of b multiplied by itself n times. 


Later, we defined b° = 1,b-" = $ for a positive integer n, and ps/t — (Wb)s for positive integers s and ¢t. These 
definitions leave open the question of the value of b” where r is an arbitrary real number. By assuming the 
continuity of B (x) = b”,b > 0, we may interpret b” as limb* where the values of x as we take the limit are 

«r>r 


rational. For example, we may view 4” as the number satisfying 
Equation: 


43 <4™< 44 43.1 <4Tc< 43.2, 43.14 <4 Ael8 
43.141 <4 < 43.142 43.1415 <47< 43.1416 fo 


As we see in the following table, 4" ~ 77.88. 


x 4° x 4* 

48 64 a 77.8802710486 
Ae 73.5166947198 a 77.8810268071 
a 77.7084726013 gene 77.9242251944 
Aots 77.8162741237 A 78.7932424541 
a 77.8702309526 Ane 84.4485062895 
ee 77.8799471543 44 256 


Approximating a Value of 4” 


We also assume that for B (x) = 6”, b > 0, the value B’ (0) of the derivative exists. In this section, we show that 
by making this one additional assumption, it is possible to prove that the function B (z) is differentiable 
everywhere. 


We make one final assumption: that there is a unique value of b > 0 for which B’ (0) = 1. We define e to be this 
unique value, as we did in Introduction to Functions and Graphs. [link] provides graphs of the functions 

y = 27, y = 3", y = 2.7", and y = 2.8”. A visual estimate of the slopes of the tangent lines to these functions at 0 
provides evidence that the value of e lies somewhere between 2.7 and 2.8. The function E' (a) = e” is called the 
natural exponential function. Its inverse, L (x) = log,z = Inz is called the natural logarithmic function. 


y 3* 2.9% 
1.8 2.7% 
1.6 
2x 
1.4 
1:2 
1.0 
0.8 
0.6 
-0.6 -0.4 —0.2 0 0.2 0.4 0.6* 


The graph of E(x) = e* is between y = 2” and y = 3°. 


For a better estimate of e, we may construct a table of estimates of B’ (0) for functions of the form B (a) = b?. 
Before doing this, recall that 


Equation: 
b* — B° b* — 1 b* —1 
B' (0) = lim = lim me 
z30 zg —0O z30 ¢ xz 
for values of x very close to zero. For our estimates, we choose z = 0.00001 and z = —0.00001 to obtain the 
estimate 


Equation: 


p—9-00001 _ 4 po-00001 _ 4 


oe BQ ee ee 
—0.00001 Ws 0.00001 
See the following table. 
b ODOT < B'(0)< rg b STOOL < B'(0)< T0000 
2 0.693145 < B'(0) < 0.69315 2.7183 1.000002 < B'(0) < 1.000012 
2.7 0.993247 < B'(0) < 0.993257 2.719 1.000259 < B'(0) < 1.000269 
2.71 0.996944 < B'(0) < 0.996954 2.72 1.000627 < B'(0) < 1.000637 
2.718 0.999891 < B’ (0) < 0.999901 2.8 1.029614 < B’ (0) < 1.029625 
2.7182 0.999965 < B'(0) < 0.999975 3 1.098606 < B'(0) < 1.098618 


Estimating a Value of e 
The evidence from the table suggests that 2.7182 < e < 2.7183. 


The graph of E (a) = e” together with the line y = x + 1 are shown in [link]. This line is tangent to the graph of 
E(2) =e ata = 0. 


—1.0 —0.5 0 0.5 1.0% 


The tangent line to F (x) = e” at x = 0 has slope 1. 


Now that we have laid out our basic assumptions, we begin our investigation by exploring the derivative of 
B(a) = b*,b > 0. Recall that we have assumed that B’ (0) exists. By applying the limit definition to the 
derivative we conclude that 

Equation: 


Turning to B’ (x), we obtain the following. 


Equation: 
B(r) = lim ee Apply the limit definition of the derivative. 
= tim Note that b?+* = b70". 
— lim ee). Factor out b*. 
a b'lim vet Apply a property of limits. 
= b°B' (0) Use B’ (0) = lim we lim La 


We see that on the basis of the assumption that B (x) = 6” is differentiable at 0, B (a) is not only differentiable 
everywhere, but its derivative is 
Equation: 


B (x) = b*B’ (0). 


For E (x) = e*, E'(0) = 1. Thus, we have E’ (x) = e®. (The value of B’ (0) for an arbitrary function of the form 
B(a) = b’,b > 0, will be derived later.) 


Note: 

Derivative of the Natural Exponential Function 

Let E(x) = e” be the natural exponential function. Then 
Equation: 


Ea) =e". 


In general, 
Equation: 


a (8) = eHg/ (2), 


Example: 
Exercise: 


Problem: 
Derivative of an Exponential Function 


Find the derivative of f (xz) = e'@n(2*), 


Solution: 


Using the derivative formula and the chain rule, 
Equation: 


fi(e) = el) + (tan (22) 


= e'2?2)sec? (2x) - 2. 


Example: 
Exercise: 


Problem: 
Combining Differentiation Rules 


x2 
Find the derivative of y= —. 


Solution: 
Use the derivative of the natural exponential function, the quotient rule, and the chain rule. 


Equation: 


YS ee Apply the quotient rule. 


= 2 Simplify. 


Note: 
Exercise: 


Problem: Find the derivative of h (x) = xe?*. 


Solution: 
Bigeye" + 2re* 
Hint 


Don’t forget to use the product rule. 


Example: 
Exercise: 


Problem: 
Applying the Natural Exponential Function 


A colony of mosquitoes has an initial population of 1000. After ¢ days, the population is given by 
A(t) = 1000e°*. Show that the ratio of the rate of change of the population, A’ (t), to the population, A (t) 
is constant. 


Solution: 


First find A’ (¢). By using the chain rule, we have A’ (t) = 300e°**. Thus, the ratio of the rate of change of 
the population to the population is given by 
Equation: 


300°: 3t 
/ ca = 
ls 1000¢%3! oe 


The ratio of the rate of change of the population to the population is the constant 0.3. 


Note: 
Exercise: 


Problem: 


If A (t) = 1000e°** describes the mosquito population after t days, as in the preceding example, what is the 
rate of change of A (t) after 4 days? 


Solution: 


996 
Hint 


Find A’ (4). 


Derivative of the Logarithmic Function 


Now that we have the derivative of the natural exponential function, we can use implicit differentiation to find the 
derivative of its inverse, the natural logarithmic function. 


Note: 

The Derivative of the Natural Logarithmic Function 

If z > O and y = Ing, then 

Equation: 
ae 
de x 

More generally, let g (a) be a differentiable function. For all values of « for which g’ (a) > 0, the derivative of 

h(x) = In (g(2)) is given by 

Equation: 


Proof 


If ¢ > Oand y = Ing, then e¥ = zx. Differentiating both sides of this equation results in the equation 
Equation: 


yi 


e 1. 
dx 


Solving for ua yields 


Equation: 


dy 1 
dx ev 
Finally, we substitute z = e¥ to obtain 
Equation: 
dy 1 
dx «x. 


We may also derive this result by applying the inverse function theorem, as follows. Since y = g(x) = Inz is the 
inverse of f (2) = e*, by applying the inverse function theorem we have 
Equation: 

dy 1 a 

dx fi(g(x)) me 


Using this result and applying the chain rule to h (x) = In (g(za)) yields 
Equation: 


+ are shown in [link]. 


The function y = Inz is increasing on (0, +00). Its 
derivative y/= 4 is greater than zero on (0, +00). 


Example: 
Exercise: 


Problem: 
Taking a Derivative of a Natural Logarithm 


Find the derivative of f (x) = In (a* + 3a — 4). 


Solution: 


Use [link] directly. 


Equation: 
A eS - (327 + 3) Use g(x) = 23+ 32 —4inh! (2) = a5) g (2). 
= “yt “ Rewrite. 


Example: 
Exercise: 


Problem: 
Using Properties of Logarithms in a Derivative 


Find the derivative of f (x) = In ( sing ) 


Solution: 


At first glance, taking this derivative appears rather complicated. However, by using the properties of 
logarithms prior to finding the derivative, we can make the problem much simpler. 


Equation: 
fie —) in (se ) = 2Inz + In (sinz) — In (2a 4+ 1) Apply properties of logarithms. 
fi(z) = ++cot2- 35 Apply sum rule and h’ (x) = az) Glee 
Note: 
Exercise: 


Problem: Differentiate: f (x) = In(3a + 2)”. 


Solution: 


Hint 


Use a property of logarithms to simplify before taking the derivative. 


Now that we can differentiate the natural logarithmic function, we can use this result to find the derivatives of 
y = logyx and y = b* forb > 0,0 1. 


Note: 
Derivatives of General Exponential and Logarithmic Functions 
Let b > 0,6 ¥ 1, and let g (a) be a differentiable function. 


i. If, y = log,z, then 
Equation: 
dy 1 
dx xlnb’ 


More generally, if h (x) = log, (g (x)), then for all values of x for which g(x) > 0, 


Equation: 
U 
g(x)lnb 
ii. If y = 6”, then 
Equation: 
d 
<Y _ pnb. 
dz 


More generally, if h (2) = 69(*), then 
Equation: 


Proof 


Ing 


If y = log,«, then bY = z. It follows that In (b”) = In a. Thus y1ln b = In z. Solving for y, we have y = 777. 
Differentiating and keeping in mind that In} is a constant, we see that 


Equation: 
dy 1 
dz zind- 


The derivative in [link] now follows from the chain rule. 


If y = b*, then In y = xlInb. Using implicit differentiation, again keeping in mind that In b is constant, it follows 
that 7 oe = Inb. Solving for a and substituting y = b”, we see that 
Equation: 

dy 


— = ylnb = b*lnb. 
dz yln n 


The more general derivative ((link]) follows from the chain rule. 


Example: 
Exercise: 


Problem: 
Applying Derivative Formulas 


Find the derivative of h(x) = 335. 


Solution: 


Use the quotient rule and [link]. 


Equation: 
Wi = asa Apply the quotient rule. 
_ 2:3%In3 taal 
ay Simplify. 
Example: 
Exercise: 
Problem: 


Finding the Slope of a Tangent Line 
Find the slope of the line tangent to the graph of y = log, (3a + 1) atx = 1. 
Solution: 


To find the slope, we must evaluate = at = 1. Using [link], we see that 
Equation: 

dy _ 3 

de) m2(62) 


By evaluating the derivative at x = 1, we see that the tangent line has slope 
Equation: 


dy) __3 3 


dx|,-.  4mn2 Inl6™ 


Note: 
Exercise: 


Problem: Find the slope for the line tangent to y = 3” at z = 2. 


Solution: 


91n (3) 
Hint 


Evaluate the derivative at x = 2. 


Logarithmic Differentiation 


At this point, we can take derivatives of functions of the form y = (g(zx))” for certain values of n, as well as 


functions of the form y = b9(), where b > 0 and b # 1. Unfortunately, we still do not know the derivatives of 
functions such as y = x* or y = «”. These functions require a technique called logarithmic differentiation, 


which allows us to differentiate any function of the form h (x) = g(a)! (7). Tt can also be used to convert a very 


complex differentiation problem into a simpler one, such as finding the derivative of y = ev2at * We outline this 


technique in the following problem-solving strategy. 


Note: 
Problem-Solving Strategy: Using Logarithmic Differentiation 


1. To differentiate y = h (x) using logarithmic differentiation, take the natural logarithm of both sides of the 
equation to obtain In y = In (h(z)). 
2. Use properties of logarithms to expand In (h (x)) as much as possible. 


1 dy 
G Gls? 


3. Differentiate both sides of the equation. On the left we will have 


4. Multiply both sides of the equation by y to solve for wy 
5. Replace y by h (x). 


Example: 
Exercise: 


Problem: 
Using Logarithmic Differentiation 


tanz 


Find the derivative of y = (22+ of 1) 


Solution: 


Use logarithmic differentiation to find this derivative. 


Equation: 
Iny = In(22* + Eee Step 1. Take the natural logarithm o 
Iny = tanzln (2a + 1) Step 2. Expand using properties of 1c 
Step 3. Differentiate both sides. Use 
ik Coe 4 823 
ade = «sec’xin (Pe sa) ab eee inte product rule on the right. 
es = y: (sects In (2a. + 1) + a5 : tana) Step 4. Multiply by yon both sides. 
ay = (22+ + ee (sec’e In (Dae P 1) sr SS -tanz) Step 5. Substitute y = (22+ oF Blea. 


Example: 


Exercise: 


Problem: 
Using Logarithmic Differentiation 


av 2a+1 
etsin’x ~ 


Find the derivative of y = 


Solution: 


This problem really makes use of the properties of logarithms and the differentiation rules given in this 
chapter. 


Equation: 
Iny = In ae : Step 1. Take the natural logarithm of both side 
Iny = Inz+ + In (22 + 1) —alne — 3lnsinz Step 2. Expand using properties of logarithms. 
: “s = ; Hi eo rae Step 3. Differentiate both sides. 
a = 7 (4 4 $T —1—-—3cot x) Step 4. Multiply by y on both sides. 
dy _  wV@mt1(1 , 1 : _— 2v2x+1 
zo ae (2 rogue be Scot x) Step 5. Substitute y = ate : 
Example: 
Exercise: 
Problem: 
Extending the Power Rule 
Find the derivative of y = x” where r is an arbitrary real number. 
Solution: 
The process is the same as in [link], though with fewer complications. 
Equation: 
Iny = Ina” Step 1. Take the natural logarithm of both sides. 
Iny = rlnz Step 2. Expand using properties of logarithms. 
= a = ro Step 3. Differentiate both sides. 
fu = ¥> Step 4. Multiply by yon both sides. 
au = 22 Step 5. Substitute y = 2”. 
fu = ra} Simplify. 
Note: 
Exercise: 


Problem: Use logarithmic differentiation to find the derivative of y = x”. 


Solution: 


= =o eine) 


Hint 


Follow the problem solving strategy. 


Note: 
Exercise: 


Problem: Find the derivative of y = (tanz)”. 


Solution: 


y = n(tana)” ‘sec2x 


Hint 


Use the result from [link]. 


Key Concepts 


¢ On the basis of the assumption that the exponential function y = b”, b > 0 is continuous everywhere and 
differentiable at 0, this function is differentiable everywhere and there is a formula for its derivative. 

e We can use a formula to find the derivative of y = Inz, and the relationship log,z = pie allows us to extend 
our differentiation formulas to include logarithms with arbitrary bases. 

¢ Logarithmic differentiation allows us to differentiate functions of the form y = g(x)! ) or very complex 
functions by taking the natural logarithm of both sides and exploiting the properties of logarithms before 
differentiating. 


Key Equations 


¢ Derivative of the natural exponential function 
aa (e9(2)) — eI)! (x) 
¢ Derivative of the natural logarithmic function 
d 1 
#£(ing(#)) = 29 (x) 
¢ Derivative of the general exponential function 
¢ Derivative of the general logarithmic function 


£ (logig (x)) = 


For the following exercises, find f’ (x) for each function. 
Exercise: 


Problem: f (x) = xe” 
Solution: 


Qre* + xe% 


Exercise: 


Problem: f (x) = — 


x 


Exercise: 


Problem: f (x) =e? ™* 
Solution: 
et ine (307lnz + 2) 


Exercise: 


Problem: f (x) = Ve2* + 2x 


Exercise: 
Problem: f (x) = <=; 


Solution: 


4 
(e?+e-*)” 


Exercise: 


Problem: f (x) = man 


Exercise: 


Problem: f (x) = 2*° + 4x? 
Solution: 


Q4e+2 .1n2 + 8a 


Exercise: 


Problem: f (x) = 3°"** 


Exercise: 
Problem: f (x) = x” - 7” 


Solution: 


mae". gt + a™- ln 


Exercise: 


Problem: f (x) = In (4x? + 2) 


Exercise: 


Problem: f (x) = InV/5x —7 


Solution: 


5 
2(5x—7) 


Exercise: 


Problem: f(z) = x7In9z 


Exercise: 


Problem: f (x) = log (secz) 


Solution: 


tanz 
In10 


Exercise: 


Problem: f (x) = log;(6x* + 3)° 


Exercise: 
Problem: f (x) = 2” - log,7” 4 
Solution: 


x 24 a 2aln7 


For the following exercises, use logarithmic differentiation to find fe 
Exercise: 


Problem: y = av® 


Exercise: 


Problem: y = (sin2a)** 


Solution: 


(sin22)** [4 - In (sin2x) + 82 - cot 22] 


Exercise: 


Ing 


Problem: y = (Inz) 


Exercise: 


Problem: y = «'°%* 


Solution: 


log,x | 2lnzr 
at aln2 


Exercise: 


Problem: y = (a? — 0 ta 


Exercise: 


cotzx 


Problem: y = x 


Solution: 
qgote [-csc*ax -Ing+ cote | 
Exercise: 
Problem: y = ws 
2 


Exercise: 


Problem: y = x '/?(x? + 3) 3 (39 sly 


Solution: 
-1/2/,.2 2/3 be [et i Aa 8 
x / (x + 3) (3a 4) 7 E T 3(a?+3) T | 
Exercise: 
Problem: [T] Find an equation of the tangent line to the graph of f (x) = Aze(=’-1) at the point where 
x = —1. Graph both the function and the tangent line. 
Exercise: 
Problem: 


[T] Find the equation of the line that is normal to the graph of f (2) = x - 5” at the point where xz = 1. Graph 
both the function and the normal line. 


Solution: 


te =1 | | at 
Y= 575in5 & 7 (5 are) 


Exercise: 


Problem: 


[T] Find the equation of the tangent line to the graph of x3 — aIny + y? = 22 + 5 at the point where x = 2. 
(Hint: Use implicit differentiation to find aes ) Graph both the curve and the tangent line. 


Exercise: 
Problem: Consider the function y = x!/* for x > 0. 
a. Determine the points on the graph where the tangent line is horizontal. 
b. Determine the points on the graph where y’ > 0 and those where y/' < 0. 
Solution: 


a. £ = e~2.718 b. (e, co), (0, e) 


Exercise: 


Problem: The formula J (t) = ant is the formula for a decaying alternating current. 


a. Complete the following table with the appropriate values. 


t a 
0 (i) 
z (ii) 
7 (iii) 
r (iv) 
Qn (v) 
Qn (vi) 
es (vii) 
(viii) 
An (ix) 


b. Using only the values in the table, determine where the tangent line to the graph of I (¢) is horizontal. 


Exercise: 


Problem: 


[T] The population of Toledo, Ohio, in 2000 was approximately 500,000. Assume the population is increasing 
at arate of 5% per year. 


a. Write the exponential function that relates the total population as a function of t. 
b. Use a. to determine the rate at which the population is increasing in ¢ years. 
c. Use b. to determine the rate at which the population is increasing in 10 years. 


Solution: 


a. P = 500,000(1.05)’ individuals b. P’ (t) = 24395 - (1.05)’ individuals per year c. 39,737 individuals per 
year 


Exercise: 


Problem: 


[T] An isotope of the element erbium has a half-life of approximately 12 hours. Initially there are 9 grams of 
the isotope present. 


a. Write the exponential function that relates the amount of substance remaining as a function of t, 
measured in hours. 

b. Use a. to determine the rate at which the substance is decaying in ¢ hours. 

c. Use b. to determine the rate of decay at t = 4 hours. 


Exercise: 


Problem: 


[T] The number of cases of influenza in New York City from the beginning of 1960 to the beginning of 1961 
is modeled by the function 


N (t) = 5.3¢9-093t"-0.87t, (Q < ¢ < 4), where N (t) gives the number of cases (in thousands) and t is 
measured in years, with t = 0 corresponding to the beginning of 1960. 


a. Show work that evaluates NV (0) and NV (4). Briefly describe what these values indicate about the disease 
in New York City. 

b. Show work that evaluates N’ (0) and NV’ (3). Briefly describe what these values indicate about the 
disease in the United States. 


Solution: 


a. At the beginning of 1960 there were 5.3 thousand cases of the disease in New York City. At the beginning 
of 1963 there were approximately 723 cases of the disease in the United States. b. At the beginning of 1960 
the number of cases of the disease was decreasing at rate of —4.611 thousand per year; at the beginning of 
1963, the number of cases of the disease was decreasing at a rate of —0.2808 thousand per year. 


Exercise: 
Problem: 
[T] The relative rate of change of a differentiable function y = f (x) is given by ee) %. One model for 


population growth is a Gompertz growth function, given by P (rz) = ae~>® “ where a, b, and c are constants. 


a. Find the relative rate of change formula for the generic Gompertz function. 


b. Use a. to find the relative rate of change of a population in z = 20 months when a = 204, b = 0.0198, 
andc = 0.15. 
c. Briefly interpret what the result of b. means. 


For the following exercises, use the population of New York City from 1790 to 1860, given in the following table. 


Years since 1790 Population 
0 33,131 

10 60,515 

20 96,373 

30 123,706 

40 202,300 

50 312,710 

60 515,547 

70 813,669 


New York City Population Over TimeSource: http://en.wikipedia.org/wiki/Largest_cities_in_the_United_States 
_by_population_by_decade. 


Exercise: 


Problem: [T] Using a computer program or a calculator, fit a growth curve to the data of the form p = ab’. 
Solution: 


p = 35741(1.045)' 
Exercise: 


Problem: 


[T] Using the exponential best fit for the data, write a table containing the derivatives evaluated at each year. 
Exercise: 


Problem: 


[T] Using the exponential best fit for the data, write a table containing the second derivatives evaluated at 
each year. 


Solution: 


Years since 1790 Pu 


0 69.25 
10 107.5 
20 167.0 
30 259.4 
40 402.8 
50 625.5 
60 971.4 
70 1508.5 
Exercise: 


Problem: [T] Using the tables of first and second derivatives and the best fit, answer the following questions: 


a. Will the model be accurate in predicting the future population of New York City? Why or why not? 
b. Estimate the population in 2010. Was the prediction correct from a.? 


Chapter Review Exercises 


True or False? Justify the answer with a proof or a counterexample. 
Exercise: 


Problem: Every function has a derivative. 
Solution: 


False. 


Exercise: 


Problem: A continuous function has a continuous derivative. 


Exercise: 


Problem: A continuous function has a derivative. 
Solution: 


False 


Exercise: 
Problem: If a function is differentiable, it is continuous. 


Use the limit definition of the derivative to exactly evaluate the derivative. 


Exercise: 


Problem: f (x) = Vz +4 


Solution: 


—1_ 
2 z+4 


Exercise: 


Problem: f (x) = 2 


x 


Find the derivatives of the following functions. 
Exercise: 


Problem: f (x) = 32? — 4 
Solution: 
9x? + + 
Exercise: 
Problem: f (x) = (4 — x)? 
Exercise: 
Problem: f (x) = e*™* 


Solution: 


e™Zcos x 


Exercise: 


Problem: f (x) = In (a + 2) 


Exercise: 


Problem: f (x) = x*cosx + xtan (x) 

Solution: 

xsec? (x) + 2xcos (x) + tan (x) — x’sin (x) 
Exercise: 


Problem: f (x) = V3a2+ 2 


Exercise: 


Problem: f (x) = £sin"! (x) 


Solution: 


1 ces 
= (ss + sin (z)) 
Exercise: 


Problem: z”y = (y + 2) + zysin (z) 


Find the following derivatives of various orders. 
Exercise: 


Problem: First derivative of y= xln (x)cosx 


Solution: 


cosz - (Inz +1) —aln (x)sinz 


Exercise: 


Problem: Third derivative of y = (3a + 2)? 


Exercise: 


Problem: Second derivative of y = 4” + x’sin (x) 
Solution: 


4*(In4)? + 2sinz + 4¢cosx — 2sinx 


Find the equation of the tangent line to the following equations at the specified point. 
Exercise: 


Problem: y = cos! (x) + zat z = 0 


Exercise: 
Problem: y = z + e” — 4 atx = 1 


Solution: 


T=(2+e)x-—2 


Draw the derivative for the following graphs. 
Exercise: 


Problem: 


Exercise: 


Problem: 


y 
4 


Solution: 


The following questions concern the water level in Ocean City, New Jersey, in January, which can be 
approximated by w (t) = 1.9 + 2.9cos (Zt), where t is measured in hours after midnight, and the height is 


measured in feet. 
Exercise: 


Problem: Find and graph the derivative. What is the physical meaning? 


Exercise: 
Problem: Find w’ (3). What is the physical meaning of this value? 
Solution: 


w' (3) = —224. At 3 a.m. the tide is decreasing at a rate of 1.514 ft/hr. 


The following questions consider the wind speeds of Hurricane Katrina, which affected New Orleans, Louisiana, 
in August 2005. The data are displayed in a table. 


Hours after Midnight, August 26 Wind Speed (mph) 


1 45 
5 75 
11 100 
29 115 
49 145 
58 175 
73 155 
81 125 
85 95 
107 35 


Wind Speeds of Hurricane KatrinaSource: 
http://news.nationalgeographic.com/news/2005/09/0914_050914_katrina_timeline.html. 


Exercise: 


Problem: 


Using the table, estimate the derivative of the wind speed at hour 39. What is the physical meaning? 


Exercise: 


Problem: Estimate the derivative of the wind speed at hour 83. What is the physical meaning? 
Solution: 


—7.5. The wind speed is decreasing at a rate of 7.5 mph/hr 


Glossary 


logarithmic differentiation 
is a technique that allows us to differentiate a function by first taking the natural logarithm of both sides of an 
equation, applying properties of logarithms to simplify the equation, and differentiating implicitly 


Introduction 
class="introduction' 


As a rocket 
is being 
launched, at 
what rate 
should the 
angle of a 
video 
camera 
change to 
continue 
viewing the 
rocket? 
(credit: 
modificatio 
n of work 
by Steve 
Jurvetson, 
Wikimedia 
Commons) 


A rocket is being launched from the ground and cameras are recording the 
event. A video camera is located on the ground a certain distance from the 
launch pad. At what rate should the angle of inclination (the angle the 
camera makes with the ground) change to allow the camera to record the 
flight of the rocket as it heads upward? (See [link].) 


A rocket launch involves two related quantities that change over time. 
Being able to solve this type of problem is just one application of 
derivatives introduced in this chapter. We also look at how derivatives are 
used to find maximum and minimum values of functions. As a result, we 
will be able to solve applied optimization problems, such as maximizing 
revenue and minimizing surface area. In addition, we examine how 
derivatives are used to evaluate complicated limits, to approximate roots of 
functions, and to provide accurate graphs of functions. 


Maxima and Minima 


e Define absolute extrema. 

e Define local extrema. 

e Explain how to find the critical points of a function over a closed 
interval. 

e Describe how to use critical points to locate absolute extrema over a 
closed interval. 


Given a particular function, we are often interested in determining the 
largest and smallest values of the function. This information is important in 
creating accurate graphs. Finding the maximum and minimum values of a 
function also has practical significance because we can use this method to 
solve optimization problems, such as maximizing profit, minimizing the 
amount of material used in manufacturing an aluminum can, or finding the 
maximum height a rocket can reach. In this section, we look at how to use 
derivatives to find the largest and smallest values for a function. 


Absolute Extrema 


Consider the function f(x) = x? + 1 over the interval (—oo, 00). As 

xz —> +00, f(x) — oo. Therefore, the function does not have a largest 
value. However, since x2 + 1 > 1 for all real numbers x and x? + 1 = 1 
when x = QO, the function has a smallest value, 1, when x = 0. We say that 
1 is the absolute minimum of f(x) = x? + 1 and it occurs at x = 0. We 
say that f(z) = x” + 1 does not have an absolute maximum (see the 
following figure). 


f(x) =x? +1 


The given function has an absolute minimum of 1 at 
az = 0. The function does not have an absolute 
maximum. 


Note: 

Definition 

Let f be a function defined over an interval J and let c € I. We say f has 
an absolute maximum on J at cif f(c) > f(x) for all x € I. We say f 
has an absolute minimum on I at c if f(c) < f(x) forall a € J. If f has 
an absolute maximum on J at c or an absolute minimum on I at c, we say 
f has an absolute extremum on I at c. 


Before proceeding, let’s note two important issues regarding this definition. 
First, the term absolute here does not refer to absolute value. An absolute 
extremum may be positive, negative, or zero. Second, if a function f has an 
absolute extremum over an interval I at c, the absolute extremum is f(c). 
The real number c is a point in the domain at which the absolute extremum 


occurs. For example, consider the function f(z) = 1/(x? + 1) over the 
interval (—oo, 00). Since 
Equation: 


1 


I aay 


f(x) 


for all real numbers x, we say f has an absolute maximum over (—oo, co) 
at x = 0. The absolute maximum is f(0) = 1. It occurs at z = 0, as shown 
in [Link ](b). 


A function may have both an absolute maximum and an absolute minimum, 
just one extremum, or neither. [link] shows several functions and some of 
the different possibilities regarding absolute extrema. However, the 
following theorem, called the Extreme Value Theorem, guarantees that a 
continuous function f over a closed, bounded interval [a, b] has both an 
absolute maximum and an absolute minimum. 


f(x) = =*— on (—~, ~) 


f(x) = x? on (—~, ~) ¥+1 f(x) = cos(x) on (—~, ~) 
No absolute maximum Absolute maximum of 1 at x = 0 Absolute maximum of 1 at x = 0, 
No absolute minimum No absolute minimum +2n, +4... 
Absolute minimum of —1 at x = +7, 
+377... 


(a) (b) (c) 


' 
\ 
' 
' 
I 
' 
\ 
' 
' 
1 
I 
' 
' 
\ 
' 
' 
' 
2 


Ww = {2-8 O=x<2 snc 

x-3 2=x=4 f(x) = (x — 2)? on [1, 4] Wy = 5 oni 2) 

Absolute maximum of 2 at x = 0 Absolute maximum of 4 at x = 4 No absolute maximum 

No absolute minimum Absolute minimum of 0 at x = 2 Absolute minimum of 0 at x = 0 


(d) (e) (f) 


Graphs (a), (b), and (c) show several possibilities for absolute extrema 
for functions with a domain of (—oo, oo). Graphs (d), (e), and (f) 
show several possibilities for absolute extrema for functions with a 
domain that is a bounded interval. 


Note: 


Extreme Value Theorem 

If f is a continuous function over the closed, bounded interval {a, 6], then 
there is a point in [a, b] at which f has an absolute maximum over [a, 
and there is a point in [a, b] at which f has an absolute minimum over 

la, 5). 


The proof of the extreme value theorem is beyond the scope of this text. 
Typically, it is proved in a course on real analysis. There are a couple of key 
points to note about the statement of this theorem. For the extreme value 
theorem to apply, the function must be continuous over a closed, bounded 
interval. If the interval I is open or the function has even one point of 
discontinuity, the function may not have an absolute maximum or absolute 
minimum over J. For example, consider the functions shown in [link](d), 
(e), and (f). All three of these functions are defined over bounded intervals. 
However, the function in graph (e) is the only one that has both an absolute 
maximum and an absolute minimum over its domain. The extreme value 
theorem cannot be applied to the functions in graphs (d) and (f) because 
neither of these functions is continuous over a closed, bounded interval. 
Although the function in graph (d) is defined over the closed interval [0, 4], 
the function is discontinuous at x = 2. The function has an absolute 
maximum over (0, 4] but does not have an absolute minimum. The function 
in graph (f) is continuous over the half-open interval [0, 2), but is not 
defined at x = 2, and therefore is not continuous over a closed, bounded 
interval. The function has an absolute minimum over |0, 2), but does not 
have an absolute maximum over [0, 2). These two graphs illustrate why a 
function over a bounded interval may fail to have an absolute maximum 
and/or absolute minimum. 


Before looking at how to find absolute extrema, let’s examine the related 
concept of local extrema. This idea is useful in determining where absolute 
extrema occur. 


Local Extrema and Critical Points 


Consider the function f shown in [link]. The graph can be described as two 
mountains with a valley in the middle. The absolute maximum value of the 
function occurs at the higher peak, at x = 2. However, x = 0 is also a point 
of interest. Although f (0) is not the largest value of f, the value f (0) is 
larger than f (a) for all x near 0. We say f has a local maximum at x = 0. 
Similarly, the function f does not have an absolute minimum, but it does 
have a local minimum at x = 1 because f (1) is less than f (x) for x near 
il, 


f(x) defined on (—*, ~) 
Local maxima at x = 0 and x = 2 
Local minimum at x = 1 


This function f has two local 
maxima and one local minimum. The 
local maximum at x = 2 is also the 
absolute maximum. 


Note: 

Definition 

A function f has a local maximum at c if there exists an open interval I 
containing c such that I is contained in the domain of f and f(c) > f(x) 
for all x € I. A function f has a local minimum at c if there exists an 
open interval J containing c such that J is contained in the domain of f and 
f(c) < f(x) for all x € J. A function f has a local extremum at c if f 
has a local maximum at c or f has a local minimum at c. 


Note that if f has an absolute extremum at c and f is defined over an 
interval containing c, then f(c) is also considered a local extremum. If an 
absolute extremum for a function f occurs at an endpoint, we do not 
consider that to be a local extremum, but instead refer to that as an endpoint 
extremum. 


Given the graph of a function f, it is sometimes easy to see where a local 
maximum or local minimum occurs. However, it is not always easy to see, 
since the interesting features on the graph of a function may not be visible 
because they occur at a very small scale. Also, we may not have a graph of 
the function. In these cases, how can we use a formula for a function to 
determine where these extrema occur? 


To answer this question, let’s look at [link] again. The local extrema occur 
atx = 0, x = 1, and zx = 2. Notice that at = 0 and z = 1, the derivative 
f(x) = 0. At x = 2, the derivative f/(a) does not exist, since the function 
f has a corner there. In fact, if f has a local extremum at a point x = c, the 
derivative f/(c) must satisfy one of the following conditions: either 

fl(c) = 0 or fr(c) is undefined. Such a value c is known as a critical point 
and it is important in finding extreme values for functions. 


Note: 
Definition 


Let c be an interior point in the domain of f. We say that c is a critical 
point of f if f#(c) = 0 or f/(c) is undefined. 


As mentioned earlier, if f has a local extremum at a point x = c, thenc 
must be a critical point of f. This fact is known as Fermat’s theorem. 


Note: 
Fermat’s Theorem 
If f has a local extremum at c and f is differentiable at c, then f/(c) = 0. 


Proof 


Suppose f has a local extremum at c and f is differentiable at c. We need to 
show that f/(c) = 0. To do this, we will show that f/(c) > 0 and 

fl(c) < 0, and therefore f/(c) = 0. Since f has a local extremum at c, f 
has a local maximum or local minimum at c. Suppose f has a local 
maximum at c. The case in which f has a local minimum at c can be 
handled similarly. There then exists an open interval J such that 

f (c) => f (a) for all x € I. Since f is differentiable at c, from the 
definition of the derivative, we know that 

Equation: 


Since this limit exists, both one-sided limits also exist and equal f/(c). 
Therefore, 
Equation: 


and 
Equation: 


Since f(c) is a local maximum, we see that f(x) — f(c) < 0 for x near c. 
Therefore, for x near c, but x > c, we have fer Ke) < 0. From [link] we 


conclude that f/(c) < 0. Similarly, it can be shown that f/(c) > 0. 
Therefore, f/(c) = 0. 


L) 


From Fermat’s theorem, we conclude that if f has a local extremum at c, 
then either f/(c) = 0 or f/(c) is undefined. In other words, local extrema 
can only occur at critical points. 


Note this theorem does not claim that a function f must have a local 
extremum at a critical point. Rather, it states that critical points are 
candidates for local extrema. For example, consider the function 

f (x) = 2. We have f(x) = 3x7 = 0 when x = 0. Therefore, x = O isa 
critical point. However, f(z) = 2° is increasing over (—oo, 00), and thus f 
does not have a local extremum at x = O. In [link], we see several different 
possibilities for critical points. In some of these cases, the functions have 
local extrema at critical points, whereas in other cases the functions do not. 
Note that these graphs do not show all possibilities for the behavior of a 
function at a critical point. 


f'(c) is undefined f'(c) is undefined 


Local maximum at c Local maximum at c Local minimum at c 


(a) (b) (c) 


f'(c) is undefined 


No local extremum at c No local extremum at c 


(d) (e) 


(a-e) A function f has a critical point at c if f/(c) = 0 or fl(c) is 
undefined. A function may or may not have a local extremum at a 
critical point. 


Later in this chapter we look at analytical methods for determining whether 
a function actually has a local extremum at a critical point. For now, let’s 
turn our attention to finding critical points. We will use graphical 


observations to determine whether a critical point is associated with a local 
extremum. 


Example: 
Exercise: 


Problem: 
Locating Critical Points 


For each of the following functions, find all critical points. Use a 
graphing utility to determine whether the function has a local 
extremum at each of the critical points. 


Solution: 


a. The derivative f(x) = x? — 5a + 4 is defined for all real 
numbers x. Therefore, we only need to find the values for z 
where f/(z) = 0. Since 
fi(x) = a? — 5a +4 = (x — 4) (xz — 1), the critical points are 
x = 1and ax = 4. From the graph of f in [link], we see that f 
has a local maximum at x = 1 and a local minimum at z = 4. 


—A+ f0d = =x3 = 2x2 + 4x 


This function has a local maximum 
and a local minimum. 


b. Using the chain rule, we see the derivative is 
Equation: 


f(a) = 3(x? —1)* (22) = 6a(a? — 1)”. 


Therefore, f has critical points when x = 0 and when 

az” — 1 = 0. We conclude that the critical points are z = 0, +1. 
From the graph of f in [link], we see that f has a local (and 
absolute) minimum at x = 0, but does not have a local 
extremum at 2 — Lora — —L 


This function has three critical points: x = 0, x = 1, 

and « = —1. The function has a local (and absolute) 

minimum at « = O, but does not have extrema at the 
other two critical points. 


. By the chain rule, we see that the derivative is 
Equation: 


7 (1+ 474) — 42 (22) — 4-42? 
Es (1+ 2)  (1+22)? 


The derivative is defined everywhere. Therefore, we only need to 
find values for x where f/(x) = 0. Solving f(x) = 0, we see 
that 4 — 4¢? = 0, which implies x = +1. Therefore, the critical 
points are x = +1. From the graph of f in [link], we see that f 


has an absolute maximum at z = 1 and an absolute minimum at 
x = —1. Hence, f has a local maximum at x = 1 and a local 
minimum at « = —1. (Note that if f has an absolute extremum 
over an interval I at a point c that is not an endpoint of J, then f 


has a local extremum at c. ) 


This function has an absolute 
maximum and an absolute 
minimum. 


Note: 
Exercise: 


Problem: Find all critical points for f (x) = 2° — 


Solution: 


su? — 2a +1. 


Calculate fi(z). 


Locating Absolute Extrema 


The extreme value theorem states that a continuous function over a closed, 
bounded interval has an absolute maximum and an absolute minimum. As 
shown in [link], one or both of these absolute extrema could occur at an 
endpoint. If an absolute extremum does not occur at an endpoint, however, 
it must occur at an interior point, in which case the absolute extremum is a 
local extremum. Therefore, by [link], the point c at which the local 
extremum occurs must be a critical point. We summarize this result in the 
following theorem. 


Note: 

Location of Absolute Extrema 

Let f be a continuous function over a closed, bounded interval J. The 
absolute maximum of f over J and the absolute minimum of f over J must 
occur at endpoints of J or at critical points of f in I. 


With this idea in mind, let’s examine a procedure for locating absolute 
extrema. 


Note: 

Problem-Solving Strategy: Locating Absolute Extrema over a Closed 
Interval 

Consider a continuous function f defined over the closed interval {a, 5]. 


1. Evaluate f at the endpoints x = a and x = b. 
2. Find all critical points of f that lie over the interval (a, b) and 
evaluate f at those critical points. 


3. Compare all values found in (1) and (2). From [link], the absolute 
extrema must occur at endpoints or critical points. Therefore, the 
largest of these values is the absolute maximum of f. The smallest of 
these values is the absolute minimum of f. 


Now let’s look at how to use this strategy to find the absolute maximum and 
absolute minimum values for continuous functions. 


Example: 
Exercise: 


Problem: 
Locating Absolute Extrema 


For each of the following functions, find the absolute maximum and 
absolute minimum over the specified interval and state where those 
values occur. 


a. f(x) = —x2? + 3a — 2 over [1, 3]. 
b. f(z) = x? — 3a?/3 over (0, 2]. 


Solution: 


a. Step 1. Evaluate f at the endpoints x = 1 and x = 3. 
Equation: 


f GQ) =and 7 (3) = —2 


Step 2. Since f/(x) = —2ax + 3, fl is defined for all real 
numbers x. Therefore, there are no critical points where the 
derivative is undefined. It remains to check where f/(x) = 0. 
Since f(x) = —22+3=O0atzr= 3 and 3 is in the interval 


ea lear (3) is a candidate for an absolute extremum of f over 
[1, 3]. We evaluate f (2) and find 
Equation: 


Step 3. We set up the following table to compare the values 
found in steps 1 and 2. 


x lee) Conclusion 

0 0 

- Me Absolute maximum 
3 =2 Absolute minimum 


From the table, we find that the absolute maximum of f over the 
interval [1, 3] is +, and it occurs at x = 3. The absolute 
minimum of f over the interval [1, 3] is —2, and it occurs at 

x = 3as shown in the following graph. 


=. f(x) = —x? + 3x -— 2 


-2 (2 +9) 


This function has both an absolute maximum and an 
absolute minimum. 


. Step 1. Evaluate f at the endpoints x = 0 and x = 2. 
Equation: 


f(0) = Oand f(2) = 4 —3V4 = —0.762 


Step 2. The derivative of f is given by 
Equation: 


2  art/8 2 
gi/3 pl /3 


f(x) = 2x” — 


for x + 0. The derivative is zero when 2x4/* — 2 = 0, which 
implies 2 = +1. The derivative is undefined at x = 0. 
Therefore, the critical points of f are x = 0,1, —1. The point 
x = 0 is an endpoint, so we already evaluated f(0) in step 1. 
The point z = —1 is not in the interval of interest, so we need 
only evaluate f (1). We find that 

Equation: 


dD == 


Step 3. We compare the values found in steps 1 and 2, in the 
following table. 


x face) Conclusion 

0 0 Absolute maximum 
if 2 Absolute minimum 
2 —0.762 


We conclude that the absolute maximum of f over the interval 
[0, 2] is zero, and it occurs at x = 0. The absolute minimum is 
—2, and it occurs at x = 1 as shown in the following graph. 


This function has an absolute 
maximum at an endpoint of the 
interval. 


Note: 
Exercise: 


Problem: 


Find the absolute maximum and absolute minimum of 
f(x) = x? — 4x + 3 over the interval [1, 4]. 


Solution: 


The absolute maximum is 3 and it occurs at z = 4. The absolute 
minimum is —1 and it occurs at x = 2. 


Hint 


Look for critical points. Evaluate f at all critical points and at the 
endpoints. 


At this point, we know how to locate absolute extrema for continuous 
functions over closed intervals. We have also defined local extrema and 
determined that if a function f has a local extremum at a point c, then c 
must be a critical point of f. However, c being a critical point is not a 
sufficient condition for f to have a local extremum at c. Later in this 
chapter, we show how to determine whether a function actually has a local 
extremum at a critical point. First, however, we need to introduce the Mean 
Value Theorem, which will help as we analyze the behavior of the graph of 
a function. 


Key Concepts 


e A function may have both an absolute maximum and an absolute 
minimum, have just one absolute extremum, or have no absolute 
maximum or absolute minimum. 

e If a function has a local extremum, the point at which it occurs must be 
a critical point. However, a function need not have a local extremum at 
a critical point. 

e A continuous function over a closed, bounded interval has an absolute 
maximum and an absolute minimum. Each extremum occurs at a 
critical point or an endpoint. 


Exercise: 


Problem: 


In precalculus, you learned a formula for the position of the maximum 


or minimum of a quadratic equation y = ax? + bx + c, which was 


n>— Cay" Prove this formula using calculus. 


Exercise: 
Problem: 
If you are finding an absolute minimum over an interval [a, b|, why do 


you need to check the endpoints? Draw a graph that supports your 
hypothesis. 


Solution: 


Answers may vary 
Exercise: 
Problem: 
If you are examining a function over an interval (a, b), for a and b 


finite, is it possible not to have an absolute maximum or absolute 
minimum? 


Exercise: 
Problem: 
When you are checking for critical points, explain why you also need 


to determine points where f ’ (x) is undefined. Draw a graph to 
support your explanation. 


Solution: 


Answers will vary 


Exercise: 


Problem: 

Can you have a finite absolute maximum for y = ax? + bx + c over 

(—oo, 00)? Explain why or why not using graphical arguments. 
Exercise: 

Problem: 

Can you have a finite absolute maximum for y = ax? + bx? + cx + d 


over (—oo, oo) assuming a is non-zero? Explain why or why not using 
graphical arguments. 


Solution: 


No; answers will vary 
Exercise: 
Problem: 
Let m be the number of local minima and // be the number of local 


maxima. Can you create a function where M > m + 2? Draw a graph 
to support your explanation. 


Exercise: 
Problem: 


Is it possible to have more than one absolute maximum? Use a 
graphical argument to prove your hypothesis. 


Solution: 


Since the absolute maximum is the function (output) value rather than 
the x value, the answer is no; answers will vary 


Exercise: 


Problem: 


Is it possible to have no absolute minimum or maximum for a 
function? If so, construct such a function. If not, explain why this is 
not possible. 


Exercise: 
Problem: 


[T] Graph the function y = e®”. For which values of a, on any infinite 
domain, will you have an absolute minimum and absolute maximum? 


Solution: 


When a = 0 


For the following exercises, determine where the local and absolute maxima 
and minima occur on the graph given. Assume the graph represents the 
entirety of each function. 

Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
Absolute minimum at 3; Absolute maximum at —2.2; local minima at 
—2, 1; local maxima at —1, 2 

Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Absolute minima at —2, 2; absolute maxima at —2.5, 2.5; local 
minimum at 0; local maxima at —1, 1 


For the following problems, draw graphs of f (a), which is continuous, 
over the interval |—4, 4] with the following properties: 
Exercise: 


Problem: 


Absolute maximum at x = 2 and absolute minima at x = +3 
Exercise: 


Problem: 
Absolute minimum at x = 1 and absolute maximum at x = 2 
Solution: 


Answers may vary. 


Exercise: 
Problem: 
Absolute maximum at 2 = 4, absolute minimum at x = —1, local 


maximum at x = —2, and a critical point that is not a maximum or 
minimum at x = 2 


Exercise: 


Problem: 


Absolute maxima at z = 2 and z = —8, local minimum at x = 1, and 
absolute minimum at « = 4 


Solution: 


Answers may vary. 


For the following exercises, find the critical points in the domains of the 
following functions. 
Exercise: 


Problem: y = 4° — 3x 


Exercise: 
Problem: y = 4,/x — x” 


Solution: 


r= 1 


Exercise: 


Problem: y = —— 


Exercise: 


Problem: y = In(x — 2) 
Solution: 


None 


Exercise: 


Problem: y = tan(z) 
Exercise: 

Problem: y = V4 — x? 

Solution: 


f= 0 


Exercise: 


Problem: y = 3/2 _ 35/2 


Exercise: 


Problem: 1 = aed 
Ce r2+2r—3 
Solution: 
None 
Exercise: 


Problem: y = sin? (2) 


Exercise: 


— 


Problem: y = x + = 


Solution: 


f=]—1,1 


For the following exercises, find the local and/or absolute maxima for the 
functions over the specified domain. 
Exercise: 


Problem: f(x) = x? + 3 over [—1, 4] 
Exercise: 

Problem: y = x? + = over [1, 4| 

Solution: 


Absolute maximum: x = 4, y = 33. absolute minimum: x = 1, 
y=3 


Exercise: 


Problem: y = (x — x)” over |—1, 1] 


Exercise: 


Problem: y = —-—- over (0,1) 


(x—a?) 
Solution: 
Absolute minimum: z = + y=4 


Exercise: 


Problem: y = \/9 — x over [1,9] 


Exercise: 


Problem: y = x + sin(z) over [0, 27 
Solution: 


Absolute maximum: xz = 277, y = 27; absolute minimum: x = 0, 
y=0 


Exercise: 


Problem: y = =, over [0, 100 


Exercise: 
Problem: y = |x + 1| + |x — 1| over [—3, 2] 


Solution: 


Absolute maximum: « = —3; absolute minimum: —1 < z<1,y=2 


Exercise: 


Problem: y = \/z — Vx? over (0, 4] 


Exercise: 


Problem: y = sinz + cosz over (0, 27 


Solution: 


,y = V2; absolute minimum: « = =, 


Absolute maximum: x = mn 


y=-v2 


Exercise: 


cL 
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Problem: y = 4sin@ — 3cos0 over 0, 27 


For the following exercises, find the local and absolute minima and maxima 
for the functions over (—oo, 00). 
Exercise: 


Problem: y = x? + 4x +5 
Solution: 


Absolute minimum: z = —2, y= 1 


Exercise: 


Problem: y = x? — 12z 


Exercise: 


Problem: y = 3x* + 8x° — 18x? 


Solution: 
Absolute minimum: x = —3, y = —135; local maximum: z = 0, 
y = 0; local minimum: x = 1, y = —7 

Exercise: 


Problem: y = x°(1 — «)° 


Exercise: 


2 
Problem: y = *+**% 


Solution: 


Local maximum: z = 1 — 2/2, y= 3 4/2: local minimum: 
2=1+4+2V/2,y=3+4V2 


Exercise: 


22-1 
x—1 


Problem: y = 


For the following functions, use a calculator to graph the function and to 
estimate the absolute and local maxima and minima. Then, solve for them 
explicitly. 

Exercise: 


Problem: [T] y = 32/1 — 2? 


Solution: 
Absolute maximum: x = = y= 3; absolute minimum: xz = m8 
ed's aes 
= 
Exercise: 


Problem: [T] y = x + sin(z) 
Exercise: 
Problem: [T] y = 122° + 45* + 20z° — 90x? — 120x +3 
Solution: 
Local maximum: z = —2, y = 59; local minimum: z = 1, y = —130 


Exercise: 


Problem: [T] y = cae 


Exercise: 


Problem: [T] y = = 


Solution: 


Absolute maximum: x = 0, y = 1; absolute minimum: x = —2, 2, 
y=0 


Exercise: 


Problem: 


A company that produces cell phones has a cost function of 

C = «* — 1200z + 36,400, where C is cost in dollars and z is 
number of cell phones produced (in thousands). How many units of 
cell phone (in thousands) minimizes this cost function? 


Exercise: 


Problem: 


A ball is thrown into the air and its position is given by 
h(t) = —4.9¢? + 60¢ + 5 m. Find the height at which the ball stops 
ascending. How long after it is thrown does this happen? 


Solution: 


_ 9245 _ 300 
h= “yp m,t= 7% 


For the following exercises, consider the production of gold during the 
Califomia gold rush (1848-1888). The production of gold can be modeled 


by Gt) = tay where ¢ is the number of years since the rush began 


(0 <t < 40) and G is ounces of gold produced (in millions). A summary 
of the data is shown in the following figure. 


w ~ 
of, Oo 


Gold (millions of troy ounces) 
aa i) 
FP oN Oo Ww 


o 
on 


Exercise: 
Problem: 
Find when the maximum (local and global) gold production occurred, 
and the amount of gold produced during that maximum. 
Exercise: 
Problem: 


Find when the minimum (local and global) gold production occurred. 
What was the amount of gold produced during this minimum? 


Solution: 


The global minimum was in 1848, when no gold was produced. 


Find the critical points, maxima, and minima for the following piecewise 
functions. 
Exercise: 


g—4e 0O<a2<1 
Problem: y = 5 

w-4 l<x<2 

Exercise: 
get g<l 

Problem: y = 

g—A4g+5 ¢>1 
Solution: 


Absolute minima: z = 0, x = 2, y = 1; local maximum at z = 1, 
y=2 


For the following exercises, find the critical points of the following generic 
functions. Are they maxima, minima, or neither? State the necessary 
conditions. 

Exercise: 


Problem: y = ax” + bx + c, given that a > 0 


Exercise: 


Problem: y = (x — 1)", given that a > 1 


Solution: 


No maxima/minima if a is odd, minimum at xz = 1 if a is even 


Glossary 


absolute extremum 
if f has an absolute maximum or absolute minimum at c, we say f has 


an absolute extremum at c 


absolute maximum 
if f (c) > f (a) for all x in the domain of f, we say f has an absolute 
maximum at c 


absolute minimum 
if f (c) < f (a) for all x in the domain of f, we say f has an absolute 
minimum at c 


critical point 
if f1(c) = 0 or fl(c) is undefined, we say that c is a critical point of f 


extreme value theorem 
if f is a continuous function over a finite, closed interval, then f has an 
absolute maximum and an absolute minimum 


Fermat’s theorem 
if f has a local extremum at c, then c is a critical point of f 


local extremum 
if f has a local maximum or local minimum at c, we say f has a local 
extremum at c 


local maximum 
if there exists an interval I such that f (c) > f (x) forall x € I, we 
say f has a local maximum at c 


local minimum 
if there exists an interval I such that f (c) < f (x) forall x € I, we 
say f has a local minimum at c 


Derivatives and the Shape of a Graph 


e Explain how the sign of the first derivative affects the shape of a function’s 
graph. 

e State the first derivative test for critical points. 

e Use concavity and inflection points to explain how the sign of the second 
derivative affects the shape of a function’s graph. 

e Explain the concavity test for a function over an open interval. 

e Explain the relationship between a function and its first and second 
derivatives. 

e State the second derivative test for local extrema. 


Earlier in this chapter we stated that if a function f has a local extremum at a point 
c, then c must be a critical point of f. However, a function is not guaranteed to 
have a local extremum at a critical point. For example, f(x) = z° has a critical 
point at z = O since f’(x) = 32? is zero at x = 0, but f does not have a local 
extremum at z = 0. Using the results from the previous section, we are now able 
to determine whether a critical point of a function actually corresponds to a local 
extreme value. In this section, we also see how the second derivative provides 
information about the shape of a graph by describing whether the graph of a 
function curves upward or curves downward. 


The First Derivative Test 


Corollary 3 of the Mean Value Theorem showed that if the derivative of a function 
is positive over an interval J then the function is increasing over J. On the other 
hand, if the derivative of the function is negative over an interval J, then the 
function is decreasing over I as shown in the following figure. 


f is increasing f is increasing 


(a) (b) 


f is decreasing f is decreasing 


(c) (d) 


Both functions are increasing over the interval (a, b). 
At each point a, the derivative f/(x) > 0. Both 
functions are decreasing over the interval (a, b). At 
each point z, the derivative f/(x) < 0. 


A continuous function f has a local maximum at point c if and only if f switches 
from increasing to decreasing at point c. Similarly, f has a local minimum at c if 
and only if f switches from decreasing to increasing at c. If f is a continuous 
function over an interval J containing c and differentiable over J, except possibly 
at c, the only way f can switch from increasing to decreasing (or vice versa) at 
point c is if f’ changes sign as x increases through c. If f is differentiable at c, the 
only way that f’. can change sign as zx increases through c is if f’ (c) = 0. 
Therefore, for a function f that is continuous over an interval J containing c and 


differentiable over I, except possibly at c, the only way f can switch from 
increasing to decreasing (or vice versa) is if f/(c) = 0 or f' (c) is undefined. 
Consequently, to locate local extrema for a function f, we look for points c in the 
domain of f such that f/(c) = 0 or f' (c) is undefined. Recall that such points are 
called critical points of f. 


Note that f need not have a local extrema at a critical point. The critical points are 
candidates for local extrema only. In [link], we show that if a continuous function 
f has a local extremum, it must occur at a critical point, but a function may not 
have a local extremum at a critical point. We show that if f has a local extremum 
at a critical point, then the sign of f’ switches as x increases through that point. 


f(a) is 
undefined 


increasing decreasing increasing increasing decreasing 


The function f has four critical points: a, b,c, and d. The function f has 
local maxima at a and d, and a local minimum at b. The function f does not 
have a local extremum at c. The sign of f/ changes at all local extrema. 


Using [link], we summarize the main results regarding local extrema. 


e If acontinuous function f has a local extremum, it must occur at a critical 
point c. 


e The function has a local extremum at the critical point c if and only if the 
derivative f’ switches sign as x increases through c. 

e Therefore, to test whether a function has a local extremum at a critical point 
c, we must determine the sign of f’ (x) to the left and right of c. 


This result is known as the first derivative test. 


Note: 

First Derivative Test 

Suppose that f is a continuous function over an interval J containing a critical 
point c. If f is differentiable over I, except possibly at point c, then f (c) satisfies 
one of the following descriptions: 


i. If f’ changes sign from positive when x < c to negative when x > c, then 
f (c) is a local maximum of f. 
ii. If f’ changes sign from negative when x < c to positive when x > c, then 
f (c) is a local minimum of f. 
iii. If f/ has the same sign for x < cand x > ¢, then f (c) is neither a local 
maximum nor a local minimum of f. 


We can summarize the first derivative test as a strategy for locating local extrema. 


Note: 
Problem-Solving Strategy: Using the First Derivative Test 
Consider a function f that is continuous over an interval J. 


1. Find all critical points of f and divide the interval J into smaller intervals 
using the critical points as endpoints. 

2. Analyze the sign of f/ in each of the subintervals. If f/ is continuous over a 
given subinterval (which is typically the case), then the sign of f/ in that 
subinterval does not change and, therefore, can be determined by choosing 
an arbitrary test point x in that subinterval and by evaluating the sign of f/ at 
that test point. Use the sign analysis to determine whether f is increasing or 
decreasing over that interval. 


3. Use [link] and the results of step 2 to determine whether f has a local 
maximum, a local minimum, or neither at each of the critical points. 


Now let’s look at how to use this strategy to locate all local extrema for particular 
functions. 


Example: 
Exercise: 


Problem: 
Using the First Derivative Test to Find Local Extrema 


Use the first derivative test to find the location of all local extrema for 
f (x) = x? — 3x? — 9x — 1. Use a graphing utility to confirm your results. 


Solution: 


Step 1. The derivative is f’ (x) = 3x? — 6x — 9. To find the critical points, 
we need to find where f’ (x) = 0. Factoring the polynomial, we conclude 
that the critical points must satisfy 

Equation: 


Ue =e = 9) = Sie = SB) == 1) = 00. 


Therefore, the critical points are x = 3, —1. Now divide the interval 
(—oo, 00) into the smaller intervals (—oo, —1), (—1, 3) and (3, co). 


Step 2. Since f/ is a continuous function, to determine the sign of f’ (x) over 
each subinterval, it suffices to choose a point over each of the intervals 
(—oo, —1), (—1, 3) and (3, 00) and determine the sign of f’ at each of 
these points. For example, let’s choose x = —2,x = 0, and zx = 4s test 
points. 


Sign of 


Test Se ae) 
Interval Point at Test Point Conclusion 
(—oo, —1) t= —2 eee) ee) ae fee 
- 7 f is 
(—1, 3) t=0 GEG) = decreasing. 
a) | | | ——ae| f is 
(3, 00) t= 4 GaGaiGs) =e increasing. 


Step 3. Since f’ switches sign from positive to negative as x increases 
through 1, f has a local maximum at x = —1. Since f’ switches sign from 
negative to positive as x increases through 3, f has a local minimum at 

x = 3. These analytical results agree with the following graph. 


—28 


The function f has a maximum at x = —1 anda 
minimum at z = 3 


7x 


Note: 
Exercise: 


Problem: 


Use the first derivative test to locate all local extrema for 
f (x) = —x? + 2274 182. 


Solution: 


f has a local minimum at —2 and a local maximum at 3. 
Hint 


Find all critical points of f and determine the signs of f’ (x) over particular 
intervals determined by the critical points. 


Example: 
Exercise: 


Problem: 
Using the First Derivative Test 


Use the first derivative test to find the location of all local extrema for 
f (a) = 5x1/3 — 2/3, Use a graphing utility to confirm your results. 


Solution: 


Step 1. The derivative is 
Equation: 


4 
ree ese pe Se DL) 
: : 327/3 3 322/83 3 92/3 


The derivative f’ (a) = 0 when 1 — a*/* = 0. Therefore, f’ (x) = 0 at 

x = +1. The derivative f’ (x) is undefined at x = 0. Therefore, we have 
three critical points: x = 0, x = 1, and z = —1. Consequently, divide the 
interval (—o0o, oo) into the smaller intervals (—oo, —1), (—1,0), (0,1), and 
(1, 00). 


Step 2: Since f’ is continuous over each subinterval, it suffices to choose a 
test point x in each of the intervals from step 1 and determine the sign of f’ 


at each of these points. The points = —2,z = —$,2 = + ENG |e 
are test points for these intervals. 
Sign of 
5(1—24*/3 
Test f(z) = oe at 
Interval Point Test Point Conclusion 
ee Vee | sy, eae f is 
ay : 1 decreasing. 
me Ean RG fis 
) : a ar a increasing. 
1 ae WW _ fis 
Oe) 2 a: ¥ increasing. 
1 -2 WO _ _ fis 
ed) ‘s F decreasing. 


Step 3: Since f is decreasing over the interval (—co, —1) and increasing 
over the interval (—1,0), f has alocal minimum at « = —1. Since f is 
increasing over the interval (—1, 0) and the interval (0,1), f does not have a 
local extremum at « = 0. Since f is increasing over the interval (0, 1) and 
decreasing over the interval (1, 00), f has a local maximum at « = 1. The 
analytical results agree with the following graph. 


The function f has a local minimum at 


az — —1 anda local maximum at 
1 — 
Note: 
Exercise: 
Problem: 


Use the first derivative test to find all local extrema for f (xz) = Wx — 1. 


Solution: 


f has no local extrema because f’ does not change sign at x = 1. 


Hint 


The only critical point of f is x = 1. 


Concavity and Points of Inflection 


We now know how to determine where a function is increasing or decreasing. 
However, there is another issue to consider regarding the shape of the graph of a 
function. If the graph curves, does it curve upward or curve downward? This 
notion is called the concavity of the function. 


[link](a) shows a function f with a graph that curves upward. As z increases, the 
slope of the tangent line increases. Thus, since the derivative increases as x 
increases, f’ is an increasing function. We say this function f is concave up. [link] 
(b) shows a function f that curves downward. As x increases, the slope of the 
tangent line decreases. Since the derivative decreases as x increases, f’ is a 
decreasing function. We say this function f is concave down. 


Note: 
Definition 
Let f be a function that is differentiable over an open interval I. If f’ is 


increasing over I, we say f is concave up over I. If f’ is decreasing over I, we 
say f is concave down over I. 


fis increasing f' is decreasing 
fis concave up f is concave down 


(b) 


f' is increasing 
f is concave up 


f'is decreasing 
f is concave down 


(d) 


(a), (c) Since f/ is increasing over the interval (a, b), we say f is concave 
up over (a, b). (b), (d) Since f/ is decreasing over the interval (a, b), we 
say f is concave down over (a, b). 


In general, without having the graph of a function f, how can we determine its 
concavity? By definition, a function f is concave up if f’ is increasing. From 
Corollary 3, we know that if f’ is a differentiable function, then f’ is increasing if 
its derivative f(x) > 0. Therefore, a function f that is twice differentiable is 


concave up when f//(z) > 0. Similarly, a function f is concave down if f’ is 
decreasing. We know that a differentiable function f’ is decreasing if its derivative 
f(a) < 0. Therefore, a twice-differentiable function f is concave down when 
f(x) < 0. Applying this logic is known as the concavity test. 


Note: 
Test for Concavity 
Let f be a function that is twice differentiable over an interval J. 


i. If f(x) > 0 for all  € J, then f is concave up over I. 
ii. If fv (x) < 0 forall x € TI, then f is concave down over I. 


We conclude that we can determine the concavity of a function f by looking at the 
second derivative of f. In addition, we observe that a function f can switch 
concavity ([link]). However, a continuous function can switch concavity only at a 
point x if fv (x) = 0 or f(z) is undefined. Consequently, to determine the 
intervals where a function f is concave up and concave down, we look for those 
values of x where f//(x) = 0 or f(z) is undefined. When we have determined 
these points, we divide the domain of f into smaller intervals and determine the 
sign of f// over each of these smaller intervals. If f// changes sign as we pass 
through a point x, then f changes concavity. It is important to remember that a 
function f may not change concavity at a point x even if f(x) = 0 or f(z) is 
undefined. If, however, f does change concavity at a point a and f is continuous 
at a, we say the point (a, f (a)) is an inflection point of f. 


Note: 

Definition 

If f is continuous at a and f changes concavity at a, the point (a, f (a)) is an 
inflection point of f. 


inflection point 


(a, fa)) 


x 


F'<0 2 


f">0 


f'>0 
f°>0 


f'>0 
f"<0 


f'<0 
f"=<0 


Slope increasing Slope decreasing 


Since f(x) > 0 for x < a, the function f is concave up over the interval 
(—co, a). Since f(x) < 0 for x > a, the function f is concave down over 
the interval (a, 00). The point (a, f (a)) is an inflection point of f. 


Example: 
Exercise: 


Problem: 
Testing for Concavity 


3 


For the function f (x) = x° — 6x? + 9x + 30, determine all intervals where 
f is concave up and all intervals where f is concave down. List all inflection 
points for f. Use a graphing utility to confirm your results. 


Solution: 


To determine concavity, we need to find the second derivative f(x). The 
first derivative is f(x) = 3x2 — 12x + 9, so the second derivative is 

fu (x) = 6x — 12. If the function changes concavity, it occurs either when 
fu (x) = 0 or f(z) is undefined. Since f/ is defined for all real numbers 


x, we need only find where f/ (x) = 0. Solving the equation 6z — 12 = 0, 
we see that x = 2 is the only place where f could change concavity. We now 
test points over the intervals (—oo, 2) and (2, co) to determine the concavity 
of f. The points x = 0 and x = 3 are test points for these intervals. 


Test Sign of f(x) = 6x — 12 
Interval Point at Test Point Conclusion 
f is 
(=c5, 4) x=0 = concave 
down 
(2, 00) Las + JE 
concave up. 


We conclude that f is concave down over the interval (—oo, 2) and concave 
up over the interval (2, oo). Since f changes concavity at x = 2, the point 
(2, f (2)) = (2, 32) is an inflection point. [link] confirms the analytical 
results. 


f(x) = x* — 6x2 + 9x + 30 


The given function has a point of 
inflection at (2,32) where the graph 
changes concavity. 


Note: 
Exercise: 


Problem: 


For f (xz) = —23 + $2? + 18z, find all intervals where f is concave up and 
all intervals where f is concave down. 


Solution: 


f is concave up over the interval (—o0, 5) and concave down over the 
interval (5, oo) 


Hint 


Find where f// (x) = 0. 


We now summarize, in [link], the information that the first and second derivatives 
of a function f provide about the graph of f, and illustrate this information in 


[link]. 
Sign of Sign of 
fl fu 
Positive Positive 
Positive Negative 
Negative Positive 
Negative Negative 


Is f increasing or 
decreasing? 


Increasing 


Increasing 


Decreasing 


Decreasing 


What Derivatives Tell Us about Graphs 


Concavity 
Concave up 


Concave 
down 


Concave up 


Concave 
down 


f'<0 
f'>0 


f'>0 
f">0 


f'>0 
f"<0 


f'<0 
"<0 


fis decreasing 
fis concave up 


fis increasing 
fis concave up 


fis increasing 
fis concave down 


fis increasing 
fis concave down 


Consider a twice-differentiable function f over an open interval J. If 
f(x) > 0 for all x € I, the function is increasing over I. If f#(x) < 0 for all 
x € I, the function is decreasing over I. If f(x) > 0 forall x € I, the 
function is concave up. If f(x) < 0 for all x € I, the function is concave 
down on I. 


The Second Derivative Test 


The first derivative test provides an analytical tool for finding local extrema, but 
the second derivative can also be used to locate extreme values. Using the second 
derivative can sometimes be a simpler method than using the first derivative. 


We know that if a continuous function has a local extrema, it must occur at a 
critical point. However, a function need not have a local extrema at a critical point. 
Here we examine how the second derivative test can be used to determine 
whether a function has a local extremum at a critical point. Let f be a twice- 
differentiable function such that f’ (a) = 0 and fv” is continuous over an open 
interval I containing a. Suppose f!/ (a) < 0. Since f/ is continuous over J, 

fu (a) <0 for all x € I ({link]). Then, by Corollary 3, f’ is a decreasing function 
over I. Since f’ (a) = 0, we conclude that for all x € I, f’ (x) > Oif z < aand 
f' (a) < Oif x > a. Therefore, by the first derivative test, f has a local maximum 
at « = a. On the other hand, suppose there exists a point b such that f’(b) = 0 but 


f(b) > 0. Since f/ is continuous over an open interval J containing b, then 
f(a) > 0 for all x € I ({link]). Then, by Corollary 3, f’ is an increasing 
function over I. Since f'(b) = 0, we conclude that for all x € I, f’(x) < Oif 

x < band f'(x) > Oif x > b. Therefore, by the first derivative test, f has a local 
minimum at x = b. 


f(b) = 0 — 
f"(b) > 0 


Consider a twice-differentiable function f such that f/ 

is continuous. Since f/(a) = 0 and f(a) < 0, there 

is an interval J containing a such that for all x in I, f 

is increasing if x < a and f is decreasing if x > a. As 
aresult, f has a local maximum at x = a. Since 
f(b) = Oand f(b) > 0, there is an interval I 

containing 6 such that for all x in I, f is decreasing if 

x < band f is increasing if x > b. As aresult, f has a 

local minimum at x = 6. 


Note: 
Second Derivative Test 
Suppose f’(c) = 0, f/ is continuous over an interval containing c. 


i. If fi’ (c) > 0, then f has a local minimum at c. 


ii. If fv (c) < 0, then f has a local maximum at c. 
iii. If f’ (c) = 0, then the test is inconclusive. 


Note that for case iii. when f/’ (c) = 0, then f may have a local maximum, local 
minimum, or neither at c. For example, the functions f (x) = x°, f (x) = x4, and 
f (x) = —2* all have critical points at x = 0. In each case, the second derivative 
is zero at z = 0. However, the function f (2) = z* has a local minimum at x = 0 
whereas the function f (2) = —2* has a local maximum at 2, and the function 

f (x) = x? does not have a local extremum at x = 0. 


Let’s now look at how to use the second derivative test to determine whether f has 
a local maximum or local minimum at a critical point c where f' (c) = 0. 


Example: 
Exercise: 


Problem: 
Using the Second Derivative Test 


Use the second derivative to find the location of all local extrema for 
f{z)=@ — 52°. 


Solution: 


To apply the second derivative test, we first need to find critical points c 
where f’(c) = 0. The derivative is f’ (x) = 5a* — 152”. Therefore, 


f (@) bao = lhe? — be (2 — 3) 0 when — 0, chy 3, 


To determine whether f has a local extrema at any of these points, we need 
to evaluate the sign of f// at these points. The second derivative is 
Equation: 


fu (x) = 202° — 302 = 102 (22? — 3). 


In the following table, we evaluate the second derivative at each of the 
critical points and use the second derivative test to determine whether f has 
a local maximum or local minimum at any of these points. 


x f(a) Conclusion 

a a —30/3 Local maximum 

0 0 Second derivative test is inconclusive 
V3 30/3 Local minimum 


By the second derivative test, we conclude that f has a local maximum at 

xz = —V3 and f has a local minimum at z = /3. The second derivative test 
is inconclusive at x = 0. To determine whether f has a local extrema at 

x = 0, we apply the first derivative test. To evaluate the sign of 


(ae (a2 — 3) for x € (—v3,0) and x € (0, v3), let x2 = —1 
and x = 1 be the two test points. Since f’(—1) < Oand f’(1) < 0, we 


conclude that f is decreasing on both intervals and, therefore, f does not 
have a local extrema at z = 0 as shown in the following graph. 
y 


The function f has a local maximum at x = —4/3 and a local minimum 
ate = V3 


Note: 
Exercise: 


Problem: 


3 


Consider the function f (x) = 2° — (+)a* — 18x. The points c = 3, —2 
satisfy f’(c) = 0. Use the second derivative test to determine whether f has 
a local maximum or local minimum at those points. 


Solution: 


f has a local maximum at —2 and a local minimum at 3. 


Hint 


f(z) = 62 —3 


We have now developed the tools we need to determine where a function is 
increasing and decreasing, as well as acquired an understanding of the basic shape 
of the graph. In the next section we discuss what happens to a function as 

x — +oo. At that point, we have enough tools to provide accurate graphs of a 
large variety of functions. 


Key Concepts 


If c is a critical point of f and f’(x) > 0 forxz < cand f'(z) < Oforz >c, 
then f has a local maximum at c. 

If c is a critical point of f and f’(x) < 0 forz < cand f’(x) > Oforz >c, 
then f has a local minimum at c. 

If f(a) > 0 over an interval J, then f is concave up over I. 

If f(a) < 0 over an interval J, then f is concave down over I. 


e If f’(c) = Oand f(c) > 0, then f has a local minimum at c. 

e If f’(c) = Oand fr (c) < 0, then f has a local maximum at c. 

e If f’(c) = Oand fv (c) = 0, then evaluate f’ (x) at a test point z to the left 
of c and a test point x to the right of c, to determine whether f has a local 
extremum at c. 


Exercise: 
Problem: 
If cis a critical point of f (2), when is there no local maximum or minimum 
at c? Explain. 

Exercise: 


Problem: 


For the function y = x? 


maximum/minimum? 


, is zc = 0 both an inflection point and a local 


Solution: 


It is not a local maximum/minimum because f’ does not change sign 


Exercise: 


Problem: For the function y = x°, is z = 0 an inflection point? 
Exercise: 
Problem: 


Is it possible for a point c to be both an inflection point and a local extrema of 
a twice differentiable function? 


Solution: 


No 
Exercise: 


Problem: 


Why do you need continuity for the first derivative test? Come up with an 
example. 


Exercise: 


Problem: 


Explain whether a concave-down function has to cross y = 0 for some value 
of x. 


Solution: 


False; for example, y = ./z. 
Exercise: 


Problem: 


Explain whether a polynomial of degree 2 can have an inflection point. 


For the following exercises, analyze the graphs of f’, then list all intervals where f 
is increasing or decreasing. 
Exercise: 


Problem: 


Solution: 


Increasing for —2 < x < —landz > 2; decreasing for x < —2 and 
—L< 72 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Decreasing for x < 1, increasing for x > 1 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Decreasing for —2 < x < —land1 < z < 2; increasing for -1<a4<1 
and 2 < —2andz > 2 


For the following exercises, analyze the graphs of f’, then list all intervals where 


a. f is increasing and decreasing and 
b. the minima and maxima are located. 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a. Increasing over —2 < «& < —1,0< 2 < 1,2 > 2, decreasing over 
x2<—2,-l<2<0,1< 2 < 2; b. maximaatz = —landz =1, 
minima at c = —2 andx = Oandz = 2 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a. Increasing over x > O, decreasing over z < 0; b. Minimum at x = 0 
Exercise: 


Problem: 


For the following exercises, analyze the graphs of f’, then list all inflection points 
and intervals f that are concave up and concave down. 
Exercise: 


Problem: 


y 
2 


Solution: 


Concave up on all z, no inflection points 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Concave up on all z, no inflection points 


Exercise: 


Problem: 


: 
2 


Exercise: 


Problem: 


Solution: 


Concave up for x < 0 and x > 1, concave down for 0 < x < 1, inflection 
points atz = Oandz=1 


For the following exercises, draw a graph that satisfies the given specifications for 
the domain x = [—3, 3]. The function does not have to be continuous or 
differentiable. 

Exercise: 


Problem: 


fle) > 0,7 (e) SD overa> 1-3 = o <0, 7 (2) =Oover0 <a = 4 
Exercise: 
Problem: 


f' (x) > Ooverz > 2,-3 < a < —1, f' (x) < 0 over 
—l<a<2, f(x) <0 forallz 


Solution: 


Answers will vary 
Exercise: 
Problem: 
f(z) <Oover—-1l <a <1, f(z) >0,-3 <2 < -1,1< 2 <3, local 
maximum at x = 0, local minima at x = +2 
Exercise: 
Problem: 


There is a local maximum at x = 2, local minimum at x = 1, and the graph 
is neither concave up nor concave down. 


Solution: 


Answers will vary 


Exercise: 


Problem: 


There are local maxima at x = +1, the function is concave up for all x, and 
the function remains positive for all zx. 


For the following exercises, determine 


a. intervals where f is increasing or decreasing and 
b. local minima and maxima of f. 


Exercise: 


Problem: f (x) = sinz + sin*x over —t <4 <7 
Solution: 


a. Increasing over —5 < a < 4, decreasing over x < —>,x@ > 4 b. Local 


maximum at « = +; local minimum at z = —F 


Exercise: 
Problem: f (x) = x” + cosz 


For the following exercises, determine a. intervals where f is concave up or 
concave down, and b. the inflection points of f. 
Exercise: 


Problem: f (x) = x? — 427+ 2+ 2 


Solution: 


a. Concave up for x > +, concave down for 7 < ¥ b. Inflection point at 


—_ A 
t= 3 


For the following exercises, determine 


a. intervals where f is increasing or decreasing, 
b. local minima and maxima of f, 


c. intervals where f is concave up and concave down, and 
d. the inflection points of f. 


Exercise: 
Problem: f (x) = x” — 6x 
Exercise: 
Problem: f (x) = x° — 62? 
Solution: 
a. Increasing over x < QO and x > 4, decreasing over 0 < x < 4b. 


Maximum at x = 0, minimum at x = 4c. Concave up for x > 2, concave 
down for x < 2d. Infection point at x = 2 


Exercise: 


Problem: f (x) = x* — 6z° 


Exercise: 


Problem: f (x) = x"! — 6x" 


Solution: 
a. Increasing over x < 0 and x > o. decreasing over 0 < x < 0. b. 
Minimum at « = a c. Concave down for x < 3, concave up for x > _ 


d. Inflection point at x = +> 


Exercise: 


Problem: f (xz) = «+27 — 2° 


Exercise: 


Problem: f(x) = 2?+2+1 


Solution: 


a. Increasing over x > — +, decreasing over x < —} b. Minimum at 


t= 5 c. Concave up for all z d. No inflection points 


Exercise: 
Problem: f(x) = x° + x4 


For the following exercises, determine 


a. intervals where f is increasing or decreasing, 

b. local minima and maxima of f, 

c. intervals where f is concave up and concave down, and 

d. the inflection points of f. Sketch the curve, then use a calculator to compare 
your answer. If you cannot determine the exact answer analytically, use a 
calculator. 


Exercise: 
Problem: [T] f (x) = sin (7x) — cos (za) over x = [—1, 1] 
Solution: 


a. Increases over —F << 3, decreases over x > — and x < 4 b. 


Minimum at z = — = maximum at 7 = -- c. Concave up for 
= <x < 7, concave down for x < os and x > — d. Inflection points at 
ne ee 
L=—-T,0=4 
Exercise: 


Problem: [T] f(z) = x + sin (2z) over x = [—4, 4] 
Exercise: 
Problem: [T] f(z) = sinz + tanz over (—4, F) 


Solution: 


a. Increasing for all z b. No local minimum or maximum c. Concave up for 
x > 0, concave down for x < 0d. Inflection point at z = 0 


Exercise: 


Problem: [T] f (x) = (x — 2)?(x — 4)” 


Exercise: 
Problem: [T] f(z) = =,2 #1 


Solution: 


a. Increasing for all z where defined b. No local minima or maxima c. 
Concave up for z < 1; concave down for x > 1d. No inflection points in 
domain 


Exercise: 

Problem: [T] f (x) = *2* over x = [—2n, 27] [27,0) U (0, 27] 
Exercise: 

Problem: f (xz) = sin (x)e” over x = [—7, 7] 

Solution: 


: T 3m : 3a T 
a. Increasing over —7 <x < “7, decreasing over 2 > *,2<—7b. 


Minimum at x = —7, maximum at x = OR. c. Concave up for 


—% <«@< F, concave down for x < —4,az > 5 d. Infection points at 
LS an 


Exercise: 


Problem: f (x) = Inz,/z,z > 0 


Exercise: 


Problem: f(z) = $/z+-+,2>0 


Solution: 


a. Increasing over « > 4, decreasing over 0 < & < 4b. Minimum at ¢ = 4 
c. Concave up for0 < # < 84/2, concave down for z > 8¥/2 d. Inflection 
pola = 8v/2 


Exercise: 
Problem: f (x) = <x #0 


For the following exercises, interpret the sentences in terms of f, f’, and f/. 
Exercise: 


Problem: The population is growing more slowly. Here f is the population. 


Solution: 


7.20. Ot 0 
Exercise: 


Problem: 


A bike accelerates faster, but a car goes faster. Here f = Bike’s position 
minus Car’s position. 


Exercise: 


Problem: The airplane lands smoothly. Here f is the plane’s altitude. 


Solution: 


FOC 0.710 


Exercise: 


Problem: Stock prices are at their peak. Here f is the stock price. 
Exercise: 
Problem: 


The economy is picking up speed. Here f is a measure of the economy, such 
as GDP. 


Solution: 


FSO > 7" > 0 


For the following exercises, consider a third-degree polynomial f (x), which has 
the properties f’(1) = 0, f’ (3) = 0. Determine whether the following statements 
are true or false. Justify your answer. 

Exercise: 


Problem: f(z) = 0 forsomel1 <2 <3 


Exercise: 


Problem: f// (x) = 0 forsome1 < x < 3 


Solution: 


True, by the Mean Value Theorem 


Exercise: 


Problem: There is no absolute maximum at z = 3 


Exercise: 


Problem: If f (x) has three roots, then it has 1 inflection point. 


Solution: 


True, examine derivative 


Exercise: 


Problem: If f (x) has one inflection point, then it has three real roots. 


Glossary 


concave down 


if f is differentiable over an interval J and f’ is decreasing over I, then f is 
concave down over I 


concave up 
if f is differentiable over an interval I and f’ is increasing over I, then f is 
concave up over I 


concavity 
the upward or downward curve of the graph of a function 


concavity test 
suppose f is twice differentiable over an interval I; if f7 > 0 over I, then f 
is concave up over I; if f/’" < 0 over J, then f is concave down over I 


first derivative test 
let f be a continuous function over an interval J containing a critical point c 
such that f is differentiable over J except possibly at c; if f’ changes sign 
from positive to negative as x increases through c, then f has a local 
maximum at c; if f’ changes sign from negative to positive as x increases 
through c, then f has a local minimum at c; if f’ does not change sign as x 
increases through c, then f does not have a local extremum at c 


inflection point 
if f is continuous at c and f changes concavity at c, the point (c, f (c)) is an 
inflection point of f 


second derivative test 
suppose f’ (c) = 0 and f/ is continuous over an interval containing c; if 
f'(c) > 0, then f has a local minimum at c; if fi’ (c) < 0, then f has a 
local maximum at c; if f/’(c) = 0, then the test is inconclusive 


Antiderivatives 


e Find the general antiderivative of a given function. 

e Explain the terms and notation used for an indefinite integral. 
¢ State the power rule for integrals. 

e Use antidifferentiation to solve simple initial-value problems. 


At this point, we have seen how to calculate derivatives of many functions and have been introduced 
to a variety of their applications. We now ask a question that turns this process around: Given a 
function f, how do we find a function with the derivative f and why would we be interested in such a 
function? 


We answer the first part of this question by defining antiderivatives. The antiderivative of a function f 
is a function with a derivative f. Why are we interested in antiderivatives? The need for 
antiderivatives arises in many situations, and we look at various examples throughout the remainder of 
the text. Here we examine one specific example that involves rectilinear motion. In our examination in 
Derivatives of rectilinear motion, we showed that given a position function s (¢) of an object, then its 
velocity function v (¢) is the derivative of s (t)—that is, v (t) = s’ (t). Furthermore, the acceleration 
a (t) is the derivative of the velocity v (t)—that is, a (t) = v’ (t) = s(t). Now suppose we are 
given an acceleration function a, but not the velocity function v or the position function s. Since 

a(t) =v’ (¢), determining the velocity function requires us to find an antiderivative of the 
acceleration function. Then, since v (t) = s’ (t), determining the position function requires us to find 
an antiderivative of the velocity function. Rectilinear motion is just one case in which the need for 
antiderivatives arises. We will see many more examples throughout the remainder of the text. For now, 
let’s look at the terminology and notation for antiderivatives, and determine the antiderivatives for 
several types of functions. We examine various techniques for finding antiderivatives of more 
complicated functions later in the text (Introduction to Techniques of Integration). 


The Reverse of Differentiation 


At this point, we know how to find derivatives of various functions. We now ask the opposite 
question. Given a function f, how can we find a function with derivative f? If we can find a function 
F derivative f, we call F an antiderivative of f. 


Note: 

Definition 

A function F is an antiderivative of the function f if 
Equation: 


F' (2) = f(a) 


for all x in the domain of f. 


Consider the function f (x) = 2”. Knowing the power rule of differentiation, we conclude that 
F (x) = 2? is an antiderivative of f since F’ (x) = 2z. Are there any other antiderivatives of f? Yes; 
since the derivative of any constant C’ is zero, x” + C is also an antiderivative of 22. Therefore, 


xz? +5 and x? — /2 are also antiderivatives. Are there any others that are not of the form x? + C for 
some constant C’? The answer is no. From Corollary 2 of the Mean Value Theorem, we know that if F 
and G are differentiable functions such that F’ (x) = G’ (x), then F (x) — G(x) = C for some 


constant C’. This fact leads to the following important theorem. 


Note: 
General Form of an Antiderivative 
Let F be an antiderivative of f over an interval J. Then, 


i. for each constant C,, the function F' (x) + C is also an antiderivative of f over J; 
ii. if G is an antiderivative of f over I, there is a constant C' for which G (x) = F (x) + C over I. 


In other words, the most general form of the antiderivative of f over I is F (x) + C. 


We use this fact and our knowledge of derivatives to find all the antiderivatives for several functions. 


Example: 
Exercise: 


Problem: 
Finding Antiderivatives 


For each of the following functions, find all antiderivatives. 


ape see 
b. f(z)= 
Ceres? 
Csi 
Solution: 
a. Because 
Equation: 
d 
=, (@") =a 
x 


then F' (x) = 2? is an antiderivative of 3x7. Therefore, every antiderivative of 3x? is of the 
form z° + C for some constant C’, and every function of the form x° + C is an 
antiderivative of 3x. 

belketel te \— ina ebora O(a lee and 
Equation: 


42 x 
For z < 0, f (x) = In (—z) and 
Equation: 
d tt 1 
nt i a 
ae ne ant 
Therefore, 
Equation: 


d 1 
le) = = 
qe (lel) = = 


Thus, F'(2) = In |2| is an antiderivative of +. Therefore, every antiderivative of — is of 
the form In || + C for some constant C' and every function of the form In |x| + C is an 
antiderivative of -. 


c. We have 
Equation: 


7a sin) = cos w: 


so F' (x) = sinz is an antiderivative of cosx. Therefore, every antiderivative of cosz is of 
the form sina + C’ for some constant C’ and every function of the form sinz + C is an 
antiderivative of cosz. 

d. Since 
Equation: 


a 
dx 


(e*) = C4 


then F' (a) = e” is an antiderivative of e”. Therefore, every antiderivative of e” is of the 
form e* + C’ for some constant C' and every function of the form e* + C’ is an 
antiderivative of e”. 


Note: 
Exercise: 


Problem: Find all antiderivatives of f (x) = sina. 


Solution: 


—cosx+C 
Hint 


What function has a derivative of sinz? 


Indefinite Integrals 


We now look at the formal notation used to represent antiderivatives and examine some of their 
properties. These properties allow us to find antiderivatives of more complicated functions. Given a 


function f, we use the notation f’ (x) or af to denote the derivative of f. Here we introduce notation 
for antiderivatives. If F' is an antiderivative of f, we say that F' (x) + C is the most general 
antiderivative of f and write 

Equation: 


[tax =F(x)+C. 


The symbol / is called an integral sign, and / f (x)dz is called the indefinite integral of f. 


Note: 
Definition 
Given a function f, the indefinite integral of f, denoted 


Equation: 
[ foaz, 


is the most general antiderivative of f. If F' is an antiderivative of f, then 
Equation: 


[tex =F(x2)+C. 


The expression f (a) is called the integrand and the variable x is the variable of integration. 


Given the terminology introduced in this definition, the act of finding the antiderivatives of a function 
f is usually referred to as integrating f. 


For a function f and an antiderivative F’, the functions F' (x) + C,, where C is any real number, is 
often referred to as the family of antiderivatives of f. For example, since x? is an antiderivative of 2x 


and any antiderivative of 2z is of the form x? + C, we write 
Equation: 


[rede =27+C. 


The collection of all functions of the form x” + C, where C is any real number, is known as the 
family of antiderivatives of 2x. [link] shows a graph of this family of antiderivatives. 


The family of antiderivatives of 2 consists of all functions of the form 
az” + C, where C is any real number. 


For some functions, evaluating indefinite integrals follows directly from properties of derivatives. For 
example, forn 4 —1, 
Equation: 


which comes directly from 
Equation: 


d grt a? h 
ae ol =(n+1) =e" 


This fact is known as the power rule for integrals. 


Note: 

Power Rule for Integrals 
Forn 4 —1, 

Equation: 


Evaluating indefinite integrals for some other functions is also a straightforward calculation. The 
following table lists the indefinite integrals for several common functions. A more complete list 
appears in Appendix B. 


Differentiation Formula Indefinite Integral 

4 (k) =0 [irae = f kode = ke +6 
£(2") =n" [eran = #7 +C torn #1 
#4 (In |z|) = + [gaz =tnle| +e 

4 (e") =e [eac=er +0 

4 (sinz) = cosz [ cosas =sinz+C 


 (cosz) = —sinz [sincde = -—coszr+C 


Differentiation Formula Indefinite Integral 


 (tanz) = sec*x [secte dx = tanz+C 
4 (cscx) = —cscacotz [ escxcotede =-cscxr+C 
 (secx) = secrtanz [scontanzds =secr+C 
(cot) = —csc?z [osctede =-cotz+C 
1 
+ —1 1 Coie! 

= (sin) — ———- = sin “4+C 
de (Gin) = / VI-# 
(tan 2) = ss /m =tan ‘2+C 

x +2 1 + g? 
 (sec~ |x|) = —4 ay = sec |z|+C 

v zVaz2—1 av x2 75 | 


Integration Formulas 


From the definition of indefinite integral of f, we know 
Equation: 


[t@da=F@+e 


if and only if F is an antiderivative of f. Therefore, when claiming that 
Equation: 


[t@a=F@+c 


it is important to check whether this statement is correct by verifying that F’ (x) = 


Example: 
Exercise: 


Problem: 
Verifying an Indefinite Integral 


Each of the following statements is of the form / f (z)dx = F(x) + C. Verify that each 
statement is correct by showing that F’ (x) = f (x). 
a f (e+ ede = os +e74+C 


b. [ vetae Sine =e C 


Solution: 


a. Since 
Equation: 


the statement 


Equation: 
x2 
[(e+eae = oa +e°+C 
is correct. 
Sito Ge 6 2 
Note that we are verifying an indefinite integral for a sum. Furthermore, “ and e® are 


antiderivatives of x and e”, respectively, and the sum of the antiderivatives is an 
antiderivative of the sum. We discuss this fact again later in this section. 

b. Using the product rule, we see that 
Equation: 


d 
an te —e*+C) =e" + ze* — e” = ze”. 
L 


Therefore, the statement 
Equation: 


| vetae = ge" =e EC 


is correct. 

Note that we are verifying an indefinite integral for a product. The antiderivative re” — e* 
is not a product of the antiderivatives. Furthermore, the product of antiderivatives, x2e* /2 
is not an antiderivative of xe” since 

Equation: 


d 7 rast 7 its 
(= ) =2e+ # we". 


In general, the product of antiderivatives is not an antiderivative of a product. 


Note: 
Exercise: 


Problem: Verify that / xcosxdz = zsinz + cosz+C. 


Solution: 


“ (xsinz +cosx + C) = sing + xcosz — sinz = xcosz 


Hint 


Calculate 4 (a sing + cosz + C). 


In [link], we listed the indefinite integrals for many elementary functions. Let’s now turn our attention 
to evaluating indefinite integrals for more complicated functions. For example, consider finding an 
antiderivative of asum f + g. In [link]a. we showed that an antiderivative of the sum a + e” is given 


by the sum (=) + e*— that is, an antiderivative of a sum is given by a sum of antiderivatives. This 


result was not specific to this example. In general, if F' and G are antiderivatives of any functions f 
and g, respectively, then 
Equation: 


£(F (2) +G (a) =F’ (a) +" (2) = f() +9(2). 


Therefore, F (x) + G (a) is an antiderivative of f (x) + g(x) and we have 
Equation: 


[ur@ + g(x))dz = F(z) +G(z)+C. 


Similarly, 
Equation: 


In addition, consider the task of finding an antiderivative of kf (a), where k is any real number. Since 
Equation: 


(kf (2) = k-F (@) = BF (2) 
dx dz 

for any real number k, we conclude that 

Equation: 


[+ ie ta Gye: 


These properties are summarized next. 


Note: 

Properties of Indefinite Integrals 

Let F and G be antiderivatives of f and g, respectively, and let & be any real number. 
Sums and Differences 

Equation: 


| (¢@+9(@)de STOWE LE 


Constant Multiples 
Equation: 


[iF @ae =kF(r)+C 


From this theorem, we can evaluate any integral involving a sum, difference, or constant multiple of 
functions with antiderivatives that are known. Evaluating integrals involving products, quotients, or 
compositions is more complicated (see [link]b. for an example involving an antiderivative of a 
product.) We look at and address integrals involving these more complicated functions in Introduction 
to Integration. In the next example, we examine how to use this theorem to calculate the indefinite 
integrals of several functions. 


Example: 
Exercise: 


Problem: 
Evaluating Indefinite Integrals 


Evaluate each of the following indefinite integrals: 


a [ie — 7x? + 3a + 4)dax 


2 43/z 
» | 2 th? an 
x 
4 
2 dx 
14+ 2? 


d. | tanzcosxdz 


Solution: 


a. Using [link], we can integrate each of the four terms in the integrand separately. We obtain 
Equation: 


[= = 7x + 3a + 4)dzx — [oerae— [rode + facde+ f aac. 


From the second part of [link], each coefficient can be written in front of the integral sign, 
which gives 
Equation: 


[rerae— [tarde + [3ede+ [4de=s forde—7 fardr+3 fede +4 [rae 


Using the power rule for integrals, we conclude that 
Equation: 


5 
[ (628 — 10? + 30+ 4)dx = rel ro + oo LAr -— CC. 


b. Rewrite the integrand as 
Equation: 
2 AY 2 43/a 
Ap a </ oo a </ i 0. 
x AD x 


Then, to evaluate the integral, integrate each of these terms separately. Using the power 


rule, we have 
[eas aE 4 [ode 


Equation: 
Pain 1 =2/3)-+1 
gi +4 ear a (-?/ =p Gs 


zg? 4+ 1221/3 4 C. 


ES 
8 
ae 
8 
Se 
w 
ae, 
Q 
8 
I| 


1) eS) [ 


c. Using [link], write the integral as 


Equation: 
i 
4 ee. 
1+<2? 


Then, use the fact that tan~! (z) is an antiderivative of ea to conclude that 


Equation: 


4 
eri = 4tan!(z)+C. 
Vea 


d. Rewrite the integrand as 


Equation: 
sin x : 
tanxcosz = cosx = sinz. 
cOsx 
Therefore, 
Equation: 
[ tanzeose = [sine = -—cosz+C. 
Note: 
Exercise: 


Problem: Evaluate / (42° Se eee ee 7) dz. 


Solution: 


x 2a? 4 ya? Tz +C 


Hint 


Integrate each term in the integrand separately, making use of the power rule. 


Initial-Value Problems 


We look at techniques for integrating a large variety of functions involving products, quotients, and 
compositions later in the text. Here we turn to one common use for antiderivatives that arises often in 
many applications: solving differential equations. 


A differential equation is an equation that relates an unknown function and one or more of its 
derivatives. The equation 
Equation: 


dy _ 
ae 7 F@) 


is a simple example of a differential equation. Solving this equation means finding a function y with a 
derivative f. Therefore, the solutions of [link] are the antiderivatives of f. If Fis one antiderivative of 
f, every function of the form y = F' (x) + C isa solution of that differential equation. For example, 
the solutions of 

Equation: 


dy _ 


6x? 
dx z 


are given by 
Equation: 


y= [ovtas = 22° +C. 
Sometimes we are interested in determining whether a particular solution curve passes through a 


certain point (xo, yo)—that is, y (%o) = yo. The problem of finding a function y that satisfies a 
differential equation 


Equation: 
dy 
—=fi(« 
H = F(z) 
with the additional condition 
Equation: 
y (0) = Yo 


is an example of an initial-value problem. The condition y (29) = yo is known as an initial 
condition. For example, looking for a function y that satisfies the differential equation 


Equation: 
dy 9 
7 —6 
dz . 


and the initial condition 
Equation: 


is an example of an initial-value problem. Since the solutions of the differential equation are 

y = 2x° + C, to find a function y that also satisfies the initial condition, we need to find C' such that 
y (1) = 2(1)* + C = 5. From this equation, we see that C’ = 3, and we conclude that y = 2a? + 3 is 
the solution of this initial-value problem as shown in the following graph. 


Some of the solution curves of the differential equation ay = 6x? are 


displayed. The function y = 2x? + 3 satisfies the differential equation and 
the initial condition y(1) = 5. 


Example: 
Exercise: 


Problem: 
Solving an Initial-Value Problem 


Solve the initial-value problem 
Equation: 


a sinz, y(0) = 5. 
Q 


Solution: 


First we need to solve the differential equation. If iy. = sinz, then 
Equation: 


i= [sin (@)ae = —cosz+ C. 


Next we need to look for a solution y that satisfies the initial condition. The initial condition 
y (0) = 5 means we need a constant C' such that —cosz + C' = 5. Therefore, 


Equation: 


C =5-+cos(0) =6. 


The solution of the initial-value problem is y = —cosz + 6. 


Note: 
Exercise: 


Problem: Solve the initial value problem oe aay yi 


Solution: 
See 
Hint 


Find all antiderivatives of f (x) = 3x~. 


Initial-value problems arise in many applications. Next we consider a problem in which a driver 
applies the brakes in a car. We are interested in how long it takes for the car to stop. Recall that the 
velocity function v (t) is the derivative of a position function s (t), and the acceleration a (t) is the 
derivative of the velocity function. In earlier examples in the text, we could calculate the velocity from 
the position and then compute the acceleration from the velocity. In the next example we work the 
other way around. Given an acceleration function, we calculate the velocity function. We then use the 
velocity function to determine the position function. 


Example: 
Exercise: 


Problem: 
Decelerating Car 


A car is traveling at the rate of 88 ft/sec (60 mph) when the brakes are applied. The car begins 
decelerating at a constant rate of 15 ft/sec?. 


a. How many seconds elapse before the car stops? 
b. How far does the car travel during that time? 


Solution: 


a. First we introduce variables for this problem. Let t be the time (in seconds) after the brakes 
are first applied. Let a (t) be the acceleration of the car (in feet per seconds squared) at time 
t. Let v (t) be the velocity of the car (in feet per second) at time t. Let s (t) be the car’s 
position (in feet) beyond the point where the brakes are applied at time ¢. 
The car is traveling at a rate of 88 ft/sec. Therefore, the initial velocity is v (0) = 88 
ft/sec. Since the car is decelerating, the acceleration is 
Equation: 


a(t) = —15 ft/s’. 


The acceleration is the derivative of the velocity, 
Equation: 


yoo Werte Eas 


Therefore, we have an initial-value problem to solve: 
Equation: 


vu’ (t) = —15, v (0) = 88. 


Integrating, we find that 
Equation: 


v(t) = —15t+ C. 


Since v (0) = 88, C = 88. Thus, the velocity function is 
Equation: 


v(t) = —15t + 88. 


To find how long it takes for the car to stop, we need to find the time ¢ such that the 
velocity is zero. Solving —15¢ + 88 = 0, we obtain t = & sec. 
b. To find how far the car travels during this time, we need to find the position of the car after 
$8. sec. We know the velocity v (¢) is the derivative of the position s (t). Consider the 
initial position to be s (0) = 0. Therefore, we need to solve the initial-value problem 
Equation: 


s’ (t) = —15t + 88,5 (0) =0. 


Integrating, we have 
Equation: 


Since s (0) = 0, the constant is C = 0. Therefore, the position function is 
Equation: 


15 
a(t) = ee + 88t. 


After t = a sec, the position is s (3) & 258.133 ft. 


Note: 
Exercise: 


Problem: 


Suppose the car is traveling at the rate of 44 ft/sec. How long does it take for the car to stop? 
How far will the car travel? 


Solution: 


2.93 sec, 64.5 ft 
Hint 


v(t) = —15t + 44. 


Key Concepts 


¢ If Fis an antiderivative of f, then every antiderivative of f is of the form F’ (x) + C for some 


constant C’. 
e Solving the initial-value problem 
Equation: 
d 
Ge 71 (@)¥ (#0) = yo 


requires us first to find the set of antiderivatives of f and then to look for the particular 


antiderivative that also satisfies the initial condition. 


For the following exercises, show that F’ (a) are antiderivatives of f (x). 
Exercise: 


Problem: F' (x) = 52° + 227+ 32 +1, f (x) = 15a? +42 +3 
Solution: 


F' (x) = 152? + 4¢4+3 


Exercise: 


Problem: F(x) = 2? +42 +1, f(x) =22+4 


Exercise: 
Problem: F' (x) = xe", f (x) = e® (x? + 2z) 
Solution: 


F' (x) = 2xe* + xe* 


Exercise: 


Problem: F (x) = cosz, f (x) = —sinz 


Exercise: 
Problem: F(z) = e”, f (x) =e” 
Solution: 
Fl (=F 


For the following exercises, find the antiderivative of the function. 
Exercise: 


Problem: f(z) = = +2 
Exercise: 

Problem: f (x) = e? — 3x? + sinz 

Solution: 


F(a) = e* — 2° —cos(r) +C 


Exercise: 


Problem: f (x) = e* + 3x — x? 
Exercise: 

Problem: f (z) = x — 1 + 4sin (2z) 

Solution: 

F(x) = = —a—2cos(2x)+C 


2 


For the following exercises, find the antiderivative F' (x) of each function f (x). 
Exercise: 


Problem: f (x) = 524 + 42° 


Exercise: 


Problem: f (x) = x + 122? 

Solution: 

F(x) = $2? +423 +C 
Exercise: 

Problem: f(z) = —— 


Exercise: 


I 
— 
5 
wa” 
w 


Problem: f (x) 
Solution: 
F(x) = 2(/z)°+C 
Exercise: 
Problem: f (x) = x'/? + (2x)'/° 
Exercise: 


ell3 
72/3 


Problem: f (x) = 


Solution: 


F(a) = 30°? +C 


Exercise: 


Problem: f (x) = 2sin (xz) + sin (22) 
Exercise: 

Problem: f (x) = sec? (x) + 1 

Solution: 

F(z)=2+tan(z)+C 


Exercise: 


Problem: f (x) = sinzcosz 
Exercise: 

Problem: f (x) = sin? (x)cos (x) 

Solution: 

F (a) = 1+sin3 (xz) +C 


3 
Exercise: 


Problem: f (x) = 0 


Exercise: 


Problem: f (x) = csc? (a) 


Solution: 
F(x) =—Fcot(z)-2++C 
Exercise: 


Problem: f (x) = cscxcotz + 3x 


Exercise: 


Problem: f (x) = 4cscxcotz — secxtanz 


Solution: 


F (xz) = —secx — 4cescz + C 


Exercise: 


Problem: f (x) = 8secz (secz — 4tanz) 


Exercise: 
Problem: f (x) = +e~** + sina 


Solution: 


For the following exercises, evaluate the integral. 
Exercise: 


Problem: / (—1)dz 


Exercise: 


Problem: i sin z dx 


Solution: 


—cosz+C 


Exercise: 


Problem: / (4x + /x) dx 


Exercise: 


2 
2 
Problem: / cae 
we 


Solution: 
32 — - +C 


Exercise: 


Problem: [ (secatanz + 4x)dx 


Exercise: 
Problem: : (4Ve+ Ya)de 


Solution: 


8 3/2 = a°/4 LC 


Exercise: 


Problem: / Ca — 28) de 


Exercise: 
147° + 22 +1 
Problem: / ee dx 
ee 
Solution: 


14z-2-2,4+¢ 


Exercise: 
Problem: fee + e*)da 


For the following exercises, solve the initial value problem. 
Exercise: 


Problem: f! (x) = x~°, f (1) =1 
Solution: 


F(t) =—-g9 +3 


Exercise: 


Problem: f! (xz) = /z+ x”, f (0) =2 


Exercise: 


bo 


Problem: f! (x) = cosx + sec? (x), f (4) =2+ 
Solution: 
f(z) =sing + tanz+1 


Exercise: 


Problem: f’ (xz) = x? — 8x7 + 16x +1, f (0) =0 


Exercise: 


Problem: f! (xz) = 4 — © f(t) =0 


Solution: 


For the following exercises, find two possible functions f given the second- or third-order derivatives. 
Exercise: 


Problem: f// (x) = x? + 2 
Exercise: 

Problem: f// (x) =e * 

Solution: 


—x£ 


Answers may vary; one possible answer is f (x) = e 


Exercise: 


Problem: f// (x) =1+ 2 


Exercise: 


Problem: f/// (x) = cosz 


Solution: 


Answers may vary; one possible answer is f (x) = —sinz 


Exercise: 


Problem: f/// (x) = 8e~ 7" — sinx 
Exercise: 


Problem: 


A car is being driven at a rate of 40 mph when the brakes are applied. The car decelerates at a 
constant rate of 10 ft/sec”. How long before the car stops? 


Solution: 
5.867 sec 


Exercise: 


Problem: In the preceding problem, calculate how far the car travels in the time it takes to stop. 


Exercise: 


Problem: 


You are merging onto the freeway, accelerating at a constant rate of 12 ft/sec?. How long does it 
take you to reach merging speed at 60 mph? 


Solution: 


7.333 sec 


Exercise: 


Problem: Based on the previous problem, how far does the car travel to reach merging speed? 
Exercise: 


Problem: 


A car company wants to ensure its newest model can stop in 8 sec when traveling at 75 mph. If 
we assume constant deceleration, find the value of deceleration that accomplishes this. 


Solution: 


13.75 ft/sec? 
Exercise: 


Problem: 


A car company wants to ensure its newest model can stop in less than 450 ft when traveling at 60 
mph. If we assume constant deceleration, find the value of deceleration that accomplishes this. 


For the following exercises, find the antiderivative of the function, assuming F'(0) = 0. 
Exercise: 


Problem: [T] f (x) = ee +2 
Solution: 
Re za + 2x 


Exercise: 


Problem: [T] f(z) = 4% — /z 
Exercise: 

Problem: [T] f (x) = sinz + 2z 

Solution: 


F(x) =2?—cosx+1 


Exercise: 


Problem: [T] f («) = e” 


Exercise: 


Problem: [T] f (x) = if 


(x+1)° 
Solution: 
te 1 
Ma) = Gay tt 
Exercise: 


Problem: [T] f(z) = e 7” + 3x? 


For the following exercises, determine whether the statement is true or false. Either prove it is true or 
find a counterexample if it is false. 
Exercise: 


Problem: If f (z) is the antiderivative of v (x), then 2f (a) is the antiderivative of 2u (z). 


Solution: 
True 


Exercise: 


Problem: If f (z) is the antiderivative of v(x), then f (2z) is the antiderivative of v (22). 


Exercise: 


Problem: If f (z) is the antiderivative of v(x), then f (x) + 1 is the antiderivative of v (x) + 1. 


Solution: 
False 


Exercise: 


Problem: If f (x) is the antiderivative of v (a), then (f (x))” is the antiderivative of (v («))”. 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. Assume that f (x) is continuous 
and differentiable unless stated otherwise. 
Exercise: 


—6 and f (1) = 2, then there exists at least one point x € [—1, 1] such that 


True, by Mean Value Theorem 


Exercise: 


Problem: If f’(c) = 0, there is a maximum or minimum at z = c. 
Exercise: 
Problem: 


There is a function such that f (x) < 0, f’ (x) > 0, and f(x) < 0. (A graphical “proof” is 
acceptable for this answer.) 


Solution: 


True 
Exercise: 
Problem: 
There is a function such that there is both an inflection point and a critical point for some value 
t=: 


Exercise: 


Problem: Given the graph of f’, determine where f is increasing or decreasing. 


Solution: 


Increasing: (—2, 0) U (4, 00), decreasing: (—oo, —2) U (0, 4) 


Exercise: 


Problem: The graph of f is given below. Draw f’. 


y 


Exercise: 


Problem: Find the linear approximation L (x) to y = a? + tan (ma) near x = +. 


Solution: 
Lig) = Ces + (1+ 4m) (x — $) 
Exercise: 


Problem: Find the differential of y = x? — 5x2 — 6 and evaluate for z = 2 with dr = 0.1. 


Find the critical points and the local and absolute extrema of the following functions on the given 
interval. 
Exercise: 


Problem: f (x) = x + sin? (x) over (0, 7] 
Solution: 


Critical point: 7 = an absolute minimum: z = 0, absolute maximum: xz = 7 


Exercise: 


Problem: f (x) = 3x* — 4x° — 12x? + 6 over [—3, 3] 


Determine over which intervals the following functions are increasing, decreasing, concave up, and 
concave down. 
Exercise: 


Problem: z (t) = 3¢* — 8¢? — 18¢? 


Solution: 


Increasing: (—1, 0) U (3, 00), decreasing: (—oo, —1) U (0, 3), concave up: 
+v 13) ; 00), concave down: 


Exercise: 


Problem: y = x + sin (72) 
Exercise: 

Problem: g(x) = 2 — x 

Solution: 

Increasing: (4, oo), decreasing: (0, +), concave up: (0, co), concave down: nowhere 
Exercise: 


Problem: f (0) = sin (30) 


Evaluate the following limits. 
Exercise: 


: lim 3avV/r2+1 


Problem a a 


Solution: 


3 


Exercise: 


Problem: lim cos (+) 
Hite de, 0) 


Exercise: 


ii -1 
Problem: lim ata): 


Solution: 
a 
vie 
Exercise: 


Problem: lim (3z)‘/” 


xL—-0o 


Use Newton’s method to find the first two iterations, given the starting point. 
Exercise: 


Problem: y = z° + 1,29 = 0.5 


Solution: 
Ly = —1, w2 = —1 
Exercise: 
Problem: —— = +, 2x9 = 0 
* etl — 279%0 — 


Find the antiderivatives F' (x) of the following functions. 
Exercise: 


Problem: g(x) = x — > 
Solution: 


F(2)=*"41li¢ 


x 


Exercise: 
Problem: f (x) = 2x + 6cosz, F (mr) =1?+2 


Graph the following functions by hand. Make sure to label the inflection points, critical points, zeros, 
and asymptotes. 
Exercise: 


Problem: y = 


Solution: 


Inflection points: none; critical points: = -+ zeros: none; vertical asymptotes: z = —1, 
x = 0; horizontal asymptote: y = 0 


Exercise: 


Problem: y = x — V4 — x? 
Exercise: 


Problem: 


A car is being compacted into a rectangular solid. The volume is decreasing at a rate of 2 m/sec. 
The length and width of the compactor are square, but the height is not the same length as the 
length and width. If the length and width walls move toward each other at a rate of 0.25 m/sec, 
find the rate at which the height is changing when the length and width are 2 m and the height is 
1.5 m. 


Solution: 


The height is decreasing at a rate of 0.125 m/sec 
Exercise: 


Problem: 


A rocket is launched into space; its kinetic energy is given by K (t) = (5)m (t)v(t)’, where K 
is the kinetic energy in joules, m is the mass of the rocket in kilograms, and v is the velocity of 
the rocket in meters/second. Assume the velocity is increasing at a rate of 15 m/sec’ and the mass 
is decreasing at a rate of 10 kg/sec because the fuel is being burned. At what rate is the rocket’s 
kinetic energy changing when the mass is 2000 kg and the velocity is 5000 m/sec? Give your 
answer in mega-Joules (MJ), which is equivalent to 10° J. 


Exercise: 
Problem: 
The famous Regiomontanus’ problem for angle maximization was proposed during the 15 th 
century. A painting hangs on a wall with the bottom of the painting a distance a feet above eye 


level, and the top b feet above eye level. What distance x (in feet) from the wall should the 
viewer stand to maximize the angle subtended by the painting, 0? 


ainda 


Eye level 


Z—|I ! 


Solution: 


a = Vab feet 
Exercise: 
Problem: 
An airline sells tickets from Tokyo to Detroit for $1200. There are 500 seats available and a 
typical flight books 350 seats. For every $10 decrease in price, the airline observes an additional 


five seats sold. What should the fare be to maximize profit? How many passengers would be 
onboard? 


Glossary 


antiderivative 
a function F’ such that F’’ (x) = f (x) for all x in the domain of f is an antiderivative of f 


indefinite integral 
the most general antiderivative of f (x) is the indefinite integral of f; we use the notation 


/ f (x)dz to denote the indefinite integral of f 


initial value problem 
a problem that requires finding a function y that satisfies the differential equation fu. =z) 
together with the initial condition y (xo) = yo 


Basics of Differential Equations 


e Identify the order of a differential equation. 

e Explain what is meant by a solution to a differential equation. 

e Distinguish between the general solution and a particular solution of a 
differential equation. 

e Identify an initial-value problem. 

e Identify whether a given function is a solution to a differential 
equation or an initial-value problem. 


Calculus is the mathematics of change, and rates of change are expressed by 
derivatives. Thus, one of the most common ways to use calculus is to set up 
an equation containing an unknown function y = f(z) and its derivative, 
known as a differential equation. Solving such equations often provides 
information about how quantities change and frequently provides insight 
into how and why the changes occur. 


Techniques for solving differential equations can take many different forms, 
including direct solution, use of graphs, or computer calculations. We 
introduce the main ideas in this chapter and describe them in a little more 
detail later in the course. In this section we study what differential equations 
are, how to verify their solutions, some methods that are used for solving 
them, and some examples of common and useful equations. 


General Differential Equations 


Consider the equation y’ = 3x”, which is an example of a differential 
equation because it includes a derivative. There is a relationship between 
the variables x and y: y is an unknown function of x. Furthermore, the left- 
hand side of the equation is the derivative of y. Therefore we can interpret 
this equation as follows: Start with some function y = f(x) and take its 
derivative. The answer must be equal to 32”. What function has a 
derivative that is equal to 3x2? One such function is y = x°, so this 
function is considered a solution to a differential equation. 


Note: 

Definition 

A differential equation is an equation involving an unknown function 

y = f(x) and one or more of its derivatives. A solution to a differential 
equation is a function y = f(z) that satisfies the differential equation when 
f and its derivatives are substituted into the equation. 


Note: 
Go to this website to explore more on this topic. 


Some examples of differential equations and their solutions appear in [Link]. 


Equation Solution 

yl= 2x y= 2? 

Ura Oat y=e 42043 
yl—3yl-+2y = 24e-°* y = 3e* — 4e2* + 2e-2# 


Examples of Differential Equations and Their Solutions 


Note that a solution to a differential equation is not necessarily unique, 
primarily because the derivative of a constant is zero. For example, 

y= x? + 4 is also a solution to the first differential equation in [link]. We 
will return to this idea a little bit later in this section. For now, let’s focus on 
what it means for a function to be a solution to a differential equation. 


Example: 
Exercise: 


Problem: 
Verifying Solutions of Differential Equations 


Verify that the function y = e 3” + 2x + 3 is a solution to the 
differential equation y’ + 3y = 6x + 11. 


Solution: 


To verify the solution, we first calculate y’ using the chain rule for 


derivatives. This gives y’ = —3e~%* + 2. Next we substitute y and y’ 
into the left-hand side of the differential equation: 
Equation: 


(oem eo tema ees 


The resulting expression can be simplified by first distributing to 
eliminate the parentheses, giving 
Equation: 


Veep aliens) Leleg Pog wey sy pelea 


Combining like terms leads to the expression 6a + 11, which is equal 
to the right-hand side of the differential equation. This result verifies 
that y= e °* + 2x” + 3 is asolution of the differential equation. 


Note: 
Exercise: 


Problem: 


Verify that y = 2e°* — 2x — 2 is a solution to the differential 
equation y’ — 3y = 6x + 4. 


Hint 


First calculate y’ then substitute both y’ and y into the left-hand side. 


It is convenient to define characteristics of differential equations that make 
it easier to talk about them and categorize them. The most basic 
characteristic of a differential equation is its order. 


Note: 

Definition 

The order of a differential equation is the highest order of any derivative 
of the unknown function that appears in the equation. 


Example: 
Exercise: 


Problem: 
Identifying the Order of a Differential Equation 


What is the order of each of the following differential equations? 


ay —4y= 27 —32+4 
b. x2yl — 3xy" + xy’ — 3y = sine 
Be Syl + ay = 2° — 327 + 4x — 12 


x 


Solution: 


a. The highest derivative in the equation is y’, so the order is 1. 
b. The highest derivative in the equation is y///, so the order is 3. 
c. The highest derivative in the equation is y), so the order is 4. 


Note: 
Exercise: 


Problem: What is the order of the following differential equation? 
Equation: 


(a* — 32) y — (3a? + 1)y! + 3y = sinacosx 


Solution: 


5 
Hint 


What is the highest derivative in the equation? 


General and Particular Solutions 


We already noted that the differential equation y’ = 2 has at least two 
solutions: y = x” and y = x? + 4. The only difference between these two 
solutions is the last term, which is a constant. What if the last term is a 
different constant? Will this expression still be a solution to the differential 
equation? In fact, any function of the form y = x? + C, where C’ 
represents any constant, is a solution as well. The reason is that the 
derivative of x? + C is 22, regardless of the value of C. It can be shown 
that any solution of this differential equation must be of the form 

y = x* + C. This is an example of a general solution to a differential 
equation. A graph of some of these solutions is given in [link]. (Note: in this 
graph we used even integer values for C ranging between —4 and 4. In fact, 
there is no restriction on the value of C; it can be an integer or not.) 


Family of solutions to the 
differential equation y’ = 22. 


In this example, we are free to choose any solution we wish; for example, 

y = x” — 3 isa member of the family of solutions to this differential 
equation. This is called a particular solution to the differential equation. A 
particular solution can often be uniquely identified if we are given 
additional information about the problem. 


Example: 
Exercise: 


Problem: 
Finding a Particular Solution 


Find the particular solution to the differential equation y’ = 2x 
passing through the point (2, 7). 


Solution: 


Any function of the form y = x? + C is a solution to this differential 
equation. To determine the value of C’, we substitute the values x = 2 
and y = 7 into this equation and solve for C: 


Equation: 
y=2°+C 
7=27+C=44+C 
Ct. 


Therefore the particular solution passing through the point (2, 7) is 
2 
Ue — a oo. 


Note: 
Exercise: 


Problem: Find the particular solution to the differential equation 
Equation: 


y =4r2+3 
passing through the point (1,7), given that y = 2x7 + 32+ Ciisa 
general solution to the differential equation. 
Solution: 


y = 227 +32 +2 
Hint 


First substitute x = 1 and y = 7 into the equation, then solve for C’. 


Initial-Value Problems 


Usually a given differential equation has an infinite number of solutions, so 
it is natural to ask which one we want to use. To choose one solution, more 
information is needed. Some specific information that can be useful is an 
initial value, which is an ordered pair that is used to find a particular 
solution. 


A differential equation together with one or more initial values is called an 
initial-value problem. The general rule is that the number of initial values 
needed for an initial-value problem is equal to the order of the differential 
equation. For example, if we have the differential equation y’ = 2x, then 
y(3) = 7 is an initial value, and when taken together, these equations form 
an initial-value problem. The differential equation y/ — 3y’ + 2y = 4e” is 
second order, so we need two initial values. With initial-value problems of 
order greater than one, the same value should be used for the independent 
variable. An example of initial values for this second-order equation would 
be y(0) = 2 and y'(0) = —1. These two initial values together with the 
differential equation form an initial-value problem. These problems are so 
named because often the independent variable in the unknown function is f, 
which represents time. Thus, a value of ¢ = 0 represents the beginning of 
the problem. 


Example: 
Exercise: 


Problem: 
Verifying a Solution to an Initial- Value Problem 


Verify that the function y = 2e~* + e® is a solution to the initial- 
value problem 
Equation: 


y' +2y = 3e’, y(0) =3. 


Solution: 


For a function to satisfy an initial-value problem, it must satisfy both 
the differential equation and the initial condition. To show that y 
satisfies the differential equation, we start by calculating y’. This 
gives y’ = —4e ** + e’. Next we substitute both y and x into the 
left-hand side of the differential equation and simplify: 

Equation: 


Tao (—4e~?# + e') +2 (Zen + e) 
= —de~* + ef + 4e—% + Det 


= 3e'. 


This is equal to the right-hand side of the differential equation, so 
y = 2e~* + e! solves the differential equation. Next we calculate 


y (0): 
Equation: 
y(0) =2e 2 +9 
=2+4+1 
= 


This result verifies the initial value. Therefore the given function 
satisfies the initial-value problem. 


Note: 
Exercise: 


Problem: 


Verify that y = 3e?¢ + 4sint is a solution to the initial-value problem 
Equation: 


y —2y=4cost—8sint, y(0) =3. 


Hint 


First verify that y solves the differential equation. Then check the initial 
value. 


In [link], the initial-value problem consisted of two parts. The first part was 
the differential equation y’ + 2y = 3e”, and the second part was the initial 
value y (0) = 3. These two equations together formed the initial-value 
problem. 


The same is true in general. An initial-value problem will consists of two 
parts: the differential equation and the initial condition. The differential 
equation has a family of solutions, and the initial condition determines the 
value of C’. The family of solutions to the differential equation in [link] is 
given by y = 2e~~ + Ce’. This family of solutions is shown in [link], with 
the particular solution y = 2e ** + e® labeled. 


y = 2e-4t — 0.2e! 


A family of solutions to the 
differential equation 
y’ + 2y = 3e’. The particular 
solution y = 2e *¢ + e? is labeled. 


Example: 
Exercise: 


Problem: 
Solving an Initial-value Problem 


Solve the following initial-value problem: 
Equation: 


Ye ee Ae (Oyo 


Solution: 
The first step in solving this initial-value problem is to find a general 
family of solutions. To do this, we find an antiderivative of both sides 


of the differential equation 
Equation: 


[vac = if (3e” + —— 4) dz, 


namely, 
Equation: 


1 
y+ Cy = 8e* + 2a" — 4a + Co. 


We are able to integrate both sides because the y term appears by 
itself. Notice that there are two integration constants: C’; and C2. 
Solving [link] for y gives 

Equation: 


1 
y = 3e" + 2a — 4a + Cp - Ch. 
Because C’; and C’> are both constants, C’> — C; is also a constant. 


We can therefore define C' = C’y — Cj, which leads to the equation 
Equation: 


1 
y = 3e" + 2a" — 40 +C. 
Next we determine the value of C’. To do this, we substitute z = 0 


and y = 5 into [link] and solve for C’: 
Equation: 


3e° + 40° —4(0)+C 
5 = 3+C 
C = 2 


Now we substitute the value C' = 2 into [link]. The solution to the 
initial-value problem is y = 3e” + 52° Ager 2: 


Analysis 


The difference between a general solution and a particular solution is that a 
general solution involves a family of functions, either explicitly or 
implicitly defined, of the independent variable. The initial value or values 
determine which particular solution in the family of solutions satisfies the 
desired conditions. 


Note: 
Exercise: 


Problem: Solve the initial-value problem 
Equation: 


y =f Ar 3 = Ge", 4 (0) —8. 


Solution: 
y = 4x? — 2x? + 3x — 6e* + 14 
Hint 


First take the antiderivative of both sides of the differential equation. Then 
substitute z = 0 and y = 8 into the resulting equation and solve for C. 


In physics and engineering applications, we often consider the forces acting 
upon an object, and use this information to understand the resulting motion 
that may occur. For example, if we start with an object at Earth’s surface, 
the primary force acting upon that object is gravity. Physicists and 
engineers can use this information, along with Newton’s second law of 
motion (in equation form Ff’ = ma, where F' represents force, m represents 
mass, and a represents acceleration), to derive an equation that can be 
solved. 


GY 


g = —9.8 m/sec? 


For a baseball falling in air, the 
only force acting on it is gravity 
(neglecting air resistance). 


In [link] we assume that the only force acting on a baseball is the force of 
gravity. This assumption ignores air resistance. (The force due to air 
resistance is considered in a later discussion.) The acceleration due to 
gravity at Earth’s surface, g, is approximately 9.8 m/ s”. We introduce a 
frame of reference, where Earth’s surface is at a height of 0 meters. Let 

vu (t) represent the velocity of the object in meters per second. If v(t) > 0, 
the ball is rising, and if v (t) < 0, the ball is falling ([link]). 


v(t) >0 


QS 


v(t) <0 


Possible velocities for the 
rising/falling baseball. 


Our goal is to solve for the velocity v(t) at any time t. To do this, we set up 
an initial-value problem. Suppose the mass of the ball is m, where m is 
measured in kilograms. We use Newton’s second law, which states that the 
force acting on an object is equal to its mass times its acceleration 

(F = ma). Acceleration is the derivative of velocity, so a(t) = v’(t). 
Therefore the force acting on the baseball is given by F = m v(t). 
However, this force must be equal to the force of gravity acting on the 
object, which (again using Newton’s second law) is given by F, = —mag, 
since this force acts in a downward direction. Therefore we obtain the 
equation F' = F,, which becomes m v'(t) = —mg. Dividing both sides of 
the equation by ™m gives the equation 

Equation: 


v(t) = —g. 


Notice that this differential equation remains the same regardless of the 
mass of the object. 


We now need an initial value. Because we are solving for velocity, it makes 
sense in the context of the problem to assume that we know the initial 
velocity, or the velocity at time ¢ = 0. This is denoted by v(0) = v0. 


Example: 
Exercise: 


Problem: 
Velocity of a Moving Baseball 


A baseball is thrown upward from a height of 3 meters above Earth’s 
surface with an initial velocity of 10 m/s, and the only force acting 
on it is gravity. The ball has a mass of 0.15 kg at Earth’s surface. 


a. Find the velocity v (¢) of the baseball at time t. 
b. What is its velocity after 2 seconds? 


Solution: 


a. From the preceding discussion, the differential equation that 
applies in this situation is 
Equation: 


v(t) Gs 


where g = 9.8 m/s’. The initial condition is v(0) = vo, where 
vo = 10 m/s. Therefore the initial-value problem is 

v(t) = —9.8 m/s”, v(0) = 10 m/s. 

The first step in solving this initial-value problem is to take the 
antiderivative of both sides of the differential equation. This 
gives 


Note: 


Equation: 


fe (dis — | -98ae 


u(t) = —9.8t+C. 
The next step is to solve for C’. To do this, substitute t = 0 and 
C(O) 10; 
Equation: 
v(t) = —9.8t+C 
v(0) = —9.8(0)+C 
NO ee Be 


Therefore C' = 10 and the velocity function is given by 
u(t) = —9.8t + 10. 


. To find the velocity after 2 seconds, substitute ¢ = 2 into v (t). 
Equation: 
v(t) = —9.8t+ 10 
v(2) = —9.8(2)+10 
v(2) = —9.6. 


The units of velocity are meters per second. Since the answer is 
negative, the object is falling at a speed of 9.6 m/s. 


Exercise: 


Problem: 


Suppose a rock falls from rest from a height of 100 meters and the 
only force acting on it is gravity. Find an equation for the velocity 
vu (t) as a function of time, measured in meters per second. 


Solution: 


u(t) = —9.8t 
Hint 


What is the initial velocity of the rock? Use this with the differential 
equation in [link] to form an initial-value problem, then solve for v (¢). 


A natural question to ask after solving this type of problem is how high the 
object will be above Earth’s surface at a given point in time. Let s (t) 
denote the height above Earth’s surface of the object, measured in meters. 
Because velocity is the derivative of position (in this case height), this 
assumption gives the equation s’ (t) = v(t). An initial value is necessary; 
in this case the initial height of the object works well. Let the initial height 
be given by the equation s (0) = sg. Together these assumptions give the 
initial-value problem 

Equation: 


s'(t)=v(t), s(0)=s0. 


If the velocity function is known, then it is possible to solve for the position 
function as well. 


Example: 
Exercise: 


Problem: 


Height of a Moving Baseball 


A baseball is thrown upward from a height of 3 meters above Earth’s 
surface with an initial velocity of 10 m/s, and the only force acting 
on it is gravity. The ball has a mass of 0.15 kilogram at Earth’s 
surface. 


a. Find the position s (t) of the baseball at time t. 
b. What is its height after 2 seconds? 


Solution: 


a. We already know the velocity function for this problem is 
u(t) = —9.8t + 10. The initial height of the baseball is 3 
meters, SO Sg = 3. Therefore the initial-value problem for this 
example is 
To solve the initial-value problem, we first find the 
antiderivatives: 


Equation: 
[° (edt | -9.8t-+ 1008 


Sp) == Sele Se se), 


Next we substitute t = 0 and solve for C: 
Equation: 

pe pe 
—4.9(0)* + 10(0)+C 
CG. 


DH wW 
CSS 
See) Ss 
ll ol 


Therefore the position function is s (t) = —4.9¢? + 10t +3. 
b. The height of the baseball after 2s is given by s (2): 
Equation: 


Therefore the baseball is 3.4 meters above Earth’s surface after 2 
seconds. It is worth noting that the mass of the ball cancelled out 
completely in the process of solving the problem. 


Key Concepts 


e A differential equation is an equation involving a function y = f(x) 
and one or more of its derivatives. A solution is a function y = f(x) 
that satisfies the differential equation when f and its derivatives are 
substituted into the equation. 

e The order of a differential equation is the highest order of any 
derivative of the unknown function that appears in the equation. 

e A differential equation coupled with an initial value is called an initial- 
value problem. To solve an initial-value problem, first find the general 
solution to the differential equation, then determine the value of the 
constant. Initial-value problems have many applications in science and 
engineering. 


Determine the order of the following differential equations. 
Exercise: 


Problem: y' + y = 3y’ 
Solution: 


1 


Exercise: 


Problem: (y')” = y! + 2y 
Exercise: 
Problem: y/// + y//y! = 3x? 


Solution: 
3 


Exercise: 


Problem: y! = y// + 3t? 


Exercise: 


Problem: ON i 


Solution: 


1 


Exercise: 


ay _ 34 


Problem: iy oe eae 


Exercise: 


jem (2) eee age a 
Problem: (#) Oa, ey = 


Solution: 


1 


Verify that the following functions are solutions to the given differential 


equation. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Exercise: 


Problem 


Exercise: 


Problem 


Exercise: 


Problem 


Exercise: 


Problem: 


3 
y = = solves y! = x? 


y =2e*+a2-—1solvesy’=27-y 


y =e” — = solves y’ = 3y + e” 


y = z= solves y! = y 


y = e* /? solves y! = xy 


:y=4+1nz solves xy’ = 1 
:y=—3—a2+2Inz solves y’ = Ine 
:y = 2e* —x—1solvesy ~y+2 
cosa 


y =e? + Me — < solves y' = cosz + y 


Exercise: 


—CcOos zx 


Problem: y = ze solves y/ = ysinz 


Verify the following general solutions and find the particular solution. 
Exercise: 


Problem: 


Find the particular solution to the differential equation y’ = 4x? that 
passes through (—3, —30), given that y = C' + Ae is a general 
solution. 


Exercise: 
Problem: 
Find the particular solution to the differential equation y’ = 3x° that 


passes through (1, 4.75), given that y = C + An is a general 
solution. 


Solution: 


y=A4+ 30" 
Exercise: 
Problem: 
Find the particular solution to the differential equation y’ = 3x7y that 
passes through (0, 12), given that y = Ce™ isa general solution. 
Exercise: 
Problem: 


Find the particular solution to the differential equation y’ = 2xy that 
1 : xr : A 
passes through (0, x) given that y = Ce® is a general solution. 


Solution: 


— 12? 
Y= Ge 


Exercise: 


Problem: 


Find the particular solution to the differential equation y’ = (Qxy)° 
that passes through (1, = +), given that y = — ator is a general 
solution. 


Exercise: 


Problem: 


Find the particular solution to the differential equation y’x? = y that 
passes through (1, 2), given that y = Ce~?/* is a general solution. 


Solution: 
y= 2eVe 
Exercise: 
Problem: 
Find the particular solution to the differential equation 
ge = —2cos(2t) — cos(4t) that passes through (7, 77), given that 
r=C- + sin(2t) ~- 35 sin(4t) is a general solution. 
Exercise: 


Problem: 


Find the particular solution to the differential equation ae = tanu 
that passes through (i oo given that u = sin! (eoe)} is a general 
solution. 


Solution: 


u=sin! tenor) 


Exercise: 


Problem: 


Find the particular solution to the differential equation a = eltty) 
that passes through (1, 0), given that y = —In(C — e*) is a general 
solution. 


Exercise: 
Problem: 
Find the particular solution to the differential equation 
y'(1 — 2”) = 1+ y that passes through (0, —2), given that 


g=C Veils isa general solution. 


J1—« 
Solution: 
ea 
Sean 


For the following problems, find the general solution to the differential 
equation. 
Exercise: 


Problem: y’ = 3x + e* 
Exercise: 


Problem: y' = Inz + tanz 


Solution: 


y= C—2+4+2Ilnz2 — In(cosz) 


Exercise: 


Problem: y’ = sin xe°°** 


Exercise: 


Problem: 1’ = 4” 
Solution: 
4* 

y= C+ re 
Exercise: 

Problem: y' = sin‘ (2z) 
Exercise: 

Problem: x’ = 2t/t? + 16 

Solution: 


y= +Vt? + 16 (t? + 16) +C 


Exercise: 


Problem: x’ = cotht + Int + 3t? 


Exercise: 


Problem: x! = t.,/4-+t 
Solution: 
a= V44 t (3t? + 4t — 32)4+C 


Exercise: 


Problem: 7 = y 


Exercise: 


Problem: y’ = ~ 
Solution: 


y= Cr 


Solve the following initial-value problems starting from y(t = 0) = 1 and 
y(t = 0) = —1. Draw both solutions on the same graph. 
Exercise: 


Problem: at ae Ze 


Exercise: 


Problem: = = —t 


Solution: 


Exercise: 


. dy _ 
Problem: = = 2y 
Exercise: 
Problem: “2 — 
roblem: = = —y 
Solution: 


p= ye 


Exercise: 


. dy _ 
Problem: a 2 


Solve the following initial-value problems starting from yo = 10. At what 


time does y increase to 100 or drop to 1? 
Exercise: 


Problem: oy = Af 


Solution: 


y=2(t?+5),t=3V5 


Exercise: 


d 
Problem: = = 4y 


Exercise: 


Problem: oy = 2y 
Solution: 


y = 10e-%,t = —sln (=) 


Exercise: 


e d —v 
Problem: “ane 


Exercise: 


e d —— 
Problem: “ane 


Solution: 


Recall that a family of solutions includes solutions to a differential equation 
that differ by a constant. For the following problems, use your calculator to 
graph a family of solutions to the given differential equation. Use initial 
conditions from y(t = 0) = —10 to y(t = 0) = 10 increasing by 2. Is 
there some critical point where the behavior of the solution begins to 
change? 
Exercise: 

Problem: [T] y’ = y(z) 


Exercise: 
Problem: [T] zy’ = y 
Solution: 
Solution changes from increasing to decreasing at y(0) = 0 


Exercise: 


Problem: [T] y' = t? 
Exercise: 


Problem: 

[T] y’ = 2+ y (Hint: y = Ce* — x — 1 is the general solution) 
Solution: 

Solution changes from increasing to decreasing at y(0) = 0 


Exercise: 


Problem: [T] y’ = zlnz + sinz 


Exercise: 


Problem: 


Find the general solution to describe the velocity of a ball of mass 1 lb 
that is thrown upward at a rate a ft/sec. 


Solution: 


u(t) = —32t+a 
Exercise: 
Problem: 
In the preceding problem, if the initial velocity of the ball thrown into 


the air is a = 25 ft/s, write the particular solution to the velocity of the 
ball. Solve to find the time when the ball hits the ground. 


Exercise: 
Problem: 
You throw two objects with differing masses m, and m2 upward into 


the air with the same initial velocity a ft/s. What is the difference in 
their velocity after 1 second? 


Solution: 


0 ft/s 
Exercise: 
Problem: 
[T] You throw a ball of mass 1 kilogram upward with a velocity of 
a = 25 m/s on Mars, where the force of gravity is g = —3.711 m/s?. 


Use your calculator to approximate how much longer the ball is in the 
air on Mars. 


Exercise: 


Problem: 


[T] For the previous problem, use your calculator to approximate how 
much higher the ball went on Mars. 


Solution: 


4.86 meters 
Exercise: 
Problem: 
[T] A car on the freeway accelerates according to a = 15cos(zt), 
where ¢ is measured in hours. Set up and solve the differential equation 


to determine the velocity of the car if it has an initial speed of 51 mph. 
After 40 minutes of driving, what is the driver’s velocity? 


Exercise: 
Problem: 
[T] For the car in the preceding problem, find the expression for the 
distance the car has traveled in time t, assuming an initial distance of 


0. How long does it take the car to travel 100 miles? Round your 
answer to hours and minutes. 


Solution: 

x = 50t — -cos(xt) + 5,2 hours 1 minute 
Exercise: 

Problem: 


[T] For the previous problem, find the total distance traveled in the 
first hour. 


Exercise: 


Problem: 


Substitute y = Be* into y’ — y = 8e* to find a particular solution. 


Solution: 


y = 4e* 
Exercise: 
Problem: 
Substitute y = acos(2t) + bsin(2t) into y’ + y = 4sin(2t) to finda 
particular solution. 
Exercise: 
Problem: 


Substitute y = a + bt + ct? into y’ + y = 1 + ?#? to find a particular 
solution. 


Solution: 


C= 2 
Exercise: 
Problem: 
Substitute y = ae’cost + be'sint into y’ = 2e‘cost to find a 
particular solution. 
Exercise: 
Problem: 
Solve y’ = e* with the initial condition y(0) = 0 and solve y’ = 1 


with the same initial condition. As k approaches 0, what do you 
notice? 


Solution: 


y= z(e" -—1) andy=a 


Glossary 


differential equation 
an equation involving a function y = y(a) and one or more of its 
derivatives 


general solution (or family of solutions) 
the entire set of solutions to a given differential equation 


initial value(s) 
a value or set of values that a solution of a differential equation 
satisfies for a fixed value of the independent variable 


initial velocity 
the velocity at time t = 0 


initial-value problem 
a differential equation together with an initial value or values 


order of a differential equation 
the highest order of any derivative of the unknown function that 
appears in the equation 


particular solution 
member of a family of solutions to a differential equation that satisfies 
a particular initial condition 


solution to a differential equation 
a function y = f(z) that satisfies a given differential equation 


The Definite Integral 


e State the definition of the definite integral. 

e Explain the terms integrand, limits of integration, and variable of integration. 
e Explain when a function is integrable. 

e Describe the relationship between the definite integral and net area. 

e Use geometry and the properties of definite integrals to evaluate them. 

e Calculate the average value of a function. 


In the preceding section we defined the area under a curve in terms of Riemann sums: 
Equation: 


However, this definition came with restrictions. We required f (x) to be continuous and nonnegative. 
Unfortunately, real-world problems don’t always meet these restrictions. In this section, we look at how to 
apply the concept of the area under the curve to a broader set of functions through the use of the definite 
integral. 


Definition and Notation 


The definite integral generalizes the concept of the area under a curve. We lift the requirements that f (x) be 
continuous and nonnegative, and define the definite integral as follows. 


Note: 

Definition 

If f (x) is a function defined on an interval |a, b], the definite integral of f from a to b is given by 
Equation: 


b n ; 
[ f@ae = lim 9s (2) de, 
Z i=1 


provided the limit exists. If this limit exists, the function f (a) is said to be integrable on [a, b], or is an 
integrable function. 


The integral symbol in the previous definition should look familiar. We have seen similar notation in the 
chapter on Applications of Derivatives, where we used the indefinite integral symbol (without the a and b 
above and below) to represent an antiderivative. Although the notation for indefinite integrals may look 
similar to the notation for a definite integral, they are not the same. A definite integral is a number. An 
indefinite integral is a family of functions. Later in this chapter we examine how these concepts are related. 
However, close attention should always be paid to notation so we know whether we’re working with a 
definite integral or an indefinite integral. 


Integral notation goes back to the late seventeenth century and is one of the contributions of Gottfried 
Wilhelm Leibniz, who is often considered to be the codiscoverer of calculus, along with Isaac Newton. The 
integration symbol f is an elongated S, suggesting sigma or summation. On a definite integral, above and 
below the summation symbol are the boundaries of the interval, |a, b]. The numbers a and b are x-values and 


are called the limits of integration; specifically, a is the lower limit and b is the upper limit. To clarify, we 
are using the word limit in two different ways in the context of the definite integral. First, we talk about the 
limit of a sum as n — oo. Second, the boundaries of the region are called the limits of integration. 


We call the function f (a) the integrand, and the dx indicates that f (a) is a function with respect to x, 
called the variable of integration. Note that, like the index in a sum, the variable of integration is a dummy 
variable, and has no impact on the computation of the integral. We could use any variable we like as the 


variable of integration: 
b b b 
[ feae= f reoa= [peau 


Equation: 
Le * 
Previously, we discussed the fact that if f (2) is continuous on [a, b], then the limit lim y f (2; ) Az 
n+ Oo 
i=1 


exists and is unique. This leads to the following theorem, which we state without proof. 


Note: 
Continuous Functions Are Integrable 
If f (x) is continuous on |a, 6], then f is integrable on [a, }]. 


Functions that are not continuous on |a, 6] may still be integrable, depending on the nature of the 
discontinuities. For example, functions with a finite number of jump discontinuities on a closed interval are 
integrable. 


It is also worth noting here that we have retained the use of a regular partition in the Riemann sums. This 
restriction is not strictly necessary. Any partition can be used to form a Riemann sum. However, if a 
nonregular partition is used to define the definite integral, it is not sufficient to take the limit as the number 
of subintervals goes to infinity. Instead, we must take the limit as the width of the largest subinterval goes to 
zero. This introduces a little more complex notation in our limits and makes the calculations more difficult 
without really gaining much additional insight, so we stick with regular partitions for the Riemann sums. 


Example: 
Exercise: 


Problem: 
Evaluating an Integral Using the Definition 
2 
Use the definition of the definite integral to evaluate i; ada. Usea right-endpoint approximation to 
0 
generate the Riemann sum. 
Solution: 
We first want to set up a Riemann sum. Based on the limits of integration, we have a = 0 and b = 2. 


For? = 0,1,2,...,, let P = {z;} be a regular partition of [0, 2]. Then 
Equation: 


Since we are using a right-endpoint approximation to generate Riemann sums, for each i, we need to 
calculate the function value at the right endpoint of the interval [z;_1, 2;]. The right endpoint of the 
interval is z;, and since P is a regular partition, 

Equation: 


2 21 
v= t9-+iAe =0+i| = aati 
n n 


Thus, the function value at the right endpoint of the interval is 


Equation: 
2i\? 4? 
pl) = 


Then the Riemann sum takes the form 
Equation: 


n 
Using the summation formula for 3 i”, we have 
i=1 
Equation: 


n3 6 


= le ae a 


n3 6 


= 16n3+24n2+n 
6n3 


Dare eee 
=e car 


Eom 2n?+3n?+n 


Now, to calculate the definite integral, we need to take the limit as n — oo. We get 
Equation: 


7 n 
2 sat . 
[ x-dx = lm > f (a,) Ax 


2 
Se et age) 
= lim (3) + jim (7) + jim, (ae) 
=%+0+0=4 


Note: 
Exercise: 


Problem: 


3 
Use the definition of the definite integral to evaluate i (2x — 1)dz. Use a right-endpoint 
0 


approximation to generate the Riemann sum. 


Solution: 


6 
Hint 


Use the solving strategy from [link]. 


Evaluating Definite Integrals 


Evaluating definite integrals this way can be quite tedious because of the complexity of the calculations. 
Later in this chapter we develop techniques for evaluating definite integrals without taking limits of Riemann 
sums. However, for now, we can rely on the fact that definite integrals represent the area under the curve, 
and we can evaluate definite integrals by using geometric formulas to calculate that area. We do this to 
confirm that definite integrals do, indeed, represent areas, so we can then discuss what to do in the case of a 
curve of a function dropping below the x-axis. 


Example: 
Exercise: 


Problem: 
Using Geometric Formulas to Calculate Definite Integrals 


6 
Use the formula for the area of a circle to evaluate / 4/9 — (x — 3)*dzx. 
3 


Solution: 


The function describes a semicircle with radius 3. To find 
Equation: 


[ yO (« — 3)*da, 
3 


we want to find the area under the curve over the interval [3, 6]. The formula for the area of a circle is 


A = mr’. The area of a semicircle is just one-half the area of a circle, or A = ($)ar?. The shaded 


area in [link] covers one-half of the semicircle, or A = (4)rr’. Thus, 


Equation: 
6 
/ 4/9 — (2-8)? = +2(3)? 
3 
— a 
= 7.069. 
y 


f(x) = \9 — (x — 3) 


3 6 x 


The value of the integral of the 

function f (x) over the interval 

[3, 6] is the area of the shaded 
region. 


Note: 
Exercise: 


4 
Problem: Use the formula for the area of a trapezoid to evaluate i (2x + 3)dz. 
2 


Solution: 


18 square units 


Hint 


Graph the function f (x) and calculate the area under the function on the interval [2, 4]. 


Area and the Definite Integral 


When we defined the definite integral, we lifted the requirement that f (x) be nonnegative. But how do we 
interpret “the area under the curve” when f () is negative? 


Net Signed Area 


Let us return to the Riemann sum. Consider, for example, the function f (2) = 2 — 2x? (shown in [link]) on 


the interval [0, 2]. Use n = 8 and choose {2, } as the left endpoint of each interval. Construct a rectangle on 
each subinterval of height f (x, ) and width Ax. When f (2, ) is positive, the product f (x, ) Ac represents 
the area of the rectangle, as before. When f (a, ) is negative, however, the product f (x; )Az represents the 
negative of the area of the rectangle. The Riemann sum then becomes 


Equation: 


8 * 
S> J (< : ) Ax = (Area of rectangles above the x-axis) — (Area of rectangles below the z-axis) 


For a function that is partly 
negative, the Riemann sum is the 
area of the rectangles above the x- 
axis less the area of the rectangles 

below the x-axis. 


Taking the limit as n — oo, the Riemann sum approaches the area between the curve above the x-axis and 
the x-axis, less the area between the curve below the x-axis and the x-axis, as shown in [link]. Then, 
Equation: 


[ f(z)dx = lim Y Fle)ae 


n—-oco 


= A; — Ap. 


The quantity A; — Ag is called the net signed area. 


In the limit, the definite integral 
equals area A, less area A», or the 
net signed area. 


Notice that net signed area can be positive, negative, or zero. If the area above the x-axis is larger, the net 
signed area is positive. If the area below the x-axis is larger, the net signed area is negative. If the areas 
above and below the x-axis are equal, the net signed area is zero. 


Example: 
Exercise: 


Problem: 
Finding the Net Signed Area 


Find the net signed area between the curve of the function f (x) = 2z and the x-axis over the interval 
[—3, 3]. 


Solution: 


The function produces a straight line that forms two triangles: one from z = —3 to = 0 and the other 
from « = 0 to x = 3 ({link]). Using the geometric formula for the area of a triangle, A = bh, the 
area of triangle A,, above the axis, is 

Equation: 


where 3 is the base and 2 (3) = 6 is the height. The area of triangle A>, below the axis, is 
Equation: 


where 3 is the base and 6 is the height. Thus, the net area is 
Equation: 


3 
/ 2adx = A, — Ap =9-9=0. 
= 


The area above the curve and 
below the x-axis equals the area 
below the curve and above the x- 
axis. 


Analysis 


If A, is the area above the x-axis and Ap is the area below the x-axis, then the net area is A; — Ap. 
Since the areas of the two triangles are equal, the net area is zero. 


Note: 
Exercise: 


Problem: 


Find the net signed area of f (x) = x — 2 over the interval [0, 6], illustrated in the following image. 


Solution: 


6 
Hint 


Use the solving method described in [link]. 


Total Area 


One application of the definite integral is finding displacement when given a velocity function. If v (t) 
represents the velocity of an object as a function of time, then the area under the curve tells us how far the 
object is from its original position. This is a very important application of the definite integral, and we 
examine it in more detail later in the chapter. For now, we’re just going to look at some basics to get a feel 
for how this works by studying constant velocities. 


When velocity is a constant, the area under the curve is just velocity times time. This idea is already very 
familiar. If a car travels away from its starting position in a straight line at a speed of 75 mph for 2 hours, 
then it is 150 mi away from its original position ([link]). Using integral notation, we have 

Equation: 


2 
/ 75dt = 150. 


0 


v (mi/hr) 
80 


70 
60 
50 
40 
30 
20 
10 


0 02 0406 08 1 12141618 2 22¢ (hours) 


The area under the curve v (t) = 75 tells us how far the car is 
from its starting point at a given time. 


In the context of displacement, net signed area allows us to take direction into account. If a car travels 
straight north at a speed of 60 mph for 2 hours, it is 120 mi north of its starting position. If the car then turns 
around and travels south at a speed of 40 mph for 3 hours, it will be back at it starting position ({link]). 
Again, using integral notation, we have 

Equation: 


2 5 
/ 60dt +f —40dt = 120-120 
0 2 
= 0. 


In this case the displacement is zero. 


v (mi/hr) 
70 


60 
50 
40 
30 
20 


1 ; t (hours) 


—50 


The area above the axis and the area below the axis are 
equal, so the net signed area is zero. 


Suppose we want to know how far the car travels overall, regardless of direction. In this case, we want to 
know the area between the curve and the x-axis, regardless of whether that area is above or below the axis. 
This is called the total area. 


Graphically, it is easiest to think of calculating total area by adding the areas above the axis and the areas 
below the axis (rather than subtracting the areas below the axis, as we did with net signed area). To 
accomplish this mathematically, we use the absolute value function. Thus, the total distance traveled by the 


car is 
2 5 2 5 
[ joojae + f |—40|at = coat + | AOdt 
0 2 0 2 


Equation: 
= 120 + 120 
= 240. 


Bringing these ideas together formally, we state the following definitions. 


Note: 

Definition 

Let f (x) be an integrable function defined on an interval |a, b]. Let A; represent the area between f (a) and 
the x-axis that lies above the axis and let Az represent the area between f (x) and the x-axis that lies below 
the axis. Then, the net signed area between f (x) and the x-axis is given by 


Equation: 


b 
i, f (w)da = A; — Az. 


The total area between f (x) and the x-axis is given by 


Equation: 
b 
/ |f ()|da = Ay + Ap. 


Example: 
Exercise: 


Problem: 
Finding the Total Area 


Find the total area between f (x) = x — 2 and the x-axis over the interval [0, 6]. 
Solution: 


Calculate the x-intercept as (2, 0) (set y = 0, solve for x). To find the total area, take the area below the 
x-axis over the subinterval [0, 2] and add it to the area above the x-axis on the subinterval [2, 6] ({link]). 


The total area between the line and 
the x-axis over [0, 6] is Az plus Aj. 


We have 
Equation: 


6 
ih (GO eee 
0 


Then, using the formula for the area of a triangle, we obtain 
Equation: 


a 
Equation: 

A = 4-4=8 

ES a 


The total area, then, is 
Equation: 


A, + Az, =8+2=10. 


Note: 
Exercise: 


Problem: Find the total area between the function f (2) = 2a and the x-axis over the interval |—3, 3]. 


Solution: 
18 
Hint 


Review the solving strategy in [link]. 


Properties of the Definite Integral 


The properties of indefinite integrals apply to definite integrals as well. Definite integrals also have 
properties that relate to the limits of integration. These properties, along with the rules of integration that we 
examine later in this chapter, help us manipulate expressions to evaluate definite integrals. 


Note: 
Rule: Properties of the Definite Integral 


il, 
Equation: 


[ tax =o 


If the limits of integration are the same, the integral is just a line and contains no area. 


2. 
Equation: 


[ fleyax = - [sear 


If the limits are reversed, then place a negative sign in front of the integral. 


Equation: 


i, F(a) +o(@lide= f ste)de+ f oleae 


The integral of a sum is the sum of the integrals. 


Equation: 


[ [f (e) — 9(2)|de = [ sear - [ o(eae 


The integral of a difference is the difference of the integrals. 


[octede=ef te) 


for constant c. The integral of the product of a constant and a function is equal to the constant 
multiplied by the integral of the function. 


[ seae= [ te@ae+ [ sae 


Although this formula normally applies when c is between a and b, the formula holds for all values of 
a, b, and c, provided f (x) is integrable on the largest interval. 


Equation: 


Equation: 


Example: 
Exercise: 


Problem: 
Using the Properties of the Definite Integral 


Use the properties of the definite integral to express the definite integral of f (x) = —3a? + 2a + 2 
over the interval [—2, 1] as the sum of three definite integrals. 


Solution: 


1 


Using integral notation, we have / (—32° ae AGE Se 2) dx. We apply properties 3. and 5. to get 
= 


Equation: 
1 1 1 1 
i (—3a + 2x + 2)dz =| -3c%de + [ 2ade + [ 2dzx 
=9 -2 —2 =2 
1 1 1 
=-3/ ide +2 f eda + f 2dz. 
=9) = =) 
Note: 
Exercise: 
Problem: 


Use the properties of the definite integral to express the definite integral of 
f (z) = 6x? — 4x? + 2x — 3 over the interval [1, 3] as the sum of four definite integrals. 


Solution: 


3 3 3 : 
6 | adr — af adx + 2 | adx — 3dz 
1 1 1 i 


Hint 


Use the solving strategy from [link] and the properties of definite integrals. 


Example: 
Exercise: 


Problem: 
Using the Properties of the Definite Integral 


8 5 8 
If it is known that i: f (z)dx = 10 and / f (x)dx = 5, find the value of i jf (ajdx. 
0 0 5 


Solution: 


By property 6., 
Equation: 


[ see Z [teas [see 


Thus, 
Equation: 


[stoae+ [4 eae 


5+ [fede 


/ on 


—— 
CO 
Sh 
pes 
8 
~- 
Q 
8 
II 


— 
So 
I 


on 
II 


Note: 
Exercise: 


5 5 2 
Problem: If it is known that / f (x)dx = —3 and | f (z)dx = 4, find the value of i f (x)dz. 
1 2 1 


Solution: 
=7/ 
Hint 


Use the solving strategy from [link] and the rule on properties of definite integrals. 


Comparison Properties of Integrals 


A picture can sometimes tell us more about a function than the results of computations. Comparing functions 
by their graphs as well as by their algebraic expressions can often give new insight into the process of 
integration. Intuitively, we might say that if a function f (x) is above another function g (x), then the area 
between f (x) and the x-axis is greater than the area between g (x) and the x-axis. This is true depending on 
the interval over which the comparison is made. The properties of definite integrals are valid whether 

a <b,a=b,ora > b. The following properties, however, concern only the case a < b, and are used when 
we want to compare the sizes of integrals. 


Note: 
Comparison Theorem 


i If f(x) > 0 fora <x <b, then 
Equation: 


ii. If f(x) > g(x) fora < x <b, then 
Equation: 


iii. If m and M are constants such that m < f(x) < M fora < x < b, then 


Equation: 
b 
mtr mtr m(b—a) < |] f(a)dx 
< M(b—a). 
Example: 
Exercise: 
Problem: 


Comparing Two Functions over a Given Interval 
Compare f (x) = V1 + x? and g(x) = V1 + = over the interval (0, 1]. 
Solution: 


Graphing these functions is necessary to understand how they compare over the interval [0, 1]. Initially, 
when graphed on a graphing calculator, f (x) appears to be above g (x) everywhere. However, on the 
interval [0, 1], the graphs appear to be on top of each other. We need to zoom in to see that, on the 
interval [0, 1], g (a) is above f (a). The two functions intersect at z = 0 and x = 1 ({link)). 

f(x) = J. + x? 


(a) (b) 


(a) The function f (a) appears above the function g (x) except 
over the interval [0, 1] (b) Viewing the same graph with a greater 
zoom shows this more clearly. 


We can see from the graph that over the interval [0, 1], g(a) > f (2). Comparing the integrals over the 
1 1 
specified interval [0, 1], we also see that / g(x)dx > i f (x)dz ({link]). The thin, red-shaded area 
0 0 


shows just how much difference there is between these two integrals over the interval [0, 1]. 


f(x) = (1 + x? 


(a) (b) 


(a) The graph shows that over the interval [0,1], g(x) > f (x), 
where equality holds only at the endpoints of the interval. (b) 
Viewing the same graph with a greater zoom shows this more 

clearly. 


Average Value of a Function 


We often need to find the average of a set of numbers, such as an average test grade. Suppose you received 
the following test scores in your algebra class: 89, 90, 56, 78, 100, and 69. Your semester grade is your 
average of test scores and you want to know what grade to expect. We can find the average by adding all the 
scores and dividing by the number of scores. In this case, there are six test scores. Thus, 

Equation: 


~ 80.33. 


89+90+56+78+100+69 482 
6 — 6 


Therefore, your average test grade is approximately 80.33, which translates to a B- at most schools. 


Suppose, however, that we have a function v (¢) that gives us the speed of an object at any time t, and we 
want to find the object’s average speed. The function v (¢) takes on an infinite number of values, so we can’t 
use the process just described. Fortunately, we can use a definite integral to find the average value of a 
function such as this. 


Let f (x) be continuous over the interval [a, 6] and let [a, b] be divided into n subintervals of width 

Az = (b—a)/n. Choose a representative x, in each subinterval and calculate f (2; ) fort = 1, 2,2.ap-In 
other words, consider each f (x,) as a sampling of the function over each subinterval. The average value of 
the function may then be approximated as 


Equation: 


f (ei) + f (es) +--+ f(#,) 


n 


? 


which is basically the same expression used to calculate the average of discrete values. 


But we know Az = 22, = > and we get 


Equation: 
f(@1) +f (@2) +--+ F (en) _ F (er) +f (@2) + + F (en) 
n (b—a) 
Ax 


Following through with the algebra, the numerator is a sum that is represented as 3 f (« i)s and we are 
7=1 

dividing by a fraction. To divide by a fraction, invert the denominator and multiply. Thus, an approximate 

value for the average value of the function is given by 

Equation: 


This is a Riemann sum. Then, to get the exact average value, take the limit as n goes to infinity. Thus, the 
average value of a function is given by 


Equation: 
l ae 
im ; = dz. 
saglim Ss eae = | foe 
Note: 
Definition 


Let f (x) be continuous over the interval [a, b]. Then, the average value of the function f (x) (or faye) on 
(a, b] is given by 
Equation: 


b 
fave = 5 : i f (x)dx. 


—a 


Example: 
Exercise: 


Problem: 
Finding the Average Value of a Linear Function 


Find the average value of f (z) = x + 1 over the interval (0, 5]. 


Solution: 


First, graph the function on the stated interval, as shown in [link]. 


y 
6 


5 


4 


0 1412 3 4 5 6 7% 


The graph shows the area under the function 
f (x) = x +1 over (0, 5]. 


The region is a trapezoid lying on its side, so we can use the area formula for a trapezoid 
AG =p (a + b), where h represents height, and a and b represent the two parallel sides. Then, 
Equation: 


5 
/ a+i1dxe = +h(a+b) 


=+-5-(1+6) 
Beas 
ae 
Thus the average value of the function is 
Equation: 
5 
357 
== | ov ie a a SS SS 
5-0 Jo 2 2 
Note: 
Exercise: 


Problem: Find the average value of f (x) = 6 — 2z over the interval (0, 3]. 


Solution: 


3 
Hint 


Use the average value formula, and use geometry to evaluate the integral. 


Key Concepts 


e The definite integral can be used to calculate net signed area, which is the area above the x-axis less the 
area below the x-axis. Net signed area can be positive, negative, or zero. 

e The component parts of the definite integral are the integrand, the variable of integration, and the limits 

of integration. 

Continuous functions on a closed interval are integrable. Functions that are not continuous may still be 

integrable, depending on the nature of the discontinuities. 

The properties of definite integrals can be used to evaluate integrals. 

The area under the curve of many functions can be calculated using geometric formulas. 

The average value of a function can be calculated using definite integrals. 


Key Equations 
¢ Definite Integral 
b n . 


¢ Properties of the Definite Integral 
i f(x\dz=0 


[' tee=- f° peeve 
b 


/ [f (z) + 9(x)|dx = [ ste) of [saya 
[© — 9(2)\dz = [ fee zs [ scae 
[os (ajde = ef f (x) for constant c 


[teas [seas [ teas 


In the following exercises, express the limits as integrals. 
Exercise: 


n 


Problem: lim a (2; )Ae over (1, 3] 


n—->0oo 


j=1 
Exercise: 
: n Py) *\ 3 
Problem: lim bs (s («:) - 3(a; ) ) ae over [0, 2] 
Solution: 


2 
/ (5a? — 32°) dx 
0 


Exercise: 


ae - 2 * 
Problem: lim Se sin (22; )Az over [0, 1] 


Exercise: 
ae 2 : 
Problem: lim oy cos (2n2;)Az over [0, 1] 


1= 


Solution: 
1 
/ cos” (2ra)dx 
0 


In the following exercises, given L, or R, as indicated, express their limits as n — oo as definite integrals, 
identifying the correct intervals. 
Exercise: 


Problem: L,, = 4 


Exercise: 
Problem: R,, = = 


Solution: 


1 
/ xrdx 
0 


Exercise: 


Problem: L,, = ~ (1 +2 : ) 
$ n 


Exercise: 
Problem: R,, = 3 (3 + 3) 
é n 


Solution: 


6 
/ xrdx 
3 


Exercise: 


‘i 4 4 
Problem: L,, = an. S Qn- cos (2—) 
i=1 i he 


Exercise: 


Problem: R,, = + (1 + ~ tog ((: + *) 
i=1 a a 


Solution: 
2 
/ zlog (a*)dz 
1 


In the following exercises, evaluate the integrals of the functions graphed using the formulas for areas of 
triangles and circles, and subtracting the areas below the x-axis. 
Exercise: 


Problem: 


—72 + 18x — x? 


\ 


Exercise: 


Problem: 


Solution: 


14+2-24+3-3=14 


Exercise: 


Problem: 


y 
5 


v-72 + 18x — x? 


Exercise: 


Problem: 


Solution: 


1-—4+9=6 
Exercise: 


Problem: 


—72 + 18x — x? 


\ 


8 
4 
3 
2 
1 


Exercise: 


Problem: 


y 
4 


—12 + 8x — x2 


—\ 


Solution: 


1—27+9=10-27 


In the following exercises, evaluate the integral using area formulas. 
Exercise: 


3 
Problem: / (3 — x)dx 
0 


Exercise: 


3 
Problem: | (3 — x)dx 
2 


Solution: 


The integral is the area of the triangle, oy 


Exercise: 


3 
Problem: / (3 — |x|)dx 
3 
Exercise: 
6 
Problem: / (3 — |x — 3|)dx 
0 


Solution: 


The integral is the area of the triangle, 9. 


Exercise: 


2 
Problem: / V/4 — x*dz 
~2 


Exercise: 


5 $$ 
Problem: / /4 — (x — 3)*dx 
1 


Solution: 


The integral is the area Sar = 27. 


Exercise: 
12 
Problem: i. 4/36 — (a — 6)’ dz 
0 
Exercise: 


3 
Problem: / (3 — |x|)da 
~2 


Solution: 


The integral is the area of the “big” triangle less the “missing” triangle, 9 — . 


In the following exercises, use averages of values at the left (L) and right (R) endpoints to compute the 
integrals of the piecewise linear functions with graphs that pass through the given list of points over the 
indicated intervals. 

Exercise: 


Problem: {(0, 0), (2, 1), (4, 3), (5, 0), (6,0), (8, 3)} over [0, 8] 


Exercise: 


Problem: {(0, 2), (1,0), (3, 5), (5,5), (6, 2), (8, 0)} over [0, 8] 


Solution: 


L=2+04+10+5+4=21,R=0+10+10+2+0=22, 28 =215 


Exercise: 


Problem: {(—4, —4), (—2, 0), (0, —2), (3, 3), (4, 3)} over [—4, 4] 


Exercise: 
Problem: {(-4, 0), (-2, 2), (0, 0), (1, 2), (3, 2), (4, 0)} over [-4, 4 
Solution: 


LD=0+4+0+4+2=10,R=4+0+2+4+0=10, 4% —10 


4 2 4 2 
Suppose that f (x)dx = 5 and [ f (x)dx = —3, and / g(x)dx = —1and : g(x)dx = 2. Inthe 
0 0 0 0 


following exercises, compute the integrals. 
Exercise: 


4 
Problem: i (f (x) + 9 (x))dx 


Exercise: 


4 
Problem: / (f (x) + 9(x))dx 


Solution: 
4 4 
i, f(a)de + f g(x)dz = 8-3 =5 
2 2 
Exercise: 


Problem: ; (f (x) — g(x))dx 
Exercise: 
4 
Problem: i (f (x) — g(x))dx 


Solution: 


[ sede - [ode =8+3=11 


Exercise: 


2 
Problem: / (3f (x) — 4g (x))dx 
0 
Exercise: 
4 
Problem: i (4f (x) — 3g(x))dx 
2 
Solution: 


4 4 
a f(e)de—3 | g(x)dx = 32+9=41 


A 0 A 
In the following exercises, use the identity / fl(@\de= i f (x)dx + / f (x)dzx to compute the 
A —A 0 


integrals. 
Exercise: 


Tv + t 
Problem: i = 7 at (Hint: sin (—t) = —sin(¢)) 


1+t 
Exercise: 
Va ¥ 
Problem: i a 
fe 1+ cost 
Solution: 


The integrand is odd; the integral is zero. 
Exercise: 
3 
Problem: / (2 — x)dx (Hint: Look at the graph of f.) 
1 


Exercise: 


4 
Problem: | (x — 3)°dx (Hint: Look at the graph of f.) 
2 


Solution: 


The integrand is antisymmetric with respect to x = 3. The integral is zero. 


1 1 1 
In the following exercises, given that / zdz = + / a*dx = $ and / a°dx = + compute the 
0 0 0 


integrals. 
Exercise: 


1 
Problem: / (1 +ata?+ a°)dx 
0 


Exercise: 


1 
Problem: / (1 gh he 2°) daz 
0 


Solution: 


Exercise: 


1 
Problem: // (1 — a)? da 
0 
Exercise: 
1 
Problem: / (1 — 2x)*da 
0 


Solution: 


1 
/ (1 — 6a + 122° — 82°)dz = (2-327 + 40° — 20) = (1-344-2)(0-0+0-0) =0 
0 


Exercise: 


4 
Problem: : (00 — 3°") dz 
0 3 


Exercise: 


1 
Problem: il (7 _ ba”) dx 
0 


Solution: 


In the following exercises, use the comparison theorem. 
Exercise: 


3 
Problem: Show that (2? — 6a + 9) dz > 0. 
0 


Exercise: 


3 

Problem: Show that // (x — 3) (a+ 2)dzx < 0. 
~2 

Solution: 


The integrand is negative over |—2, 3]. 


Exercise: 


1 1 
Problem: Show that V1 + a3da < / V14+a%dz. 
0 0 


Exercise: 


2 2 
Problem: Show that / J1+2dz < / /1 + a22dz. 
1 1 


Solution: 


x < x? over [1,2],s0. /1 +2 < V1 + 2? over [1, 2]. 


Exercise: 


T 


m/2 
Problem: Show that ‘; sintdt > 7. (Hint: sint > ** over [0, ]) 
0 


Exercise: 
m/4 i 
Problem: Show that / costdt > rV2/4. 
—1/4 
Solution: 


cos (t) > aa Multiply by the length of the interval to get the inequality. 


In the following exercises, find the average value fi. of f between a and b, and find a point c, where 


f (c) = oe 


Exercise: 


Problem: f (x) = z?,a = —1,b=1 


Exercise: 


Problem: f(z) = x°,a = —1,b=1 


Solution: 


fave = 0;c =0 


Exercise: 


Problem: f (z) = V4 — x?,a=0,b=2 


Exercise: 


Problem: f (x) = (3 — |z|),a = —3,b=3 


Solution: 


toloo 


3 whenc = 4 


Exercise: 


Problem: f (x) = sinz,a = 0,b = 27 
Exercise: 

Problem: f (x) = cosz,a = 0,b = 27 

Solution: 


— fina eR, 82 
fave =O; = 35 °> 


In the following exercises, approximate the average value using Riemann sums L109 and R199. How does 
your answer compare with the exact given answer? 
Exercise: 


Problem: [T] y = In (z) over the interval [1, 4]; the exact solution is le = 


Exercise: 


Problem: [T] y = e”/? over the interval [0, 1]; the exact solution is 2 (\/e — 1). 


Solution: 


Lio = 1.294, Ryo9 = 1.301; the exact average is between these values. 


Exercise: 
Problem: [T] y = tanz over the interval [0, a ; the exact solution is 2m) | 
Exercise: 
Problem: [T] y = =, over the interval [—1, 1]; the exact solution is ¢. 
Solution: 


L400 x (4) — 0.5178, Rioo x (4) = 0.5294 


In the following exercises, compute the average value using the left Riemann sums Ly for N = 1,10, 100. 
How does the accuracy compare with the given exact value? 
Exercise: 


Problem: [T] y = x? — 4 over the interval {0, 2]; the exact solution is —$, 


Exercise: 


Problem: [T] y = xe* over the interval (0, 2]; the exact solution is - (e* — 1). 


Solution: 
L, =0,Lio x (+) = 8.743493, Lioo x (4) = 12.861728. The exact answer ~ 26.799, so L109 is 


not accurate. 


Exercise: 


Problem: [T] y = (+)° over the interval [0, 4]; the exact solution is gy ta) : 


Exercise: 


os (1?) —1 


Problem: [T] y = xsin (27) over the interval |—7r, 0]; the exact solution is : 


Solution: 


Ly xX (=) = 1.352, Dip x (=) = —0.1837, Liog x (=) = —0.2956. The exact answer 


qT 
= —0.303, so Lyo9 is not accurate to first decimal. 


Exercise: 


20 27 
Problem: Suppose that A = jf sin’tdt and B = / cos*tdt. Show that A+ B= 2m and A= B. 
0 0 


Exercise: 
1/4 m/4 
Problem: Suppose that A = sec*tdt = 1 and B = / tan*tdt. Show that A — B = - 
—1/4 —1/4 
Solution: 
m/4 
Use tan29 + 1 = sec?0. Then, B— A = ldg =. 
—1/4 
Exercise: 
Problem: 


Show that the average value of sin”¢ over [0, 27] is equal to 1/2 Without further calculation, determine 
whether the average value of sin’ over [0, 7] is also equal to 1/2. 


Exercise: 
Problem: 


Show that the average value of cos*¢ over [0, 271] is equal to 1/2. Without further calculation, 
determine whether the average value of cos? (t) over [0, 7] is also equal to 1/2. 


Solution: 


2 
i. cos”tdt = 1, so divide by the length 27 of the interval. cost has period 7, so yes, it is true. 
0 


Exercise: 


Problem: 


Explain why the graphs of a quadratic function (parabola) p (x) and a linear function @ (a) can intersect 


in at most two points. Suppose that p (a) = £ (a) and p(b) = @ (0), and that [ow t)dt > [ew Lit 


d d 
Explain why [ ptt) > / £(t)dt whenevera<c<d<b. 


Exercise: 


Problem: 


Suppose that parabola p(x) = ax? + bx + c opens downward (a < 0) and has a vertex of 
B 


y = 52 > 0. For which interval [A, B] is / (ax” + bx + c)dz as large as possible? 
A 


Solution: 


The integral is maximized when one uses the largest interval on which p is nonnegative. Thus, 


Aa above —4ac ang BK —btve?—4ac 
2a 2a 2 
Exercise: 
Problem: 


Suppose |[a, b] can be subdivided into subintervals a = ap < ai < a2 <--- < ay = bsuch that either 
By: 


f > 0 over [a;_1, a;| or f < 0 over [a;_1, a;]. Set A; = f (t)dt 


Qi-1 


b 
a. Explain why [ f (t)dt = A, + Agt+---4+ Ay. 


[ soa < [iF (olde 


b. Then, explain why 


Exercise: 
Problem: 


d d 
Suppose f and g are continuous functions such that y f (t)dt < / g (t)dt for every subinterval 


[c, d] of [a, 6]. Explain why f (x) < g(a) for all values of x. 
Solution: 


If f (to) > g(to) for some to € [a, b], then since f — g is continuous, there is an interval containing to 


d 
such that f (¢) > g(t) over the interval |c, d], and then / f (t)dt > / g (t)dt over this interval. 
d c 


Exercise: 
Problem: 
Suppose the average value of f over [a, b] is 1 and the average value of f over |b, c] is 1 where 
a <c < b. Show that the average value of f over [a, c] is also 1. 
Exercise: 
Problem: 
Suppose that [a, b] can be partitioned. taking a = ay < ay < +--+ < ay = bsuch that the average value 


of f over each subinterval [a;_1, a;| = 1 is equal to 1 for each z = 1,..., N. Explain why the average 
value of f over |a, ] is also equal to 1. 


Solution: 
The integral of f over an interval is the same as the integral of the average of f over that interval. Thus, 


b ai a2 an ay a2 an 
) f (pat = f fae + | f(t)dt+---+ f (pat =f ide [ tat +f ldt 
a ao ai QN+1 ao ai QN+1 


= (a1 — ao) + (a2 — a1) +--+ + (an — ay-1) = ay — a9 = b—a. 
Dividing through by b — a gives the desired identity. 


Exercise: 


Problem: 


Suppose that for each i such that 1 < i < N one has / f (t)dt = 1. Show that 
i-1 


ie Ore NOE) 


Exercise: 


Problem: 


Suppose that for each i such that 1 < i < N one has / f (t)dt = i?. Show that 
i-1 


ie f (tat = NGADON Ey, 


Solution: 
” “ff a 2 N(N41)(2N+1) 
| f (t)dt = yf foe — ay — Se 
Exercise: 
Problem: 


[T] Compute the left and right Riemann sums L19 and Ryo and their average LotR for f (t) = t? over 


1 
(0, 1]. Given that i t?dt = 0.33, to how many decimal places is Et Ras accurate? 
0 


Exercise: 


Problem: 


[T] Compute the left and right Riemann sums, L149 and R10, and their average Sot Reo for 


2 
Fits (4 a t?) over [1, 2]. Given that / (4 _ t”) dt = 1.66, to how many decimal places is 
1 


Ly+R 
a accurate? 


Solution: 


Lyo = 1.815, Rig = 1.515, hot Rio = 1.665, so the estimate is accurate to two decimal places. 


Exercise: 


5 5 
Problem: it [ V1+t4dt = 41.7133... , what is / VJ1 + u4du? 
1 


1 
Exercise: 


Problem: 


1 
Estimate F tdt using the left and right endpoint sums, each with a single rectangle. How does the 
0 


1 
average of these left and right endpoint sums compare with the actual value / tdt? 
0 


Solution: 


The average is 1/2, which is equal to the integral in this case. 
Exercise: 


Problem: 


1 
Estimate i; tdt by comparison with the area of a single rectangle with height equal to the value of t at 
0 


1 
the midpoint ¢ = +. How does this midpoint estimate compare with the actual value i) tdt? 
0 


Exercise: 
Problem: From the graph of sin (27x) shown: 
1 
a. Explain why / sin (2xt)dt = 0. 
0 


atl 
b. Explain why, in general, / sin (27t)dt = 0 for any value of a. 


Solution: 


a. The graph is antisymmetric with respect to t = + over (0, 1], so the average value is zero. b. For any 
value of a, the graph between [a, a + 1] is a shift of the graph over [0, 1], so the net areas above and 
below the axis do not change and the average remains zero. 


Exercise: 


Problem: 
If fis 1-periodic (f (tf + 1) = f (¢)), odd, and integrable over (0, 1], is it always true that 
1 
/ f (t)dt = 0? 
0 


Exercise: 


1 l+a 
Problem: If f is 1-periodic and / f (t)dt = A, is it necessarily true that 7, f (t)dt = A for all A? 
0 a 


Solution: 


Yes, the integral over any interval of length 1 is the same. 


Glossary 


average value of a function 
(or faye) the average value of a function on an interval can be found by calculating the definite integral 


of the function and dividing that value by the length of the interval 


definite integral 
a primary operation of calculus; the area between the curve and the x-axis over a given interval is a 
definite integral 


integrable function 
a function is integrable if the limit defining the integral exists; in other words, if the limit of the 


Riemann sums as n goes to infinity exists 


integrand 
the function to the right of the integration symbol; the integrand includes the function being integrated 


limits of integration 
these values appear near the top and bottom of the integral sign and define the interval over which the 
function should be integrated 


net signed area 
the area between a function and the x-axis such that the area below the x-axis is subtracted from the area 
above the x-axis; the result is the same as the definite integral of the function 


total area 
total area between a function and the x-axis is calculated by adding the area above the x-axis and the 
area below the x-axis; the result is the same as the definite integral of the absolute value of the function 


variable of integration 
indicates which variable you are integrating with respect to; if it is x, then the function in the integrand 
is followed by dx 


